
Comput Optim Appl (2011) 48: 581–600
DOI 10.1007/s10589-009-9278-x

Discretization of interior point methods for state
constrained elliptic optimal control problems:
optimal error estimates and parameter adjustment

Michael Hinze · Anton Schiela

Received: 31 December 2008 / Published online: 28 July 2009
© Springer Science+Business Media, LLC 2009

Abstract An adjustment scheme for the relaxation parameter of interior point ap-
proaches to the numerical solution of pointwise state constrained elliptic optimal
control problems is introduced. The method is based on error estimates of an as-
sociated finite element discretization of the relaxed problems and optimally selects
the relaxation parameter in dependence on the mesh size of discretization. The finite
element analysis for the relaxed problems is carried out and a numerical example is
presented which confirms our analytical findings.
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1 Introduction and basic results

Let � ⊂ R
d (d = 2,3) be a bounded domain with a Lipschitz boundary ∂�. In this

note, we are interested in the following control problem:

min
w∈U

J (w) = 1

2

∫
�

∣∣G(Bw) − y0
∣∣2 + α

2
‖w‖2

U

subject to G(Bw) ≤ y a.e. in �.

(1.1)
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Here and throughout, “a.e.” stands for “almost everywhere”. We suppose that α > 0,
y0 ∈ L2(�) and y ∈ W 2,∞(�) are given. Further (U, (·, ·)U ) denotes a Hilbert
space which we identify with its dual, and V is a closed subspace of H 1(�) with
H 1

0 (�) ⊂ V . B : U → V ′ a linear, continuous operator. For given f ∈ V ′ the func-
tion y = G(f ) ∈ V denotes the unique weak solution to the elliptic boundary value
problem

a(y, v) = 〈f, v〉V ′,V ∀v ∈ V

a(y, v) :=
∫

�

(
d∑

i,j=1

aij (x)yxi
vxj

+
d∑

i=1

bi(x)yxi
v + c(x)yv

)
dx, y, v ∈ V,

(1.2)
where subsequently we assume that, the coefficients aij , bi and c are bounded func-
tions in �, and that there exists c0 > 0 such that

d∑
i,j=1

aij (x)ξiξj ≥ c0|ξ |2 for all ξ ∈ R
d and all x ∈ �.

Furthermore we suppose that a is coercive on V , i.e., there exists c1 > 0 such that

a(v, v) ≥ c1‖v‖2
H 1 for all v ∈ V. (1.3)

Since (1.1) represents a minimization problem over a closed and convex set with
quadratic objective it admits a unique solution u ∈ U with corresponding unique state
y = G(Bu). This follows from a standard result of optimization theory (cf. e.g. [10,
Proposition II.1.2]).

In order to discuss first order optimality conditions for our problem, which are
the basis for all our further considerations, we have to impose a finer topological
framework for the states, induced by the maximum-norm.

Let now ∞ > q > d ≥ 2, which implies that the embedding W 1,q(�) ↪→ C(�) is
continuous. Since W 1,q(�) is continuously embedded into H 1(�), and V is closed
in H 1(�), the space Vq := W 1,q (�) ∩ V (the preimage of V with respect to this
embedding) is a closed subspace of W 1,q (�). Let q ′ := q/(q − 1) be the conjugate
exponent, and let Vq ′ be the closure of Vq in W 1,q ′

(�). Then both Vq and Vq ′ are
closed subspaces of reflexive spaces and hence reflexive (and in particular complete).

Moreover, for y ∈ Vq the expression a(y, ·) is a continuous linear functional on
Vq ′ , since

∥∥a(y, ·)∥∥
V ′

q′
= sup

v∈Vq′

a(y, v)

‖v‖Vq′
≤ C‖y‖Vq

by boundedness of aij , bi , and c and by the Hölder inequality. Hence, the mapping

A : Vq → V ′
q ′ ,

y → a(y, ·)
is continuous. It is injective, because y ∈ Vq ⊂ V and a(y, y) = 0 implies y = 0 by
coercivity of a.
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Assumption 1.1 For given q > d , A : Vq → V ′
q ′ is surjective, and B : U → V ′

q ′ is
continuous.

Then, by the open mapping theorem, A has a continuous inverse A−1 : V ′
q ′ → Vq ,

which is clearly a restriction of G .

Remark 1.2 Under very mild assumptions on the boundary conditions (which hold
in particular for pure Neumann and for pure Dirichlet conditions) it follows that for
given aij there is some q > 2, such that A is surjective (cf. [11]). Then for d = 2 our
assumptions on A hold as long as q is chosen small enough. For d = 3 the smoothness
requirements are a little bit stronger in order to achieve surjectivity for some q > 3.
Here the results are relatively diverse (cf. [1, Theorem 9.2] for continuous coefficients
and smooth domains, [12] for certain problems with jumping coefficients, and [19]
for the Dirichlet problem for the Laplacian on Lipschitz domains).

Example 1.3 There are several examples for the choice of B and U , for which As-
sumption 1.1 holds.

(i) Distributed control: U = L2(�), B = Id : L2(�) → V ′
q ′ .

(ii) Boundary control: U = L2(∂�), Bu(·) = ∫
uγ0(·) dx : L2(�) → V ′

q ′ , where γ0

is the boundary trace operator in V . In this case Assumption 1.1 holds only in
the case d = 2.

(iii) Linear combinations of input fields: U = R
n, Bu = ∑n

i=1 uifi , fi ∈ V ′
q ′ .

Since, by our choice of q , Vq is continuously embedded into C(�) the mapping
G ◦ B : U → Vq ⊂ C(�) is continuous in this case.

In addition to these minimal regularity requirements, we will impose assumptions
later to conclude a-priori error estimates. We note already here that uniform error
estimates for the state will play a central in this context.

To discuss first order optimality conditions, we suppose a Slater condition of the
type

Assumption 1.4

There exist û ∈ U, τ > 0: G(Bû) ≤ y − τ.

Further, let M(�) denote the space of Radon measures, which is the representa-
tion of the dual space of C(�). It is endowed with the norm

‖λ‖M(�) = sup
f ∈C(�),|f |≤1

∫
�

f dλ.

First order optimality conditions for state constrained problems are well investi-
gated [5, 6], where elliptic PDEs are considered under assumptions which slightly
differ from those taken here.
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Theorem 1.5 Let Assumption 1.1 and 1.4 be satisfied. There exists a positive measure
λ ∈ M(�) and a function p ∈ Vq ′ which together with y = G(Bu) satisfies the dual
system

a(v,p) =
∫

�

(y − y0)v +
∫

�

v dλ ∀v ∈ Vq, (1.4)

B∗p + αu = 0 in U, (1.5)

λ ≥ 0, y ≤ y a.e. in � and
∫

�

(y − y)dλ = 0. (1.6)

Proof Let CV be the closure of Vq in C(�). Then G ◦B → CV is continuous. Denote
by ιF the indicator function of the feasible set F = {y ∈ CV : y ≤ y}. This means
ιF (y) = 0 for y ∈ F , and ιF (y) = +∞ otherwise.

Let ∂(·) denote the subdifferential of convex analysis. Then by the well known
relation u ∈ argminf ⇔ 0 ∈ ∂f (u), the minimizer u satisfies

0 ∈ ∂(J + ιF ◦ G ◦ B)(u).

By continuity of J we can apply the sum-rule of convex analysis (cf. e.g. [10, Propo-
sition I.5.6]) to compute

∂(J + ιF ◦ G ◦ B) = ∂J + ∂(ιF ◦ G ◦ B),

and by our Slater condition we obtain by the chain-rule (cf. e.g. [10, Proposi-
tion I.5.7]), setting y = G ◦ Bu,

∂(ιF ◦ G ◦ B)(u) = (GB)∗∂ιF (y) = B∗G∗∂ιF (y).

Here ∂ιF (y) ⊂ C′
V , G∗ : C′

V → Vq ′ and B∗ : Vq ′ → U . Similarly, by continuity of J

we obtain

∂J (u) = ∂
(
1/2‖GBu − y0‖2 + α/2‖u‖2) = B∗G∗(y − y0) + αu.

Hence, there is m ∈ ∂ιF (y), such that 0 = B∗G∗(y − y0 + m) + αu holds in U ′ = U .
Setting r := y − y0 + m and p := G∗r we obtain 0 = B∗p + αu and 〈f,p〉 = 〈r, Gf 〉
for all f ∈ V ′

q ′ . Setting v = Gf ∈ Vq such that a(v,p) = 〈f,p〉, we obtain

a(v,p) = 〈f,p〉 = 〈r, Gf 〉 = 〈r, v〉 = 〈y − y0 + m,v〉.
Since CV is a closed subspace of C(�), m has a representation as a measure λ. Since
m ∈ ∂ιF , it follows that 〈m,z − y〉 ≤ 0 for all z ∈ F . From this, positivity of λ and
(1.6) are easily derived. �

The assertion λ ∈ M(�) can be improved in concrete examples. If, for example
V = H 1

0 (�), then the subspace CV in the proof is the space of continuous functions
on � that vanish on ∂�. Then every measure that vanishes on � is equivalent to the
zero-functional in CV , and thus λ can be identified with an element of M(�) in this
case.
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A finite element analysis of problem (1.1) within a slightly different framework
is carried out in e.g. [7–9] for ImB ⊆ L2(�). There the following error bounds are
derived;

‖u − uh‖U , ‖y − yh‖H 1 =
{

O(h
1
2 ), if d = 2,

O(h
1
4 ), if d = 3,

(1.7)

where uh and yh denote the discrete optimal control and state, respectively. Moreover,

‖u − uh‖U , ‖y − yh‖H 1

≤ C

{
h

3
2 − d

2q′ √| logh|, if Bu ∈ W 1,q ′
(�),

h| logh|, if Bu,Buh ∈ L∞(�) uniformly for d = 2,3.
(1.8)

In the present paper, our aim is to investigate a finite element approximation of an
interior point technique for the numerical solution of (1.1) and to provide optimal
adjustment strategies for the relaxation parameter with respect to the finite element
mesh size.

The regularized version of (1.1) considered in this paper reads

min
w∈U

Jμ(w) = 1

2

∫
�

∣∣G(Bw) − y0
∣∣2 + α

2
‖w‖2

U +
∫

�

l
(
y(x);μ; k)

dx. (1.9)

Here l is a function, chosen according to the following definition:

Definition 1.6 For all k ≥ 1 and μ > 0 the functions l(y;μ; k) : R+ → R ∪ {+∞}
defined by

l(y;μ; k) :=
{−μ ln(y − y): k = 1,

μk

(k−1)(y−y)k−1 : k > 1

are called barrier functions of order k. We extend their domain of definition to R by
setting l(y;μ; k) = ∞ for z ≤ 0.

Further, we define a barrier functional by writing:

b(y;μ; k) :=
∫

�

l(y(x);μ; k) dx.

In the following we will drop the argument k for the sake of brevity.
The rest of the paper is organized as follows: In Sect. 2 we collect basic results on

(1.9). In Sect. 3 we present the finite element analysis of problem (1.9), deriving error
bounds that depend on L∞ approximation errors for the states. In Sect. 4 we apply
these results to a couple of specific settings. Among other aspects we prove the error
bounds

∥∥yμ − y
μ
h

∥∥
H 1 + ∥∥uμ − u

μ
h

∥∥
U

≤ C

⎧⎪⎨
⎪⎩

h1− d
4 , if Buμ ∈ L2(�),

h
3
2 − d

2q′ √| logh|, if Buμ ∈ W 1,q ′
(�),

h| logh|, if Buμ,Bu
μ
h ∈ L∞(�) uniformly for d = 2,3,
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where y
μ
h ,u

μ
h denote the finite element approximations to yμ and uμ, respectively

and C > 0 is independent of μ and h. We note that these estimates are in the spirit of
(1.7), (1.8). In Sect. 5 we discuss the overall errors

∥∥y − y
μ
h

∥∥
H 1 ∼ ∥∥y − yμ

∥∥
H 1 + ∥∥yμ − y

μ
h

∥∥
H 1 and∥∥u − u

μ
h

∥∥
U

∼ ∥∥u − uμ
∥∥

U
+ ∥∥uμ − u

μ
h

∥∥
U

and propose a-priori strategies for balancing μ and h. In Sect. 6 we present numerical
results which confirm our theoretical findings.

Let us comment on further approaches that tackle optimization problems for pdes
with control and state constraints. In [20] Meyer considers a fully discrete strategy to
approximate an elliptic control problem with pointwise state and control constraints.
He obtains the approximation order O(h2−d/2−ε) for the state in H 1 and for the con-
trol in L2, where d denotes the spatial dimension and ε > 0 can be chosen arbitrarily.
His results confirm those obtained by Deckelnick and the first author in [8] for the
purely state constrained case. A Lavrentiev-type regularization of problem (1.1) is in-
vestigated in [22]. In this approach the state constraint y ≤ b in (1.1) is replaced by the
mixed constraint εu + y ≤ b, with ε > 0 denoting a regularization parameter. It turns
out that the associated Lagrange multiplier λε belongs to L2(�). Numerical analysis
for this approach with emphasis on the coupling of gridsize and regularization para-
meter ε is presented by the first author and Meyer in [17]. The resulting optimization
problems are solved either by interior-point methods or primal-dual active set strate-
gies, compare [21]. Parameter adjustment strategies for Moreau-Yosida regulariza-
tion of problem (1.1) are proposed by Hintermüller and the first author in [13]. The
development of numerical approaches to tackle (1.1) is ongoing. A path-following
method, based on quadratic penalization and semi-smooth Newton methods is pro-
posed by Hintermüller and Kunisch in [14, 15]. An introductory text is provided by
Tröltzsch with [30].

2 The regularized problem

Problems of the type (1.9) are analyzed in [27]. Let us start with extending this analy-
sis to the more general case considered here, where we use Assumption 1.1 and As-
sumption 1.4. For the convenience of the reader we recall the definition of the subd-
ifferential ∂f (w) of a function f : W → R at a point w as the subset of all w′ ∈ W ′
which satisfy 〈w′,w − w̃〉W ′,W ≤ f (w)−f (w̃) ∀w̃ ∈ W . Here, W denotes a normed
space with its normed dual W ′. If w′ ∈ ∂f (w) and w̃′ ∈ ∂f (w̃), then

〈w′ − w̃′,w − w̃〉W ′,W ≤ [
f (w) − f (w̃)

] − [
f (w̃) − f (w)

] = 0. (2.1)

Theorem 2.1 For each μ ≥ 0 problem (1.9) admits a unique solution uμ ∈ U with
associated state yμ = G(Buμ), which is strictly feasible a.e. in �. Furthermore there
exists a function pμ ∈ Vq ′ and a regular Borel measure λμ ∈ M(�) which satisfy the
system

a
(
v,pμ

) =
∫

�

(
yμ − y0

)
v +

∫
�

v dλμ ∀v ∈ Vq, (2.2)
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B∗pμ + αuμ = 0 in U. (2.3)

Here λμ ∈ ∂b(yμ;μ) is an element of the subdifferential of b(yμ;μ).

Proof After having established lower-semi continuity of b(·;μ) (cf. [27, Lem-
ma 3.2]), existence of minimizers is readily established as in the unregularized limit
case, see e.g. [5]. Also the derivation of first order optimality conditions is performed
just as in the proof of Theorem 1.5 with the only difference that ιF (y) is now re-
placed by b(y;μ). Strict feasibility of yμ a.e. in � follows from l(y;μ) → +∞ for
y → y. �

The subdifferential ∂b(y;μ) has been analyzed in [27, Proposition 3.5] and ex-
hibits the following structure. The measure λμ ∈ M(�) is non-negative, and splits
into two parts:

∫
�

v dλμ = −
∫

�

l′(yμ;μ)v dx +
∫

yμ=y

v dλ, (2.4)

with l′(yμ;μ) ∈ L1(�). The measure λ is non-negative and vanishes if yμ is strictly
feasible. In this case λμ and pμ are uniquely defined. As a consequence the following
complementarity condition ∫

�

yμ − y dλ = 0 (2.5)

holds. Furthermore, from [27, Proposition 4.5] we deduce

∥∥λμ
∥∥

M(�)
,

∥∥l′
(
yμ;μ)∥∥

L1(�)
,‖λ‖M(�), and

∥∥pμ
∥∥

W 1,q′
(�)

≤ C (2.6)

with some positive constant C that is independent of μ.

Remark 2.2 The potential occurrence of the additional measure λ in (2.4) is the main
motivation to consider rational barrier functionals. In [27] it is shown that for suf-
ficiently high order k, the non-regular part λ vanishes for all μ > 0. This order k

depends on the dimension of the problem and on the regularity of yμ, and can be
chosen a-priori. Our framework asserts that yμ is bounded in W 1,q (�), and thus is
Hölder-continuous, i.e. yμ ∈ C0,β(�) for some β > 0. This ensures that choosing k

large enough guarantees strict feasibility of yμ. In this work, however, we can dis-
pense with a strict feasibility assumption.

The convergence analysis of the regularization path is also covered by the results
of [27]. In Lemma 5.1 there it is proven the function values converge linearly in μ:

J
(
uμ

) − J (u) ≤ Cμ.

The convergence results for u in [27, Theorem 5.3]:

∥∥uμ − u
∥∥

U
≤ C

√
μ
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is then an easy conclusion from the strict convexity of J . From

c1
∥∥y − yμ

∥∥2
H 1 ≤ a

(
y − yμ, y − yμ

) = 〈
B

(
u − uμ

)
, y − yμ

〉
≤ C

∥∥u − uμ
∥∥

U

∥∥yμ − y
∥∥

H 1

we immediately infer
∥∥yμ − y

∥∥
H 1 + ∥∥uμ − u

∥∥
U

≤ C
∥∥uμ − u

∥∥
U

. (2.7)

3 Error analysis for the barrier problem

We will perform a finite element error analysis in this and in the next section. This
is done in two steps. In the first step, which works under very general conditions, we
show that approximation errors for our optimal control problem can be estimated in
terms of L∞ errors for the Galerkin approximation to the optimal state y.

In the second step we discuss various settings, in which L∞-error estimates are
available, and derive corresponding error estimates in terms of powers of the mesh-
size h.

Denote for a “mesh-parameter” h by Vh ⊂ W 1,∞(�) a sequence of finite dimen-
sional subspaces of Vq .

In what follows it is convenient to introduce a discrete approximation of the opera-
tor G . For a given right hand side f ∈ V ′

q we denote by zh = Gh(f ) ∈ Vh the solution
of the discrete problem

a(zh, vh) = 〈f, vh〉 for all vh ∈ Vh.

Assumption 3.1 Assume that for each u ∈ U

lim
h→0

∥∥Gh(Bu) − G(Bu)
∥∥

L∞ = 0. (3.1)

3.1 Exact quadrature

Problem (1.9) is now approximated by the following sequence of control problems
depending on the mesh parameter h:

min
u∈U

Jh(u) := 1

2

∫
�

∣∣Gh(Bu) − y0
∣∣2 + α

2
‖u‖2

U +
∫

�

l
(
y − Gh(Bu);μ)

. (3.2)

Problem (3.2) represents a convex infinite-dimensional optimization problem of a
similar structure as problem (1.9). It admits a unique solution u

μ
h ∈ U with corre-

sponding state y
μ
h ∈ Vh. Furthermore, in accordance with problem (1.9), there exist a

unique function p
μ
h ∈ Vh and a regular, non–negative Borel measure λ

μ
h satisfying

a
(
vh,p

μ
h

) =
∫

�

(
y

μ
h − y0

)
vh +

∫

�

vh dλ
μ
h for all vh ∈ Vh, (3.3)
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and

αu
μ
h + B∗pμ

h = 0 in U. (3.4)

We note that the control is not discretized in (3.2), compare [8, 9, 16, 26] for a more
detailed discussion of this discretization approach.

Next we prove an error estimate in h which is independent of μ. For this purpose
we first prove uniform bounds w.r.t. μ for ‖λμ

h‖M(�).

Lemma 3.2 Let Assumption 1.1, 1.4, and 3.1 be satisfied. Then there is h0 > 0, such
that for all h ≤ h0 ∥∥λ

μ
h

∥∥
M(�)

≤ C (3.5)

with some positive constant C independent of μ and of h.

Proof Using (3.1) we obtain for some small enough 0 < h0

Gh(Bû) ≤ y − τ

2
for all 0 < h ≤ h0.

Therefore,

τ

2

∫

�

dλ
μ
h ≤

∫

�

y − Gh(Bû) dλ
μ
h =

∫

�

(
y

μ
h − y0

)
Gh(Bû) dx − a

(
Gh(Bû),p

μ
h

)

=
∫

�

(
y

μ
h − y0

)
Gh(Bû) dx − 〈û,B∗ph〉U

=
∫

�

(
y

μ
h − y0

)
Gh(Bû) dx + α

〈
û, u

μ
h

〉
U

≤ C.

�

Let yh ∈ Vh denote the discrete functions defined by the Galerkin orthogonality
relation

a
(
yμ − yh, vh

) = 0 ∀vh ∈ Vh. (3.6)

Further, define by ỹ ∈ Vq the function ỹ := G(Bu
μ
h ), i.e. the continuous solution to

the discrete optimal control. It holds

a
(
ỹ − y

μ
h , vh

) = 0 ∀vh ∈ Vh. (3.7)

Finally, let p̃ defined as the continuous solution to the discrete right hand side of the
adjoint equation:

p̃ := G∗(yμ
h − y0 + λ

μ
h

)
, (3.8)

which satisfies the Galerkin orthogonality relation

a
(
vh, p̃ − p

μ
h

) = 0 ∀vh ∈ Vh. (3.9)



590 M. Hinze, A. Schiela

The crucial point is now that a-priori error estimates are available for yh − yμ and
y

μ
h − ỹ, taking into account that by Lemma 3.2 p̃ is uniformly bounded in W 1,q ′

(�),
as h → 0. We will discuss these estimates for particular settings in Sect. 4, below. We
are now prepared to prove our main result:

Theorem 3.3 Let Assumption 1.1, 1.4, and 3.1 be satisfied. Let uμ denote the solu-
tion of (1.9) with yμ = G(Buμ), and u

μ
h the solution to (3.2) with y

μ
h = Gh(Bu

μ
h ).

Then there exists h0 > 0 and a constant C independent of μ and h such that for all
h ≤ h0 the estimates

∥∥uμ − u
μ
h

∥∥
U

+ ∥∥yμ − y
μ
h

∥∥
L2

≤ C

√∥∥yμ − yh
∥∥∞ + ∥∥ỹ − y

μ
h

∥∥∞, (3.10)
∥∥yμ − y

μ
h

∥∥
H 1 ≤ C

∥∥uμ − u
μ
h

∥∥
U

+ ∥∥yμ − yh
∥∥

H 1, (3.11)
∥∥yμ − y

μ
h

∥∥∞ ≤ C
∥∥uμ − u

μ
h

∥∥
U

+ ∥∥yμ − yh
∥∥

L∞ (3.12)

hold.

Proof We test the difference of (2.3) and (3.4) with uμ − u
μ
h and the difference of

(2.2) and (3.3) with yμ − y
μ
h and add both. This yields, using the definitions of p̃

and ỹ,

α
∥∥uμ − u

μ
h

∥∥2
U

+ ∥∥yμ − y
μ
h

∥∥2
L2

+
∫

�

(
yμ − y

μ
h

)
d
(
λμ − λ

μ
h

)

= a
(
yμ − y

μ
h ,pμ − p̃

) − 〈
B∗(pμ − p

μ
h

)
, uμ − u

μ
h

〉
U

= a
(
yμ − y

μ
h ,pμ − p̃

) − 〈
B

(
uμ − u

μ
h

)
,pμ − p

μ
h

〉
(W 1,q′

)′,W 1,q′

= a
(
yμ − y

μ
h ,pμ − p̃

) − a
(
yμ − ỹ, pμ − p

μ
h

)
.

The right hand side can now be treated, using Galerkin orthogonality relations (3.9)
(twice), (3.7), and (3.6):

a
(
yμ − y

μ
h ,pμ − p̃

) − a
(
yμ − ỹ, pμ − p

μ
h

)
= a

(
ỹ − y

μ
h ,pμ

) + a
(
yμ,p

μ
h − p̃

) + a
(
y

μ
h , p̃

) − a
(
ỹ, p

μ
h

)
= a

(
ỹ − y

μ
h ,pμ

) + a
(
yμ − yh,p

μ
h − p̃

) + a
(
y

μ
h ,p

μ
h

) − a
(
y

μ
h ,p

μ
h

)

= a
(
ỹ − y

μ
h ,pμ

) − a
(
yμ − yh, p̃

)
.

Now we reinsert the definition of pμ and p̃ via (2.2) and (3.3) to obtain

a
(
ỹ − y

μ
h ,pμ

) − a
(
yμ − yh, p̃

)

=
∫

�

(y − y0)
(
ỹ − y

μ
h

)
dx +

∫
�

(
ỹ − y

μ
h

)
dλμ −

∫
�

(yh − y0)
(
yμ − yh

)
dx

−
∫

�

(
yμ − yh

)
dλ

μ
h

≤ ∥∥ỹ − y
μ
h

∥∥∞
∥∥y − y0 + λμ

∥∥
M(�)

+ ∥∥yμ − yh
∥∥∞

∥∥yh − y0 + λ
μ
h

∥∥
M(�)

.



Discretization of interior point methods for state constrained elliptic 591

Using the uniform boundedness of λ
μ
h in M(�) and yh − y0 in L2(�) we finally

obtain:

α
∥∥uμ − u

μ
h

∥∥2
U

+ ∥∥yμ − y
μ
h

∥∥2
L2

+
∫

�

(
yμ − y

μ
h

)
d
(
λμ − λ

μ
h

)

≤ C
(∥∥ỹ − y

μ
h

∥∥∞ + ∥∥yμ − yh
∥∥∞

)
. (3.13)

Now observe that by monotonicity of the subdifferential (cf. (2.1))
∫

�

(
yμ − y

μ
h

)
d
(
λμ − λ

μ
h

) ≥ 0, (3.14)

which yields (3.10). Using this estimate and
∥∥yμ − y

μ
h

∥∥
H 1 ≤ ∥∥yμ − yh

∥∥
H 1 + ∥∥yh − y

μ
h

∥∥
H 1 ≤ ∥∥yμ − yh

∥∥
H 1 + C

∥∥uμ − u
μ
h

∥∥
U

we finally get (3.11), and similarly (3.12). �

We observe in the proof that the same estimate holds for the quantity in (3.14).

3.2 The use of quadrature rules

So far we have assumed that the integrals
∫

l′(y;μ)vh dx are evaluated exactly. Since
l′ is a rational function this may be an involved computation. Now let us replace this
term in (3.3) by a quadrature rule of the form

Ih[f ] :=
∑

i

ωh
i f

(
xh
i

)
, xh

i ∈ �, ωh
i ∈ R,

where xh
i are suitably chosen quadrature points with corresponding weights ωh

i .
The discrete optimality system (3.3)–(3.4) is then replaced by

a
(
vh,p

μ
h

) =
∫

�

(
y

μ
h − y0

)
vh + Ih

[
l′(y;μ)vh

]
for all vh ∈ Vh, (3.15)

and

αu
μ
h + B∗pμ

h = 0 in U. (3.16)

Let 1� be the function defined by 1�(x) = 1 ∀x ∈ �. We will now study discretiza-
tion errors for this case under the following assumptions:

• the quadrature rule yields positive values for positive functions;
• Ih[1�] is bounded, independently of h;
• the solution y

μ
h of (3.15)–(3.16) is feasible.

Note that assumptions on the error introduced by the quadrature rule are not needed.
We may as well interpret this quadrature rule as follows: we replace the Lebesgue

measure on � by a bounded and positive measure with a support that consists of
finitely many discrete points only. In particular, the space L1(Ih), by which we denote



592 M. Hinze, A. Schiela

equivalence classes of all integrable functions with respect to this measure, is well
defined.

It is easy to see that y
μ
h is strictly feasible at xh

i . Otherwise the discrete barrier
functional would be +∞. Our assumptions are valid a-priori for linear finite ele-
ments, if we assume that y ∈ Vh, the quadrature points are taken at the nodes of the
discretization, and the weights are chosen appropriately (from the trapezoidal rule,
say).

We apply the quadrature rule only for the evaluation of the barrier term, while all
other integrals are assumed to be evaluated exactly.

Just as in the preceding section we prove the following lemma:

Lemma 3.4 Let Assumption 1.1, 1.4, and 3.1 be satisfied, let (u
μ
h , y

μ
h ,p

μ
h ) denote

the unique solution to (3.15)–(3.16). Then there exists h0 > 0 and a constant C inde-
pendent of μ and h such that

∥∥l′
(
y

μ
h ;μ)∥∥

L1(Ih)
:= Ih

[∣∣l′(yμ
h ;μ)∣∣] ≤ C ∀h ≤ h0. (3.17)

Proof Using (3.1) we obtain for some small enough 0 < h0

Gh(Bû) ≤ y − τ

2
for all 0 < h ≤ h0.

Therefore,

τ

2

∫
Ih

[∣∣l′(yμ
h ;μ)∣∣]

≤ Ih

[(
y − Gh(Bû)

)
l′
(
y

μ
h ;μ)]

=
∫

�

(
y

μ
h − y0

)
Gh(Bû) dx − a

(
Gh(Bû),p

μ
h

)

=
∫

�

(
y

μ
h − y0

)
Gh(Bû) dx − 〈

û,B∗ph

〉
U

=
∫

�

(
y

μ
h − y0

)
Gh(Bû) dx + α

〈
û, u

μ
h

〉
U

≤ C.

�

Lemma 3.5 Consider either L1(�) or L1(Ih) as defined above. Then for each 0 <

s ≤ 1 there is a constant c, independent of h, such that for all 0 ≤ f ∈ L1∥∥f s
∥∥

L1
≤ c‖f ‖s

L1
.

Proof Clearly, f s is a measurable function, and thus it remains to show boundedness.
Since 1/s > 1 this follows from the computation

∥∥f s
∥∥

L1
≤ c

(|�|, s)∥∥f s
∥∥

L1/s
= c

(|�|, s)‖f ‖s
L1

.

Here |�| denotes either the Lebesgue measure of �, or Ih[1�], i.e., the discrete mea-
sure of �. �
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Theorem 3.6 Let Assumption 1.1, 1.4, and 3.1 be satisfied. Let uμ denote the so-
lution of (1.9) with yμ = G(Buμ), and (u

μ
h , y

μ
h ,p

μ
h ) denote the unique solution to

(3.15)–(3.16). Then there exists h0 > 0 and a constant C independent of μ and h

such that for all h ≤ h0

∥∥uμ − u
μ
h

∥∥
U

+ ∥∥yμ − y
μ
h

∥∥
L2

≤ C

√∥∥yμ − yh
∥∥

L∞ + ∥∥ỹ − y
μ
h

∥∥
L∞ + μ, (3.18)

∥∥yμ − y
μ
h

∥∥
H 1 ≤ C

∥∥uμ − u
μ
h

∥∥
U

+ ∥∥yμ − yh
∥∥

H 1, (3.19)
∥∥yμ − y

μ
h

∥∥∞ ≤ C
∥∥uμ − u

μ
h

∥∥
U

+ ∥∥yμ − yh
∥∥

L∞ . (3.20)

Proof The proof runs along the lines of the proof of Theorem 3.3 with the excep-
tion that every occurrence of

∫
�

v dλ
μ
h has to be replaced by its discrete counterpart

Ih[l′(yμ
h ;μ)v]. Hence, instead of (3.13) we arrive at

α
∥∥uμ − u

μ
h

∥∥2
U

+ ∥∥yμ − y
μ
h

∥∥2
L2

+ Ih

[
l′
(
y

μ
h ;μ)(

y
μ
h − yμ

)] −
∫

�

(
y

μ
h − yμ

)
dλμ

≤ ∥∥ỹ − y
μ
h

∥∥∞
(‖yh − y0‖L1(�) + ∥∥l′

(
y

μ
h ;μ)∥∥

L1(Ih)

)

+ ∥∥yμ − yh
∥∥∞

∥∥y − y0 + λμ
∥∥

M(�)

≤ C
(∥∥ỹ − y

μ
h

∥∥∞ + ∥∥yμ − yh
∥∥∞

)
. (3.21)

For the last inequality we used Lemmas 3.4 and 3.2. At this point it is not possible
to apply a monotonicity argument as before. Instead, we introduce the notation ŷ :=
y − y ≤ 0 and compute

Ih

[
l′
(
y

μ
h ;μ)(

y
μ
h − yμ

)] −
∫

�

(
y

μ
h − yμ

)
dλμ

= Ih

[
l′
(
y

μ
h ;μ)(

ŷ
μ
h

)] +
∫

�

ŷμ dλμ − (
Ih

[
l′
(
y

μ
h ;μ)

ŷμ
] +

∫
�

ŷ
μ
h dλμ

)
︸ ︷︷ ︸

≤0

≥ Ih

[
l′
(
y

μ
h ;μ)

ŷ
μ
h

] +
∫

�

ŷμ dλμ.

To estimate the remaining terms on the right hand side, we first note that by (2.4),

∫
�

ŷμ dλμ =
∫

�

ŷμl′
(
yμ;μ)

dx,

which means that possibly measure valued parts disappear. Hence by non-negativity
of l′,

Ih

[
l′
(
y

μ
h ;μ)

ŷ
μ
h

] +
∫

�

ŷμ dλμ = −∥∥ŷh
μl′

(
y

μ
h ;μ)∥∥

L1(Ih)
− ∥∥ŷμl′

(
yμ;μ)∥∥

L1(�)
.
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Next, recall that l′(y;μ) = μkŷ−k for k = 1,2,3, . . . . Hence, l′(y;μ)ŷ = μ(l′(y;
μ))(k−1)/k , (in particular l′(y;μ)ŷ = μ for k = 1), and thus

∥∥l′
(
y

μ
h ;μ)

ŷ
μ
h

∥∥
L1(Ih)

= μ
∥∥l′

(
y

μ
h ;μ) k−1

k
∥∥

L1(Ih)
and

∥∥l′
(
yμ;μ)

ŷμ
∥∥

L1(�)
= μ

∥∥l′
(
yμ;μ) k−1

k
∥∥

L1(�)
.

Now Lemma 3.4, Lemmas 3.2 and 3.5 yield the uniform bounds

∥∥l′
(
y

μ
h ;μ) k−1

k
∥∥

L1(Ih)
≤ C and

∥∥l′
(
yμ;μ) k−1

k
∥∥

L1(�)
≤ C,

and thus ∥∥ŷ
μ
h l′

(
y

μ
h ;μ)∥∥

L1(Ih)
+ ∥∥ŷμl′

(
yμ;μ)∥∥

L1(�)
≤ Cμ.

Inserting this estimate into (3.21) yields finally

α
∥∥uμ − u

μ
h

∥∥2
U

+ ∥∥yμ − y
μ
h

∥∥2
L2

≤ C
(∥∥ỹ − y

μ
h

∥∥∞ + ∥∥yμ − yh
∥∥∞ + μ

)
,

which implies (3.18). The estimates (3.19) and (3.20) now follow just as in Theo-
rem 3.3 �

Hence, using this type of quadrature rules introduces an additional error, which is
only of the order of the remaining length of the central path. It seems thus acceptable
to use inexact quadrature in a numerical interior point algorithm in order to save
computational effort.

Using the trapezoidal rule as a quadrature rule and a fixed grid we may interpret
the resulting numerical scheme as an interior point method for solving the discrete
optimization problem obtained by variational discretization in the spirit of [9].

4 A-priori error estimates for specific settings

Let us now apply Theorem 3.3 to some concrete settings in optimal control. So we
impose Assumption 1.1 and 1.4 in the whole section. We will study settings, where
Assumption 3.1 holds with a certain rate. We only consider the case of exact quadra-
ture. In view of Theorem 3.6 the modifications for quadrature rules are straightfor-
ward.

Let Th be a triangulation of � with maximum mesh size h := maxT ∈Th
diam(T )

and vertices x1, . . . , xm. We suppose that � is the union of the elements of Th so that
element edges lying on the boundary are curved in case that � has curved boundary.
In addition, we assume that the triangulation is quasi-uniform in the sense that there
exists a constant κ > 0 (independent of h) such that each T ∈ Th is contained in a
ball of radius κ−1h and contains a ball of radius κh. Let us define the space of linear
finite elements,

Vh := {
vh ∈ C0(�) | vh is a linear polynomial on each T ∈ Th

}
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with the appropriate modification for boundary elements.
In the previous section we have derived a-priori error estimates for state con-

strained problems that depend on a-priori estimates with respect to the L∞-norm for
yμ. There is plenty of literature on L∞-error estimates for finite element approxima-
tions. The quality of these estimates depends on the regularity of yμ. The regularity
of yμ in turn depends on the regularity of Buμ, for which we have the following
results available:

Example 4.1 By (2.6), pμ is uniformly bounded in W 1,q ′
(�). In view of Example 1.3

we thus have the following regularity results

(i) For distributed control we have Buμ = uμ ∈ W 1,q ′
(�) by (2.3), for all q ′ <

d/(d − 1).
(ii) In the case of Neumann boundary control, by definition of B , uμ = α−1B∗pμ

is the boundary trace of pμ, which is contained in W 1−1/q ′,q ′
(∂�).

(iii) For finite dimensional control, the regularity of Buμ depends, of course, on the
input fields fi .

We start with the case, where a(·, ·) is H 2-regular. This holds for example if � is
a convex domain, and aij is Lipschitz continuous. Then it is well known (cf. e.g. [4])
that for f ∈ L2(�)

∥∥G(f ) − Gh(f )
∥∥∞ ≤ Ch2−d/2‖f ‖L2 . (4.1)

Thus we conclude from Theorem 3.3

Corollary 4.2 If B : U → L2(�) is bounded, then for an H 2-regular problem we
have the estimate

∥∥uμ − u
μ
h

∥∥
U

+ ∥∥yμ − y
μ
h

∥∥
H 1 ≤ Ch1− d

4 for all 0 < h ≤ h0.

Proof Since uμ and u
μ
h are uniformly bounded in U and B is bounded, (4.1) can be

applied to provide for the right hand side of (3.10) the estimate ‖yμ − yh‖∞ + ‖ỹ −
y

μ
h ‖∞ ≤ Ch2−d/2. Theorem 3.3 then yields (4.2). �

If we have more smoothness, we obtain better approximation results. From now
on, let us—for the sake of simplicity—consider problems on smoothly bounded do-
mains with smooth coefficients. Finite element approximations would then have to
be accomplished by curved elements.

If f ∈ L∞(�) and V = H 1
0 (�), then, for example, [23] yields for d = 2,3

∥∥G(f ) − Gh(f )
∥∥∞ ≤ Ch2| logh|2‖f ‖∞,

so that we obtain

Corollary 4.3 If Buμ,Bu
μ
h ∈ L∞(�) are bounded uniformly in L∞(�) for μ → 0

and h → 0, then
∥∥uμ − u

μ
h

∥∥
U

+ ∥∥yμ − y
μ
h

∥∥
H 1 ≤ Ch| logh| for all 0 < h ≤ h0.
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A uniform bound for Buμ,Bu
μ
h ∈ L∞(�) can be observed a-posteriori in many,

but not all optimal control problems with distributed control, and it holds in the case
of finite dimensional control, if the input fields fi are all in L∞(�).

For distributed control Buμ ∈ W 1,q ′
(�) for all q ′ < d/(d − 1) (cf. Exam-

ple 4.1(i)), because pμ ∈ W 1,q ′
(�). Analogously, Lemma 3.2 implies that all p̃, as

defined in (3.8) are uniformly bounded in W 1,q ′
(�) for μ,h → 0. Using a stabil-

ity result for the Galerkin projection in W 1,q ′
(�) (cf. e.g. [3, Theorem 8.5.3]), its

Galerkin projection p
μ
h is also uniformly bounded in W 1,q ′

(�). Since B = Id , the
same holds for u

μ
h , and thus also for Bu

μ
h .

In this setting we have the following estimates:

Corollary 4.4 If Buμ,Bu
μ
h ∈ W 1,q ′

(�) for all q ′ < d/(d − 1) are uniformly
bounded for μ → 0 and h → 0, then under the above regularity assumptions we
have for all ε > 0:

∥∥uμ − u
μ
h

∥∥
U

+ ∥∥yμ − y
μ
h

∥∥
H 1 ≤ Ch2−d/2−ε for all 0 < h ≤ h0. (4.2)

Proof Under these assumptions, the estimate
∥∥G(f ) − Gh(f )

∥∥∞ ≤ Ch3−d/q ′ ‖f ‖
W 1,q′

(�)

can be derived, see [18, Chap. 3] and [24] for details. Since q ′ can be chosen arbitrar-
ily close to d/(d − 1), Theorem 3.3 yields (4.2). �

Let us consider briefly the case of Neumann boundary control in two dimensions.
According to Example 4.1 we can expect Buμ ∈ W 1−1/q ′,q ′

(∂�) for all q ′ < 2, and
a uniform bound for Bu

μ
h , similarly as above.

Corollary 4.5 If Buμ,Bu
μ
h ∈ W 1−1/q ′,q ′

(∂�) for all q ′ < 2 are uniformly bounded
for μ → 0 and h → 0, then under the above regularity assumptions we have for all
ε > 0 ∥∥uμ − u

μ
h

∥∥
U

+ ∥∥yμ − y
μ
h

∥∥
H 1 ≤ Ch1/2−ε for all 0 < h ≤ h0.

Proof If Buμ ∈ W 1−1/q ′,q ′
(∂�), a general regularity result [1, Theorem 9.2] yields

for the regularity of the state y:
∥∥yμ

∥∥
W 2,q′

(�)
≤ c

∥∥Buμ
∥∥

W 1−1/q′,q′
(∂�)

,

and thus uniform boundedness of y in ‖y‖
W 2,q′ . Now [3, Corollary 8.6.3] shows

boundedness of the Galerkin projection in W 1,q (�), if q is sufficiently close to 2.
Hence, we obtain

∥∥yμ − yh
∥∥

W 1,q ≤ C inf
vh∈Vh

∥∥yμ − vh

∥∥
W 1,q ≤ ch1+1/q−1/q ′∥∥yμ

∥∥
W 2,q′ .

As already noted, q ′ and q can be chosen arbitrarily close to 2, and thus we conclude
∥∥yμ − yh

∥∥
L∞ ≤ c

∥∥yμ − yh
∥∥

W 1,q ≤ Ch1−ε ∀ε = 1/q ′ − 1/q > 0.
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Application of Theorem 3.3 yields the desired result. �

For boundary control in the case d = 3, it may happen that yμ �∈ L∞(�), so we
cannot expect in general that L∞-error estimates for yμ hold.

5 Parameter adjustment

The analysis in the preceding two sections allows us to optimally select μ for given
h, or vice versa. Considering the results of the previous sections, and neglecting the
possible occurrence of logarithmic terms, we have shown that there exists a constant
C independent of μ such that

∥∥u − u
μ
h

∥∥
U

≤ ∥∥u − uμ
∥∥

U
+ ∥∥uμ − u

μ
h

∥∥
U

≤ C
(
μ1/2 + hγ

)
, (5.1)

for some γ , depending on the regularity of the partial differential equation.
For given μ > 0 the mesh size h on the right hand side can be adjusted on the basis

of (5.1) as

h(μ) ∼ μ1/(2γ ) or vice versa μ(h) ∼ h2γ .

The optimal error bound obtained by Corollary 4.2 then is

∥∥u − u
μ
h

∥∥
U

≤ Ch1− d
4

if μ is chosen proportional to h2−d/2. If we have the regularity of Corollary 4.4 the
optimal adjustment is given by

h(μ) ∼
{√

μ if d = 2,
μ if d = 3,

(5.2)

and it is h(μ) ∼ √
μ independent of d if the requirements of Corollary 4.3 are met.

For Neumann boundary control, one will chose h ∼ μ, on the basis of Corollary 4.5.
This provides a qualitative guideline when to stop the interior point method for a
fixed discretization, or how to refine the discretization for a given μ.

6 Numerical examples

Finally we illustrate our theoretical findings by a numerical example. We choose
� = [0;1] × [0;1], A = −Δ + I , B = Id, y = 0.55, y0 = 2 · x1 · x2, α = 10−3. The
discretization of the state y and the adjoint state p is performed by a linear finite
element method, based on the DUNE library [2]. Computational solutions can be
seen in Fig. 1.

For the evaluation of the barrier integrals we use the trapezoidal rule, as ana-
lyzed in Sect. 3.2. For the numerical solution we use an interior point Newton path-
following method in the variables y and p similar to the one analyzed in [28]. The
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Fig. 1 Left: optimal control. Right: optimal state with active set

Fig. 2 Left: Overall errors plotted against μ for h = 2−k , k = 2, . . . ,8. Right: Discretization errors plotted
against h for small μ

resulting linear systems of equations are solved by the direct sparse solver PARDISO
[25].

We compute y
μ
h and p

μ
h and estimate their overall errors w.r.t. y∗, p∗ by comparing

them with a discrete solution that is computed on a very fine grid for a very small μ.
The choices of h were h = 2−k with k = 2, . . . ,8. The plots in Fig. 2 show ‖yμ

h −
y∗‖H 1 + √

α‖uμ
h − u∗‖L2 .

As one can see in the left plot, the error introduced by the regularization dominates,
until a break even point is reached. Even on the finest level of discretization, this is
for relatively large μ ≈ 10−4–10−5. In this range would be the most efficient point
to stop the algorithm. It is interesting to note that for this particular problem the
convergence of the path is slightly faster than O(

√
μ).

In the right plot we observe that the discretization error for a small μ behaves like
O(h) as predicted by our theory.

Finally, we illustrate the effect of coupled gridsize-parameter adjustment and com-
pare its numerical performance with that obtained for fixed, small μ. Since the dis-
cretization error is approximately halved if the grid is refined once, (5.2) suggests to
perform one refinement of the grid after μ has been reduced approximately by a fac-
tor of 0.25. Figure 3 presents the numerical findings for the initial choices h = 1/2,
μ = 0.1 (lower diagonal graph), and h = 1/2, μ ≈ 0.01 (upper diagonal graph). Com-
pared with the pure discretization error (vertical light grey graph), the achieved accu-
racy is similar for all approaches, for h ≤ 2−5.
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Fig. 3 Comparison of overall errors for fixed, small μ (vertical light grey graph) and simultaneous grid
refinement-μ reduction (diagonal blue graphs). The marks are set for h = 2−k with k = 2, . . . ,8

In practical path-following methods an a-posteriori estimate for the remaining
length of the central path as described, for example, in [26, Sect. 8.2] may be used,
combined with an a-posteriori error estimate for the discretization error, to achieve a
proper balancing of the parameters. In this respect we refer to the work [31], where
parameter balancing is considered in the context of goal-oriented adaptivity, and to
[29], where parameter adjustment and adaptivity are driven by the requirement of
keeping Newton iterates in the region of fast convergence during path-following.
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