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Abstract. Let L C C be a regular Jordan curve. In this work, the approximation
properties of the p-Faber-Laurent rational series expansions in the w weighted Lebesgue
spaces LP(L,w) are studied. Under some restrictive conditions upon the weight functions
the degree of this approximation by a kth integral modulus of continuity in LP(L,w) spaces
is estimated.
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1. INTRODUCTION

Let L be a rectifiable Jordan curve in the complex plane C, G :=int L and G~ :=
ext L. Without loss of generality we assume that 0 € G. Let also U := {w: |w| < 1},
T:=0U, U™ :={w|: |w| > 1}, and let ¢ and ¢1 be the conformal mappings of G~
and G onto U™ respectively, normalized by

p(o0) =00, lim @(2)/z>0
and
©1(0) = o0, lir% zp1(z) > 0.

The inverse mappings of ¢ and ¢; will be denoted by % and 11, respectively.
Later on we assume that p € (1,00), and denote by LP(L) and EP(G) the set of
all measurable complex valued functions such that |f|? is Lebesgue integrable with
respect to arclength, and the Smirnov class of analytic functions in G, respectively.
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Each function f € EP(G) has a nontangential limit almost everywhere (a.e.) on L,
and if we use the same notation for the nontangential limit of f, then f € LP(L).
For p > 1, LP(L) and EP(G) are Banach spaces with respect to the norm

1l = [ Floney = ( [ |dz|)‘".

For the further properties, see [5, pp. 168-185] and [8, pp. 438-453].

The order of polynomial approximation in EP(G), p > 1 has been studied by
several authors. In [17], Walsh and Russel gave results when L is an analytic curve.
For domains with sufficiently smooth boundary, namely when L is a smooth Jordan
curve and 6(s), the angle between the tangent and the positive real axis expressed as a
function of arclength s, has modulus of continuity §2(0, s) satisfying the Dini-smooth
condition

5
(1) /Mds<oo7 d >0,
0

S

this problem, for p > 1, was studied by S.Y. Alper [1].

These results were later extended to domains with regular boundary which we
define in Section 2, for p > 1 by V.M. Kokilashvili [13], and for p > 1 by J.E. An-
dersson [2]. Similar problems were also investigated in [10]. Let us emphasize that in
these works, the Faber operator, Faber polynomials and p-Faber polynomials were
commonly used and the degree of polynomial approximation in E?(G) has been stud-
ied by applying various methods of summation to the Faber series of functions in
EP(G). More extensive knowledge about them can be found in [7, pp. 40-57] and
[16, pp. 52-236].

In [11], for domains with a regular boundary we have constructed the approximants
directly as the nth partial sums of p-Faber polynomial series of f € E?(G), and later
applying the same method in [3], we have investigated the approximation properties
of the nth partial sums of p-Faber-Laurent rational series expansions in the Lebesgue
spaces LP(L). The approximation properties of the p-Faber series expansions in the
w-weighted Smirnov class E?(G,w) of analytic functions in G whose boundary is a
regular Jordan curve are studied in [12].

In this work, when L is a regular Jordan curve, the approximation properties of
the p-Faber-Laurent rational series expansions in the w-weighted Lebesgue spaces
LP(L, w) are studied. Under some restrictive conditions upon weight functions the
degree of this approximation is estimated by a kth (k > 1) integral modulus of
continuity in LP(L,w) spaces. The results to be obtained in this work are also new
in the nonweighted case w = 1.
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We shall denote by ¢ constants (in general, different in different relations) depend-
ing only on numbers that are not important for the questions of our interest.

2. NEW RESULTS
For the formulation of new results in detail it is necessary to introduce some
definitions and auxiliary results.

Definition 1. L is called regular if there exists a number ¢ > 0 such that for
every r > 0, sup{|L N D(z,7)|: z € L} < c¢r, where D(z,r) is an open disk with
radius r and centered at z and |L N D(z,r)| is the length of the set L N D(z, 7).

We denote by S the set of all regular Jordan curves in the complex plane.

Definition 2. Let w be a weight function on L. w is said to satisfy the Muck-
enhoupt Ap-condition on L if

1 1 “1/p-t )
B S O 11) (5 L 10 61) <

Let us denote by A, (L) the set of all weight functions satisfying the Muckenhoupt
Ap-condition on L.
For a weight function w given on L we also define the following function spaces.

Definition 3. The set LP(L,w) := {f € LY(L): |f|Pw € L'(L)} is called the
w-weighted LP-space.

Definition 4. The set EP(G,w) := {f € E}G): f € LP(L,w)} is called the
w-weighted Smirnov space of order p of analytic functions in G.

Let g € LP(T,w) and w € A,(T). Since LP(T,w) is noninvariant with respect to the
usual shift, we consider the following mean value function as a shift for g € LP(T,w):

I :
ong(w) ::ﬁ/hg(we”)dt, O<h<mn wel.

As follows from the continuity of the Hardy-Littlewood maximal operator in weighted
L?(T,w) spaces, the operator o, is bounded in LP(T,w) if w € A,(T) and the
following inequality holds:

llongll e (rw) < C(p)Hg”Ll’(T,w)a 1<p<oo.
The last relation is equivalent [15] to the property
lim long — gllLr(r0) = 0.
Starting from the last two relations we can give the following definition.
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Definition 5. If g € LP(T,w) and w € Ap,(T), then the function Q, ., x(g,"):
[0, 00] — [0, 00) defined by

QZDWk(g7 = sup HH hz)g) 1<p<oo,
O<h@<5
1=1,2

L?(Tw)

is called the kth integral modulus of continuity in the LP(T,w) space for g. Here
F is the identity operator.

Note that the idea of defining such a modulus of continuity originates from [18].
In [9] this idea was used for investigations of the approximation problems in
L?([0,27n],w) spaces. Recently, in [12], to obtain direct theorems of the approxi-
mation theory in the weighted Smirnov spaces EP(G,w), we have used the same idea
for the case k = 1.

It can be shown easily that Q. x(g,-) is a continuous, nonnegative and nonde-
creasing function satisfying the conditions

(2) (}l_r% Q;D,wyk(ga 6) = 07 Qp w k(gl + g2, ) Qp,w k(gla ) + Qp,w (927 )

For an arbitrary function f € LP(L,w) and a weight function given on L we also
set

3) folw) := e ()P, fi(w) := fr(w)](] (w)Pw??,
wo(w) = wp(w)],  wi(w) = wlir(w)].

The condition f € LP(L,w), implies that fo € LP(T,wo) and f1 € LP(T,w1).
Then if w € Ay(L) and wp, w1 € A,(T) we can define the weighted integral moduli
of continuity Q. x(fo,d) and Q, . x(f1,0), using the procedure given above.

Main result in our work is the following theorem.

Theorem 1. Let L € S and f € LP(L,w), 1 < p < 0. Ifw € A,(L) and
wo,w1 € Ap(T), then for every natural number n there are a constant ¢ > 0 and a

Z a(") k

k=—n

rational function

such that

Hf_Rn('ﬂf)”Lp(L,w) ¢ { p,wo,k (va ) p,wl,k(flv%>:|a
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where the rational functions R, (z, f) are constructed as the nth partial sums of the
p-Faber-Laurent series of f.

From this theorem we have the following results in the particular cases f €
EP(G,w) and f € EP(G—,w), respectively.

Theorem 2. Let L € S and f € EP(G,w), 1 < p < c0. Ifw € A,(L) and
wo € A,(T), then for every natural number n there are a constant ¢ > 0 and a
polynomial

n
P.(z, f) = Zafﬁn)zk
k=0

such that .
I1F = Pals Do) < epne(fo:7):

where the polynomials P, (z, f) are constructed as the nth partial sums of the p-Faber
series of f.

In the case k = 1 Theorem 2 was proved in [12].

Theorem 3. Let L € S and f € EP(G",w), 1l < p < 0. Ifw € A,(L) and
w1 € A,(T), then for every natural number n there are a constant ¢ > 0 and a
rational function

0
R.(z, f) = Z (1,(€7L),7,"C
k=—n
such that
1
||f - Rn(a f)HLp(L,w) < CQp,wl,k (f17 E)?

where the rational functions R, (z, f) are constructed as the nth partial sums of the
p-Faber-Laurent series of f.

Note that if L is a sufficiently smooth curve then the conditions w € A,(L),
wo € Ap(T), and w1 € Ap(T) are equivalent. In particular, the following theorem
holds.

Theorem 4. Let L be a smooth boundary satisfying the condition 1 and f €

LP(L,w), 1 < p < oo. If w € A,(L) then for every natural number n there are a
constant ¢ > 0 and a rational function
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such that
1
||f_Rn(af)||Lp(L,w) < |: p,wo,k (f07 ) +Qp,w1,k(f17ﬁ):|7

where the rational functions R, (z, f) are constructed as the nth partial sums of the
p-Faber-Laurent series of f.
3. CONSTRUCTION OF APPROXIMANTS AND SOME AUXILIARY RESULTS

1. The generalized p-Faber-Laurent series
Let f € L'(L). Then the functions f* and f~ defined by

_ 1 f(h(w) )
(4) f+(z)_2_ni/LC—z / () dw, z€QaqG,
and
(5) f*(Z):%m/LC_Z /f 1:; )dw, 2e€G,

are analytic in G and G, respectively, and f~(c0) = 0.

According to the celebrated Privalov’s theorem [8, p. 431], if one of the functions
fT(2) and f~(z) has a nontangential limit on L a.e., then Cauchy’s singular integral
SL(f)(%) defined as

S1f)(0) = PV [ T

= lim L f(C) dC, z0 € L,

e=02m Jrn(¢: [c—zof>e} § —

exists a.e. on L, and also the other one of the functions f*(z) and f~(z) has a
nontangential limit on L a.e. Conversely, if Sp(f)(z) exists a.e. on L, then the
functions fT(2) and f~(z) have nontangential limits a.e. on L. In both case, the

formulae 1 1
f1G) =S(NE) +5f(), [7(2) = Su)) - 5/()

hold a.e. on L. From this it follows that

(6) )= fT(z) = (2)

a.e.on L.
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The mappings ¥ and 11 have in some deleted neighborhood of co the representa-

tions
o « o
w(w)zozw—kao—l——l—i——z—i—...—i——};—i—..., a >0,
woow w
and 5 5 5
biw)="+ 24+ 2 >0
woow w
Hence the functions
1
U0 S
Y(w) —z

and

z€e G~

1 (w) — 2 ’

are analytic in the domain U~ and have a simple zero and a zero of order 2 at oo,
respectively. Therefore, they have expansions

(7) (¢ (w)) "> 3 Fip(2)

z€G and we U™,

Y(w) — z = whk+l
and
-2/ / 1_% o) ~
(8) w ;(&)(z_u)i _ Z*%» e G- and we U-,
k=1

where Fj, (%) and ﬁk,p(l/z) are the p-Faber polynomials of degree k with respect
to z and 1/z for the continuums G and C'\ G, respectively (see also [16, pp. 255-257]
for p = c0).

Note that the functions ¢*(¢’)}/? and gplfd/p(gp’l)l/p have poles of order k at the
points oo and z = 0, respectively. Therefore, the polynomial F}, ,(2) can alternatively
be defined as the polynomial part of the Laurent expansion of ¢* (¢’ )1/ P in some
neighbourhood of the point co. Similarly, the principle part of the Laurent expansion
of @lffz/p(gp’l)l/p in some neighbourhood of the point z = 0 defines the polynomial
f‘k’p(l /z). Moreover, the following relations hold:

[p(2)]* (' ()P = Fiep(2) + Bip(2), 2 €67,
[or ()P (P (NP = Frp(1/2) + Ep(2), 2 € G\ {0},

where the functions Ej ,(z) and Ekp(z) are analytic in G~ and in G, respectively.
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We shall also exploit the integral representations

=

1 k /
(9) ﬂﬂ@Z@%ﬂW@ﬁ+JiA££Mi@—M,zeG‘

(—=z

and

~ 2 1 k_% 4 %
10) Fup(3) = [l F et e - o [ L A0 g e g,

2 2mi C—=z

which are proved similarly as in the classical case p = oo (see for example, [14,
pp. 114-118)).

We define the coefficients ay and @, starting from the relations (4), (3), (7) and
relations (5), (3), (8), respectively, by

1 folw)

(11) ap = ar(f) := 5 J, whr dw, k=0,1,2,...,
and
(12) = () = = M) G k=19,

N 27 T wk+1
Then taking the relation (6) into account we can associate a formal series
oo (o) .
D akFip(2) + Y anFip(1/2)
k=0 k=1

with the function f € L1(L), i.e.,

F(2) ~ D aFip(2) + > anFip(1/2).
k=0 k=1

This formal series is called the p-Faber-Laurent series of f, and the coefficients aj
and ay, are said to be the p-Faber-Laurent coefficients of f.
We will also use the following lemma which was proved in [12].

Lemma 1. If L € S and w € A,(L), then f* € EP(G,w) and f~ € EP(G™,w)
for each f € LP(L,w).

Since fo € LP(T,wp) and f1 € LP(T,w1), under the conditions wo,w; € A,(T") we
have by Lemma 1 that

(13) fo € BP(U,wo), fo € EP(U™,w),
(14) fif € EP(U,w1), f; € EP(U ,w1).



Moreover, f; (00) = f1 (00) = 0, and by the celebrated Privalov’s theorem

(15) folw) = f (w) = fo (w)
and
(16) filw) = fi (w) = f (w)

a.e. on T. Using the relations (13) and (15) in (11), and (14) and (16) in (12) we
conclude that the coefficients a, k = 0,1,2,..., and ax, k = 1,2,..., are also the
Taylor coefficients of the functions f;” € EP(U,wp) and f; € EP(U,w;), respectively.

2. Singular integrals and modulus of continuity
As was noted in [6, p. 89], for the Cauchy singular integral the following result,
which is analogously deduced from [4], holds.

Theorem 5. Let L € S, 1 < p < oo, and let w be a weight function on L. The
inequality
1SL()Lrzw) < cllfllee(z.w
holds for every f € LP(L,w) if and only if w € A,(L).

Lemma 2. Let g € LP(T,w) and let w € A,(T). Then

Thyshasohi ST (@) (W) = ST[Ohy b ... i (9)] (W)

for every natural number k.

Proof. Let k=1. Applying the Fubini theorem we have

1 h

(Sl () = f ST<g<we“’>>de
_ )dT
B h 2mi < T — wei a0
i6
_ 1 ) dr 40
h 2mi Te‘9 — wel?
_ 1 < g(rel?) dT) 49
_p 2m T—w
1/2h hg Tel?) dd
= / dr
T
_ gn(1)
= 55PV) [ 20 4r — [5r(gn)](w).

759



Now let the lemma hold for n =k — 1, i.e.

Ohy a1 [ST (9] (W) = ST{0ny ha, o i (9)] (W)

Then
Thi haehi [ST (] (W) = On{Ths oo hi -, [ST(9)] Hw)
= Ohy [STUhl,hmm,hk—l (g)](w)
= ST[0hy hay.ohrc (9)) (W),
and the lemma is proved by the induction method. |

Lemma 3. Let g € LP(T,w) and let w € A,(T). Then

QPM%k(ST(g)v ) < CQp,w,k(ga )

Proof. Again we use the induction method. Let & = 1. Using Lemma 2 and

Theorem 5 we obtain
157(9) — on, [ST ()l Lr(10) = 157(9 = on 9l Lr(10) < clg — ongllLr(r,w)-
This inequality implies that
Qpw1(57(9),) < cQpuwilg,)-
Let the lemma hold for n =k — 1, i.e.,
Qpwk-1(57(9), ) < cQpur-1(9,)-

Then applying Lemma 2 and the last inequality successively we obtain

k
Qo k(Sr(9),6) =  sup H E—on)S ‘
D, ,k( T(g) ) 0<hi< };[1< h) 9 Lp(T,w)

=1,2,...,

0<h;<6 Lr(T,w)

i=1,2,...,

k
= sup HH(E —op, )(E — U;Ll)STg’
=2

760



wn [[1E - o)$r(a—o1,0)

0<h;<s 122 Lr(T,w)
it 1=2
k
<c sup E — oy, g—ahg‘
0<h; <6 g( i 19) LP(T,w)
i=1,2,....k
k
=c sw |T[(E-0n)(E - o))
0<h; <6 g ! L (T,w)
i=1,2,....k
k
pﬂK%ly O] I SR
=1,2,...,k

Lemma 4. If g € L?(T,w) and w € A,(T), then

1
Qp,w,k(g+7 ) < (C+ §>Qp,w,k(gv )

Proof. Taking into account the relation

g+=g+STg

which holds a.e. on T, by virtue of Lemma 3 and the property (2) we obtain the
proof of Lemma 4. O

Lemma 5. Let g € EP(U,w) and w € A,(T). If

3 anlge®

k=0

is the nth partial sum of the Taylor series of g at the origin, then there exists a
constant ¢ > 0 such that

Hg(w) =Y onlg)w” < cQpok (97 %)
k=0

Lr(T,w)
for every natural number n.

Proof. In the case k =1 this lemma was shown in [12, Lemma 9]. For k > 1
the proof proceeds analogously. O
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4. PROOF OF THE NEW RESULTS

Proof of Theorem 1. We shall prove that the rational function
Rn(f,2) == Zaka,p(z) + Zakﬁk,p(l/z)
k=0 k=1

satisfies the necessary inequality from Theorem 1.

In view of the relation
f(z) =T (2) = f(2),

which holds a.e. on L, it suffices to establish the inequalities

an lre+ S afonm] <o)
k=1

Lr(L,w)

and

f+(Z) 7Zaka,p(Z> < CQp,um,k(fW%)'

k=0

(18) |

Lr(L,w)

Putting ¢(z) and ¢1(z) instead of w in the notation (3) of the functions fo(w)
and fi(w), respectively, and using the relations (15) and (16), we obtain

(19) F(2) = U (0(2) = fo () (2)) 7

and

(20) F(2) = Ui (01(2)) = F7 (1(2))] (01 (2)) ">/P () (2)) /7
a.e. on L.

First we prove the estimate (17). Let us take a z’ € G. Using the relations (10)
and (20) we obtain

S aFin(5) = GEDF @) Y aeh ()
k=1

k=1
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1
= (1 ()7 ( Z aneh (2

L @O ) [z At ()~ (0]
k=1

C 2mi I C—z 4
1 [ (DO)7 (pa(2) 77 f1 (
T A o 21/4 ac.

Since (94(¢))7 (p1(2")) "7 1 (91(C)) € EP(G,w) we get

=/ L) RO 4= (D ) ()

L @O @) [ X et (©) — f (i (€))]
- dc

2m Jp, ¢—2

— (PP (1) TP (91(2) = FH ().

Taking limit as z’ — z along all nontangential paths inside of L, it appears that
~ = 1 X 1
Z aka,p(;) = (¢1(2))7 (p1(z Z areh (2

k=1
_%(%(g Fo (Zawl — i (a(z )))

- S {(@'1)%1_’2’(2%@1 I 09”1)]( )

k=1

— (A (D)7 (1) 7P (91(2)) = [ (2)

a.e. on L. Using the relations (6) and (20), from the last equality we obtain

+Zakpkp( ) = L) <Zaks01 - i)
_SL[901% 1%<Zak<ﬁ1 f1+°901)](2)-
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Applying here Minkowski’s inequality and Theorem 5, we conclude that

e+ S andin(2)
k=1

<c
Lr(L,w)

Lr(T,w1)

n
fif (w) — Z apw®
k=1
Now, by virtue of Lemmas 5 and 4 we have

Hf_(z)‘i’zn:akﬁk,p(%) <CQp,w1,k(f1,%).
k=1

Lr(L,w)

The proof of the relation (18) proceeds similarly to that of (17), using the rela-
tions (9) and (19) instead of the relations (10) and (20), respectively, and limiting
along all nontangential path outside of L.

Now the relation (6) and the estimate (17) and (18) complete the proof. O

Proof of Theorem 3. If f € EP(G~,w) we apply Theorem 1 to the function
fv:= f — f(c0). The approximate rational function R, (z, f) is constructed as

F(oo) + zn:akﬁkp(é)
k=1

(]

Proof of Theorem 4. It can be shown easily that, under the condition (1), the
relations

we Ap(L), woe€ Ap(T), w1 € Ap(T),

are equivalent. Therefore, the proof of Theorem 4 proceeds similarly to that of
Theorem 1. O
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