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Abstract. Let R be a prime ring of characteristic different from 2, @, its right Martindale
quotient ring and C' its extended centroid. Suppose that F', G are generalized skew deriva-
tions of R with the same associated automorphism «, and p(x1,...,Zn) is a non-central
polynomial over C' such that

[F(z), a(y)] = G([z,])

for all z,y € {p(r1,...,7n): 71,...,7n € R}. Then there exists A € C such that F(z) =
G(z) = Aa(z) for all z € R.
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1. INTRODUCTION

Let R be a prime ring of characteristic different from 2. Throughout this paper
Z(R) always denotes the center of R, @, the right Martindale quotient ring of R
and C = Z(Q,) the center of @), (C is usually called the extended centroid of R).
An additive map G: R — R is called the generalized derivation of R if there exists
a derivation d of R such that G(zy) = G(z)y + zd(y) for all z,y € R.

Let a be an automorphism of R. An additive mapping d: R — R is called a skew
derivation of R if

d(zy) = d(x)y + a(z)d(y)

for all z,y € R and « is called the associated automorphism of d. An additive
mapping G: R — R is said to be a generalized skew derivation of R if there exists
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a skew derivation d of R with an associated automorphism « such that
G(ry) = G(z)y + a(z)d(y)

for all z,y € R; d is said to be an associated skew derivation of G and « is called
an associated automorphism of G. Any mapping of R in the form G(z) = ax + a(z)b
for some a,b € R and o € Aut(R) is called an inner generalized skew derivation. In
particular, if @ = —b, then G is called inner skew derivation. If a generalized skew
derivation (or a skew derivation) is not inner, then it is usually called outer.

In light of the above definitions, one can see that the concept of the general-
ized skew derivation unifies the notions of the skew derivation and the generalized
derivation.

In this paper we study the structure of the prime ring R and the form of gen-
eralized skew derivations satisfying the strong commutativity preserving conditions.
Specifically, if S C R, the map F': R — R is called commutativity preserving on S
if [z,y] = 0 implies [F(x), F(y)] = 0; it is called strong commutativity preserving
(SCP) on S if [F(x), F(y)] = [=,y] for all z,y € S.

Additive mapping preserving commutativity was studied by Bresar and Miers [2].
They showed that any additive mapping F' which is SCP on a semiprime ring R is
of the form F(z) = Az + u(z), where A € C, A2 = 1 and p: R — C is an additive
map of R into C.

Recently in [18] Lin and Liu extended this result to Lie ideals, in case the ring R
is prime. More precisely, they proved that if L is a non-central Lie ideal of R and F’
is an additive mapping satisfying [F(x), F(y)] — [z,y] € C for all z,y € L, then
F(z) = Ax + p(x), where A € C, A2 = 1 and u: R — C, unless when char(R) = 2
and R satisfies the standard identity s4 of degree 4.

In some recent papers many authors study generalized derivations which are SCP
on some subsets of a prime and semiprime ring. In [21] Ma, Xiu and Niu described
the structure of a generalized derivation which is SCP on one-sided ideals of a prime
ring. More precisely, in case of a prime ring R with a right ideal I, in [21] it is proved
that any generalized derivation F' which is SCP on I is of the form F(z) = ax + xb
for all x € R, with aI = (0).

This last cited result is extended in [19] by Liu to prime rings. He studied the case
when [ is a right ideal of R, F': I — R is amap and G is a generalized derivation of R
such that [F(z),G(y)] = [x,y] for all 2,y € I and obtained the complete description
of F' and G, and also the description of the action of F'; G on I. Moreover, in
Theorem 1.3 of [19] the case when both F' and G are generalized derivations of R is
analysed.

Finally, in [20] Liu and Liau studied the case when L is a non-central Lie ideal of R,
F: L — Ris amap and G is a generalized derivation of R such that [F(z), G(y)] =
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[z,y] for all x,y € L. They proved that either R C My (K) for a field K, or there
exist 0 # a € C and a map p: L — C such that G(z) = ax for all z € R and
F(z) = a 'z + p(z) for all z € L. In particular, if F' is also a generalized derivation
of R, then F(z) = a 'z for all x € R.

In light of all the previous cited papers, one natural question could be whether
the results obtained for two SCP additive maps can be extended to the case when
there exist three additive maps f,g,h: R — R such that [f(x),g(y)] = h([z,y]) for
all z,y € S, where S is a suitable subset of R.

Here we consider the case that S is the set of all the evaluations of a non-central
polynomial, f and h are generalized skew derivations of R and g is their associated
automorphism. We prove that f = h = A\g for a fixed element \ € C.

It is well known that automorphisms, derivations and skew derivations of R can
be extended to @,. In [3] Chang extends the definition of the generalized skew
derivation to the right Martindale quotient ring @, of R as follows: by a (right)
generalized skew derivation we mean an additive mapping G: @, — @, such that
G(zy) = Gx)y + a(z)d(y) for all x,y € @Q, where d is a skew derivation of R
and « is an automorphism of R. Moreover, there exists G(1) = a € @, such that
G(z) = ax + d(z) for all z € R.

The main result of this article is:

Theorem 1.1. Let R be a prime ring of characteristic different from 2, @), its
right Martindale quotient ring and C' its extended centroid. Suppose that F', G are
generalized skew derivations of R, with the same associated automorphism «, and
p(x1,...,xy,) Is a non-central polynomial over C' such that

[F(2), a(y)] = G([z, y])

for all z,y € {p(r1,...,mn): r1,...,7n € R}. Then there exists A\ € C such that
F(z) = G(x) = Aa(x) for all x € R.

In the last section of the paper, we apply Theorem 1.1 and obtain some results for
skew derivations preserving commutativity in semiprime rings.

We now fix some notation and collect some existing results which will be used in
the sequel.

Let us denote by SDer(Q,) the set of all skew-derivations of @Q,. By a skew-
derivation word we mean an additive mapping A of the form A = did; ... d,,, where
d; € SDer(Q.). A skew-differential polynomial is a generalized polynomial with
coefficients in @ of the form ®(A;(x;)) involving noncommutative indeterminates x;
on which the derivation words A; act as unary operations. The skew-differential
polynomial ®(A;(z;)) is said to be a skew-differential identity on a subset T of @,
if it vanishes on any assignment of values from T to its indeterminates x;.
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Let R be a prime ring, SD;,; the C-subspace of SDer(Q),) consisting of all inner
skew-derivations of @), and let d and ¢ be two nonzero skew-derivations of Q...

We will make frequent and important use of the following facts which follow from
results in [4]-[7].

Fact 1.2. If d and ¢ are C-linearly dependent modulo SDjy, then there exist
A € Cya€ @y and a € Aut(Q,) such that Ad(z) + pd(z) = ax — a(x)a for all
T € R.

Fact 1.3. Let d and § be skew derivations of R associated with the same auto-
morphism «. If d and ¢ are C-linearly independent modulo SDiy, and ®(A,(z;))
is a skew-differential identity on R, where A; € {4,d}, then ®(y,;) is a generalized
polynomial identity of R, where y;; are distinct indeterminates.

In particular, we have

Fact 1.4. In [9] Chuang and Lee investigate polynomial identities with skew
derivations. They prove that if ®(x;, D(z;)) is a generalized polynomial identity
for R, where R is a prime ring and D is an outer skew derivation of R, then R also
satisfies the generalized polynomial identity ®(x;,y;), where x; and y; are distinct

indeterminates.

Fact 1.5. Let R be a prime ring and I a two-sided ideal of R. Then I, R, and Q,
satisfy the same generalized polynomial identities with coefficients in @, (see [7]).
Furthermore, I, R, and @, satisfy the same generalized polynomial identities with
automorphisms (see [5], Theorem 1).

2. THE CASE OF INNER GENERALIZED SKEW DERIVATIONS
In this section we will prove the following:

Proposition 2.1. Let R be a non-commutative prime ring of characteristic dif-
ferent from 2, Q. its right Martindale quotient ring and C its extended centroid.
Suppose that F', G are inner generalized skew derivations of R defined, respectively,
as follows:

F(z) = ar +qrq b, G(x) = cx+qrq u

for all x € R and suitable fixed a,b, c,q,u € Q,, with an invertible element q of Q.
If

[F(z), a(y)] = G([z,y])
for all z,y € [R, R, then one of the following holds:
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(1) a,b,c,u,q € C, (a+b) = (c+u);
(2) ¢ ta,q 'c € C and there exists A € C such that b=\ —a, u =\ — c.

Proposition 2.2. Let R be a non-commutative prime ring of characteristic dif-
ferent from 2, Q, its right Martindale quotient ring and C its extended centroid.
Suppose that I', G are inner generalized skew derivations of R, with an associated
automorphism «, defined, respectively, as follows:

F(z) = ax + a(z)b, G(z)=cx+ alx)u
for all x € R and suitable fixed a,b,c,u € Q,. If

[F(z), a(y)] = G([z, y])

for all x,y € [R, R], then there exists A € C such that F(z) = Aa(z) for all z € R.

We always assume that R satisfies the generalized polynomial identity

(2.1) U (1,2, y1,2) = [alz1, 22] + qlz1, 22)q~ b, qly1, y2lg ']
— c[[z1, 2], [y1, vol] — gz, 22, [y1, vo)la ™ .
We begin with the following facts:

Fact 2.3 (Lemma 1.5 in [11]). Let H be an infinite field and n > 2. If Ay,..., A,
are non scalar matrices in M, (H) then there exists an invertible matrix P € M,,(H)
such that each matrix PA;P~',..., PA,P~" has all nonzero entries.

Fact 2.4. Let F' be a generalized derivation of R and let v € Z(R) be such that
F(z) — vz € Z(R) for all z € [R, R]. If R is not commutative, then F'(z) = vz for
all x € R.

Fact 2.5. Let a,b € R and let be F'(z) = ax + b for all x € R. If there exists
v € Z(R) such that F(x) = vz for all z € R, then a,b € Z(R) and a + b =1~.

Fact 2.6. Let a,b € R and F(z) = ax 4+ b for all x € R. If F(z) = 0 for all
x € R, then a,b € Z(R) and a + b= 0.

Lemma 2.7. Let R = M,,(C) be the algebra of m x m matrices over C, Z(R)
the center of R, a, b, ¢ elements of R. If R satisfies

(2.2) [a[z1, x2] + [z1, 22]b, [y1, y2l] — cl[z1, 2], [y1, 2l] — [[z1, 22], [y1, y2l]u

then a,b,c,u € C and (a + b) = (¢ + u).
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Proof. Let e;; be the usual matrix unit, with 1 as the (¢, j)-entry and zero
elsewhere. For any i # j and [z1, 23] = [eq, €i5] = e, [y1,y2] = [eij, e5i] = eii — ej;
in (2.2), we have

(23) [aeij + eijb, €Cii — 6]‘]‘] — c[eij, €ii — ejj] - [eij, €Cii — ejj]u =0.

Left multiplying (2.3) by e;;, we get —2e;;ce;; = 0. Analogously, right multiplying
(2.3) by e;;, we have —2e;;ue;; = 0 for all i # j. Therefore both ¢ and u are diagonal
matrices in R. In this case, the standard argument shows that both ¢ € Z(R) and
u € Z(R).

Hence R satisfies

(2.4) lalz1, z2] + [z1, 22]b — A[z1, 2], [Y1, Y2]]

where A = ¢ + u. Therefore, for any z1,z2 € R, af[z1,xz2] + [21,22]b — A[z1, 22]
centralizes [R, R], that is a[z1, 2] + [z1, 22]b — A[z1,22] € Z(R) for all z1,2z2 € R.
Thus the conclusion follows from Facts 2.4 and 2.5. O

Lemma 2.8. Let R = M,,(C) be the algebra of m x m matrices over C,
Z(R) the center of R, a,b,c,q elements of R. If R satisfies W(x1,x2,y1,y2) and
if ¢g'a € Z(R), then ¢ 'c € Z(R) and there exists A € Z(R) such that b= \ — a,
u=\—c.

Proof. Let i # j and [x1,z2] = [y1, y2] = [€ii, €ij] = €5 in (2.1), then
(2.5) [aeij + qeijq b, qeijq ] = 0;

moreover, by ¢~ la = v € Z(R), it is easy to see that ag~! € Z(R).

Multiplying (2.5) by ¢~ ! and using ¢ 'a € Z(R), it follows that e;jae;jq~! +
eijq 'bge;jq~! = 0, that is e;jae;; +e;;¢  *bge;; = 0 for all i # j. Therefore a+q~1bq
is a diagonal matrix in R and, as above, a + ¢~ 'bg = A € Z(R). Since a = vq,
it follows that vq + ¢ 'bg = A\ € Z(R). Both right multiplying by ¢! and left
multiplying by ¢, we get vq + b = A\, which means a +b = A.

Since W(ry, 7o, 51,52) = 0 for all 71,79, 81,52 € R, we have ¢~ 1W(ry, o, 51,52)g = 0
for all r1,72, 51,82 € R, that R satisfies ¢ W (21, 72,%1,%2)g. By computation and
using ¢~ 'bg = X — a, it follows that
(2.6) Mlz1, xal, [y1, 92]) — ¢ ellan, w2l [y1, y2lla — [[w1, 22], [y1, y2lla ™ ug
is satisfied by R. In particular, for [x1,z2] = e;; — ej; and [y1,y2] = e;; in (2.6), left
multiplying by e;;, we get e;;q *ce;;q = 0, that is e; ;¢ 'ce;; = 0 for all i # j. Thus
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¢ 'cis a diagonal matrix in R, and as above ¢~ 'c € Z(R). This implies easily that

cq~' € Z(R). In other words, there exists u € Z(R) such that ¢ = ug. Moreover,
(2.6) reduces to

(2.7) M1, @2, [y1, y2l] — [[z1, z2], [y1, volle — [[@1, 22], [y1, yolla ™ ug

1 1

and by Fact 2.6 we have c+¢~"ug = A, that is ug+q~ " ug = A. Both right multiplying
by ¢~ ! and left multiplying by g we get puig+u = ), which means c+u = A. Therefore,

for all x € R, F(z) = G(x) = A\grq™ 1!, as required. O

Lemma 2.9. Let R = M,,(C), m > 2 and let C be infinite, Z(R) the center
of R, a, b, ¢, q elements of R and q invertible. If R satisfies ¥(x1,x2,y1,y2) then
one of the following holds:

(1) a,b,c,u,q € C, (a+b) =(c+u);
(2) ¢ ta,q 'c € C and there exists A € C such that b=\ —a, u =\ —c.

Proof. If ¢ € Z(R), then the conclusion follows from Lemma 2.7. Analogously,
in the case ¢~'a € Z(R), we are done by Lemma 2.8.

We assume that ¢~ 'a ¢ Z(R) and ¢ ¢ Z(R), that is both ¢~ 'a and ¢ are nonscalar
matrices, and prove that a contradiction follows. By Fact 2.3, there exists an invert-
ible matrix P € M,,(C) such that each of the matrices P(¢~'a)P~!, PqP~! has
all nonzero entries. Denote by ¢(z) = PzP~! the inner automorphism induced

-1

by P. Without loss of generality we may replace ¢ and ¢~ 'a with ¢(q) and p(¢~'a),

respectively. Let ¢ # j and [z1, 2] = [y1,Y2] = [eis, €ij] = ei; in (2.1), then
(2.8) [aesj + qeijq b, qeizq ] =0,

Multiplying by e;;¢~" and right multiplying by g, it follows that e;;q *ae;;qe;; = 0,
that is either the (j,i)-entry of (¢~ 'a) or the (j,i)-entry of g is zero, which is a con-
tradiction. (I

Lemma 2.10. Let R = M,,(C) (m > 2). Then Proposition 2.2 holds.

Proof. If one assumes that C is infinite, the conclusion follows from Lemma, 2.9.
Now, let E be an infinite field which is an extension of the field C' and let R =
Mi(F) =2 R ®c E. Consider the generalized polynomial ¥(zq,z2,¥y1,y2), which
is a multilinear generalized polynomial identity for R. Clearly, ¥(z1, z2,y1,y2) is
a generalized polynomial identity for R as well, and the conclusion follows from
Lemma 2.9. 0

We also need the following result:
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Lemma 2.11. Let R be a prime ring, a,q € R and q invertible. If R satisfies

-1

®(z) = (¢ 'a)zqr — 2(q "aq)x — x(q " a)zq + 2% (¢ "aq)

then ¢ la € C.

Proof. Assume that ¢ 'a ¢ C and prove that a contradiction follows. Notice

that, if ¢ € C, then ®(z) reduces to [a, x]2, that is [a,r]s = 0 for all » € R. Thus, by
[23] we get a € C, which is a contradiction.

Therefore we may also assume that ¢ ¢ C, then the generalized polynomial ®(x)
is a nontrivial generalized polynomial identity for R. By [7] it follows that ®(z) is
a nontrivial generalized polynomial identity for @,. By the well-known Martindale’s
theorem of [22], Q, is a primitive ring having a nonzero socle with the field C' as its
associated division ring. By [16], page 75, @, is isomorphic to a dense subring of the
ring of linear transformations of a vector space V over C, containing nonzero linear
transformations of finite rank. Assume first that dimeV = k > 2 is a finite positive
integer, then @, = M;(C).

First, suppose that C' is infinite. Since neither ¢~ 'a nor ¢ are scalar matrices, by
Fact 2.3 there exists an invertible matrix P € M,,(C) such that each of the matrices
P(q~ta)P~!, PgP~! has all nonzero entries. Denote by p(z) = PzP~! the inner

automorphism induced by P. Without loss of generality we may replace ¢ and ¢ 'a

by ¢(q) and ¢(¢ 'a), respectively. Setting z = e;; in ®(x) and left multiplying

1

by ei;, we obtain e;;q ' ae;;jqe;; = 0, that is either the (j,i)-entry of (¢~ 'a) or the
(j,1)-entry of ¢ is zero, which is a contradiction.

Now, let E be an infinite field which is an extension of the field C' and let R =
M(E) = R®c E. Consider the generalized polynomial ®(z) which is a generalized
polynomial identity for R. Moreover, it is multi-homogeneous of multi-degree 2
in the indeterminate x. Hence the complete linearization of ®(z) is a multilinear
generalized polynomial ©(z,y). Moreover,

O(x,x) = 2°®(x).

Clearly, the multilinear polynomial ©(x, x) is a generalized polynomial identity for R
and R as well. Since char(C) # 2, we obtain ®(ry,72) = 0 for all 71,79 € R, and the
conclusion follows from the above argument.

Let now dimcV = oo. Notice that eRe satisfies ®(x) for all e? = e € Soc(R) = H.
Since ¢~'a ¢ C and q ¢ C, there exist h1, hy € H such that [~ ta, hi] # 0, [q, ha] # 0.
By Litoff’s theorem in [13], there exists e? = e € H such that for all i = 1,2

1

q tahi, hiq ta, qhi, hig, ahy, hia, g taghi, higtaq € eRe;
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moreover, eRe is a central simple algebra finite dimensional over its center. Then
eRe = M,;(C) for t > 2. We know that

(2.9) (eq tae)zeqex — x(eq tage)r — x(eq tae)zeqe + 2% (eq tage)

is a generalized polynomial identity for e Re, hence by the above matrix case we have
that either e(¢ 'a)e € eCe or ege € eCe. Thus one of the following equalities is
a contradiction:

(q_la)hl = e(q_la)hl = e(q_la)ehl = hle(q_la)e = hl(q_la)e = hl(q_la)
qhs = eqho = eqehs = hoeqe = hage = haq.

O

Lemma 2.12. Either V(x1, z2,y1,Yy2) is a nontrivial generalized polynomial iden-

1

tity for R or ¢ 'a,q 'c € C and there exists v € C such that b=~ —a, u =y — c.

Proof. Consider the generalized polynomial

(2.10) U (1,2, y1,2) = [alz1, 22] + qlz1, 22)q” b, qly1, yalg ']
— clfer, 22, [y1, v2ll — qllz1, 22, [y, yollg™

By our hypothesis, R satisfies this generalized polynomial identity. Replacing [x1, z2]
by ¢ '[z1,22]q and [y1,y2] by ¢ '[y1,¥2]q in (2.10), we have that R satisfies the
generalized polynomial identity

(2.11) [ag™ 1, 22)q + [1, 22]b, [y1, 2]
—clg M [z1, 22)q, ¢ yr, y2la] — [[21, 22), [y, yo)Ju

If {ag~t,cq 1,1} are linearly independent over C then (2.11) is a nontrivial gener-
alized polynomial identity for R. Therefore, we may assume in what follows that
{aqg™1,cq7 1,1} are linearly dependent over C' and there exist A1, A2, A3 € C such
that A\jag~! + Xacg™ ' + X3 = 0.

If Ay = 0 then ag—! € C and (2.11) reduces to

(2.12) [z1, @2](a + b)[y1, y2] — [y1, y2][x1, 2] (a + b)
- Cq_l[[xl, zal, [y1, v2llg — [[z1, z2], [y1, 2] ]u.

If cg~t ¢ C then (2.12) is a nontrivial generalized polynomial identity for R, a con-
tradiction. Thus we get cq~! € C.
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On the other hand, in case Ay # 0 we have cq~! = Aag~' + p for suitable \, u € C,
and (2.11) reduces to

(2.13) aq” a1, 22)qlyr, yo) + [w1, 22]blyr, v2] — [y1, y2lag™ a1, 22)q
— [y1, yal[z1, 22)b — Aag ™ [[w1, w2, [y1, v2]lg
— pllz1, 22, [y1, v2llg — [[21, 2], [y1, y2]lu.

If ag=* ¢ C then (2.13) is a nontrivial generalized polynomial identity for R, a con-
tradiction again. Thus we assume ag~! € C, so that cg~! = haqg~! +p € C.
The previous argument shows that, in any case, we may assume that both ag™! =

n € C and ¢~ = w € C. Therefore, by (2.11), it follows that

(2.14) [[z1, 22)(a +b), [y1, y2]] — [[z1, 22], [y1, yo](c + u)

is a nontrivial generalized polynomial identity for R, unless a +b = c+u € C. Here
we denote a +b = ¢+ u = v € C, moreover it is easy to see that ¢"'a = n € C,
-1 Ly = g~

¢ c=wel, q —wand g tb=7y¢ ! —n. O

Proof of Proposition 2.1. The generalized polynomial U(z1,z2,y1,y2) is
a generalized polynomial identity for R. By Lemma 2.12 we may assume that
U(x1,x2,y1,Yy2) is a nontrivial generalized polynomial identity for R and, by [7], it
follows that W(z1,22,y1,y2) is a nontrivial generalized polynomial identity for Q..
By the well-known Martindale’s theorem of [22], @, is a primitive ring having
a nonzero socle with the field C' as its associated division ring. By [16], page 75,
@, is isomorphic to a dense subring of the ring of linear transformations of a vector
space V over C, containing nonzero linear transformations of finite rank. Assume
first that dimgV = k > 2 is a finite positive integer, then @, = My(C) and the
conclusion follows from Lemma 2.10.

Let now dimcV = co. Since the set [R, R] is dense on R, as in Lemma 2 in [24]
and by the fact that U(x1,29,y1,y2) is a generalized polynomial identity of @,, we
know that @, satisfies

(2.15) [az + qzq™"b,qyq "] — cla,y] - qlz,ylg " u.
Replacing by  + 1 in (2.15) we have that Q. satisfies
(2.16) [a+b,qyq"]

that is a + b = X\ € C. Therefore, for z = y and ¢~ b = A\¢g~! — ¢ 1a in (2.16) it
follows that

(2.17) laz — qzq~'a, qzq "]
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is satisfied by Q,. Left multiplying (2.17) by ¢!, one has that
(2.18) (¢~ a)zqr — 2(q” aq)z — x(q a)zq + 2*(¢” "aq)

is a generalized polynomial identity for @,. By Lemma 2.11 we get ¢~ 'a € C and
(2.15) reduces to

(2.19) Mazq™' qyq™"] = cla, y] — [z, ylg .

Here we introduce the element p = A — u, so that, by (2.19), we have q[z, y]q~'p —
clz,y] = 0 for all 7,y € Q,. Assume that ¢~ 'p ¢ C, then there exists v € V such
that v and ¢~ !pv are linearly C-independent and, by the density of @, there exist
r1,72 € Q, such that

rv=rv =0, ri(g tp)=v, ro(qg 'pv)=q 'pv.
Hence the following contradiction occurs:
0= (q[r1,r2)q "p— c[r1,r2])v = qu #0.
Therefore ¢~ 'p € C and (p — ¢)[z,y] = 0 for all z,y € Q,. Thus p — ¢ = 0, that is
g lceCandu+c=XeC. O
Here we recall some useful known results:

Remark 2.13. Let R be a prime ring of characteristic different from 2.

If [[z1, z2], 11, y2]] € Z(R) for all z1,29,y1,y2 € R, then R is commutative.

Proof. Since R is a prime ring satisfying the polynomial identity

[[[1‘1, xQ]v [y1, yQ]]7 .133]

there exists a field K such that R and M;(K), the ring of all ¢ x ¢ matrices over K,
satisfy the same polynomial identities (see [15]).

Suppose t > 2. Let x1 = e11, 2 = €29, y1 = €22 and yo = es;. By calculation
we obtain [[x1, z2], [y1, Y]] = €11 — ea2 ¢ Z(R), a contradiction. So ¢t = 1 and R is

commutative. O

Remark 2.14. Let R be a prime ring of characteristic different from 2 and
a € R. If a[[x1,x2], [y1,92]] = 0 (or [[x1, 2], [y1,y=2]]a = 0) for all z1,x2,y1,y2 € R,
then either a = 0 or R is commutative.
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Proof. By Remark 2.13 we may assume that the polynomial [[z1, z2], [y1, y2]] is
not central in R. Therefore a = 0 follows from [10]. O

Remark 2.15. Let R be a prime ring of characteristic different from 2 and a € R.

If [a]zy, @2, [x1, 22]] = O ([[z1, x2]a, [z1, x2]] = 0, respectively) for all x1,z2 € R, then
a€ Z(R)=0.
Proof. It is an easy consequence of [1]. O

Proof of Proposition 2.2. If there exists an invertible element g € (), such that
a(z) = qrq~! for all z € R, then the conclusion follows from Proposition 2.1. Hence
we may assume that « is not an inner automorphism of R. Thus, since R satisfies

(2:20) la[z1, z2] + e[z, 22])b, e[y, y2])]
- C[[xla xQ]v [y1, yQ]] - 04([[.131,1‘2], [yla yQ]])u

it follows that
(2.21) lalz1, 2] + [21, 2200, [ta, ta]] = cl[z1, 2], [yr, o]l — [[21, 22, [ta, to]u
is a generalized identity for R. In particular R satisfies c[[x1, 2], [y1,¥y2]], which

implies that ¢ = 0 (see Remark 2.14), moreover R satisfies [a[x1, x2], [t1, t2]], which
implies @ = 0 (again by Remark 2.14). Thus (2.21) reduces to

(2.22) [[2’1, Zg]b, [f,l, tg]] — [[2’1, 22], [f,l, lfg]]u.
For [z1, zo] = [t1,t2] in (2.22), it follows that [[t1, t2]b, [t1,t2]] is a generalized identity
for R. Thus b € C (see Remark 2.15) and by (2.22), we have that [[z1, 22, [t1, t2]] X
(b — w) is satisfied by R. Hence by Remark 2.14 we have b = u = A € C, so that
F(z) = G(x) = Aa(x) for all x € R, as required. O
3. THE PROOF OF THEOREM 1.1

We will make frequent use of the following:

Lemma 3.1. Let R be a prime ring, o an automorphism of R. If R satisfies
(3.1) (2122 — a(x2)21) Y1, y2] — a([yr, y2]) (2172 — a(w2)21)
then R is commutative.
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Proof. Notice that, in case « is the identity map on R, then (3.1) reduces to

(3.2) (21, z2][y1, y2] — Y1, y2l[21, 22],

which implies that R is commutative (see Remark 2.13).

Thus we assume that « is not the identity map and there exists an invertible
element ¢ € Q, such that ¢ ¢ C and «(z) = grqg~? for all x € R. Replacing any z;
by gz; in (3.1) and left multiplying by ¢~!, one has that [21, z2][y1, y2] — [y1, y2][21, 22]
is a polynomial identity for R. As above it follows that R is commutative.

On the other hand, in case « is not inner, then by (3.1) it follows that R satisfies
the generalized identity

(3.3) (z122 — taz1)[y1, y2] — (w1, wa](z122 — to21)

and for w; = we = t3 = 0, R satisfies the polynomial identity z122[y1, y2] = 0, which
implies again that R is commutative. 0

By using the same argument, one can prove the following result (even if the proof
is similar to the previous one, here we prefer to insert it for sake of completeness):

Lemma 3.2. Let R be a prime ring, o an automorphism of R. If R satisfies

(3.4) (1o — a@2)t1)[y1, y2] — (w1, y2l(tize — a(z2)ty)

then R is commutative.

Proof. By our assumption

(3.5) [t122 — o)y, [y1, 2]

is a generalized identity for R.
Notice that, in case « is the identity map on R, (3.5) reduces to

(3.6) [([t1, 22, [y1, y2]l,

which implies that R is commutative (by Remark 2.13).

Thus we assume that « is not the identity map and there exists an invertible
element q € Q, such that ¢ ¢ C and a(z) = grg~?! for all x € R. Replacing any t;
by gt1 in (3.5) one has that

(3.7) lqlt1, z2], [y1,y2]]
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is a generalized polynomial identity for R. In this case, Remark 2.15 implies g € C,
which is a contradiction.

On the other hand, in case « is not inner, then by (3.5) it follows that R satisfies
the generalized identity

(3.8) [tias — tat1, [y1, yo]

and as above we have that R is commutative. O

Remark 3.3. As mentioned in Introduction, we can write F(z) = az + f(z),
G(z) = bz + g(z) for all z € R, where a,b € @, and f, g are skew derivations
of R. Let a be the automorphism associated with f and g. That is, f(zy) =

f(@)y + a(z)f(y) and g(zy) = g(x)y + a(x)g(y) for all 2,y € R.

Remark 3.4. Let S be the additive subgroup generated by the set

p(R) =A{p(r1,....rn): T1,...,7n € R} #0.

Of course [F(z),a(y)] = G([z,y]) for all z,y € S. Since p(x1,...,x,) is not central
in R, by [8] and char(R) # 2 it follows that there exists a non-central Lie ideal L
of R such that L C S. Moreover, it is well known that there exists a nonzero ideal I
of R such that [I,R] C L (see [14], pages 4-5, [12], Lemma 2, Proposition 1, [17],
Theorem 4).

By Remark 3.4 we assume there exists a non-central ideal I of R such that

(3.9) [alzy, xo] + [ ([z1, z2]), al[y1, y2])]
- b[[xlv xQ]a [yla yQH - g([[fﬁl, xQ]a [yla yQH)

is satisfied by I. Since I and R satisfy the same generalized identities with derivations
and automorphisms, (3.9) is a generalized differential identity for R, that is R satisfies

(3.10) [a[w1, 2] + f(z1)72 + a(21) f(22) — f(22)71 — €@(22) f(21), @([y1, Y2])]
= bl[z1, m2], [y1, v2l] — (9(x1) 72 + a(z1)g(22) — g9(22)71 — 22)9(21))
X [y1,y2] — a([z1, 22])(9(y1)y2 + a(y1)g(y2) — 9(y2)y1 — a(y2)g(y1))
+ (9(y1)y2 + a(y1)g(y2) — 9(y2)y1 — a(y2)g(y1))[z1, z2]
+a([y1, y2))(g(x1)z2 + a(z1)g(w2) — gl2)r1 — (22)g(21)).

Moreover, in all what follows we assume R is not commutative.
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Remark 3.5. First we suppose g = 0, so that R satisfies

(3.11) lalz1, z2] + f(z1)22 + afz1) f22) — f(22)21
—a(z2) f(21), a[y1, y2])] — bl[z1, 2], [y1, yo]]-

We may assume that 0 # f is not inner, otherwise we are done by Proposition 2.2.
Then R satisfies

(3.12) [a[z1, wo] + t1w2 + a@1)te — tax1 — a(x2)t1, a([y1, ya])] — bl[z1, 22], [y1, ¥2]]
and in particular

(313) [tle - a(xQ)tla Oé([yl, yQ])]

is satisfied by R. By the arbitrariness of y1, yo in (3.13), it follows that

(3.14) [tiws — ala2)ty, [y1, y2]]
is a generalized identity for R and the conclusion follows from Lemma 3.2.
In light of the previous remark, in all what follows we assume that g is not zero.

3.1. Let f and g be C-linearly independent modulo SDj,;. Assume that
both f, g are a nonzero skew derivations of R. In this case, by (3.10), R satisfies

(3.15) [a]z1, z2] + t120 + alx1)ta — toxr — a(z2)ts, a[y1, y2))]
= bllz, z2], [y1, w2]] — (122 + alx1)22 — 2201 — a(@2)21) (Y1, 2]
a([z1, 22]) (V1y2 + a(y1)v2 — v2y1 — a(y2)v1)
+ (v1y2 + a(y1)v2 — vay1 — a(yz)v1)[z1, 2]

+ a([y1, ya]) (2172 + (w1)22 — 2271 — (w2)21)

and in particular R satisfies

(3.16) (z122 — a(®2)21)[y1, y2| — al[y1, ye2]) (2122 — a(w2)21).

By Lemma 3.1 we get the contradiction that R is commutative.
Assume now that f = 0 and g # 0. In this case, by (3.10), R satisfies

(3.17) —=b[[z1, z2], [y1, y2]] — (122 + a(z1)22 — 2021 — a(x2)21)[y1, Y2]
— af[z1, 22])(v1ye + a(y1)v2 — vay1 — a(y2)v1)
+ (v1y2 + a(y1)ve — vay1 — a(y2)v1)[x1, 2]

+ a(ly1, y2]) (2122 + ax1) 22 — 2221 — a(2)21).
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In particular R satisfies

(3.18) (2122 — a(@2)21)[y1, y2] — a([y1, y2]) (2172 — a(w2)21)
and we argue as above by Lemma 3.1.

3.2. Let f and g be C-linearly dependent modulo SD;,;. Assume now there
exist A, u € C, ¢ € @ and 8 € Aut(R) such that

M(x) + pg(x) = cx — B(x)e, =€ R.

We notice that if f = 0 then F(z) = ax and G(z) = (b+ p~tc)x — B(x)(p~tc) for
all z € R, and the conclusion follows from Proposition 2.2. Thus, in all what follows
both f # 0 and g # 0.

Assume first A =0 and p # 0.

Hence g(z) = vz—[B(x)v, where v = p~tc. We recall that any inner skew derivation
has a unique associated automorphism, hence o = . Moreover f is not an inner
skew derivation of R, if it is we are done by Proposition 2.2.

By (3.10), R satisfies

(3.19) [a]x1, 2] + t1xe + a(z1)ts — taxr — a(z2)t1, (Y1, y2])]
— (b +v)[[z1, 2], [y1, v2l] + a([[z1, z2], [Y1, Y]]V

and in particular R satisfies

(3.20) [tizs — a(@2)ts, o[y, y2])].

By the arbitrariness of y1, y2 in (3.20), it follows that

(3.21) [tiwe — al@2)ts, [y1,y2]]

is a generalized identity for R and we proceed by Lemma 3.2.

Let now A # 0 and u = 0.

Hence f(x) = uzx — B(x)u, where u = A~!lc, moreover, as above, a = 3. By
Proposition 2.2 we may also assume that ¢ is not an inner skew derivation of R. Due
to (3.10), R satisfies

(322)  [(a+u)[z1, 2] — a[z1, 22]), ([y1, y2])]
= bl[z1, x2], [y1, 2] — (12 + a(x1)ts — tawy — a(x2)t1)[y1, Y2
— o[z1, z2]) (212 + ay1) 22 — z2y1 — aly2)21)
+ (2192 + a(y1)22 — 2201 — a(y2)21)[21, 2]
+ a([y1, y2]) (B2 + a(x)ts — toxr — ax2)tr).
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In particular R satisfies

(3.23) (t1ze — a(z2)t1)[y1, y2] — a([y1, 92]) (L1ze — a(z2)t1)

and by Lemma 3.1 we are done.
Now we study the case when both A # 0 and p # 0. Thus g(z) = vz — B(z)v —
0f(z), where v = p~tc and 0 = Ay~ # 0. By (3.10) it follows that

(324)  [afzy, zo] + f(z1)z2 + (1) f(22) — f(22)z1 — alz2) f(z1), o[y, y2])]
— (b+v)[z1, z2], [y1, wol] + B([[x1, z2], [y1, y2]])v
+0(f(z1)z2 + ol@1) f(22) — f(22)m1 — alx2) f(21))[y1, v2]
+ Oa([z1, z2]) (f (y1)y2 + (y1) f(y2) — f(y2)yr — a(y2) f(y1))
= 0(f(y1)y2 + a(y1)f(y2) = fy2)yr — a(y2) f(y1))[21, 22]
= Oa([yr, y2]) (f (@1)22 + o(@1) f(x2) — f(22)71 — al@2) f(21))
is satisfied by R. If f is not inner, then R satisfies

(3.25) [a]x1, 2] + t1xe + a(z1)te — toxy — a(z2)t1, a([y1, y2])]
= (b+v)[[z1, z2], [y1, wal] + B[[21, 22], [y1, y2]))v
+ 0(t1z2 + a(z1)ts — tarr — a@2)t)[y1, y2]
+ Oa([z1, 22]) (2192 + a(y1)z2 — 2291 — a(y2)z1)
= 0(z1y2 + o(y1) 22 — 2291 — a(y2)21) 1, 2]
— O0a([y1, y2]) (t1x2 + a(z1)ta — toxy — a(z2)tr).
Thus R satisfies the blended component

(3.26) Oa([r1, 22])(21y2 — a(y2)21) — (2192 — a(y2)z1)[z1, 22].

By Lemma 3.1 and since R is not commutative, we get a contradiction.

We finally assume that f is an inner skew derivation of R, that is there exists
u € @y such that f(x) = uz —a(x)u for all x € R. Hence g(x) = (v—0u)x — B(x)v+
a(z)(6u), moreover, in light of Proposition 2.1 we may suppose that g is not an inner
skew derivation of R.

We remark that for all z,y € R

(3.27) g(zy) = (v — Ou)zy — B(z)B(y)v + () a(y) (Ou).
On the other hand
(3.28) g(zy) = g(x)y + a(z)g(y)

= (v = Qu)zy — B(z)vy + a(z)(Ou)y
+a(z)(v — 0u)y — a(z)B(y)v + a(z)a(y)(Ou).
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Comparision of (3.27) and (3.28) implies (a(z)—8(x))(B(y)v—vy) = 0forall z,y € R.
Since a — 3 is an automorphism of R and by the arbitrariness of z € R we get that
either o = f or B(y)v — vy = 0 for all y € R. In the latter case, either § is not inner

and v = 0, or there exists an invertible element p € Q,. such that 3(x) = prp~! and
p~tveC.

In any case, by computation we get g(z) = —(6u)z + a(z)(fu), which is a contra-
diction, since g is not inner. O

As a consequence of Theorem 1.1 we get the following:

Theorem 3.6. Let R be a prime ring of characteristic different from 2, @), its
right Martindale quotient ring and C' its extended centroid. Suppose that F';, G are
skew derivations of R, with the same associated automorphism «, and p(z1,...,x,)
a polynomial over C such that

[F(z), a(y)] = G([z, y])

for all x,y € {p(r1,...,rn): r1,...,7n € R}. Then either p(z1,...,x,) is central
valued on R or F = G = 0.

In particular:

Theorem 3.7. Let R be a prime ring of characteristic different from 2, @), its
right Martindale quotient ring and C' its extended centroid, I a two-sided ideal
of R. Suppose that F, G are skew derivations of R, with the same associated
automorphism «, such that

[F(z), a(y)] = G([z, y])

for all x,y € I. Then either R is commutative or ' = G = 0.

4. AN APPLICATION FOR SKEW DERIVATIONS IN SEMIPRIME RINGS

In this final section we extend Theorem 3.7 to semiprime rings. We premit the
following easy results, which will be useful in the sequel:

Remark 4.1. Let R be a prime ring, G a nonzero skew derivation of R, I a two-
sided ideal of R such that G([z,y]) = 0 for all z,y € I. Then R is commutative.

Proof. It is a reduced case of Theorem 3.7. O
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Remark 4.2. Let R be a prime ring, o an automorphism of R, I a two-sided
ideal of R such that a(z)y —yxz =0 for all x € R and y € I. Then R is commutative
(and « is the identity map on R).

Proof. Notice that, in case « is the identity map on R, [z,y] =0 for all x € R
and y € I and we are done.

Thus we assume that « is not the identity map and there exists an invertible ele-
ment ¢ € Q, such that ¢ ¢ C and a(z) = grq~! forallz € R. Hence qgrq~ 'y —yz =0
for all z € R and y € I. Since I and R satisfy the same generalized polynomial iden-
tities, it follows that gzq~'y — yx = 0 for all x,y € R. Replacing any y by gy in the

previous relation and left multiplying by ¢!

, we get [z,y] =0 for all z,y € R. In
particular, for x = q we get the contradiction ¢ € C.
On the other hand, in case « is not inner, then ty — yx = 0 for all z,y,t € R. For

t = 0 one has the contradiction R? = 0. O

We are ready to prove the following:

Theorem 4.3. Let R be a semiprime ring of characteristic different from 2, Q, its
right Martindale quotient ring and C' its extended centroid. Suppose that F';, G are
skew derivations of R, with the same associated automorphism «, such that

[F(z), a(y)] = G([z, y])

for all x,y € I. Then either F = G = 0 or R contains a nonzero central ideal.

Proof. Let P be a prime ideal of R. Set R = R/P and write ¥ = 2 + P € R for
all x € R. We start from

(4.1) F@),a)] = G(lwy]) forall 7,5 € .

Case 1: a(P) ¢ P. In this case both a(P) and a~1(P) are nonzero ideals of R.
Moreover, for any x € R, p € P, replacing y by a~!(p) in (4.1), we have that

(4.2) G([r,a1(p)]) =0 forallZ€ R, p< P.

Thus, by Remark 4.1, either G(x) = 0, that is G(R) C P, or R is commutative, that
is [R, R] C P. In either case [G(R), R] = 0, moreover by (4.1) it follows that

[F(z),a(y)] =0 forall z,y € R.

Therefore, for all z € R, F(x) centralizes the nonzero ideal a(P) of R, that is
F(R), ] = 0.
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Case 2: F(P) C P, a(P) C P. In this case F is a skew derivation of R. If
G(P) C P, then also G is a skew derivation of R, and by the primeness of R and
Theorem 3.7 we have that either R is commutative, that is [R, R] C P, or both
F(R)C P and G(R) C P.

Let now G(P) € P, then G(P) is a nonzero ideal of R. For any z,y € R and
p € P, we get

[F(z), a(yp)] = G([z,yp]) forallz,y€ R.

By computation and since a(P) C P, it follows that

(4.3) a@) (@GP — @Gz =0 for all 7,5 € R.

By the primeness of R and since W is a nonzero ideal of R, we may apply
the result in Remark 4.2. More precisely, we obtain that R is commutative, that is
[R,R] C P.

Case 3: G(P) C P, a(P) C P, F(P) € P. In this case G is a skew derivation
of R, moreover W is a nonzero ideal of R. For any z,y € R and p € P we
get G([zp,y]) = G(apy — ypz) = G(z)py + a(z)G(p)y + a(z)a(p)G(y) € P, so that

[F(zp),a(y)] =0 forallz,y € R

that is
[a(z)F(p),a(y)] =0 forallz,ye R

implying that

[(R)F(P),a(R)] = 0.

Therefore the nonzero ideal a(R)F(P) of R is central, that is R is commutative, i.c.
[R,R]| C P.

Case 4: F(P) € P, G(P) € P, a(P) C P. In this case a(R)G(P) is a nonzero
ideal of R.

For any z,y € R and p € P, by (4.1) and since [F(x), a(yp)] C P, we get

(4.4) G([z,yp])) =0 forallZ,5€ R
that is
(45) SR @WEEE =0 foral 75< R

Since a(R)G(P) is a nonzero ideal of R and by Remark 4.2, we have that R is
commutative, i.e. [R, R] C P.
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Therefore in either case [F'(R), R] C P and [G(R), R] C P for any prime ideal P
of R. Then [F(R),R] C (P, = (0) and [G(R),R] C P, = (0) (where P; are all

prime ideals of R), that ist(R) C Z(R) and G(R) C é(R) Assume that F' and G
are not simultaneously zero. For instance, let o € R be such that 0 # F(z¢) € Z(R).
Hence R contains the nonzero central ideal generated by the element F'(zg), and we
are done. O
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