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Abstract. In this paper we propose a smoothing Newton-type algorithm for the problem of minimizing a
convex quadratic function subject to finitely many convex quadratic inequality constraints. The algorithm is
shown to converge globally and possess stronger local superlinear convergence. Preliminary numerical results
are also reported.
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1. Introduction

The quadratically constrained quadratic programming (QCQP) is the following

min  fo(%)

st. f(®) <0, 4.1

where (&) = (i), ..., fu@@)T, fi(x) = %)?TPJJ%+(af)T)% +bj, % € N, al e W,
P/l e %" b; e Rforall j € Jy :=1{0,1,...,m} (we reserve x for later use). In
this paper, we are interested in (1.1) when all f;, j € Jp are convex functions, i.e., all
P/, j € Jy are symmetric positive semidefinite matrices.
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Interior point methods (IPMs) have been successfully applied to solve convex op-
timization problems and monotone complementarity problems [21, 36]. Besides the
polynomial complexity, the superlinear convergence has always been an important topic
in IPMs. Early superlinear convergence analysis of IPMs requires many conditions
[39, 40]. Under the strictly complementary condition, Ye and Anstreicher [38] proved
the quadratic convergence of a predictor-corrector IPM for solving the monotone linear
complementarity problem (LCP). The strictly complementary condition has been suc-
cessfully eliminated in proving the superlinear convergence of some predictor-corrector
IPMs for LCPs [20, 31, 32,41]. The local superlinear convergence analysis of the existing
IPMs for solving nonlinear optimization problems depends on the strictly complemen-
tary condition [27, 28, 34].

Smoothing Newton-type methods are originally designed for solving nonsmooth equa-
tions arising from the mathematical programming field. So far, a number of globally and
locally superlinearly convergent smoothing Newton-type methods have been proposed.
For a comprehensive treatment on this topic, see [8, Chap. 11]. A key condition for
the superlinear convergence of smoothing Newton-type methods is the nonsingularity
of the generalized Jacobian of the function involved in the nonsmooth equations. For
the Py function nonlinear complementarity problem (NCP), this condition implies that
the solution set consists of a single element. Several authors have investigated ways to
relax such a relatively restrictive condition in smoothing Newton-type methods for linear
programming [4, 5] and LCPs [14, 35], and in the Levenberg-Marquardt method for the
nonlinear equation [37].

In this paper, we will propose a smoothing Newton-type method for solving the convex
QCQP (1.1). It should be noted that such a QCQP can be cast as a second-order-cone
problem (SOCP) [17, 21]. Since the SOCP can be solved efficiently by using IPMs,
one often reformulates the convex QCQP as the SOCP and then solves the correspond-
ing SOCP. Such an approach may not be practical for those convex QCQPs with a
huge number of constraints. For example, the subproblems of second-order methods for
solving semi-infinite programming are convex QCQPs of a large number of constraints
(see, [22, Chap. 3]). Here, we will reformulate the QCQP as a system of nonsmooth
equations instead of an SOCP. The proposed algorithm is shown to possess the local
convergence features of both smoothing Newton-type methods and interior point meth-
ods. Specifically, the superlinear convergence of the algorithm is obtained under either
the nonsingularity condition or the strictly complementary condition. To some extent,
this paper can be regarded as an extension of [14] for solving the LCP to the convex
QCQP. However, due to the nonlinear structure of the QCQP, substantial differences
exist and new techniques are needed.

The paper is organized as follows. In the next section, (1.1) is reformulated as a system
of parameterized smooth equations. In Section 3, we propose the smoothing Newton-
type algorithm and discuss its global convergence. In Sections 4 and 5, we investigate
the local superlinear convergence of the proposed algorithm under the nonsingularity
and the strictly complementary condition, respectively. Numerical results are reported
in Section 6. Proofs of some technical lemmas are given in Appendix.
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2. Preliminaries

Throughout this paper, we use the following assumption:

Assumption 2.1.

(i) P/ are symmetric positive semidefinite matrices for all j € Jp.
(ii) (Slater Constraint Qualification) There is a point x° such that f(x°) < 0.

It is well known that, under Assumption 2.1, solving (1.1) is equivalent to solving the
following system

VG + @A =0, >0, —f(%) >0, AT (%) =0, 2.1

where & € 0", f'(R) = (VIQR), ..., V@), and v fj(%) is the gradient of f;(%) at
X eN", j e Jo. Every solution of (2.1) is called a KKT point of problem (1.1). Let

N & TG+ fRTR
w--(x)’ F(w)'—( —f®) )

K = {(& A eR™ % e, Xenr)
Then, solving (2.1) is equivalent to finding a vector W* € K such that

(W — )T F(@*) >0 foralld e K. (2.2)

Let w denote the vector (x7, A7)T and Ik (w) denote the Euclidean projection of w onto
K. It is well known that problem (2.2) is equivalent to the following normal equation

F(Ilg(w)) +w — Mg (w) =0 2.3)

in the sense that if w* € "™ is a solution of (2.3), then ®* := g (w*) is a solution of
(2.2), and conversely if W* is a solution of (2.2), then w* := @W* — F(@™*) is a solution
of (2.3) [16, 30]. Let Hyo(x, A) := F(ITg(w)) + w — Mg (w). Then (2.3) becomes

Vo) + ) A _
Ho(x, 1) = ( ) A _A:) =0, 2.4)

where ) is a vector whose i-th component is max{0, A;}, i € J.
Since A, is not differentiable everywhere, the function Hy is not differentiable. We
now introduce the following smoothing function:

P, &) := vec{p(u, Ai) 1 i € T}, 2.5
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where for u € M", vec{u; : i € J} denotes an m-vector whose i-th component is u;;
and ¢ : K2 — N is defined by

¢(a, b) == %(b + Vb2 +4a?), (a,b) € R x N. (2.6)

The function ¢ is continuously differentiable around any (a, b) € 9 x 9 such that

(a,b) #0,

2a 1 b
¢'(a,b) = (4, —(1 + 4)) 2.7)
Vb2 +4a? 2 Vb? +4a?
Define H : i x R"* x A" — R x R x R by
w

H(u,x, 2) = | vfox)+ f/()T@(u, 1) |, (1, x, 1) €N x R x R".
—f(x)+ A —P(u, A)

Then, (x*, A*) € N x ‘_R'" solves (2.4) if and only if (0, x*, A*) solves H (i, x, A) = 0.
Based on the function H(-), we define the following smoothing function:

w
H(p,x, ) = V folx) + f/()T D, 1) + gi(n)x , 2.8
—fx) + A — P, L) + g2 + gz()m (i, x, A)

where w(u, x, A) := vec{m; (i, x, ) : i € J} with

(s x, A) 1= (e, Ao, — filx)), i€, 2.9

and foreach i € {1, 2,3}, g; : N — N is a twice continuously differentiable function
satisfying

gi() >0 Vu, g(0)=0, gi(n)=0w?, and |g(w)=0Ww). (2.10)

When u =0, 7i(n, x, &) = (0, x, 1) = Ai)+(—= fi(x)4, 1 € T If g1(n) = g2(w) =
g3(n) =0, then H(u, x, A) = H(u, x, A). The terms g;(u)x and g,(u)X represent the
regularized part for H and gs3(u)mw(u, x, &) the smoothed penalized part. From both
theoretical and practical points of view, we require

g >0, Yu#0, i=123 @11

It is evident that (x*, A*) € R" x R solves (2.4) if and only if (0, x*, A™) solves
H(u,x,2)=0.

For any positive integer p, E? denotes the p x p identity matrix. For any u € 0", let
diag{u; : i € J} denote an m x m diagonal matrix whose i-th diagonal element is u;.
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Then, for any z = (i, x, &) € R 7" with u # 0, it follows from (2.8) that

1 0 0
H'(z) = | f/()" (@), + g1 (m)x M(z) T @y), |, (2.12)
P(2) R()[—f'(x)] N(z)

where (CD(y));L is the partial derivative of ®(y) = ®(u, 1) with respect to w, (P(y)); is
the partial derivative of ®(y) = ®(u, A) with respect to A, and

M@) = P’ + ) P'oi(y) + gi(W)E", (2.13)
ieJ
P(2) := (@), + g5(WA + 47 (2) + g3(W)( (), (2.14)
R(z) := E™ 4+ Q(z), where Q(z):=diag{q;(z):i € J} with
qi(z) == l(1 - fitx) )cl>,-(y>g3<m, 2.15)
2 V(= fi(x)? + 4p?

N(2) = (E" = (2(");) + g2(WE"
+ &3(W(P(y)); diag{gp(u, —fi(x)) 1 i € T} (2.16)

Proposition 2.1.  Under Assumption 2.1, for any z = (i, x, A) € R with 1 # 0,
the matrix H'(z) is nonsingular.

Proof. Letdz := (du, dx, d)r) € R x R" x R™ satisfy H'(z)dz = 0. Then from (2.12),
it follows that du = 0 and

M@)dx + f'(x)" (P(y)),dr =0, (2.17)
R(z2)[— f'(x)ldx + N(z)dx = 0. (2.18)

From (2.15) we know that R(z) is a positive definite diagonal matrix. By multiplying
Eq. (2.17) on the left side by (dx)”, we have

(dx)" M(2)dx + (f'(x)dx)" (D(y));di = 0,
which together with (2.18) implies
@dx)" M(z)dx + (dW" N(@)R@) ™ (D(y)),dr = 0. (2.19)

From (2.7) we know that (®(y));, is a positive definite diagonal matrix. In addition, since
P/ are positive semidefinite for all j € Jy, ®;(y) > Oforalli € J, and g;() > 0, it
follows that PO+, P'®;(y)+g1(1)E" is positive definite. Similarly, we can obtain
that N(z)R(z)~1(®(y)); is also positive definite. Thus, (2.19) implies that dx = 0 and
dX = 0. Therefore, the Jacobian matrix H’(z) is nonsingular. |

The following notation will be used in this paper. For any vectors u, v € R", we
write (u”, v7)T as (u, v) for simplicity. For any K, £ € {1, ..., n}, we denote by ux
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the vector obtained after removing from u those u; with i ¢ IC; and for any A € RN"*"
we denote by Ax . the submatrix of A obtained by removing all rows of A with indices
outside of K and removing all columns of A with indices outside of £, and denote by Ax.
the submatrix of A obtained by removing all rows of A with indices outside of K. For
any o € 9y and B € N, 4, we write « = O(B) (respectively, « = o(B)) to mean «/B is
uniformly bounded from above (respectively, tends to zero) as 8 — 0, write « = O(1)
to mean that there is a constant C > 0 such that « < C. Let k > 0 denote the iteration
index, and write @ = ®(8) to mean that there are two constants C, > C; > 0 such that
Ci1B < a < CB. For any (u, x, A), (g, xk, Ak) € Ny x R" x N, we denote

w = (x, A), wh = kA, yi= (A, Y= (e, A5, 2= (s x,0),
2= (i, 4,00,

Let p and g be two positive integers. The kernel or null space of a matrix A € RP*9 is
KerA := {d € W : Ad = 0}, while the range space is denoted by RanA := {Ad : d €
N1}

3. Algorithm and its global convergence

Let i,k € (0, 400),#; € (0,1],and 1, 7, y € (0, 1). Define 6, ¥, B : R+ — %,
by

0(2):=I1H@Il, V() :=0""(), and B(z):=y min{l, ¥ (2)}, (3.1

respectively. For z = (i, x, 1) € R+ and y = (u, A) with u # 0, let

u(z) = ') () +ii(z) and  ux(z) := a(2) + iia(z), (3.2)
where
1
1 (z) 1 = (@), moP(z) — EM(q)(y));u (3.3)
1

2(z) 1 = —(P()), 1oP(2) + Eu@(y));, (3.4
i1(z) : = gi(wx + g1 (w)(—p + aB2))x, (3.5)
i2(2) : = g(A + g3(wm (2) + [gr(w)r

+ g5 (2) + &3()( (2)), W= + 2B (2)). (3.6)

Define u : {7 — Rt by

Ml(Z) .
fu£0
u(z) := <’42(Z>> R (3.7)

0 otherwise
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and v : RIF1Hm 5 Rt by

(w(z)) { twe  iftpymrm < u)|
v(z) = = . 3.8)
12(2) u(z) otherwise,

where e denotes the (n + m)-vector of all ones. Define & : R — R, by

§(4) == min |2;| (3.9

and Y : RIFHm 5 RjlFnEm by

i1B(z) 1p(z)
T =] v if £ > kp; Y(z):= 0 if £ < kp”.
12(2) 0

(3.10)
Our smoothing Newton-type algorithm is now formally stated as follows.
Algorithm 3.1. (A Smoothing Newton-Type Algorithm)

Step 0. Choose t; € (0,11, t,8,0 € (0, 1), and k, i € (0, 00). Let (x°, A0) e o+
be an arbitrary vector. Set o = i and z° := (g, x°, A2). Choose y € (0, 1) and

T € (0, 1)suchthat yuo+t/n+m < 1. Setn:=yuo+t/n+mandk :=0.
Step 1. If0(z*) = 0, stop.
Step 2. Compute Az* := (A, AxF, ArF) € R+ by

H@E) + H' (A = 1. (3.11)
Step 3. Let i be the maximum of the values 1, §, 82, ... such that

0" + Az < [1 = o (1 = )xloE"). (3.12)
Step 4. Set 7t =X + xy AZF and k :=k + 1. Go to Step 1.

The above algorithm is based on smoothing Newton methods in [26] for the NCP
and box constrained variational inequality problem and in [14] for the Py and monotone
LCP. The function Y'(-) defined by (3.10) is quite different from those used in [14, 26].
This difference is vital in our local convergence analysis, which will be seen later.

Denote 2 := {z = (u, x,A) € X x R* x R 1 u > uoB(2)}.

Lemma 3.1. Let Assumption 2.1 be satisfied. Then

(1) Algorithm 3.1 is well-defined.
(ii) Algorithm 3.1 generates an infinite sequence {z*} with ;. > 0.
(iii) z¥ € Qforallk > 0.
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Proof: For the result (i), we need to show that Eq. (3.11) is solvable and line search
(3.12) terminates finitely. The former holds from Proposition 2.1, and the latter can be
proved similarly as in Lemma 2 of [14]. In addition, parts (ii) and (iii) can be obtained
similarly as in Lemma 5 and Proposition 6 of [26]. We omit the details here. O

Lemma 3.2. Let Assumption 2.1 be satisfied. Then Algorithm 3.1 generates an infinite
iteration sequence {z¥} with limy_, o 0(z*) = 0. In particular, any accumulation point
of (¥} is a solution of H(z) = 0.

Proof: By using Lemma 3.1, we can prove this lemma similarly as in Theorem 4.1 of
[33]. O

Lemma 3.2 shows that if {z¥} has an accumulation point z*, then z* is a solution of
H(z) = 0. This does not necessarily mean that there exists an accumulation point. In
order to assure that {z¢} has an accumulation point, we need the following sufficient
condition.

Assumption 3.1. The solution set of (2.4) is nonempty and bounded.

Remark 3.1. (i) It should be noted that the Tikhonov-type regularization method for the
monotone variational inequality problem can converge to a solution even if the solution
set of the problem concerned is unbounded [1]. For problem (1.1), if we regularize
objective function fj itself, we may show the global convergence of some regularization
method without the boundedness of the solution set. In this paper, however, our main
purpose is to improve the local convergence of the smoothing algorithms for the QCQP
by using the norm map. It is difficult for us to unify such a better global convergence to
the improved local convergence. (ii) In fact, Assumption 3.1 has been used extensively in
regularized methods [7, 13, 24, 33]. It is known that Assumption 3.1 is weaker than those
required by most existing smoothing (non-interior continuation) Newton-type methods
[12]. For the monotone NCP, Assumption 3.1 is equivalent to say that the NCP has a
strictly feasible solution [15, 18]. The latter has been used extensively in IPMs for the
LP and the LCP.

Theorem 3.1. Let Assumptions 2.1 and 3.1 be satisfied. Then the infinite sequence {7~}
generated by Algorithm 3.1 is bounded and any accumulation point of {z*} is a solution
of H(z) = 0.

Proof: It is not difficult to show that the functions Hy : W™ — R"™™ and H :
RIFntm . gil+ntm defined by (2.4) and (2.8), respectively are weakly univalent func-
tions defined in [11]. Since Assumption 3.1 implies that the inverse image H,, L0) is
nonempty and bounded, by using Theorem 2.5 in [29] we obtain that the sequence {z*}
is bounded. Hence, by Lemma 3.2 , any accumulation point of {z*} is a solution of
H(z) =0. O

Let z* := (4, x*, A%) € Ry x R" x RN be an accumulation point of the iteration
sequence generated by Algorithm 3.1. Theorem 3.1 implies that u, = 0 and w* :=
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(x*, A*™) is a solution of (2.4). Next, we consider the local convergence of Algorithm 3.1.
The convergence analysis is divided into two parts and is discussed in the following two
sections.

4. Superlinear convergence under nonsingularity

In this section, we consider the case that w* satisfies a nonsingularity condition but may
not satisfy the strictly complementary condition. In order to discuss the local superlinear
convergence of the algorithm, we need the concept of semismoothness, which was
originally introduced by Mifflin [19] for functionals and was extended the definition of
semismoothness to vector valued functions by Qi and Sun [25].

Definition4.1. Alocally Lipschitz function F' : i — 9R"™2, which has the generalized
Jacobian d F(x) in the sense of Clarke [2], is said to be semismooth at x € R™!, if
lim {Vh'}

VEdF(x+th')
W —h,t 0

exists for any 4 € M. F is said to be strongly semismooth at x if F is semismooth at x
and forany V € dF(x + h), h — 0, it follows that F(x 4+ h) — F(x) — Vh = O(||h||?).

Remark 4.1.  Since ¢(-) is strongly semismooth at any (a, b) € %2, from [9] we know
that the function H(-) defined by (2.8) is strongly semismooth everywhere.

The following lemma is key to show the main convergence result in this section.

Lemma 4.1. Let Assumptions 2.1 and 3.1 hold. Let t; € (0,1] and t, € (0, 1) be
given as in Algorithm 3.1, and the infinite sequence {z*} be generated by Algorithm
3.1. Then | Y ()| = 0(64(Z) holds for all z* sufficiently close to z*, where ¢ =
min{l +#,2 — t}.

Proof: From Lemma 3.2 we know that lim_, o 8(z*¥) = 0. This, together with the
definition of B(z*) (see (3.1)), implies that Bz = ylp(zk ) holds for all z¥ sufficiently
close to z*. For each k, we have either £(A¥) < «(ur)? or E(AF) > «(uy)?, where the
function &(-) is defined by (3.9). For the former case, we have that for all z* sufficiently
close to z*,

1T = 1op(z*) = poy () = 06 4(").

Hence, we only need to consider the latter case. From the definition of #,(-) (see (3.3))
it follows that for all z* sufficiently close to z*,

1
@I = 1@ NroBE) + Sl @GH)

1
VGC{ZM/\/ (M) + 4 i e J} H <M0,3(Zk) + Eﬂk)
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VGC{2Mk/\/ )»k +4 () 1i € J} (Mk + Mk)

PN / V2 + ()22 x 3pg /2

= O((m)*™),

=<

IA

where the first equality is due to (2.7), the second inequality is due to z* €  (by the result
(iii) of Lemma 3.1), and the third inequality is due to the condition £ (A¥) > k' (uz)?; and
from the definition of i, (-) (see (3.5)) it follows that for all z* sufficiently close to z*,

i1 (N < grGolx* I+ 185 (ol (s + RBE) x|
< giWIIX* | + 2l gy (ol x|
= O((u)?),

where the second inequality is due to z* € € and the last equality is due to (2.10), (2.11),
and Theorem 3.1. Thus, by (3.2) we obtain that for all zF sufficiently close to z*,

GO < 1 EOMNa I+ 1a @ = 0u)*™™). 4.1)
Similarly, by (3.2), (3.4), and (3.6) we obtain that for all z* sufficiently close to z*,
lua @ < N+ @ = O(u)* ™). 4.2)

Furthermore, by combining (3.7) with (4.1) and (4.2), we have that for all z* sufficiently
close to z*,

lu@I < Nur @+ w2 = O’ ™™). (4.3)
Now, by the definition of the function v(-) (see (3.8)), it is easy to see that (4.3) implies

that v(z¥) = u(z") for all z* sufficiently close to z*. Hence, for all z* sufficiently close
to z¥,

ITEON = V(RBE) + u@)I? = VIRy ¥ (@OPH0(u0)* )2 = 06 * ().
The proof is completed. O

Theorem 4.1. Let Assumptions 2.1 and 3.1 be satisfied. Suppose that z* is an accumu-
lation point of the sequence {z*} generated by Algorithm3.1. Let ¢ := min{l1 41, 2—1,}.
Ifall V € dH(z*) are nonsingular, then the whole iteration sequence {z*} converges to
7%,

125 — 2% = o(IZF — 2°116),  and st = O((ue)®).
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Proof: By using Lemma 4.1, we can prove this theorem in a similar way as Theorem
8 in [26]. We omit the details here. O

In Theorem 4.1, we provide a superlinear convergence result for Algorithm 3.1 under
the nonsingularity of d H(z*). The latter condition implies that the problem has a unique
solution. In the discussion of next section, we will not assume the nonsingularity of
dH(z*), but will assume a strictly complementary condition instead.

5. Superlinear convergence under strict complementarity
Let S denote the solution set of (2.4), i.e.,

8 = {u) = (.x, )\.) S Eﬁn-‘rm : Ho(w) = O}

5.1. Assumptions

Recall that z* 1= (s, x*, 1¥) € N1 x R x R™ is an accumulation point of the iteration
sequence generated by Algorithm 3.1, and u, = 0 and w* := (x*, A*) is a solution
of (2.4).

Assumption 5.1. Suppose that A} # 0 holds for all i € J.

It is not difficult to see from (2.2) and (2.4) that W* = Tlg(w™) is a strictly comple-
mentary solution to (2.2) is equivalent to A} # O foralli € J, where w* := (x*, 1*). In
the sequel, let B:={i € J : A} > 0}, N :={i € J : A} <0}, and f5(x) := (f'(x))s.
for all x € N".

Let S = {A € R : (x*, 1) € S}. The two-side projection of a square matrix
Q € R onto the kernel of another matrix Q € MP*" is any matrix of the form
XT 0X, where the column of X form a basis of KerQ.

Assumption 5.2. For each . € S*, the two-side projection of the matrix P° +
> icp Mi P'onto Ker f(x*) is invertible.

Assumption 5.2 is an invertibility condition on the projection of the matrix P® +
ZieB A; P! onto the kernel of the active constraint Jacobian, which is essentially a
second-order sufficient condition for optimality (see, for examples, [27, 28]).

Let M(-) and R(-) be defined by (2.13) and (2.15), respectively. Denote M°(z) :=
M(z) — g1(n)E". Let

—M(z) —fx" -M°(z) —f')T
A@@) == | R(@)ppfax) 0 ., B@:=| fz) 0 ,
! 0 —E} 0 —E} .
M@ —R@)f(x)"
C(z):=| fptx) 0
L0 —E}.
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For ¢ > 0, we define

Fol =z = (u, x, M) € Ry x R x R 2 ||z — 2| < e}

Assumption 5.3. There exists a scalar ¢ > 0 such that for any i, ¥ € Fer , it holds that
RanA(it) = RanB(it) = RanC(i1) = RanA(v) = RanB(?) = RanC(?).

It is noted that matrices A(z), B(z), and C(z) have quite similar structures. A similar
condition to Assumption 5.3 has been used in [34].

5.2.  An error bound result
Lemma 5.1. Suppose that Assumptions 2.1, 5.1, and 5.2 are satisfied. For ¢ > 0, let
XoF¥={xeR :(x,)) eSS and |(x,1)—&* A9 <e}.

Then (i) there exists ey > 0 such that X** = {x*} holds for all ¢ € (0, gy]; and (ii) the
solution set S of (2.4) is convex and compact.

Proof: By using the relations between the solutions of (2.1) and (2.4), we can obtain
the results of this lemma directly from Lemmas 4.1 and 4.2 in [27]. |

Let the function Hy be defined by (2.4). Denote

Sy={w=0x,A\)eS: A >0VieB and A; <0Vi €N}

Lemma 5.2. Suppose that Assumptions 2.1, 5.1, and 5.2 are satisfied. Then there are
a constant Cy > 0 and a sufficiently small constant ¢ > 0 such that dist(w, S) <
Coll Ho(w)|| holds for all w = (x, 1) € R sufficiently close to w* = (x*, A¥), where
dist(w, S) is the Euclidean distance of w € R"™ to the set S.

Proof: The proof can be found in Appendix I. O

For the KKT system of nonlinear programming, similar error bound results have al-
ready been established in [6, 27] (Some more general error bound results for generalized
equations can be found in [10]). Here, because a normal map is used, a proof is necessary.

Theorem 5.1. Suppose that Assumptions 2.1, 3.1, 5.1, and 5.2 are satisfied. Then there
is a constant C > 0 such that dist(w*, S) < CO(z*) holds for all z* sufficiently close to

z*



SMOOTHING NEWTON-TYPE ALGORITHM OF STRONGER CONVERGENCE 211

k

Proof: Since w* — w* as k — oo, by Lemma 5.2 we have

dist(w*, S) < Coll Ho(w")|| (5.2)

for all z* sufficiently close to z*. Let G : R17"" — 9"+ be defined by
H(Z) - 1 7= (M x )\) c ml+n+m
. G(x) b 9 9 .

Then, from the definitions of Hy(-) and G(-), we have

| How")|l < 1GEOI + | Ho(w®) — G|
( LT @0 — (W) 1) + g1 Gu)xk )H

= IGEHI +
TG I 2k — o) + g% + ga(uom ()

<0G+ I1F/EOHNPOR) — A5l + gr(mollx |
+ 1) — DO+ g2l + g3 ()l (20, (5.3)

where y* = (u, A¥). For any i € B and z* sufficiently close to z*, we have
2

@iy = (%), = '(A? +y ()" + 4Gu)? ) [2-3

/ 2 (5.4)

=2(mi)? / (xif +/ (1) +4<uk)2) = O((0)?).

K= () + 4G

Similarly, for any i € A and z* sufficiently close to z*, we have

| ()= (M) | = | (s A7) | = () / (\/ (A{f)2+4<uk)2—xf) = O((ui)).

(5.5)
Moreover, by (2.10), (2.11), and Theorem 3.1, we have
gl = o)), g2(ulAfl = 0((ur)?), and
S(uollT @) = O(m)™. (5.6)

By using (5.4)—(5.6), we can obtain from (5.3) that for all z* sufficiently close to z*,
| Ho(w®)ll = 6(") + O (1) (5.7)

Since p; — 0 as k — oo, we have (ug)? < py < 6(2%) for all z* sufficiently close to
z*. This, together with (5.2) and (5.7), implies that there is a constant C > 0 such that
dist(wk, S) < CA(z*) holds for all z* sufficiently close to z*. This completes the proof.

O
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5.3. Upper bound of | AZ¥||

Lemma 5.3. Suppose that Assumptions 2.1, 3.1, 5.1, and 5.2 are satisfied. Then
v(ZX) = u(Zr) for all z* sufficiently close to z*, where v(-) and u(-) are defined by
(3.8) and (3.7), respectively.

Proof: The proof can be found in Appendix II. O

Suppose that Assumptions 2.1, 3.1, 5.1, and 5.2 are satisfied. Then, from Algorithm
3.1 and Lemma 5.3, we have that for all z¢ sufficiently close to z*,

Apy = — i + 0B, (5.8)

(f' @G, + g1 (m)x ) Ay + MEH A + f1(HT (@), Ark
= —(Vfo) + T DG + g1 (i)x®) 4+ ur (), (5.9)

P()Ape + RE)(= ')A + NEHArS
= —(—f(&) + 15 = 20" + (A + g3(um () + ua(zh),  (5.10)
where y* = (uy, AK), matrices M(-), P(-), Q(-), and N(-) are given by (2.13), (2.14),
(2.15), and (2.16), respectively; and vectors u;(-) and u,(-) are defined by (3.2). From
(5.8) we have
|Apl = 0. (5.11)

Thus, we need only to derive the upper bounds of || Ax*|| and || AAX|. Let

=0, =00 = oY), (5.12)
and

At = (@) AR + (DO, A — i (25, (5.13)

Art = =N(ZHAN + (@GN, Ak + 02("). (5.14)

Then, by (5.9), (5.10), and (3.2)~(3.6),

MEA L 1T A = ~(7 fox") + £/ 15),
R DAXE = Ark = —(=f () = ),

and, by (5.13) and (5.14),

N@E)ALR + (@M, ArF
= NGEOUPH")), Ay — i11(Z)] + (@O N, IDG)), Ape + i12(2)],
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where N(-) is defined by (2.16).
For each k, let w* := (x**, A¥*) € S be such that

lw* — wk|| = dist(w*, S). (5.15)
Denote

Y= (0,48, M= o), and M= - — (F)). (5.16)
Let

Axt = b — xR Axk, A = — 5 A and AP = — R APK
(5.17)

Then we can further obtain

M)A + FNTAE = ho(zY),  RE(—fG)AY — B = hy(xb),

and
NHAT + (@M, Ar
= N =) + (@GN 0" =)
FNEOU@OM, A — (2] + (@G I@G ), Ay + i12(y*)]
= NEY@GH) — () + (@O, — o) — F — D))
FN PO, Ap — 11 (2] + (@GN L@, Ay + fi2(2)]
= N(Z)hy(2) + (@), ha ),
where

ho(2%) = M(Z*)(x* — XY + /DT — 1) — (7 fox™) + F/DT),  (5.18)

hi () = f&5) = FOM) = REH £/ G — 5, (5.19)
ha(y%) = (%) — dOM) + (@), Ap — 112D, (5.20)
h3(y") = 2 — (") — W — @) + (@), A + 2(2Y). (5.21)

Thus, (5.9) and (5.10) become

M FEHT 0 Ax' ho(z)
REH—fGh) 0 B || A& = mah |, 522
0 NG @GN | | 5 ha(2h)

where M(-) and N(-) are defined by (2.13) and (2.16), respectively, and h4(-) is defined
by h4(z5) = N(Z)ha(ZF) + (®(y%)) h3(zF). Furthermore, (5.22) can be split into the
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following two systems:

—~k

M(Z") JHCOE 0 Ax 0
R(EZ)(— f'(x%)) 0 —E™ Al |l=] 0 (5.23)
0 NE)  (@0M), || Ak ha(z*)
and
M) £ 0 Ax" ho(z5)
R(Z*)(—f'(x5)) 0 —E™ A= meh |, (5.24)
0 NGE  (@0M), || Ak 0
where
A= A A AN = AR A and A = A 4+ A (5.25)

In the subsequent analysis, we first obtain upper bounds of ||Z}k||, ||1\tk||, ||Z\rk||
and ||&3ck||, ||Ktk||, ||Erk|| by using (5.23) and (5.24), respectively. From these bounds
and (5.25) we obtain the upper bounds of ||Hk Il ||Atk I, and ||Ek I, which, together
with (5.17), yield the upper bounds of || Ax*|, || At¥|| and || Ar¥||. Finally, by (5.13) and
(5.14), we derive the upper bound of || ALX]|.

The upper bounds of ||Z\tk Il ||§rk || and ||§ck || can be obtained from the following
two lemmas. Their proofs can be found in Appendix III.

Lemma5.4. Suppose that Assumptions2.1,3.1,5.1, and 5.2 are satisfied. Let Eck, Z\tk,

and A" be generated by (5.23). Then max{| At ||, | A7 |} = O(6(z4)) holds for all 7*
sufficiently close to 7*.

Lemmals.5. Supposethat Assumptions2.1,3.1,5.1, and 5.2 are satisfied. Let Ax , Ek

and &7F be generated by (5.23). Then ||§ck|| = 0(0(z5)) holds for all Z* sufficiently
close to z*.

The proof of the following proposition can be found in Appendix IV.

Proposition 5.1. Suppose that Assumptions 2.1, 3.1, 5.1, and 5.2 are satisfied. Let
Ax*, At*, and Ar* be generated by (5.24). Then | Ax"|| = 0(0%(25) + 0(0())|| Aty
holds for all Z* sufficiently close to z*.

In the following, let DX := [(®(y*)); 17> [N(z")]'/2. By Proposition 5.1, it is suf-
ficient to estimate the upper bounds of ||Az || and ||Ar || in order to obtain the upper
bounds of | Ax" |, | Ar" |, and | Ar']].

The upper bounds of || Erf\fﬂ and || Kr@” can be obtained from the following lemma
whose proof can be found in Appendix V.
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Lemma 5.6. Suppose that Assumptions 2.1, 3.1, 5.1, and 5.2 are satisfied. Let C(-)
be defined by (5.1), and Axk, Atk, and Ar" be generated by (5.24). Then max{||Ati/||,
||E’Z||} = 0(6(z)) holds for all Z* sufficiently close to z*.

To obtain the upper bound of || Zté | and || E’f\/ll, we need to establish the following
proposition whose proof can be found in Appendix VI.

Proposition 5.2. Suppose that Assumptions 2.1 and 5.1-5.3 are satisfied. Let C(-) be

defined by (5.1). Then for all z* sufficiently close to z*, (Avxk, Zt’é, ’A\;’f\/) is the solution
of the following (weighted) least squares problem

1 ~ 1 ~
min (D55 A" + 2 [(DORAFY |

’ ~k
s.t C(Zk)T &"tk _ /’lO(Zk) - fN(Xk)TAtN (5.26)
~1€3 hi(x¥) + &;2
A}’N

By using Proposition 5.2, we can obtain the upper bounds of ||Xt];3|| and ||&;"i/|| in
the following lemma whose proof can be found in Appendix VII.

Lemma55.7. Suppose that Assumptions 2.1, 3.1, and 5.1-5.3 are satisfied. Let &;ck, Ztk
and Ar* be generated by (5.24). Then max{|| Atgll, | Ary I} = O©O(c*)) holds for all
¥ sufficiently close to z*.

By Proposition 5.1 and Lemma 5.7, we further obtain

LemmaS5.8. Suppose that Assumptions 2.1,3.1, and 5.1-5.3 are satisfied. Then || Ax I
= 0(6(zY)) holds for all z* sufficiently close to z*.

The next theorem is about the upper bound of || Az¥||.
Theorem 5.2. Suppose that Assumptions 2.1, 3.1, and 5.1-5.3 are satisfied. Let z*
and AzZ* be generated by Algorithm 3.1. Then there exists a constant C; > 0 such that
| AZK|| < C160(25) holds for all Z* sufficiently close to z*.
Proof: For all z¢ sufficiently close to z*, from Lemmas 5.6, 5.7, and 5.8 we obtain
~k, o~k o~k X
max{[|Ax" I, AL [l [[Ar-[I} = OO(z")),

and from Lemmas 5.4 and 5.5 we have

—k L -~k
max{[|[Ax" ||, |AL"|l, [AF [} = O©O()).
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Thus, by (5.25), we obtain that for all z* sufficiently close to z*,

—k —k ~k

IAX" | < 1AX I+ [AX" | = 06",
—k —~k ~k

IAL ) < AL+ AL | = 06",
—k —k ~k

IAF | < IAF [ + | AF || = 00(")).

Furthermore, by (5.17), we obtain that for all z* sufficiently close to z*,

IAX ] < [AxC |+ [Ix* — x** | = 00 EH).
AR < [AE ] + 15 = ] = 00", (5.27)
AR < IAF | + 17 = F*) = 0(0(H)).

From (5.13) and (5.14) it follows that

Aty = (@OM))BsAMS + (RO, )BAMW — @1 (V)8
Arly = =NE NN A + (@GN )N A + (2(y))wr-

Thus, for all z* sufficiently close to z*,

[arg| < @G Dssl I Arg] + [ (@O, Aw] + || @ Ds]|]

= 0(6(ZY)), (5.28)
[Ax || < IMINGO NN [ AFS ] + [ (@G Dn A || + [ @ ] ]
= 0(z")). (5.29)

By using (5.11), (5.27), (5.28), and (5.29), we obtain that || AzX|| = O(0(z")) for all
zF sufficiently close to z*, which completes the proof. O

5.4.  Superlinear convergence
In this subsection, we always assume that Assumptions 2.1, 3.1, and 5.1-5.3 are satisfied.

Lemma5.9. Letz* and Az* be generated by Algorithm 3.1. Then there exists a constant
Cy > 0 such that

=7+ A and 0 <"
holds for all Z* sufficiently close to 7*.

Proof: By using Theorem 5.2, we can prove this lemma in a similar way as Lemma 8
in [14]. We omit the details here. |
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By Lemma 5.9, there exists a constant C3 > 0 such that for all z* sufficiently close to

¥,

0(ZFh) < (C30(F)) . (5.30)

For given ¢ > 0, define N (z*, &) := {z € Ny x R" x R™ : ||z — z*|| < &}. Since
H is locally Lipschitz continuous around z*, there exists a constant £ > 0 such that
|H(z") — H(Z?)| < L||z' — z?|| holds for any 7', z> € N(z*, ¢). Let

g :=min{e/(2 +2C, L +4C,C3L), 1/(2C3L)}, (5.3

where C; and C; are given by Theorem 5.2 and (5.30), respectively. Then the following
lemma can be proved in a similar way as in [14, Lemma 5.5]. We omit the proof here.

Lemma 5.10. Let & be defined by (5.31). If for some k the iterate z* € N(z*, ) and &
is sufficiently small, then 7t1 € N(z*,&/2) forallq =0, 1,2, ... and {zk+q}(§il isa
convergent sequence.

Theorem 5.3. Let z* be an accumulation point of the iteration sequence {z*} generated
by Algorithm 3.1. Suppose that Assumptions 2.1 and 5.1-5.3 are satisfied. Then

(i) the whole sequence {z*} converges to z*,
(i) 0 = 0" (), a1 = O(u)'™),  and
(i) dist(w**!, &) = O((dist(wk, §))').

Proof:

(1) This is obtained by Lemma 5.10.

(i) By Lemma 5.9, we know that for all z* sufficiently close to z*, Z&*! = ¢ +
AzF and 0zt = 0011 (Z5)). In addition, since zFt! = zF + AzZF for all ZF
sufficiently close to z*, it follows that piy 1 = ux + Aux = ymod' (%) for
all z¥ sufficiently close to z*. This, together with 8(z**+!) = O(0'*"(z*)), implies
that ;1 = O((ur)'™*") holds for all z* sufficiently close to z*. Thus, by the
convergence of {z*}, (ii) holds.

(iii) By Theorem 5.1 and (ii), we have

dist(w**!, 8) = 0(0(* ) = 001 (h)). (5.32)

On the other hand, by the Lipschitz continuity of H and the boundedness of S,

o' (M = |HEF) — HE|I'™ = o(|1ZF — z||'*™), Vz := (0, ®) with @ € S.

In particular, we take 7 := z** where w** is the projection of w* onto S, then

01 () = o(lIz* — ') = o(dist(w*, S)'). (5.33)

By combining (5.32) with (5.33), we obtain that (iii) holds. The proof is complete. [



218 HUANG, SUN AND ZHAO

Table 1. The numerical results of Examples 6.1-6.7

Prob IT NF Val
Example 1 5 7 3.39 x 107°
Example 2 8 12 1.41 x 1078
Example 3 12 36 7.99 x 1078
Example 4 10 13 4.82 x 107°
Example 5 4 6 3.40 x 1077
Example 6 5 6 1.33 x 1077
Example 7 5 6 1.78 x 1077

Table 2. The numerical results of Example 6.8

n m AIT ANF
500 100 6.9 7.9
500 500 10.3 13.8
500 1000 20.7 14.7

6. Numerical results

In this section, we report some numerical experiments for Algorithm 3.1 running in
Matlab. Throughout the computational experiments, we chose starting points as

X=,...,07 e, 2°=(0,...,00" e R, po=1.0;

and the parameters used in the algorithm were chosen as

0=105,86=0514=02 £ =05, « =0.1, T = 1/(10¢/ntm), y = 0.02.

We used || Hy(w¥)|| < 1079 as the stopping criterion, where the function Hy is defined by
(2.4). We tested the three groups of problems: Examples 6.1-6.7 (group 1), Example 6.8
(group 2), and Examples 6.9-6.10 (group 3). Numerical results for problems in groups
1 and 3 are reported in Tables 1 and 3, where Prob denotes the problem to be tested; IT
denotes the number of iterations; NF denotes the number of function evaluations for the
function H defined by (2.8); and Val denotes the value of || Hy(w*)| when the algorithm
stops. Numerical results for problems in group 2 are reported in Table 2, where, for
each given pair (n, m), the problem is run ten times, AIT denotes the average number
of iterations among the ten runs; and ANF denotes the average number of function
evaluations for H among the ten runs.

The numerical results in Tables 1-3 show that we only need a small number of
iterations for each example tested.

First, we test the following seven problems with small sizes. The tested results are
listed in Table 1.
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Table 3. The numerical results of Examples 6.9-6.10

Prob m IT NF Val
Example 6.9 1000 17 44 3.68 x 1078
1500 18 47 1.89 x 1077

2000 20 52 6.48 x 1078

Example 6.10 1000 17 46 3.68 x 1077
1500 19 50 9.42 x 1078
2000 19 48 1.46 x 1077

Example 6.1. (Problem 1 in [3])
0.5x§ +x1—4<0

min 0.5(x; — 5)* 4+ 0.5x3 s.t.
n0:50a =) 2 0.5x% +x —20 < 0.

Example 6.2. (Problem 2 in [3])

0.5x2+x —4<0

min 0.5(x; — 5)* 4+ 0.5x3 s.t.
n0:50a =) 2 0.5x% +x, — 10 < 0.

Example 6.3. (Problem 3 in [3])

min O.S(le2 + 14x1x0 + 13x§) — 18x1 — 32x,
. 2.5x7 —xyx2 4+ 5x3 +2x; +3x, — 11.5<0
S
2x12 — 2X1X> +O.5x§ —2x1+x—1<0.

Example 6.4. (Problem 4 in [3])

min 0.5(10}512 + 38x1x2 + 41x§) —47.5x; — 63x,
5)(12 + x1x0 + 2.5x§ +x1+x,—3.125<0
2.5x% + Tx1x2 +6.5x2 —x; +2x, —5<0

S.t. 2.5xl2 — X1x2 + 5x§ +3x1 +x, —3.625<0
2x12 — 2x1x2 + 0.5x§ +2x1+3x —-55<0
4.5)612 + 6x1x2 + 2x§ —2x1+x—2.625<0.

Example 6.5. (Example 1 in [27])

min x| +x; st (xp— DP 4+ (o — 1) <2.

219



220 HUANG, SUN AND ZHAO

Example 6.6. (Example 2 in [27])
. (x1 —2%+x3 4
min x S.t. 2 ’ < .
(x1 —4)" +x; 16
Example 6.7. (Example 3 in [27])

min xlz + x1x2 + 2x§ +x1 + x2

1 1 5
L (=24 (-1 <=
s 2(x1 ) +2(x2 ) =< >
x1>0,x>0.

Next, we consider the following min-max problem:
min {max f;(x)} + fo(x), (6.1)
xehn-1 ieJ
where 7 = {1,2,...,m} and
Vor i i iNT i .
fix) = 7% (@ @) x+®)x+c, Viel,
1
fox) = 5xT(AAT + E" D + (),

with x, a’, b, b € W"~1, ¢! € N, and A € RO—Dxm,
Problem (6.1) is equivalent to the following QCQP

min ¢+ fo(x)
st.  fix)—tr<0, ieJ.

6.2)

Thus, we can solve problem (6.1) by making use of Algorithm 3.1 to solve (6.2).

For any two positive integers np, n,, one positive real number r;, and one real number
ry € [0, 1], we used the following notation: |7;] denotes the maximal integer which is
not large than ry; rand(n, ny) denotes an n; x n, matrix whose entries are randomly
chosen in (0, 1); and sprand(ny, ny, r;) denotes a random, m X n, sparse matrix with
approximately r, % n; * n, uniformly distributed nonzero entries. In our testing, we
consider the following example:

Example 6.8. Consider the problem (6.1) with b° := sprand(n — 1,1,0.1), A :=
rand(n — 1, m), and for each i € 7,

[

i
=1-—
n/2] +1
¢’ = rand(1).

sprand(n — 1, 1,0.1), b= sprand(n — 1, 1,0.1), and
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The tested results are listed in Table 2.
Finally, we consider the semi-infinite min-max problem (see [23]):

min F(y(x)), (6.3)

where F : 5"t — N is a smooth function; and ¢ : " — R™ is a nonsmooth function.
The components of ¥/ (-) are the form:

1//j(x)=ma;<1//j(x,yj)with Y, € R™ and j e {1,2,...,n}.
Yji€¥j

To solve (6.3), the following subproblem needs to be solved at each iteration [23]:

1
min  VFW ) p+ = p'FFW()p
(p,h) 2

st. pl =Yl — vy (x, y) h — W (P (x, y)h + ¥ (x)) > 0, (6.4)
je{l,2,...,n1}, ijYj.

In this paper, we tested the following problem:

m(l)g F(y'(x), v2(x)),

where F : 2 — 0 and
vlix) = mzll/x {t2 — (tx1 4+ €'x2) + (x1 + x2)> + xlz + x% + e(x‘””},

vi(x) = max {— (t — 1?4+ 0.50x1 +x2)* — 2t(x; +x2) + 0.5[)612 + x%]}

with x € W2, Y; = [0, 1], and ¥, = [—1, 0]. The function F is chosen as follows.

Example 6.9. F(z) =21 + 22, 7 € R%.

Example 6.10.  F(z) = 0.5(zy + /23 +4) + In(1 + €%) + 0.5(z 4 23), z € R

In our testing about Examples 6.9 and 6.10, we considered the corresponding sub-
problem 6.4 with discretized Y; and Y,. For Example 6.9 we take
i—1

ti=——— Viell,...,m/2};
waoT Vielom)

and for Example 6.10 we take
i—m/2

-1
ziz—m Vie{m/2+1,...,m},

where m is an even number. The test results are listed in Table 3.
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Appendix
Appendix 1

Proof of Lemma 5.2: Assume, on the contrary, that the result is not true. Then, by
Lemma 5.1 we may choose a subsequence {w'} := {(x!, A')} € R"*" of infinite number
such that for all w! sufficiently close to w*,

lw' —w™|| > 1| Howh], (7.1)

where w* := (x*, A’*) is the projection of w' onto S. Since ||w* — w’*|| < |Jw* — w'|,
by taking a subsequence if necessary, we can assume that both {w'} and {w'*} converge

to w* 1= (x*, A*). Let o; := ||w’ — w™]||. Then we can further assume that
w' —w™) /oy — (dx,dr) asl — oo. (7.2)

In what follows, we show that (dx, d\) = 0, which contradicts ||(dx, d))| = 1.
First, we show that (dx, dA) is in the normal cone to S at w* = (x*, A*), i.e.,

dx ! x* —x*
<0 V@' Ares. (7.3)
dxr A—AF
Since w'* is the projection of w! onto S and S is convex, it follows that
T
XI _ X* X* _ )C* i}
Y T <0 V@&*1eS. (7.4)

Thus, by (7.4), we have

T
xl—x)/a x* —x*
(X <0 V(1 eS,
L= Aoy A — A
which, together with (7.2), implies (7.3).
Next, we show that (dx, d}) is in the tangent cone to S at w*, i.e.,
w* + go(dx,d)) € S for all sufficiently small gy > 0. (7.5)
Since both {w'} and {w'*} converge to w* € S, it follows that, for all sufficiently large /,
M>0,A*>0VieB and A <0,A* <0 VieN. (7.6)

Using the fact that v fo(x*) + f/(x*)T (A*), =0 (w'* € S), we have

v foxh) + £/ )
o
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_ (Vo) + F1 DTN = (7 folx®) + f/G&HT (™))

Q)
Vfo(xl) _ Vfo(x*) N (f/(xl)T _ f’(x*)T)(Xl*)+ N f/(xl)T(()"])+ — ()\_l*)+)
= 0[1 o o
_ l*
_pox +ZP’ A’“rzf(l)
ieB ieB
R (PO n Z)‘ﬁ*Pi)dx n Z F(x)dA);, asl— oo, (7.7)
ieB ieB

where the third equality is due to (7.6), and the last relation is due to (7.2). Using the
fact that — f(x*) + A* — (W*) L = 0 ((x*, A*) € S), we have

—FED A = 0Dy (G A = A)y) = (—FE) A = G),)

o (%]
_ Iy _ * I _ ! oyl 1%
I VA R C 00 e Gl GO R Bl G % )+). 7.8)
Q)
By (7.6) and (7.2), it follows from (7.8) that for i € B,
ol I ydy 7. LR (D) f(y*
[—f&D)+ A =) _ (fitx?) — fi(x™)) L MY dx, (7.9)

(%7] o

and fori € NV,

_ l 1__ 1 . N Y A N e Iy lx
[ /&) + A=) )i _ (fitx") = filx ))+)‘,' )",' N —fi/(x*)de‘i‘(d)h)i-

o (27]
(7.10)
Since (7.1) implies
H ) 1 I %
1imwf lim_xuzg’
[—o0 o [— o0 l o
by (7.7), (7.9), and (7.10) we have
(PO + ZAf*P’)dx + Z FxHdr); =0,
ieB ieB
(7.11)

fé(x*)de =0,

—f ) dx + (@A) =0.
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From the first two equations in (7.11) we have
(dx)" (PO + Zxﬁ*P’)dx = Z(dx)Tf/(x*)(dk)i =0.
ieB ieB

Thus, by Assumption 5.2, we obtain dx = 0. This and the third equation in (7.11) yield
(dA)x = 0. Thus, for any sufficiently small &y > 0, we have (A* + g9dA), = ('), and
hence

Vo™ + g0dx) + f'(x* + g0dx)" OF + 0d M)y = v fox*) + f (&)1 =0

and

—f(x* + eodx) + A + eogdh — (W + godX)y = — f(X*) + AF — (W) =0,

i.e., Hy(x™ + godx, A* + g9dA) = 0. This shows that (7.5) holds.
Therefore, we obtain (dx, dA) = 0. This complemetes the proof. O

Appendix 11

Proof of Lemma 5.3: Since the strictly complementary condition holds, i.e., [A}| > 0
foralli € 7, it follows that there is a constant ¢ > 0 such that |)Lff| > gforalli € J and
all A sufficiently close to A*. Thus, by (2.7) we have that, for all z* sufficiently close
to z*,

(@ADL = 20/ () + 40> < 2p/¥e? = O(u). (7.12)

Furthermore, by combining (2.10), (2.11), (3.2), (3.3), (3.5), (7.12), and the fact that
7F € @, we have for all z* sufficiently close to z* that

lir GO < 1L GO @+ i @]
< LF' &M (II(‘D(y"));IIMoﬁ(Z") - %ukn(@(yk»;n)
+ 21 (ol + 181 (ol (s + poBE N 1|
< IF/eMI (||(<I>(y")>;t||uk + %ukn(cb(y"));n)

+ (g1 () + 2l g1 (DI

= Sl 6 veel 2 [ (04 + 4002 1 € T} | + O

= O((u)?). (7.13)
In addition, by combining (2.10), (2.11), (3.2), (3.4), and (3.6), we have
lua (2 < N+ N2 = O (7.14)

for all z* sufficiently close to z*.
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Since py — 0as k — oo, (7.13) and (7.14) imply that ||u(z")|| < t4/n + mpuy for
all z* sufficiently close to z*. Therefore, by noting the definition of v(-) (see (3.8)), we
have v(z*) = u(z*) for all z* sufficiently close to z*. This completes the proof. O

Appendix II1

Proof of Lemma 5.4: By (2.6), we have <I>l~(yk) > 0 for all i € J, and hence by
(5.12), we have ti" > O for all i € J. This, together with Assumption 2.1, implies that
PO+ Ziej tl."Pi is positive semidefinite, and so is M(z¥) by (2.13), (2.10), and (2.11).
Thus, from the first two equations of (5.23) it follows that

(RETAY A = A R A = (AT (- /() AxS
= —(f'MT AT Ax" = (AT MEHT A" > 0.
From the third equation of (5.23) we have
5239[<<1><y’<)>;1v<zk)],-i IR 2@y ), 17 A2
< [(RE AT (@A), 1IN @G, @GR, T AT
= (R A (@), 17 N AL
< (R TA I @GN NEHAT + (R AT A
= (R A (@), 1T INGHAL + (@), Ar']
= (R A @), 1IN o) + (@), h3(2h)]
< [RGPU@G ), 1 ARG,

where (z¥) 1= R(zF)"2[N(z)ha(z5) + (D(YF)), h3(zF)]. Since

1RGN < IIRE) AN + (@G 3 (Ns
+ ITRE) AN (o () + (@) hs (@D
< IRE)AIAINEssl I Th2EO1s1 + 1RO 1851TA3 (215D
+ 1RGNN T2
+ 1@, I T3 ID,

we further obtain
RGP0 )1 AL
ILN ()11 1 Th2(Z)1s1 + IH@GF)); 1881 Tz ()]s
min;e 7 [(P(y)), N(z¥)];i
ILN G TR I+ TR, I TR )Ll
min;e 7 [(P(y)); N (z9)];i '

< [RGE)™

+HIRE T

(7.15)
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Similarly,

1RGN A
N sl T2 T8 ] + 11RO, 1881 1T3(5)]5ll

R()1/2
= IREY min e (PR, NGO,
itz IINGEO L TGO D+ TG, I T3 @)y
+IR(EHT2 : ——— .
min;e 7 [(D(y*)); N (z)];;
(7.16)
Using (2.7), we have
1@ N 188l = O1), @O N, vl = O, (7.17)
and
ILE™ — ("D 1ssl = O(wi)D), IE™ — (@), Ivwll = O(1).
The latter, together with (2.16), (2.10), and (2.11), implies that
IINEZ)ssl = O((me)®) and  [INE)Iwvwll = O(1). (7.18)

In addition, using (2.16), (2.5), (2.6), (2.10), and (2.11), we have
min[(®()N (i
= min[(®OOE" = (PO, + 20 E" + g3 () @), Pl —f DN
= min {(®;(")} (4 = ®i(1), + (@i, 2(110)
+83() (P (Y ), P @i (e — f (x5))}
= min {(®:("); (A — @;(yM)); }
= O((u)). (7.19)

Thus, in order to give the upper bounds of the right-hand side of (7.15) and (7.16),
we need to discuss the upper bounds of [|[22(z)1sll, IA2(z)Iw Il IlA3(z")]5ll, and
IT73(zF) 1w |l. The discussion can be divided into the following two cases:

Case 1. Consider the upper bounds of ||[2(z¥)]5]l and ||[k2(z*)]x|l. Notice that

hy(Z) = DY) — D) + (PO, Ak — i (2)
= (") — () — (@), i + (D)), oB(") — 1)

k kx 1 ky\y/
= P(y") — P(Hy) — E(Cb(y DMk (7.20)
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where the first equality follows from (5.20), the second equality from (5.8), and the
last equality from (3.3). Thus, it follows from (7.20) that for any i € B and for all zF
sufficiently close to z*,

1
22| < 19:(0%) — @;(v")] + ‘5(d>,-<y"));uk

VO e e JO | up
2 JO9 + 40002
T R o NS
? 2 o9 + 4G
l|)J,< — k|4 2 = A |[AF + A7+ 4Gu)? + (k)
— 2 1 1

2(\/ () +40us? +/ (x{f*)2> JO + 4002

O(|xf = 28)) + o)™,

which implies
I172(2)151l = 0O(Z)); (7.21)

and for i € N\ and for all z* sufficiently close to z*,

MAYR) Ha?

1
(2@ = i) = S (@i e =

’ () 4002
= 20y L w?
\/m — Ak \/m
- 2m Ak m .

4u)®

= 2
(ot 32 o s

which implies

72Nl = O(r)*0(Z5)). (7.22)
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Case 2. Consider the upper bounds of ||[23(zX)]s] and ||[k3(z*)]x . Notice that

h3(Z) = A% — d(M) — W — @(y1) + (@), A + 12(25)

= W= (yh) — (A — @)~ (@), 1t + (POX) 10 B(E") + i12(25)
1
=k — d(y*) — OF — d(yF)) — E(cb(yk»;uk, (7.23)

where the first equality follows from (5.21), the second equality from (5.8), and the last
equality from (3.4). Thus, it follows from (7.23) that for any i € B,

1
3@ = = (4 = ©:() = S( @)

—hit m (u)?
’ )
_ 2(ui)? B (1)?
M9 —dgur () + s
_ 20 a4 = O e
(4 4+ 04 + 4002 ) (44" + 4u0°
()

- ()’
(6 + VOO + 4(uk)2)2\/ () + 40w "

which implies
L2318l = Ou)*6(2*)); (7.24)
and for i € N, it follows from (7.23) that

1
Ih3(Z)Li] < W% — (M) — (WF — 2(yF))| + 'E(cbi(y"));uk

ke +\/(x§‘)2+4(uk)2—\/ ()’ L
2 2 () + 4Gu?
AR AR AR AR 4 dug)? :
_%Hf*—)»ﬂ"' |} A 4 18 [+ 4G (x)

2V + 302+ 0)) ) + ey

= O (|3 = 47) + 0(u)),
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which implies
173 Iv ]l = OB E")). (7.25)

In addition, it is easy to see that, for each i € 7 and each k > 0, <I>,-(zk)g3(,uk) >0
and CD,‘(Zk)gj;(ka) is uniformly bounded above for all zF sufficiently close to z*. Thus,
for each i € J, we can obtain from (2.15) that there exists a scalar ¢; > 0 such that

¢ <[REH i <1 (7.26)

for all z* sufficiently close to z*.
Now, by combining (7.17)—(7.19) with (7.21), (7.24), and (7.26), we have

1IN (Z)salI Th2Z)B1 + (@), 1881 ITR3 (25l
min; e 7[(P(y¥)); N(z5)];i

and by combining (7.17)—(7.19) with (7.22) and (7.25) we have

= 0(0(z")); (7.27)

1IN ) TR O T+ @GR v I TA3 )l
min; e 7 [(P(y5)); N(z9)]i;

On the one hand, (7.15), together with (7.27) and (7.28), implies that

= 00z"). (1.28)

IRGE) 2@ AL = 00,
which yields,
1AL = IO, REH R 2@ A

< @G, ITRE) 2 NIRES) 2@ (), 17 AL
= 00(z").

A

On the other hand, (7.16), together with (7.27) and (7.28), implies that
IR PING A = 00EH),
and hence,

1A = INGHREHV2 R VPINGH AR
< INGHIIRGEH IR PINGHT AF|
= 0(0(z")).

A

The proof is completed. O
Proof of Lemma 5.5: By the first two equations of (5.23) we have

M@ T [A] [ =T AL,
R()s5(~ f3(x*) 0 Ay | Ary ’
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and hence

|:P0 + ZiEB )»f»(*Pi fé(xk*)T:| |:§Ck:|

— fat) o || &

~ M(z) £ [ A
| REms(=f*y 0 Aty

[PO Y e P MY )T — f,[;(x")T] {@k}

— f5GR) + R f(xh) 0 Aty
[T AL,
- o
N P (PB(xk* _ xk))T ka
—PBM — x¥) + Qi) (= f3(h) 0 Aty |
(7.29)

where M (-) is defined by (2.13),

Pi= POy AP - M@ =) P — 1) = ) Pl — gi(uoE”,
ieB ieB ieN

and PB(x** — x¥) denotes the matrix whose i-th row is (P’ (x** — x*))”, i € B.By using
(5.13), (5.16), (5.12), (2.10), and (2.11), for all z* sufficiently close to z* we have

|tk — 5] = 006G ). |tk | = 06 ).
Ik — k| = 004),  ga(ux) = O((ue)?) = 0B ()), (7.30)
1Q85(Z)(— f5(F N = 0(g3(w)) = O(i)?) = 0(B(z)).

Similar to the proof given in [27, Lemma 5.2], by partitioning Ax' into its components
in Ker f(x*) and Ran f5(x*), it follows from Assumption 5.2, (7.29), (7.30), and Lemma

5.4 that || Eck | is bounded by the right-hand side of (7.29), i.e.,
—~k —~k
IAX" | = 0BE")) + 0O ) Ax|I.

Since, by Theorem 3.1, 0(zF) — 0as k — oo, it follows from the above equality that
I Ax | = 0(6(z*)) for all z* sufficiently close to z*. This completes the proof. g
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Appendix IV

Proof of Proposition 5.1: Let M (-) and N(-) be defined by (2.13) and (2.16), respectively.
By eliminating Ar* and Zt];\/ from (5.24), we have

M@ ST A
R(Z)ps(=f5(x*) 0 Aty

|:ho(zk) — [T (@O, N RE DA (RE I e () Ax + (hl(x"»m}
(h1(x*)5 — (@), 1 N () Aty
_ [ AT @O INEOI I RE v 1) Ax*
—(( @GN, NE)ss Aty

. ho(2) — £ (@GR, IN Tt ()
(I (x*)5 ’

which implies

[W+Z@ﬁwiﬁwmﬂ[ﬂq

— fat) 0 A

~ M) O] AY
| RE (=" 0 Aty

[P S = MG et - T A
— 504 + R(@ s f5() 0

— T (@GN D R f1 ) ] [ A
—([( @O NG )55

n [ho(zk) - f/(/(xk)T((Q(yk))ﬁ\[N(zk)]l)fwv(hl(xk))/v}

(h(x))s
N |: PO + ZieB )\f*Pl _ M(Zk) fl/s(xk*)T _ fé(xk)Ti| &;Ck
— 508 4 f() + Q) fH(H) 0 Aty |

Similar to the proof given in [27, Lemma 5.2], by partitioning Ax" into its components

in Ker f(x*) and Ran f;(x*), it follows from Assumption 5.2 that || Ax* || is bounded by
the right-hand side of the above inequality, i.e.,



~k
lAx|l
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< |: — F T (DO INET DIvw RE v £ (x5 :| H

RUCIU AR EER |:At3:| ‘
N H |:ho(Zk) = T (@OOLINGIT) oy (hl(xk))fv} H
&)

(i (x"))s

H |: P0+ ZieB )“fc* Pi_M(Zk) f (xk*)T f (xk)T i|
— [ )+ fH )+ 0s(2") f5(Y) 0

Thus, we can further obtain that

5] el 5]

= 00" + 0N (1A | + | Ark).

1AX || = 062" + 0(0*(Z"))

+ 0(0(z")) ‘

Since 0(z¥) — 0 as k — oo, it follows from the above relation that
IAX" || = 0(6*) + 00| Aty

The proof is completed. U

Appendix V

Proof of Lemma 5.6: Let w** and r** be defined by (5.15) and (5.16), respectively.
From the last equation of (5.24) we have

DAY + (DY A =0, (7.31)
which, together with the second equation of (5.24), implies

RN AL = —RE A = REH I GN) + FHAY
and hence,

IR DFRH 2 = (A (RE) ') + £/ AXY)
= (A RE) (M) + (A1) £ AR
— (A REY " () — (A MY AT +(AZ ho(2)
< (AT REY (%) + (AxH ho(2h)

AT TIRES ™ NI GO + 1AX 7o)l

O AT NI G+ 1A o)1,

IA

IA
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where the first inequality is due to the positive semidefiniteness of M (z*) and the last
inequality due to (7.26). Since from (5.18) and (5.19) it follows that

[ho(Z = I1(7 fox*™) 4+ f/*)T ) — (v fo(x®) + /(M) 15
+M () = )+ T = )|

ke _ kY |12
=0 (H(’;k o ) ) = 0(6*(")

IR = 1) = £+ F)EE — x5 = o(x* — x*|1*) = 00*(Z")),

and

we can further obtain that
IR 2DFAL P = 0@* DAL + 00 )| Ax"|
0@ CNIAL || + 0O (N[ 00> ) + 00| Arg|]
0O ENIAL | + 0(0* ()
= O()| D*AL" || + 0(6*()),

IA

where the first inequality follows from Proposition 5.1 and the last equality due to
(D5 = 01 /) = O(1/6%(z%)). Thus, by (7.26) we have

IDFAT 1P < IREHVAIIRE) DAL = oIIDFAT || + 06%().
Furthermore, we obtain from (7.31) that

(DY A = 1D AT = o),
which further implies

B2 = 1P o PP RT | = 1Dhon 1| V7|
= O(u)O(1) = 0(0(Z")),

and similarly,
~k 1k 1~k
|Arg|| < I1CD"ssll | (DHse) ' Arg| < 1(DM)saIIIDY) T AF' || = 0OE")).
This completes the proof. |
Appendix VI

Proof of Proposition 5.2: From the first two equations of (5.24), it is easy to see that
(Eck, Zt’é E’f\/) is a feasible solution to the problem (5.26). Since this problem is
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a convex problem with linear constraints, (&;ck, Zt’é, K}’f\/) is an optimal solution to
(5.26) if and only if it satisfies the KKT conditions of (5.26), which can be written as

0

(DM2,Aty | € RanC(Zh),
_ ~k

(DM ATy

where C(-) is defined by (5.1). By (5.24), it follows that

k=2 Ak ok

(DM Aty = —Arg = R(Z)ssfRx)Ax" + (h(x))s
= R(Z)ss L) Ax" — R(Z)ss fH(x)(xk — x*%)

1
0
and

0= —[MEHAL + £/ AT+ ho(2h)
= —[MEHAX" + F1NT AT+ MEHE = x4 + a0 — 1)

1
+ / {MO(Zk + a(Zk* _ Zk))(xk* _ )Ck) + f/(xk + O{(.xk* _ .xk))(tk* _ tk)}da
0
Let A(-) and B(-) be defined by (5.1). Then

0
~k
~k A kx _ Lk
(D55t | = AG [ o } +AGH [ﬁk* o }
2 =k
(DY ATy o

1 [ —
+ /0 B +a( — ) [ﬁk " ] da.
Thus, by using Assumption 5.3, we have

0
~k
(DMgsAts | € RanA(z¥) = RanB(Z* + a(z"* — 7)) = RanC()
_ ~k
(DM) A AT

for all z* sufficiently close z*. This completes the proof. O
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Appendix VII

Proof of Lemma 5.7: By Lemma 5.6, we have that max{||fAVt];\,||, ||E’Z||} = 0(6(z"))
holds for all z* sufficiently close to z*. Since (5.26) is always feasible, there must be a
feasible solution to the problem, i and v, such that for all * sufficiently close to z*,

max({|ll, 3]} = Ok + O(thv) + Ol (")) + O(Krlzg) = 0(6(z").

Since for all z* sufficiently close to z*, C (z%) is invariable, it follows that, for all z*¥
sufficiently close to z*, Ker(C (z9T) is invariable, which indicates that this matrix has
constant rank for all z* sufficiently close to z*. Thus, by using Lemma 5.9 in [28] and
Proposition 5.2, we have

A

|5 A1y + [ (DORAAR ] < 1D"ssil + (D))
I(DYsslllal + (D] lIol
O(u0(zh),

IA

which further implies that, for all z* sufficiently close to z*,

| &eg] + [ A7 < (D455 (D558t + 1D wn | (DY ATy |
= O(u) O(ub(Z)) = 0(0(Z")).
This implies that the result of the lemma holds. O
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