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Abstract Pythagorean fuzzy set, an extension of the intuitionistic fuzzy set which

relax the condition of sum of their membership function to square sum of its

membership functions is less than one. Under these environment and by incorpo-

rating the idea of the confidence levels of each Pythagorean fuzzy number, the

present study investigated a new averaging and geometric operators namely con-

fidence Pythagorean fuzzy weighted and ordered weighted operators along with

their some desired properties. Based on its, a multi criteria decision-making method

has been proposed and illustrated with an example for showing the validity and

effectiveness of it. A computed results are compared with the aid of existing results.

Keywords Pythagorean fuzzy set � MCDM � Confidence levels � Aggregation
operators � Decision making

1 Introduction

MCDM is one of the fast growing research active problem in these days for reaching

a final decision within a reasonable time. But it is not always permissible to give the

preferences in a precise manner due to various constraints and hence their

corresponding results are not ideal in some circumstances. To handle it, an IFS

theory (Atanassov 1986) is one of the successful and widely used by the researchers

for dealing with the vagueness and impreciseness in the data. Under these

environment, the various researchers pay more attention on IFSs for aggregating the

different alternatives using different aggregation operators. In order to aggregate all

the performance of the criteria for alternatives, weighted and ordered weighted

aggregation operators (Yager 1988; Yager and Kacprzyk 1997) play an important
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role during the information fusion process. For instance, Xu and Yager (2006)

presented a geometric aggregation operator while Xu (2007) presented a weighted

averaging operator for aggregating the different intuitionistic fuzzy numbers. Later

on, Wang and Liu (2012) extended these operators by using Einstein norm

operations under IFS environment. Garg (2016d) presented a generalized improved

score function to rank these numbers and applied it to the decision-making

problems. Ye (2009) presented a new accuracy function for interval-valued IFS.

Garg (2016h) proposed some series of interactive aggregations operators for

intuitionistic fuzzy numbers (IFNs). Garg (2016a) presented a generalized

intuitionistic fuzzy interactive geometric interaction operators using Einstein norm

operations for aggregating the different intuitionistic fuzzy information. Xu et al

(2014) had presented the intuitionistic fuzzy Einstein Choquet integral based

operators for decision making problems. Garg (2016b) presented a generalized

intuitionistic fuzzy aggregation operator under the intuitionistic multiplicative

preference relation instead of intuitionistic fuzzy preference relations. Apart from

these, various authors have investigated the problem of the decision-making under

the different environments (Nancy and Garg 2016a, b; Dalman 2016; Dalman et al.

2016; Yu 2014; Yu and Shi 2015; Kumar and Garg 2016; Ye 2007; Garg et al.

2015) and so on. A comprehensive analysis on MCDM using different approaches

under IFS environment has been summarized in Yu (2015) and Xu and Zhao (2016).

From these above studies, it has been concluded that they are valid under the

restrictions that sum of the grades of memberships is non greater than one.

However, in day-today life, it is not always possible to give their preferences under

this restriction. For instance, if a personal gives a preferences about the alternative

satisfies the criteria is 0.8 while dissatisfies is 0.6. Therefore, it does not satisfies the

IFS condition i.e., 0:8þ 0:6£ 1. Hence, under such circumstances, it is not possible

for the decision maker to evaluate the performance and hence IFS theory have some

drawbacks. In order to overcome these, Yager and Abbasov (2013) introduced

Pythagorean fuzzy set (PFS) theory which is an extension of IFS theory by relaxing

the conditions of lþ m� 1 to l2 þ m2 � 1, where l and m represents the degrees of

the membership/satisfication and non-membership/dis-satisfication of an element.

Also, it has been observed that all the intuitionistic fuzzy degrees are a part of the

Pythagorean fuzzy degrees, which indicates that the PFS is more powerful to handle

the uncertain problems. After their pioneer work, researchers are actively working

in the field of PFS to enhance it. Yager and Abbasov (2013) showed that the

Pythagorean degrees are the subclasses of the complex numbers. Later on, Zhang

and Xu (2014) presented a technique for finding the best alternative based on its

ideal solution under the Pythagorean fuzzy environment. Yager (2014) developed

various aggregation operators, namely, Pythagorean fuzzy weighted average

(PFWA) operator, Pythagorean fuzzy weighted geometric average (PFWGA)

operator, Pythagorean fuzzy weighted power average (PFWPA) operator and

Pythagorean fuzzy weighted power geometric average (PFWPGA) operator to

aggregate the different Pythagorean fuzzy numbers. Peng and Yang (2015) defined

the some new arithmetical operations and their corresponding properties for PFNs.

Garg (2016g) defined the concepts of correlation and correlation coefficients of

Confidence levels based Pythagorean… 547

123



PFSs. Also, Garg (2016f) presented a novel accuracy function under the interval-

valued pythagorean fuzzy set (IVPFS) for solving the decision-making problems.

Garg (2016c, e), further, presented a generalized averaging aggregation operators

under the Pythagorean fuzzy set environment by utilizing the Einstein norm

operations.

Despite the popularizes of the above work, all the above studies have investigated

without considering the confidence level of the attributes. In other words, all the

researchers have investigated the studies by taking the assumption that decision

makers are taken to be surely familiar with the evaluated objects. But in real-life

situation, this type of conditions are partially fulfill. To overcome this shortcoming,

the decision makers may evaluate the alternative in terms of PFNs and their

corresponding confidence levels for their familiarity with the evaluation. Therefore,

the present study incorporated the idea of the confidence levels into the aggregation

process during the evaluation of the alternative in terms of PFNs. Based on these

evaluations, some series of the averaging and geometric aggregations operators are

proposed namely CPFWA, CPFOWA, CPFWG and CPFOWG along with their

desired properties. Further, a MCDM method based on these operators have been

proposed for solving the problems.

The rest of the manuscript has been summarized as follows. Section 2 describe

the basic concept related to the Pythagorean fuzzy set and their subsequently

operations. In Sect. 3, new series of aggregation operators namely CPFWA,

CPFOWA, CPFWG and CPFOWG along with their properties. Section 4 presented

an algorithm for solving MCDM problems under uncertainties based on the

proposed operators. Section 5 gives a case study on finding the best alternative to

illustrate the applicability and implementation process of the proposed approach.

Finally, the paper ends up with some concluding remarks in Sect. 6.

2 Basic concepts

Definition 1 A Pythagorean fuzzy set (PFS) A is defined as a set of ordered pairs

of membership and non-membership over a universal set X and is given as (Yager

2013)

A ¼ fhx; lAðxÞ; mAðxÞi j x 2 Xg

where lA; mA : X �! ½0; 1� represent the degrees of membership and non-member-

ship of the element x 2 X such that ðlAðxÞÞ2 þ ðmAðxÞÞ2 � 1. Corresponding to its

membership functions, the degree of indeterminacy is given as

pAðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðlAðxÞÞ2 � ðmAðxÞÞ2
q

. For convenience, Zhang and Xu (2014) called

hlAðxÞ; mAðxÞi a PFN denoted by A ¼ hlA; mAi and the score function of A is defined

as follows:

scðAÞ ¼ ðlAÞ2 � ðmAÞ2 ð1Þ
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where scðAÞ 2 ½�1; 1�, while, an accuracy function of A be defined as follows

acðAÞ ¼ ðlAÞ2 þ ðmAÞ2 ð2Þ

where acðAÞ 2 ½0; 1�.

Based on these functions, a prioritized comparison method for any two PFNs

A and B is defined as follows.

Definition 2 Let A and B be any two PFNs.

1. If scðAÞ\scðBÞ, then A � B;

2. If scðAÞ[ scðBÞ, then A � B;

3. If scðAÞ ¼ scðBÞ,

(i) If acðAÞ\acðBÞ, then A � B.

(ii) If acðAÞ[ acðBÞ, then A � B.

(iii) If acðAÞ ¼ acðBÞ, then A�B.

Definition 3 Basic operations: For three PFNs a ¼ hl; mi, a1 ¼ hl1; m1i and a2 ¼
hl2; m2i and a real positive number k, Yager (2013); Yager and Abbasov (2013)

defined the basic operations under the algebraic norm operations and are defined as

follows.

– a1 	 a2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l21 þ l22 � l21l
2
2

p

; m1m2
D E

.

– a1 
 a2 ¼ l1l2;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m21 þ m22 � m21m
2
2

p

D E

.

– k � a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� l2Þk
q

; mk
� �

.

– ak ¼ lk;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� m2Þk
q

� �

.

Based on these operations, an averaging and geometric aggregation operators

namely as PFWA and PFWG respectively have been proposed for a collection of

PFNs ajð1� j� nÞ as follows (Yager 2014).

PFWAða1; a2; . . .; anÞ ¼
*

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� l2j Þ
xj

v

u

u

t ;
Y

n

j¼1

mxj

j

+

ð3Þ

and PFWGða1; a2; . . .; anÞ ¼
*

Y

n

j¼1

lxj

j ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� m2j Þ
xj

v

u

u

t

+

ð4Þ

where x ¼ ðx1;x2; . . .;xnÞT is the associated normalized weight vector.

Theorem 1 Consider three PFNs a ¼ hla; mai, a1 ¼ hl1; m1i and a2 ¼ hl2; m2i and
a real k[ 0 then a3 ¼ ak, a4 ¼ ka, a5 ¼ a1 	 a2 and a6 ¼ a1 
 a2 are all PFNs.
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Proof Since a ¼ hl; mi be a PFN which means that l2a þ m2a � 1. Therefore, 1�
m2a � l2a � 0 and hence ð1� m2aÞ

k �ðl2aÞ
k � 0. Thus, we have

�

ðlaÞk
�2

þ
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ðmaÞ2Þk
q

�2

� 1:

Furthermore,

�

ðlaÞk
�2

þ
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ðmaÞ2Þk
q

�2

¼ 0

iff la ¼ ma ¼ 0

and

�

ðlaÞk
�2

þ
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ðmaÞ2Þk
q

�2

¼ 1

iff ðlaÞ2 þ ðmaÞ2 ¼ 1.

Thus, a3 ¼ ak is PFN. Similarly, we can prove that a4, a5 and a6 are PFNs. h

Theorem 2 Let k; k1; k2 � 0, then

(i) a1 	 a2 ¼ a2 	 a1
(ii) a1 
 a2 ¼ a2 
 a1
(iii) k � ða1 	 a2Þ ¼ k � a1 	 k � a2
(iv) ða1 
 a2Þk ¼ ak1 
 ak2
(v) k1 � a	 k2 � a ¼ ðk1 þ k2Þ � a
(vi) ak1 
 ak2 ¼ ak1þk2

Theorem 3 Let a1 ¼ hl1; m1i and a2 ¼ hl2; m2i be two PFNs then

(i) ac1 ^ ac2 ¼ ða1 _ a2Þc
(ii) ac1 _ ac2 ¼ ða1 ^ a2Þc
(iii) ac1 	 ac2 ¼ ða1 
 a2Þc
(iv) ac1 
 ac2 ¼ ða1 	 a2Þc
(v) ða1 _ a2Þ 	 ða1 ^ a2Þ ¼ a1 	 a2
(vi) ða1 _ a2Þ 
 ða1 ^ a2Þ ¼ a1 
 a2

Proof The proof is trivial. h

3 Pythagorean fuzzy information aggregation operations
with confidence levels

In the existing literature, all the researchers have investigated the studies by taking

the assumption that decision makers are taken to be surely familiar with the

evaluated objects. But in real-life situation, this type of conditions are partially

fulfill. To overcome this shortcoming, in this section, we are presenting a series of
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an averaging and geometric aggregation operators with different confidence levels

for their familiarity with the evaluation.

3.1 Averaging operator

Definition 4 Let X be a collection of PFNs a1; a2; . . .; an and gj be the confidence

levels of PFN aj such that 0� gj � 1. Assume that x ¼ ðx1;x2; . . .;xnÞT be the

weight vector of these PFNs such that xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1 and let

CPFWA : Xn �! X. If

CPFWAðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼ x1ðg1a1Þ 	 x2ðg2a2Þ 	 . . .	 xnðgnanÞ

then CPFWA is called confidence Pythagorean fuzzy weighted averaging operator.

Theorem 4 Let aj ¼ hlj; mji, j ¼ 1; 2; . . .; n be ‘n’ PFNs and gj be its confidence

levels then the aggregated value by CPFWA operator is also PFN and

CPFWAðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼ a
n

j¼1
xjðgjajÞ

¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

j¼1
ð1� l2j Þ

gjxj

r

;
Y

n

j¼1

ðmjÞgjxj

� ð5Þ

where xj is the weight vector associate with aj such that xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1.

Proof This result has been proved by using induction on n.

For n ¼ 2, we have

CPFWAðha1; g1i; ha2; g2iÞ ¼ x1ðg1a1Þ 	 x2ðg2a2Þ

According to Theorem 1, we can see that both g1a1 and g2a2 are PFNs, and the

value of x1ðg1a1Þ 	 x2ðg2a2Þ is PFN. So, we have

g1a1 ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� l21Þ
g1

q

; mg11

�

¼
�

a1; b1

�

) x1ðg1a1Þ ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� a21Þ
x1

q

; bx1

1

�

¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� l21Þ
g1x1

q

; mg1x1

1

�

and

g2a2 ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� l22Þ
g2

q

; mg22

�

¼ ha2; b2i

) x2ðg2a2Þ ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� a22Þ
x2

q

; bx2

2

�

¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� l22Þ
g2x2

q

; mg2x2

2

�

Thus,
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CPFWAð
�

a1; g1

�

; ha2; g2
�

Þ ¼ x1ðg1a1Þ 	 x2ðg2a2Þ

¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� l21Þ
g1x1 þ 1� ð1� l22Þ

g2x2 � ð1� ð1� l21Þ
g1x1Þð1� ð1� l22Þ

g2x2Þ
q

; mg1x1

1 mg2x2

2

�

¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� l21Þ
g1x1ð1� l22Þ

g2x2

q

; mg1x1

1 mg2x2

2

�

which is true.

Assume Eq. (5) holds for n ¼ k, i.e.,

CPFWAðha1; g1i; ha2; g2i; . . .; hak; gkiÞ ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

k

j¼1

ð1� l2j Þ
gjxj

v

u

u

t ;
Y

k

j¼1

m
gjxj

j

�

Now, by using the operational laws as PFNs for n ¼ k þ 1 we have,

CPFWAðha1; g1i; ha2; g2i; . . .; hakþ1; gkþ1iÞ ¼
CPFWAðha1; g1i; ha2; g2i; . . .; hak; gkiÞ 	 xkþ1ðgkþ1akþ1Þ

¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

k

j¼1

ð1� l2j Þ
gjxj

v

u

u

t ;
Y

k

j¼1

m
gjxj

j

�

	
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� l2kþ1Þ
gkþ1xkþ1

q

; mgkþ1xkþ1

kþ1

�

¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

kþ1

j¼1

ð1� l2j Þ
gjxj

v

u

u

t ;
Y

kþ1

j¼1

m
gjxj

j

�

i.e., when n ¼ k þ 1, Eq. (5) also holds.

Hence, Eq. (5) holds for any n.

Next, in order to show CPFWA is PFN.

As aj ¼ hlj; mji for all j is PFN, thus 0� lj; mj � 1 and l2j þ m2j � 1. Therefore,

0� 1� l2j � 1 which implies that 0�
Qn

j¼1ð1� l2j Þ
gjxj � 1 and hence

0�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Q

n
j¼1ð1� l2j Þ

gjxj

q

� 1 and 0�
Q

n
j¼1m

gjxj

j � 1.

Again,

 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� l2j Þ
gjxj

v

u

u

t

!2

þ
�

Y

n

j¼1

m
gjxj

j

�2

¼1�
Y

n

j¼1

ð1� l2j Þ
gjxj þ

Y

n

j¼1

m
2gjxj

j

� 1�
Y

n

j¼1

m
2gjxj

j þ
Y

n

j¼1

m
2gjxj

j ¼ 1

Hence, CPFWA operator is PFN and therefore proof is completed. h
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Remark 1 If all gj ¼ 1 then the CPFWA reduces to PFWA operator (Yager 2014)

PFWAða1; a2; . . .; anÞ ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� l2j Þ
xj

v

u

u

t ;
Y

n

j¼1

mxj

j

�

Example 1 Let a1 ¼ hð0:5; 0:7Þ; 0:7i, a2 ¼ hð0:8; 0:4Þ; 0:8i and a3 ¼ hð0:3; 0:6Þ;
0:85i be three PFNs with confidence levels and x ¼ ð0:25; 0:40; 0:35ÞT be their

corresponding weight vectors then
Y

n

j¼1

�

1�l2j
�gjxj ¼

�

1�0:52
�0:7�0:25�

�

1�0:82
�0:8�0:40�

�

1�0:32
�0:85�0:35 ¼ 0:6668

Y

n

j¼1

ðmjÞgjxj ¼ð0:7Þ0:7�0:25�ð0:4Þ0:8�0:40�ð0:6Þ0:85�0:35 ¼ 0:6019

Thus, by Eq. (5), we get

CPFWAðha1; g1i; ha2; g2i; ha3; g3iÞ ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� l2j Þ
gjxj

v

u

u

t ;
Y

n

j¼1

m
gjxj

j

�

¼
�

0:5773; 0:6019

�

For a collections of PFNs, the proposed aggregation operator CPFWA satisfies

the following properties.

Property 1 (Idempotency) If aj ¼ a0 ¼ hðl0; m0Þ; g0i for all j, i.e., lj ¼ l0; mj ¼
m0 and gj ¼ g0 then

CPFWAðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼ g0a0

Proof Since aj ¼ a0 ¼ hðl0; m0Þ; g0i for all j and
P

n

j¼1

xi ¼ 1, so by Theorem 4,

CPFWAðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼
*

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� l20Þ
g0xj

v

u

u

t ;
Y

n

j¼1

mg0xj

0

+

¼
*

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� l20Þ
P

n

j¼1

g0xj

s

; m

P

n

j¼1

g0xj

0

+

¼
	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� l20Þ
g0

q

; mg00



¼g0a0

Hence proof is complete. h
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Property 2 (Boundedness) Let a� ¼
	

min
j
fgjljg;max

j
fgjmjg




and aþ ¼
	

max
j
fgjljg;min

j
fgjmjg




then

a� �CPFWAðha1; g1i; ha2; g2i; . . .; han; gniÞ� aþ ð6Þ

Proof As min
j
fljg� lj � max

j
fljg for j ¼ 1; 2; . . .; n this implies, 1�

ðmax
j
fljgÞ2 � 1� l2j � 1� ðmin

j
fljgÞ2 then for all j, we have

Y

n

j¼1

�

1� ðmax
j
fljgÞ

2
�gjxj �

Y

n

j¼1

ð1� l2j Þ
gjxj �

Y

n

j¼1

�

1� ðmin
j
fljgÞ

2
�gjxj

)
�

1� ðmax
j
fljgÞ

2
�

P

n

j¼1

gjxj

�
Y

n

j¼1

ð1� l2j Þ
gjxj �

�

1� ðmin
j
fljgÞ

2
�

P

n

j¼1

gjxj

)ð1� ðmax
j
fljgÞ2Þgj �

Y

n

j¼1

ð1� l2j Þ
gjxj �ð1� ðmin

j
fljgÞ2Þgj

)1� ð1� ðmin
j
fljgÞ2Þgj � 1�

Y

n

j¼1

ð1� l2j Þ
gjxj � 1� ð1� ðmax

j
fljgÞ2Þgj

)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ðmin
j
fljgÞ2Þgj

r

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� l2j Þ
gjxj

v

u

u

t �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� ðmax
j
fljgÞ2Þgj

r

i:e:;min
j
fgjmjg�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� l2j Þ
gjxj

v

u

u

t � max
j
fgjljg:

Furthermore, min
j
fmjg� mj � max

j
fmjg for all j ¼ 1; 2; . . .; n this implies that

ðmin
j
fmjgÞgjxj �ðmjÞgjxj �ðmax

j
fmjgÞgjxj and hence ðmin

j
fmjgÞgj �

Qn
j¼1ðmjÞ

gjxj

�ðmax
j
fmjgÞgj , i.e., min

j
fgjmjg�

Qn
j¼1ðmjÞ

gjxj � max
j
fgjmjg.

Let a ¼ CPFWAðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼ hla; mai. Then, we have

min
j
fgjljg� la � max

j
fgjljg and min

j
fgjmjg� ma � max

j
fgjmjg. So by definition of

score function, we have

scðaÞ ¼ l2a � m2a �ðmax
j
fgjljgÞ2 � ðmin

j
fgjmjgÞ2 ¼ scðaþÞ

scðaÞ ¼ l2a � m2a �ðmin
j
fgjljgÞ2 � ðmax

j
fgjmjgÞ2 ¼ scða�Þ

In that direction, three cases are considered.
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Case 1: If scðaÞ\scðaþÞ and scðaÞ[ scða�Þ then it follows from Definition 2

that

a�\CPFWAðha1; g1i; ha2; g2i; . . .; han; gniÞ\aþ

Case 2: If scðaÞ ¼ scðaþÞ i.e., l2a � m2a ¼ ðmax
j
fgjljgÞ

2 � ðmin
j
fgjmjgÞ

2
, then

by above inequalities, we have la ¼ max
j
fgjljg and ma ¼ min

j
fgjmjg.

Thus

acðaÞ ¼ l2a þ m2a ¼ ðmax
j
fgjljgÞ

2 þ ðmin
j
fgjmjgÞ

2

then it follows from Definition 2 that

CPFWAðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼ aþ

Case 3: If scðaÞ ¼ scða�Þ i.e., l2a � m2a ¼ ðmin
j
fgjljgÞ2 � ðmax

j
fgjmjgÞ2, then

we get la ¼ min
j
fgjljg and ma ¼ max

j
fgjmjg. Thus

acðaÞ ¼ l2a þ m2a ¼ ðmin
j
fgjljgÞ2 þ ðmax

j
fgjmjgÞ2

then it follows from Definition 2 that

CPFWAðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼ a�

Hence, Eq. (8) holds. h

Property 3 (Monotonicity) If aj and bj be two different collections of PFNs such

that aj � bj for all j then

CPFWAðha1; g1i; ha2; g2i; . . .; han; gniÞ�CPFWAðhb1; g1i; hb2; g2i; . . .; hbn; gniÞ

Proof Proof of this property is similar to that of above, so we omit here. h

3.2 Ordered weighted averaging operator

Definition 5 Let X be a family of PFNs aj, gj be its confidence levels such that

0� gj � 1. A confidence Pythagorean fuzzy ordered weighted averaging

(CPFOWA) operator is a mapping Xn �! X:

CPFOWAðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼ x1ðgdð1Þadð1ÞÞ 	 x2ðgdð1Þadð1ÞÞ
	 . . .	 xnðgdð1Þadð1ÞÞ

where ðdð1Þ; dð2Þ; . . .; dðnÞÞ is a permutation of ð1; 2; . . .; nÞ such that adðj�1Þ � adðjÞ
for any j.
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Theorem 5 Let aj ¼ hlj; mji be n’ PFNs and gj be its confidence levels then the

aggregated value by CPFOWA operator is also PFN and given by

CPFOWAðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� l2dðjÞÞ
gdðjÞxj

v

u

u

t ;
Y

n

j¼1

ðmdðjÞÞgdðjÞxj

�

ð7Þ

Proof Proof of this Theorem is similar to that of Theorem 4, so we omit here. h

Example 2 Let a1 ¼ hð0:3; 0:9Þ; 0:75i, a2 ¼ hð0:5; 0:8Þ; 0:80i, a3 ¼
hð0:8; 0:4Þ; 0:7i and a4 ¼ hð0:7; 0:5Þ; 0:90i be four PFNs and x ¼
ð0:2; 0:3; 0:1; 0:4ÞT be their corresponding weight vectors. Then score values of

each PFN is scða1Þ ¼ 0:32 � 0:92 ¼ �0:72, scða2Þ ¼ 0:52 � 0:82 ¼ �0:39,

scða3Þ ¼ 0:82 � 0:42 ¼ 0:48 and scða4Þ ¼ 0:72 � 0:52 ¼ 0:24. Thus

a3 [ a4 [ a2 [ a1 and therefore adð1Þ ¼ a3, adð2Þ ¼ a4, adð3Þ ¼ a2 and adð4Þ ¼ a1.
Now, we have

Y

4

j¼1

�

1� l2dðjÞ
�gdðjÞxj ¼

�

1� 0:82
�0:7�0:2 �

�

1� 0:72
�0:9�0:3 �

�

1� 0:52
�0:8�0:1

�
�

1� 0:32
�0:75�0:4

¼ 0:6865
Y

4

j¼1

ðmdðjÞÞgdðjÞxj ¼ ð0:4Þ0:7�0:2 � ð0:5Þ0:9�0:3 � ð0:8Þ0:8�0:1 � ð0:9Þ0:75�0:4

¼ 0:6943

So, by Eq. (7), we get

CPFOWAðha1; g1i; ha2; g2i; ha3; g3i; ha4; g4iÞ ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

4

j¼1

ð1� l2dðjÞÞ
gdðjÞxj

v

u

u

t ;
Y

4

j¼1

ðmdðjÞÞgdðjÞxj

�

¼h0:5599; 0:6943i

CPFOWA operator follows the same properties as that of CPFWA operator

which have been stated, without proof, as follows for the collections of PFNs aj,
ðj ¼ 1; 2; . . .; nÞ.

Property 4

(i) (Idempotency) If aj ¼ a0 ¼ hðl0; m0Þ; g0i for all j, i.e., lj ¼ l0; mj ¼ m0 and
gj ¼ g0 then

CPFOWAðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼ g0a0
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(ii) (Boundedness) Let a� ¼
	

min
j
fgjljg;max

j
fgjmjg




and aþ ¼
	

max
j
fgjljg;min

j
fgjmjg




then

a� �CPFOWAðha1; g1i; ha2; g2i; . . .; han; gniÞ� aþ ð8Þ

(iii) (Monotonicity) For collections of two different PFNs aj ¼ hlaj ; maji and

bj ¼ hlbj ; mbji which satisfies the relation aj � bj for all j ¼ 1; 2; . . .; n i.e.,

if laj � lbj and maj � mbj for all j, then

CPFOWAðha1; g1i; ha2; g2i; . . .; han; gniÞ �CPFOWAðhb1; g1i; hb2; g2i; . . .; hbn; gniÞ

3.3 Geometric operator

In this section, a confidence Pythagorean fuzzy information aggregation from the

geometric mean has been presented over the families of the PFNs denoted by X and

their corresponding aggregation operator.

Definition 6 Let aj ¼ hlj; mji be ‘n’ PFNs and gj be its confidence levels. A

confidence Pythagorean fuzzy weighted geometric (CPFWG) operator is a mapping

Xn �! X such that

CPFWGða1; a2; . . .; anÞ ¼ b
n

j¼1
ðagjj Þ

xj ¼ ðag11 Þ
x1 
 ðag22 Þ

x2 
 . . .
 ðagnn Þ
xn ð9Þ

where ðx1;x2; . . .;xnÞT be the normalized weight vector of aj.

Theorem 6 Let aj ¼
	

lj; mj



be a collection of ‘n’ PFNs and gj be its confidence

levels such that 0� gj � 1 for j ¼ 1; 2; . . .; n then aggregated value by CPFWG

operator is also PFN and

CPFWGðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼ b
n

j¼1
ðagjj Þ

xj ¼
�

Y

n

j¼1

ðljÞgjxj ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� m2j Þ
gjxj

v

u

u

t

�

ð10Þ

where xj is the weight vector associate with aj such that xj 2 ½0; 1� and
P

n

j¼1

xj ¼ 1.

Proof For n ¼ 2, we have

CPFWGð
	

a1; g1



;
	

a2; g2



Þ ¼ ðag11 Þ
x1 
 ðag22 Þ

x2

According to Theorem 1, we can see that both ag11 and ag22 are PFNs, and the value of

ðag11 Þ
x1 
 ðag22 Þ

x2 is PFN. So,
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ag11 ¼
�

lg11 ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� m21Þ
g1

q

�

¼ ha1; b1i

) ðag11 Þ
x1 ¼

�

ax1

1 ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� b21Þ
x1

q

�

¼
�

lg1x1

1 ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� m21Þ
g1x1

q

�

and

ag22 ¼
�

lg22 ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� m22Þ
g2

q

�

¼ ha2; b2i

) ðag22 Þ
x2 ¼

�

ax2

2 ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� b22Þ
x2

q

�

¼
�

lg2x2

2 ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� m22Þ
g2x2

q

�

Then

CPFWGðha1; g1i; ha2; g2iÞ ¼ ðag11 Þ
x1 
 ðag22 Þ

x2

¼
�

lg1x1

1 lg2x2

2 ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� m21Þ
g1x1 þ 1� ð1� m22Þ

g2x2 � ð1� ð1� m21Þ
g1x1Þð1� ð1� m22Þ

g2x2Þ
q

�

¼
�

lg1x1

1 lg2x2

2 ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� m21Þ
g1x1ð1� m22Þ

g2x2

q

�

which is true for n ¼ 2.

Assume Eq. (10) holds for n ¼ k, i.e.,

CPFWGðha1; g1i; ha2; g2i; . . .; hak; gkiÞ ¼
�

Y

k

j¼1

l
gjxj

j ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

k

j¼1

ð1� m2j Þ
gjxj

v

u

u

t

�

Now for n ¼ k þ 1,

CPFWGðha1; g1i; ha2; g2i; . . .; hakþ1; gkþ1iÞ ¼
CPFWGðha1; g1i; ha2; g2i; . . .; hak; gkiÞ 
 ðagkþ1

kþ1Þ
xkþ1

¼
�

Y

k

j¼1

l
gjxj

j ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

k

j¼1

ð1� m2j Þ
gjxj

v

u

u

t

�



�

lgkþ1xkþ1

kþ1 ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� m2kþ1Þ
gkþ1xkþ1

q

�

¼
�

Y

kþ1

j¼1

l
gjxj

j ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

kþ1

j¼1

ð1� m2j Þ
gjxj

v

u

u

t

�

i.e. Eq. (10) holds for n ¼ k þ 1.

Hence, Eq. (10) holds for any n.

Next, in order to show CPFWG is an PFN.

As aj ¼ hlj; mji for all j is an PFN, thus 0� lj; mj � 1 and l2j þ m2j � 1. Thus

0�
Qn

j¼1ð1� m2j Þ
gjxj � 1 and hence 0�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Q

n

j¼1

ð1� m2j Þ
gjxj

s

� 1 and
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0�
Q

n

j¼1

l
gjxj

j � 1.

Again,

 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� m2j Þ
gjxj

v

u

u

t

!2

þ
�

Y

n

j¼1

l
gjxj

j

�2

¼ 1�
Y

n

j¼1

ð1� m2j Þ
gjxj þ

Y

n

j¼1

l
2gjxj

j

� 1�
Y

n

j¼1

l
2gjxj

j þ
Y

n

j¼1

l
2gjxj

j ¼ 1

Hence, CPFWG is PFN. h

Remark 2 If all gj ¼ 1 then the CPFWG reduces to PFWG operator (Yager 2014)

PFWGða1; a2; . . .; anÞ ¼
�

Y

n

j¼1

lxj

j ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� m2j Þ
xj

v

u

u

t

�

Example 3 Let a1 ¼ hð0:4; 0:7Þ; 0:7i, a2 ¼ hð0:7; 0:5Þ; 0:8Þ and a3 ¼
hð0:8; 0:4Þ; 0:7i be three PFNs and x ¼ ð0:4; 0:3; 0:3ÞT be its associated weight

vectors then by utilizing CPFWG operator, we have

Y

3

j¼1

ðlgjj Þ
xj ¼ ð0:40:7Þ0:4 � ð0:70:8Þ0:3 � ð0:80:7Þ0:3 ¼ 0:6777

Y

3

j¼1

ð1� m2j Þ
gjxj ¼ ð1� 0:72Þ0:7�0:4 � ð1� 0:52Þ0:8�0:3 � ð1� 0:42Þ0:7�0:3 ¼ 0:7451

Thus, CPFWGða1; a2; a3Þ ¼ h0:6777;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 0:7451
p

i ¼ h0:6777; 0:5048i.

Property 5 Let aj and bj be collections of two different PFNs and 0� gj � 1 be its

confidence levels of them, x ¼ ðx1;x2; . . .;xnÞT be a weight vectors of PFNs such

that xj 2 ½0; 1� and
P

n

j¼1

xj ¼ 1; then

(i) (Idempotency) If aj ¼ a0 ¼ hðl0; m0Þ; g0i for all j then

CPFWGðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼ ag00

(ii) (Boundedness) Let a� ¼
	

min
j
flgjj g;max

j
fmgjj g




and aþ ¼
	

max
j
flgjj g;

min
j
fmgjj g




then

a� �CPFWGðha1; g1i; ha2; g2i; . . .; han; gniÞ� aþ
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(iii) (Monotonicity) If aj � bj for all j then

CPFWGðha1; g1i; ha2; g2i; . . .; han; gniÞ �CPFWGðhb1; g1i; hb2; g2i; . . .; hbn; gniÞ

3.4 Ordered weighted geometric operator

Definition 7 Suppose X be a family of PFNs aj ¼ hlj; mji and gj be the confidence
levels such that 0� gj � 1 for j ¼ 1; 2; . . .; n and CPFOWG : Xn �! X, if

CPFOWGðha1; g1i; ha2; g2i; . . .; han; gniÞ ¼ðagdð1Þdð1ÞÞ
x1 
 ðagdð2Þdð2ÞÞ

x2 
 . . .
 ðagdðnÞdðnÞ Þ
xn

where d is a permutation of ð1; 2; 3; . . .; nÞ such that adðj�1Þ � adðjÞ for any j. Then

CPFOWG is called confidence pythagorean fuzzy ordered weighted geometric

operator.

Theorem 7 The aggregate value by CPFOWG operator for PFNs aj ¼ hlj; mji is
again PFN and given by

CPFOWGð
�

a1; g1

�

; ha2; g2i; . . .; han; gniÞ ¼b
n

j¼1
ðagdðjÞdðjÞ Þ

xj

¼
�

Y

n

j¼1

ðldðjÞÞgdðjÞxj ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

ð1� m2dðjÞÞ
gdðjÞxj

v

u

u

t

� ð11Þ

where gj is confidence levels of and xj is the normalized weight vector of aj.

Proof Proof of this theorem is similar to that of Theorem 6. h

Example 4 Consider the data given in Example 3 then by score function sc, we

have scða1Þ ¼ 0:42 � 0:72 ¼ �0:33, scða2Þ ¼ 0:72 � 0:52 ¼ 0:24 and

scða3Þ ¼ 0:82 � 0:42 ¼ 0:48. Thus scða3Þ� scða2Þ� scða1Þ we have a3 � a2 � a1.
So adð1Þ ¼ a3, adð2Þ ¼ a2 and adð3Þ ¼ a1. Therefore,

Y

3

j¼1

ðlgdðjÞj ÞxdðjÞ ¼ ð0:80:7Þ0:4 � ð0:70:8Þ0:3 � ð0:40:7Þ0:3 ¼ 0:7114

Y

3

j¼1

ð1� m2dðjÞÞ
gdðjÞxj ¼ ð1� 0:42Þ0:7�0:4 � ð1� 0:52Þ0:8�0:3 � ð1� 0:72Þ0:7�0:3 ¼ 0:7716

Thus, CPFOWGða1; a2; a3Þ ¼ h0:7114; 0:4779i.

As similar to CPFWG operator, CPFOWG operators follows the same properties

as given in Property 5.
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4 Group decision making approach under confidence levels

Consider a decision-making problem with a collection of m different alternatives

A ¼ fA1;A2; . . .;Amg and n criteria C ¼ fC1;C2; . . .;Cng whose weight vector is

x ¼ ðx1;x2; . . .;xnÞT satisfying xj 2 ½0; 1� and
Pn

j¼1 xj ¼ 1. Assume that there

are k set of decision makers denoted by D ¼ fD1;D2; . . .;Dkg, whose weight vector
is n ¼ ðn1; n2; . . .; nkÞT satisfying nq [ 0; q ¼ 1; 2; . . .; k and

Pk
q¼1 nq ¼ 1 which are

evaluating each alternative Ai w.r.t. the criteria Cj in terms of PFNs. Then following

are the steps utilize for finding the best alternative under the set of feasible ones.

Step 1: Collect the information related to each alternative Ai under the

different criteria Cj from each decision maker and are summarized in

the form of PFNs Dq ¼ hlqij; m
q
ijim�n for i ¼ 1; 2; . . .;m; j ¼ 1; 2; . . .; n

and q ¼ 1; 2; . . .; k as

Dq
m�n ¼

hðlq11; m
q
11Þ;g

q
11i hðlq12; m

q
12Þ;g

q
12i . . . hðl1n; m1nÞ;g

q
1ni

hðlq21; m
q
21Þ;g

q
21i hðlq22; m

q
22Þ;g

q
22i . . . hðl2n; m2nÞ;gq2ni

..

. ..
. . .

. ..
.

hðlqm1; m
q
m1Þ;g

q
m1i hðlqm2; m

q
m2Þ;g

q
m2i . . . hðlmn; mmnÞ;gqmni

0

B

B

B

B

@

1

C

C

C

C

A

where gqij; ð0� gqij � 1Þ be the confidence levels provided by the

decision makers that they are familiar with the topic.

Step 2: Different types of criteria are normalized by using the following

transformation.

rij ¼
acij; j 2 B

aij; j 2 C

�

ð12Þ

where acij is the complement of aij and B, C represent the benefit and

cost type criteria respectively.

Step 3: Aggregate all the individuals pythagorean fuzzy decision matrix Dq

into the collective pythagorean decision matrix by utilizing the

CPFWA operator

aij ¼ CPFWAðr1ij; r2ij; . . .; rkijÞ ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

k

q¼1

f1� ðlqijÞ
2gg

q
ij
nq

v

u

u

t ;
Y

k

q¼1

ðmqijÞ
gq
ij
nq

�

or the CPFWG operator

aij ¼ CPFWGðr1ij; r2ij; . . .; rkijÞ ¼
�

Y

k

q¼1

ðlqijÞ
gq
ij
nq ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

k

q¼1

f1� ðmqijÞ
2gg

q
ij
nq

v

u

u

t

�
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Step 4: Aggregate the pythagorean fuzzy numbers aij (as obtained from Step 3)

by using PFWA operator:

ai ¼ PFWAðai1; ai2; . . .; ainÞ ¼
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

f1� ðlijÞ2gxj

v

u

u

t ;
Y

n

j¼1

ðmijÞxj

�

or the PFWG operator

ai ¼ PFWGðai1; ai2; . . .; ainÞ ¼
�

Y

n

j¼1

ðlijÞxj ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y

n

j¼1

f1� ðmijÞ2gxj

v

u

u

t

�

Step 5: Rank all the alternative based on the score function.

5 Illustrative example

Considering a decision-making problem with customers’ choice to buy a four

wheeler vehicle from five different types say A ¼ fA1;A2;A3;A4;A5g. In order to

make this process, six factors C ¼ fC1;C2; . . .;C6g are considered which stands for

‘‘the consumption petrol’’, ‘‘the safety factor’’, ‘‘the degree of comfort’’, ‘‘the

design’’, ‘‘the mileage’’, and ‘‘the price’’. The weight vector corresponding to these

six criteria Cjðj ¼ 1; 2; . . .; 6Þ is x ¼ ð0:15; 0:25; 0:14; 0:16; 0:20; 0:10ÞT . Then

following are the analysis conducted for finding the best alternative among the

feasible ones by using CPFWA and CPFWG operators.

5.1 By CPFWA operator

Step 1: Three decision makers, Dqðq ¼ 1; 2; 3Þ, whose weight vector is

n ¼ ð0:35; 0:35; 0:30ÞT , have rating these alternatives Aiði ¼
1; 2; 3; 4; 5Þ w.r.t. the criteria Cj in terms of PFNs aij ¼ hðlqij; m

q
ijÞ; g

q
iji

for i ¼ 1; 2; . . .; 5; j ¼ 1; 2; . . .; 6, and their corresponding summary are

listed in Tables 1, 2 and 3 respectively.

Step 2: Since all the attributes is of same type, so there is no need to

normalization.

Step 3:: Utilize CPFWA operator as given in Eq. (5) to aggregate these three

individual preference decision making matrix into the collective

Pythagorean decision matrix D ¼ ðaijÞ5�6. The results corresponding

to it has been summarized in Table 4.

Step 4: Aggregate all these different rating by using PFWA operator to get the

overall value of the alternative Ai, ði ¼ 1; 2; 3; 4; 5Þ as
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a1 ¼ h0:5891; 0:3469i ; a2 ¼ h0:5527; 0:3205i ; a3 ¼ h0:6692; 0:2518i
a4 ¼ h0:5669; 0:3804i ; a5 ¼ h0:6267; 0:3636i

Step 5: Score values corresponding to them are scða1Þ ¼ 0:2267,
scða2Þ ¼ 0:2028, scða3Þ ¼ 0:3844, scða4Þ ¼ 0:1766 and

scða5Þ ¼ 0:2605. Since scða3Þ[ scða5Þ[ scða1Þ[ scða2Þ[ scða4Þ
thus we have A3 � A5 � A1 � A2 � A4. Hence A3 is the best

alternative.

5.2 By CPFWG operator

Based on CPFWG operator, the main steps are as follows.

Step 3: Utilize CPFWG operator as given in Eq. (10) to aggregate all

preferences of the decision maker Dqðq ¼ 1; 2; 3Þ into the single one

decision matrix D ¼ ðaijÞ5�6 and their result is summarized in Table 5.

Step 4: Based on the Table 5 and by utilizing PFWG operator, the overall

preference value of i th alternative is computed as

a1 ¼ h0:6183;0:3289i; a2 ¼ h0:5958;0:3247i; a3 ¼ h0:6944;0:2507i
a4 ¼ h0:5705;0:3501i; a5 ¼ h0:6369;0:3525i

Step 5: Finally, score value of ai are scða1Þ ¼ 0:2741, scða2Þ ¼ 0:2496,
scða3Þ ¼ 0:4194, scða4Þ ¼ 0:2029 and scða5Þ ¼ 0:2814 thus we have

A3 � A5 � A1 � A2 � A4. Hence A3 is the best alternative.

On the other hand, if we conduct the analysis based on the different studies as

proposed by the various authors (Xu and Yager 2006; Xu 2007; Wang and Liu

2012; Ye 2009; Yager and Abbasov 2013; Garg 2016e, f) by considering that all the

decision makers are taken to be surely familiar (gj ¼ 1, for all j) with the evaluated

objects then their subsequently results are summarized in Table 6. From this

comparison table, it has been concluded that the best alternative obtained by the

proposed approach coincides with these existing studies. Therefore, the considered

approach can be taken as an alternative way to solve these types of problem in a

more profitable way. Furthermore, it has also been observed that the nature of the

relative score values follows the same trend (increasing or decreasing) and hence

proposed approach is conservative in nature.

According to the above comparison analysis, the proposed method for addressing

the decision-making problems has the following merits with respect to the existing

ones.

(i) As discussed above, the classical, fuzzy and intuitionistic fuzzy sets all are

the special cases of the Pythagorean fuzzy set. Since, so far, authors have

used the IFS which is characterized by the degree of the membership and

non-membership of a particular element such that their sum is less than or
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equal to one. However, in most of the day-today-life problem this condition

may not be satisfied when an expert gave their preferences towards the

elements. For handling this, PFS is one of the generalized theory which can

handle not only incomplete information but also the indeterminate

information and inconsistent information, which exist commonly in real

situations. Therefore, the existing studies are more suitable than the

existing ones for solving the real-life and engineering design problems.

(ii) Also, it has observed from the Table 6 that the results computed by the

various existing approaches are under the environment without considering

the confidence levels of the attributes during the evaluation. In other words,

all these approaches have analyzed their theories with the assumption that

decision maker are taken to be 100% confidence with the evaluated objects.

But in real-life situation, these types of conditions are partially fulfilled.

(iii) The existing operators for IFS are a special case of the proposed operators.

Furthermore, some of the existing operators for PFS are also a special case

of the proposed operators. Therefore, it has been concluded that the

proposed aggregation operators are more generalized and suitable to solve

the real-life problems more accurately than the existing ones.

6 Conclusion

The objective of this work is to present some series of new averaging and geometric

aggregation operator by considering the degree of the confidence levels of each

decision makers’ during evaluation. Traditionally, it has been assumed that the all

Table 6 Comparative analysis

Method Score values Order of alternatives

A1 A2 A3 A4 A5

Xu and Yager

(2006)

0.1638 0.1484 0.3452 0.0778 0.1768 A3 � A5 � A1 � A2 � A4

Xu (2007) 0.4043 0.3591 0.5353 0.3349 0.3871 A3 � A5 � A1 � A2 � A4

Wang and Liu

(2012)

0.3602 0.3226 0.5090 0.2787 0.3487 A3 � A5 � A1 � A2 � A4

Ye (2009) 0.3636 0.3218 0.3690 0.3110 0.4392 A5 � A3 � A1 � A2 � A4

Yager and

Abbasov (2013)

0.4067 0.3518 0.5020 0.3727 0.4331 A3 � A5 � A1 � A4 � A2

Garg (2016e) 0.3385 0.2853 0.4637 0.2755 0.3489 A3 � A5 � A1 � A2 � A4

Garg (2016f) -0.2860 -0.3973 -0.1549 -0.3374 -0.2226 A3 � A5 � A1 � A4 � A2

CPFWA 0.2267 0.2028 0.3844 0.1766 0.2605 A3 � A5 � A1 � A2 � A4

CPFOWA 0.3131 0.1713 0.4375 0.3429 0.1883 A3 � A4 � A1 � A5 � A2

CPFWG 0.2741 0.2496 0.4194 0.2029 0.2814 A3 � A5 � A1 � A2 � A4

CPFOWG 0.3540 0.2450 0.4766 0.3588 0.2987 A3 � A4 � A1 � A5 � A2
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the decision maker give their preferences of the different alternative at the same

level of confidence. But this shortcoming has been ruled out in the present

manuscript by considering the confidence level factor (g) of the decision maker.

Based on it, new aggregation operators namely CPFWA, CPFOWA, CPFWG and

CPFOWG are proposed under PFS environment. The desirable properties corre-

sponding to each operator has also been discussed. Furthermore, it has been

observed that when g ¼ 1 for all the preferences then the proposed aggregation

operators reduces to the existing PFWA and PFWG operators. A comparative study

with some existing operators has been presented which shows that the proposed

operators provides an alternative ways to solve MCDM problem in a more effective

manner. In future work, we may extend the proposed function to the different

applications and to solve various uncertain programming problems.
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