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Abstract. By using Mawhin’s continuation theorem, the existence of even solutions with
minimum positive period for a class of higher order nonlinear Duffing differential equations
is studied.
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1. INTRODUCTION

In [1], even and periodic solutions are found for the Duffing equation

(1) 2" (t) + g(=(t)) = p(t),

where g and p are real continuous functions defined on R, g is Lipschitz, p is periodic
with minimum period 2r and even, that is, p(—t) = p(t) for t € R. A typical example
of such an equation is

2" + 23 = 0.04 cost,

which has been studied and many of its even and periodic solutions are observed
numerically. Although there are a number of other studies which are related to even
and periodic solutions (see e.g. [1]-[7]), this number is insignificant when compared
with the large number of studies related to general periodic solutions.

In this paper, we consider a more general even order differential equations of the

form

(2) 2®R (1) + g(a(t) = p(t),
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where k is positive integer; g and p are real continuous functions defined on R, p is
periodic with minimum positive period 1" and even.

As mentioned in [1], the study of existence of periodic solutions of (1) is usually
reduced to the one of existence of fixed points of the Poincaré mapping, and in the
case of even and periodic solutions, it is reduced to the one of a simple boundary
value problem in the phase plane. In our case, the concept of boundary value problem
is still useful but since we are dealing with higher order equations, we find the phase
plane analysis difficult. For this reason, we use Mawhin’s continuation theorem and
several sharp inequalities for finding even T-periodic solutions of (2).

For the sake of completeness, we first state Mawhin’s continuation theorem [7] in
the following manner. Let X and Y be two Banach spaces and L: DomL C X —Y
is a linear mapping and N: X — Y a continuous mapping. The mapping L will
be called a Fredholm mapping of index zero if dimKer L = codimIm L < 4o0,
and Im L is closed in Y. If L is a Fredholm mapping of index zero, there exist
continuous projectors P: X — X and Q: Y — Y such that Im P = Ker L and
ImL = Ker@Q = Im(J — Q). It follows that L|pomrrkerr: (I — P)X — ImL
has an inverse which will be denoted by Kp. If Q is an open and bounded subset
of X, the mapping N will be called L-compact on Q if QN(Q) is bounded and
Kp(I —Q)N(Q) is compact. Since Im @ is isomorphic to Ker L there exists an
isomorphism J: Im @ — Ker L.

Theorem A (Mawhin’s continuation theorem [7]). Let L be a Fredholm mapping
of index zero, and let N be L-compact on Q. Suppose that
(i) for each X € (0,1), z € 09, Lz # ANz and
(ii) for each x € 02 NKer L, QNx # 0 and deg(JQN, Q2 N Ker L,0) # 0.

Then the equation Lx = Nx has at least one solution in N Dom L.

2. EXISTENCE CRITERIA

We will establish existence criteria based on combinations of the following condi-
tions, where D and r are positive constants:
() sgn(a)g(a) > max |p(t)] for |s] > D,
— f >D
(az) sgn(—z)g() > max [p(1)], for |z > D,
(b) lim suplg(z)/z| <.
T——+00

Our main result is the following.
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Theorem 1. Suppose either one of the following sets of conditions holds:
(i) (a1) and (b), or,
(ii) (a2) and (b).
Then for r < 23%/T2k(2) has an even solution with minimum positive period T.

We only give the proof for the case of (a;) and (b), since the other case can be
treated in a similar manner. Let Y be the Banach space of all real T-periodic and
even continuous functions of the form y = y(¢) defined on R and endowed with the

usual linear structure as well as the norm ||y||o = Jmax ly(t)]. Let X be the Banach

space of all real T-periodic, even and continuous 2k times continuously differentiable
functions of the form z = x(t) defined on R and endowed with the usual linear
structure as well as the norm ||z||; = max{||z||o, |2'||o, ..., |z?* D|/¢}. Define the
mappings L: X — Y and N: X — Y respectively by

(3) La(t) = @0 (1), teR,
and

(4) Nz(t) = —g(z(t)) +p(t), teR
Clearly,

(5) KerL={z e X: z(t) =c€ R}
and

(6) ImL{yEY: /OTy(t)dtO}

isclosed in Y. Thus L is a Fredholm mapping of index zero. Let us define P: X — X
and @Q: Y — Y/Im L respectively by

(7) Px(t) =z(0), teR,

for v = z(t) € X and

(8) Qy(t) = —/O y(t)dt, teR

fory =y(t) € Y. It is easy to see that Im P = Ker L and Im L = Ker Q = Im(I — Q).
It follows that L|pom Lrker p: (I —P)X — Im L has an inverse which will be denoted
by Kp. Furthermore for any y = y(¢t) € Im L, if k = 1, it is easy to check that

) Kpy(t) %/OT dv/ovy(s)ds+/0t dv/ovy(s) ds,
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while if £ > 1, we let yo(t) = y(t), then

yi(t) = (%%)/OT dv/ovyo(s)der/Ot dv/ovyo(s)ds
—%/Owa/Ow dv/ovyo@)ds,

yi(t) = (%%)/OT dv/ovyil(s)der/Ot dv/ouyil(s)ds
—%/OT dw/ow dv/ovyz-_ws)ds,

fori=1,2,...,k—1, and

(10) i (t) = —%/OT dv/OUyk_1<s>ds+/ot dv/ovyk_1<s> ds.

Indeed, let z(t) € Dom L NKer P be such that Kpy(t) = z(t). Then 2% (t) = y(),

t

:c@k*l)(t) :I(2k71)(0)+/ z(2k)(5) ds,
0

and
t v
(11) 222 (1) = R (0) + 2FD (0)t + / dv / 220 () ds.
0 0
Since 2?*=2)(T) = 2(2#-2)(0), we have 2(*=1(0)T + fOT dv [ 2 (s)ds =0 or

T v
k=1 (0) = ,l/ dv/ 2F) (s) ds.
T Jo 0

By (11), we have

T v t v
(12) 2z (1) = 22 (0) — i/ dv/ 220 (5) ds Jr/ dv/ 22F) (s) ds.
T Jo 0 0 0

If k = 1, then 2*2)(t) = x(t) € Dom L N Ker P, so z(?>*=2(0) = 2(0) = 0.
From (12),

t [T ! ' :
z(2k72)(t) _ 7_/ dv/ ;C(Qk)(s) d5+/ dv/ :c@k)(s) ds,
T Jo 0 0 0
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that is,

pr<t>=—%/0T dv/;y(s)dw/ot dv/o”y@ds.

If k > 1, since fOT x(k=2)(5)ds = 0, from (12) we have

T T v T w v
x(2k72) 0T — — dv :C(Qk) s)ds + dw dv :C(Qk) s)ds =0
(0) (s) (s) ;
2 0 0 0 0 0
or

1 T v 1 T w v
(13)  z@*=2(0) = —/ dv/ 220 (5)ds — = dw dv/ ) (s) ds.
2Jo 0 T Jo 0 0

From (12) and (13),

1 T v 1 T w v
(14) @2 () = —/ dv/ 8 (s)ds — —/ dw dv/ 220 () ds
2Jo 0 T Jo 0

0

T v t v
- i/ dv/ () (s) der/ dv/ ) (5) ds
T Jo 0 0 0
= (1 - i) /T dv/vx(%)(s)ds—&—/t dv/vx(%)(s)ds
2T/ ) 0 0 0
1 T w v
- —/ dw/ dv/ ) (s) ds.
T Jo 0 0
Let yo(t) = y(t) = 2 (¢) and y;(t) = (**~2)(¢). Then from (14),
1 t T v t v
yi(t) = (5 - T)/o dv/O yo(s) ds—i—/o dv/o yo(s)ds
1 T w v
- = dw/ dv/ yo(s) ds,
T /0 0 0
1 t T v t v
yilt) = (5 - T)/o dU/O Yi-1(s) d5+/0 dv/o yi-1(s)ds
1 T w v
- = dw/ dv/ yi—1(s)ds,
T /0 0 0

fori=1,2,...,k—1, and

v

T v t
yk(t)yk(())%/o dv/o ykl(s)der/O dv | yr—1(s) ds.

Note that yi(t) = 2(t) € Dom L NKer P. Thus y;(0) = (0) = 0, and

t T v t v
ye(t) = 7?/ dv/ Yr—1(9) ds+/ dv/ yr—1(s) ds.
0 0 0 0
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Thus we have Kpy(t) = yi(t) € Dom L N Ker P.

Let €2 be an open and bounded subset of X. In view of (4), (8) and (9) (or (10)),
we can easily see that QN (Q) is bounded and Kp(I — Q)N (Q) is compact. Thus
the mapping N is L-compact on . That is, we have the following result.

Lemma 1. Let L, N, P and @ be defined by (3), (4), (7) and (8) respectively.
Then L is a Fredholm mapping of index zero and N is L-compact on ), where € is
any open and bounded subset of X.

Let
(15) 29 (1) + Ag(a(t)) = Ap(t),
where A € (0,1).

Lemma 2. Suppose the condition (a;) is satisfied. Let x(t) be any one solution
of (15) in X. Then there is a & € [0,T] such that

(16) |2(&)| < D.
Proof. Let z(t) be any one solution of (15) in X. From (15), we have

T
(17) / {9(a(s)) — p(s)} ds = 0.

In view of the integral mean value theorem, we see that there is a &, € [0,T] such
that

(18) g(x(gz)) _p(gac) =0.
Thus
(19) l9(2(&))] = |p(&2) < [Ipllo-

From the condition (a;) and (19) we see that
(&) < D.

The proof is complete. O
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Lemma 3. Let C’(Tn) be the set of all real T-periodic continuous n-times contin-
uously differentiable functions which are defined on R. Then for any x € C(Tn), we
have

, : 1 /T
(20) sup |20 (t1) — 2 (ta)] < —/ 20t (s)|ds, i=0,1,...,n—1,
0<t1, t2<T 2 Jo
where the constant factor 1/2 is the best possible.

Proof. For any x = z(t) € C;") and any t1,t; € [0,7], without loss of
generality, we may assume that to € [t1,¢1 + T]. By the fundamental theorem of
Calculus, we get

ta
(21) 20 (t2) ~ 20(t) = [ a0 (s)ds,
t1

and

t1+T
(22) 2O (ty) —a@(ty) = aD(ty) — 2D (¢, +T) = — / 2+ (5) ds.

2}

From (21) and (22), we see that

23)  a0(t) — 20(ty) = %{ / * L (5) ds - / T e () ds}.

t1 to

It follows that

t14+T T
(24) sup |$(i)(t1) _ x(")(tg)l < %/ |x(i+1)(5)|ds — %/ |$(i+1)(s)|ds_
0

0<tr, t2<T ty

Now we assert that if o is a constant and a < %, then there is x € C’(Tn) such that

T
(25) sup 2@ (t1) - 2D (ts)] > a / 2D (5)] ds.
0

0<t1,t2<T
Indeed, let x(t) = (%Tﬂ)i sin(2nt/T — Jixn). Then z € C(Tn), 2@ (t) = sin(2nt/T) and
20D (1) = (21/T) cos(2nt/T). Furthermore,
T T
; 2 2
(26) a/ |20+ (5)] ds = as / ’cos —Kt’ ds =4a <2
0 T Jo T

sup [z (t1) — 2V (t2))]
0<ty, to<T

as required. This shows that the constant % in (20) is the best possible. The proof
is complete. (I
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Lemma 4. Let x € X. Then for j =1,...,k, we have
, 1 /T
(1) o0 < 5 [ 1209 ()] ds,
0

where the constant factor % is the best possible.

Proof. For any 2 € X, since (t) is an even function, we see that (2= (t) is

an odd function. Thus max 2= (t) > 0 and
0<t<T

25=-1) |, — 5= () — — i (25-1)
(28) 2%V o = max 237D (5) = — min 2D (o).

From Lemma 3 and (28), we see that

=Dy, = (25-1)
(29) 237D o = e 2% 1)

= 1{ max 22~V (t) = min x@jfl)(t)}
2 logtgT 0<t<T

1 . .
= sup |x(2171) (t1) — x(ZJfl)(t2)|
2 0<ty, to<T

I
<3/ L)

0

N

Now we assert that if 3 is a constant and § < i, then there is x € X such that

T
(30) 123Dty > ﬁ/ 122 ()] ds.
0

Indeed, let z(t) = cos 2—T"t, then

(31) 2D () = (2—;})2]-71 cos(%t + W)
and
(32) 22 (t) = (%)Qj cos(%t +jTE),
so that
o om\2i [T 2n,
(33) ﬁ/o |x(23)(s)|ds=ﬁ(?) /0 ‘cos(?t—i—jn)‘ds
=4(7)" < (F)" =1

as required. This shows that the constant i in (33) is the best possible. The proof
is complete. O
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Lemma 5. For any x € X and any £ € [0,T], we have

2(k—j T

(34) [ (2j—1)H < u | (2k)( )| d i—=1.9 k

X 0\23(]67]-)4»2 0 x S S, J 9 Ly ooy lyy
@iy < T2 T o - _

(35) [l |0 < 536D ™ (s)||ds, i=1,2,....k—1, k> 2,
0

and

T2k—1 T (2k)
(36) lzllo < 12(€)] + —55z | |25 (s)| ds.

Proof. First, we prove (34). If j = k, then we see from Lemma 4 that
(34) holds. If j = k — 1 where k > 2, then by Lemma 4, we get

. - I _ T _
@) o= Do < 1 [ jaCE) (] ds < a0,
Since 22F=1D=1(0) = x2*E=D=1(T) there is & € [0,T] such that 22*+=1) (&) = 0.
It is easy to see from Lemma 3 that
(38) ||m(2(k—1))||0 = Jnax. |$(2(k—1))(t) _ x(2(k—1))(§1)|
< sup |x(2(’“_1))(t1) _ x(2(k_1))(t2)|

0<ty, to<T

1 T
< —/ |21 ()] ds.
2 0

In view of (37), (38) and Lemma 4, we have

) T (T
(39) oVl < 5 [ 12D )]s
2

T2 _ T2 (T
2_3Hx(2k 1)H0< g/o |x(2k)(s)|ds

T2(k—3) T
- s [, )l

<

Similarly, by induction, we know that (34) holds.
Next, we prove (35). Similar to the derivation of (38), we may obtain

. 1 T . T )
(40) oy < 5 [ 05 ds < F ],
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From (34) and (40), we see that

; T ; T T2(k—i—1) T
(41) 2@ < 510 < 5 sy [ 12 o)l ds

T2(k—1)-1 /T
= [ 2@ (s)|ds.
23(k—1) 0

Thus (35) holds.
Finally, we prove (36). For any « € X and any t,£ € [0,7], from Lemma 3 we
know that

T
@) )~ < _sw_laft) = alta)] <5 [ 1)l s < Fla'lo

0<t1,to<T
From (34) and (42), we have
1 /
(43) lzllo < ()] + 5TlI2"llo

1 T2(k—1) T
<z + iTW/o 2% (s)| ds

T2k—1 T ok
=@+ g [ el

Thus (36) holds. The proof is complete. O

We now turn to the proof of Theorem 1. We first assert that there exist constants
My, My, ..., Mag_1 such that for any solution z(¢) of (15) in X,

(44) 2@ o < My, i=0,...,2k 1.
Indeed, in view of Lemma 2, we can find a £ € [0,T] such that
(45) [z(§)] < D.

From (36) and (45), we see that

T2k—1 T (2h) T2k—1 T (2k)
@) el <[e(©)] + g [ e e)lds < D+ g [ (o) ds

By the condition (b), given the constant & = £(23%/T?*—r), there is constant A; > D
such that for |z(t)| > Ax,

(47) lg(z(E)] < (r +e)z()].
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(48) Co = mnax lg(z)l,

(49) E,={t: t€]0,T], |z(t)] < A1},
and

(50) By ={t: t€[0,T),]z(t)] > A1}.

In view of (15), (46), (47), (48), (49) and (50), we have

T T T
(51) A MQWSMM<;A w@uMdt+A ip(t)| dt

<Ammmw+émmmw+ém@w

< (r+e)T|z|lo+ CoT +T||Pllo
T2k=1 T ok
<(T+E)T{D+ 537 /0 ot )(s)lds}+CoT+T||P||0

T2k T
<o) [ E®ldsc
0

for some positive constant C'. Thus

T
(52) / 12R) ()] ds < o9,
0

where gy = C/(1 — 1), 01 = T?273%(r 4+ ¢). It is easy to see from (46) and (52)
that

T2k—1
23k

T
(53) lzllo < D+ /|ﬂm@mb<Mm
0

where My = D + T?~1273%5,. By (34) and (52), we know that

o T2(k=5) T .
(54) ||x(2j I)HO < W/O |.’I](2k)(8)|d8 < M2j—la J = 1,2,.. 'ak7

where
T2(k—3)

Maj—1 = 355 2
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In view of (35) and (52),

, T2(k—i)-1 T
(55) [l < W/ €9 ()| ds < My, i=1,2,.. k—1, k>2
0
where
T2(k=i)—1
20 = To3(k—1) 02.

From (53), (54) and (56), we see that (44) holds.
Now choose a positive number D > [ Jax 1{MZ} + D and let

<12k
Q={zeX: ||z < D}.

From Lemma 1, we know that L is a Fredholm mapping of index zero and N is
L-compact on Q. In terms of (44), we see that for any A € (0,1) and any = € 95,
Lx # ANz. Since for any 2 € 02 NKer L, 2 = D (> D) or x = —D, in view of (a;),

we have

T T
66 Qo= [ (o) +p)ds = 3 [ (o) +a(0)ds 0.

In particular, we see that

T T
(57) %/O (—g(~D) +p(t))ds >0 and %/O (—g(D) + p(t)) s < 0.

This shows that deg(JQN,QNKer L,0) # 0. In view of Theorem A, there exists an
even solution z(t) of (2) which is T-periodic.

Next, we will prove that T is the minimum period of z(t). Suppose to the contrary
that there is a positive number T; < T such that z(t) is T-periodic. Then from (2),
we see that

(58) 2@ (¢ 4+ 1) + g(a(t +Th)) = p(t +Ty).

By noting that z(t+71) = x(t) and 2 (t +T1) = 22 (1), it is easy to see from (2)
and (58) that for any ¢ € R,

(59) p(t +T1) = p(t).
But this is contrary to our assumption on p. The proof is complete. O
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Example. Consider the Duffing equation

4 (z())? _
(60) 3?( )(t) + W = cost.

Since k =1, g(x) = ¢2*(1+2?), p(t) = cost and T = 2n. Taking D > 0 and r = 73,

it is easy to see that the conditions (a1) and (b) are satisfied and r = 75 < 26/(2n)*.
Thus from Theorem 1 we see that (60) has an even solution which has minimum
period T'.
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