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Abstract

This paper is concerned with the delay-dependent robust resilient Hs, control problem for uncertain singular time-delay system
with Markovian jumping parameters. First, a delay-dependent bounded real lemma in terms of linear matrix inequalities is
established, which guarantees the nominal Markovian jump singular system to be regular, impulse free and stochastically
stable. Then, based on this condition, sufficient conditions in terms of LMIs are given to ensure the existence of the desired
robust resilient Hy, controllers. The uncertainties of the controllers are considered in two cases, that is the additive controller
gain uncertainties and the multiplicative controller gain uncertainties. Finally, numerical examples illustrate the applicability

of the results proposed in this paper.
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1 Introduction

Singular systems contain three kinds of modes: finite
dynamic modes, non-dynamic modes and impulsive modes.
So, the singular systems can describe the actual system more
appropriate when modeling in many practical systems, such
as chemical systems, aerospace engineering systems, elec-
trical networks, social economic systems, power systems,
circuit systems [ 1-5]. In addition, when the physical systems
appear abrupt variations, Markovian jump systems, as a spe-
cial class of stochastic hybrid systems, can better describe the
actual physical process. Many applications of such systems
can be found in [6-9] and the references therein. Recently,
many scholars dedicate to the study of the stability analysis
and controller synthesis for Markovian jump systems and a
lot of relevant conclusion are reported, please see [10—15].
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On the other hand, time-delay is also a factor that can not
be ignored in the actual process of modeling. It commonly
encounters in various engineering systems and frequently
leads to the instability and poor performance. In general, the
results of time-delay system are divided into two categories,
namely, delay-dependent conditions and delay-independent
ones [16-21]. Since the stability of systems depends explic-
itly on the time-delay, a delay-independent condition is more
conservative than the delay-dependent ones, especially for
small delays. Very recently, much attention has been paid to
the study on the singular time-delay systems with Markovian
jumping parameters. Many important results on such systems
have been reported, see [22—32] and the references therein. In
spite of the recent developments on delay-dependent meth-
ods, only few results about the singular Markovian jump
systems with time delay and the theory is far from being
completed. Firstly, the above reports are all using memory-
less feedback controllers. Memory state feedback controllers
with the feedback provisions on both the current state and
the past history of the state may lead to an improved perfor-
mance. On the other hand, it is worth noting that an implicit
assumption inherent in these above design techniques is that
the controller is precise, and exactly implemented. But in
practice, controllers do have a certain degree of errors due
to finite word length in any digital systems, the imprecision
inherent in analog systems and need for additional tuning
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of parameters in the final controller implementation [29,30].
These two cases inspire the present work.

In this paper, we deal with the delay-dependent robust
resilient Hy, control problem for uncertain singular Marko-
vian jump time-delay systems. First, a new delay-dependent
bounded real lemma (BRL) is provided to guarantee the
considered system to be regular, impulse free and stochas-
tically stable with Hy, performance y. Then based on
this lemma, robust resilient H, controllers are respectively
designed to guarantee the resultant closed-loop system is
delay-dependent stochastically admissible and satisfies a
given Ho, performance in terms of a set of strict LMIs.
Finally numerical examples illustrate the effectiveness and
less conservative of the results obtained in this note than the
existing approaches.

Notations R" denotes the n-dimensional Euclidean space;
R™ ™ is the set of all n x m real matrices; X > 0(X > 0)
means that the symmetrical matrix X is positive semidefinite
(positive definite); The superscript T stands for transpose of
a matrix; C, 4 = C([—d, 0], R") denotes the Banach space
of continuous vector functions mapping the interval [— d, 0]
into R". And x; := x(t + 60), 6 € [—d, 0] denotes the func-
tion family on [— d, 0], which is generated by n-dimensional
real valued continuous function x(¢), ¢ € [—d, +00). Obvi-
ously x; € C, 4. The following norms will be used: || - ||
refers to Euclidean vector norm or spectral matrix norm.
l@lle := sup_y<;<o ll¢ (2)|| stands for the norm of a function
¢e€Cpnq. £2[0,705) stands for the space of square integrable
functions on [0, 00). (2, F, P) is a probability space, 2 is
the sample space, F is the algebra of events and P is the prob-
ability measure defined on F. £{-} denotes the expectation
operator with respect to some probability measure P.

2 Problem formulation and preliminaries

Given a probability space (€2, F, P), where 2 is the sample
space, F is the algebra of events and P is the probability
measure defined on JF, the singular time-delay Markovian
jump system considered in this paper is described by the
following dynamics:

Ex(t) = (A(r1) + AA(r))x (1) + (Aa(rr)
+AA (r))x(t — d)
+ B(r)u(t) + (Bw(r) + ABy/(r1))w(r)
2(t) = (C(r1) + AC(r)x (1) + (Cq(rr)
+ ACy(ri)x(t — d)
+ D(r)u(t) + (Dw (1) + ADy (r))w(t)
x(t) = ¢(1), 1 € [—d, 0] ey

where x(t) € R" is the system state, u(tf) € R™ is
the control input,w(¢z) € R? is the disturbance input and
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w(t) € L3[0,00]. z(t) € R? is the controlled output. d is
an unknown constant delay and satisfies 0 < d < d. ¢(t) €
C, g 1s acompatible initial function. {r;, 7 > 0} is a homoge-
neous finite-state Markovian process with right continuous
trajectories and taking values in a finite set S = {1, ..., s}
with transition probability matrix IT = {m;;} given by

mwijh+o(h), j #i

Pr{rt+h=j|”z=i}={14_7.[‘.;1_’_0(;1) j=i
12 L) -

where h > O,Iimh_ﬂ;)# = O and 7;; > O, for j #
i, is the transition rate from the mode i at time ¢ to
the mode j at time ¢ + & and m; = — 3% ;4 7).

The matrix £ € R™" is singular and 0 < rankE =
r S n. A(rl)s Ad(rl)s B(rt)’ Bw(rt)v C(rl‘)3 Cd(rf)v D(rl)
and D,,(r;) are known real constant matrices with appro-
priate dimensions. And it is assumed that the uncertainties
AA(ry), AA4(re), ABy(re), AC(r), ACq(ry) and ADy, (1)
are norm-bounded and for each i € S can be described as

AAi(1) AAgi(t) * ABy,; (1)
ACi(t) ACgi(t) * ADy;(t)

M.
= [MZ] Fii(t) [ Nii Nai * N3 |

FlLmFit)<I1,VieS )

where My;, M»;, Ni;, No; and N3; are known real constant
matrices with appropriate dimensions for each i € &, and
F; (t) are unknown matrix functions.

The objective of this note is to develop resilient memory
state feedback controllers:

u(t) = (K(ry) + AK(r1))x (1)
+ (Ka(r)) + AKq(ro)x(t — d) 3

such that the closed-loop system constructed by (1)—(3) is
robustly and stochastically admissible with H, performance
y for any constant time-delay d satisfying 0 < d < d. In this
case, the controller (3) is called a robust resilient controller
of the system (1).

For the controller gain uncertainties AK (r;), AK;(r), for
each possible i € S, the following two forms will be consid-
ered:

(a) Additive controller gain uncertainties:

[ AK;(t) AKgi(1) ]
= M4iFoi(t) [ Ngi Naai |,
Fi(t)Fy(t) < 1,Vi €S )
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(b) Multiplicative controller gain uncertainties:

[AKi(1) AK4i(1) ]
= My F3i(t) [ Nxi Ki (1) NyaiKai (1) ],
FlmF@t) <I1,VieS 5)

where My;, My, N+i, Nxi, N+g; and Nyg4; are known
real constant matrices with appropriate dimensions for
eachi € S, and F»; (), F3; (t) are unknown matrix func-
tions.

AA(r), AAg(re), ABy(re), AC(rt), ACq(re), ADy(ry),
AK (r;) and AK;(r;) are said to be admissible if (2), (4) and
(5) are satisfied.

For notational simplicity, in the sequel, for each possible
i € §, matrices A(r;), Aq(ry), B(ry), By (ry), C(ry), Cq(ry),
D(r¢), Dy (1), K (ry) and K4 (7;) will be respectively denoted
by Ai, Adi, Bi, Bui, Ci, Cai, Di, Dy, K; and K;.

About the definition of the robustly and stochastically
admissible with H,, performance, it can be referred to fol-
lowing definitions:

Definition 2.1 [7]

1. For a given scalar d > 0, the singular Markovain jump
time-delay system

Ex(t) = Ajix(@) + Agix(t — d)
x(t) = ¢(t),t € [—d, 0] (6)

is said to be regular and impulse free for any constant d
satisfying 0 < d < d, if the pairs (E, A;) and (E, A; +
Ag;) are regular and impulse free for any i € S;

2. The singular Markovian jump time-delay system (6) is
said to be stochastically stable, if there exists a scalar
M ((rg, ¢(+)) such that

t
limHOOS{ f llx () [1*ds]ro, x(s)
0
=¢(s),s € [—d, 01} < M(ro, $())

3. The singular Markovian jump time-delay system (6)
is said to be stochastically admissible, if it is regular,
impulse free and stochastically stable.

Definition 2.2 [7] The singular Markovian jump time-delay
system (1) is said to be stochastically admissible with Hy,
performance y, if the system with F; () = 0, u(¢r) = 0 and
w(t) = 0 is stochastically admissible and under zero initial
condition, the output vector z(¢) satisfies

g {/OOZT(t)z(t)dt} < yzfoo wT (Hw(t)dt
0 0

for any non-zero w(t) € £,[0, co].
3 Main results

In this section, we shall solve the delay-dependent robust
resilient Hy, control problem for the singular time-delay
Markovian jump system (1) in terms of LMIs approach.
Initially, we give a sufficient condition of stochastic admis-
sibility for the singular Markovian jump time-delay system
(1) with u(¢) = 0 and Fi(¢t) = 0, that is

Ex(t) = Aix(t) + Agix(t — d) + Byw(t)
2(t) = Cix(t) + Caix(t — d) + Dyyw(t)
x(t) = (1), t € [—d, 0] (7

which will play a key role in solving the problem.

Lemma 3.1 For given a scalar d > 0,y > 0, the singular
Markovian jump time-delay system (7) is regular, impulse
free and stochastically stable with Hy, performance under
zero initial conditions for any d satisfying 0 < d < d, if
there exist matrices Qy; > 0,02 > 0,R; > 0, R, > 0,

0 = |:Q1i11 sz} = 0.0 = [Qm an] -~ 0, and

*x Ol * O1»
matrices F;, G;, H;, J; and nonsingular matrices P; such

that for every i € S,

ETPp=P'E>0 ®)
Oi11 ©j12 ©;13 Oj14 FI By CT
* O —H; ©p4 GI'By; 0

- | * % ©i330;3 H'By 0

0; = * * * Ojq JiTBwi C;i <0 ©)
* ox % x =y Dgi
* * * * * -1

Q1 < 01, 02 < 02 (10)

where i = max{|m;;|,i € S} and

s
Oi11 = ijETPj + O1in
j=1

d
+ EM(QIII + 02 + FT A + Al Fi, ©i22

=R1+R2—G,-T—Gi,

d
®i33 = Q122 — Qi1 + E,U«Qm + 02i, 913

d T
= Oz + EMQuz + Aj H;,
O =PI —F' + AI'G;,O44
— Quiza — Qo + I Agi + AL T,
Oita = Fl Agi + Al Ui, ©ina = G Ay — Ui, ©i34
— Q12 + H Aui.
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Proof Now we firstly prove the system (7) is stochastically
admissible. From Definition 2.2, it is to prove that the system
(6) is stochastically admissible. Considering the system (6)
and from (9), we can easily deduce that for every i € S,
Il(:)izl < 0. Then

ETP=PTE>0 (11)
[n,,ETﬁi+Q1 + PTA; + AT P; Oy + PT Ay +ATJ~,] ~0
* Q3+J Ad1+Ad,Jl
(12)
where
- [E0] - [Oo L, : [OO
E‘_oo}““_[Ai—u}““’_[AMO}
5 [P 0 5 _ P; 0
Fi = | Fi G,’i|’Pl - |:Fi+-]i Gi+Hii|7
O, = Qun + $1(Qui+02) 0
0 Ri+Ry |’
- o Q1i12+§/LQ112 = 00
= ,J' - )
Q2 0 0 : Ji H;
Oy = — Q12 — Q2 Q1,12
i * Q1i22 — Qi + S 0122 + Qo
Ro|gro 0
0 Ri+R|’
(700000
070000
L _|000700
1001000
0000170
1000007
Obviously, the following inequality is true:
i ETP+ PTA; + Al P <0 (13)

Since rank E = rank E = r < n, there exist nonsingular
matrices G and H, such that

N A
E:GEH:[OO] (14)

Then, for everyz e S, we denote: A; £ GAJ?,A[H
GAy4iH,Pi2G TPH

i s A Az Ay A Agini Aainz
' Aio1 A2 ' Agin1 Adinz |’

p 2 [Pill PilZ]
' Pio1 P2 |’
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(1>

From (11), it is clear that P;jp, = 0, for every i € é’
Pre-multiplying and post-multiplying (13) by H” and H,
respectively, we can deduce

AL, P+ PhyAin <0

which implies that A;2> and Pj» are nonsingular for every
i € S. This implies the pair (E, A;) is regular and impulse
free and P; is nonsingular, that is G; is nonsingular for every
i € S. Note that det(sE — A;) = det(sE — A;), we can
easily get that the pair (E, A;) is regular and impulse free for
everyi € S.

Now, pre-multiplying and post-multiplying (12) by [In I,

1, In] and [I,, I, I, I, ]T, respectively, we can obtain
i ET P+ FF A + ATF + AT G + GT A,
+Pi+ P —F —F —Gi — Gl +Fl Aui
+ALF + Gl Agi + Al;Gi + Al i
+ Il A — 0 = 1T+ I A + AL T + AT H,

d
+H'A; — H — H' + H Ay + AL H; + EM(Qm

+ 012+ 0T+ 01+ 0)+ R+ R <0
that is

[ 1, I | [mi ET P + P (A; + Agi) + (A

. - d . T
+Aa)" P+ 101+ Ry 1] <0
which implies that

7 ET P+ PT(A; 4+ Aai) + (A + Ag)" Py

d ~
+§MQ1+R<0.

Note that Q1 > 0, R > 0 and similar to the above analysis,
it is true that the pair(E, A; + Ag;) is regular and impulse
free for every i € S. So, according to Definition 2.1, the
singular Markovian jump time-delay system (6) is regular
and impulse free for any constant time delay d satisfying
0<d<d.

Next we are in the position to prove that the system (6) is
stochastically stable. Choose a Lyapunov—Krasovskii func-
tional candidate as

V(.X[,rt,t) = V](.x;,r[,t)+V2(.Xt,r[,t)+v3(.x1,rt,t)
(15)
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where

ViGxe, e t) = xT (O ET P(r)x (1)

t
Va(xe, 1, 1) = £ (@) 01(r)E (@) da

d
=3

0 t
+u/d/ £7 (@) 015 (@)dadd
-5 Ji+0

2 0 t
+3fd/ T (@ET R Ex(a)dadb
—5 Ji+0

LN

Vi, 71, 1) =/ ;x%a)Qz(rf)x(a)da
t_
+M/7

—d
+3/_
dJ_q

here £7(t) = [xT() xT(t — %) ]. Let L[] be the weak
infinitesimal operator of the stochastic process {x;, r;}, then
for each i € S, we have

d
2

t
/ xT (@) Qrx (a)dadd
t+6

[SEY

t
/ T (@)ET RyEx (a)dadb
t+6

LV, i) <xTOETPix@) +xT )ET Pix (1)

+x7(0) Y mi T Pjx () + xT () Quinx(0)
j=1

+2xT (1) Q1i12x (t - %)

+xT (l — g) 01i2x (t — g)
2 ' 2
d d

—x’ <t - 5) Qritnx <t - 5)

T d
—2x I—E Q1inpx(t —d)
—xT(t —d)Qrimax(t — d)

+2 d o t d
- — x x — —
2M 112 )

a f :
F5uT 000+ [ €7@ Ym0 @i
=3 j=1

+& (-4 0 -
2:“ ) 122 )

t

— 1 £7 (@) 01E(@)da + 3T (1)ET R\ Ex (1)

t—

ol

2 t
—:/ d)'cT(oz)ETRlE)'c(a)da
dJid

+x7 <l - %) QOoix (t - g) —xT(t = d)Qaix(t — d)

d K

=3
+ / xT(a)Znijszx(a)doz
1

—d =
d r
+topx (1) Q2x(1)

174
— u/ " T (@) Qax(@)da + T (1) ET RyE (1)
t—d
d

2 =3 . T T . .
—:f x'()E" RyEx(a)da + [— Ex(t)
dJi—a

+Aix() + Agix(t — )" [m(t) + G;Ex(1)

+Jix(t —d) + Hix <t - g)]

+ [Fix(1) + GiEx(1) + Jix(t — d)

+ Hix (r — %)]T[—Efc(t) + Aix (1) + Agix(t —d)]
(16)

According to Jesen integral inequality, the following in equa-
tion is true

2 t
_:/ d)’cT(a)ETRlE)'c(oz)da
dJi—d

2. 2.
< — =X (@)E" daR; —Ex(a)da
—% d t—% d

2 (72 T .
—= X" (E" RhEXx(a)da
d Ji—d
—d —4
2 2
<- / " i @ETdaR, [ “Ei(@da  (17)
t—d d t—d d

Noting 7;; > 0, fori # j and —u < m; < 0, and from
(10), we can get

t S t
| @Y moswdes [ @
=3 j=1 =3
s t
2. ﬂijQué(awasuf L& @ Q1(@)da (18)
=3

J=1j#

—d s t
/ ZXT(Q)Zﬂi,jszx(a)dOlS/
t

—d =1 t—d

xT ()

K d

Z 7ij Qojx(a)da < M/ o

2T
x" (@) Qrx(a)da
J=Lj# =l

(19)
Then from (16)—(19), we can obtain that, for every i € S,

LV (x,i,1) <0’ (1)Oin(t) (20)
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where
N = [xT@) (Ex)T xTat -9 Tt - D))" ],
Oi11 ©i12 ©;13 Oj14
® = * Oi2 —H; ©j24
' *  x 033 O34
* * * Ojaq

Note that Ry > 0, Ry > 0 and from (9), it is easy to get that
foreveryi € S,

LV (i, < dmax (©)) | x(0) 1%
Therefore, using Dynkin’s formula, for any 7 > d R
EV(xy i t) —EV(xz,rg, d)

t
< —hmax (OE /d | x(s) I ds.

So the following in equation is true

t
5/ I x(s) 1> ds < A,k (©)EV (xz, 77, d). (21)
d

From the above analysis, we know that for every i € S,
the pair(E, A;) is regular and impulse free. Then there exist
nonsingular matrices M, N such that (E, A;) for everyi € S
is r.s.e. to the Weierstrass standard form E = MEN, A; =
MA;N,

_ 0] - Air O ] = [Adill AdilZ]

E = LA = L Agi = .
[O Oi| l [ 0 I 4 Agin1 Agina
Then, for every i € S, system (6) can be equivalently trans-

formed into

i) = Ajy1(®) + Aginy1(t —d) + Aginzy2(t — d),
—y2(t) = Aginy1(t —d) + Aginay2(t — d),

Y(t) = N"'p(),t € [~d, 0], (22)

where y(1) = [”(’)] = N7x(0). y1(0) € R' () €
(1) )
R"". Then for any ¢ € [0, d],

t
I yi@) 1<l ey )| + | /O A A ity yi(s — d)
+ Aginzya(s —d)lds |< ki | ¥ Il

where ki = max{[1+d (|| Agi11 | +]| Agi12[)] max [le?1!||} >
ieS 1€[0,d]
0.

Similarly, we can get

I y20) =k 1 ¥ Iz
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where ky = max;es{ll Agizt | + || Agizz I} = 0.
It is clear that

supg<y<g Il y1() I < &5 119 113, supgey<g | y2(s) II?
<k Iy, (23)

Obviously, there exists a scalar k3 > 0 such that

sup || x(s) IP< ks | 6113

0<s<d

Noticing (15) and system (22), we can get that there exists
a scalar o > 0 such that

Vg, i,d) <o ll¢ |3

From the above analysis, together with (21), there exist a
scalar p > 0 such that

t d
5/ I x(s) I1* ds < 5/ I x(s) I* ds
0 0
t
+5/J lx@) 1*ds <p |3 (24)

Then from Definition 2.1, system (6) is stochastically stable
for any constant time delay d satisfying 0 < d < d.

Secondly we prove that the output vector z(¢), under zero
initial condition, satisfies

£ {/OOZT(t)z(t)dt} < y2foo wT (Hwt)dt (25)
0 0

for any non-zero w(t) € £3[0, co].
Now we quote the following index:

t
Jow(t) £ € { f [T (5)z(s) — ysz<s>w(s>]ds}
0

Under zero initial conditions, we can easily obtain that

t
(@) < € { / [T (5)z(s) — v wT (Hw(s) + LV (xy, i, s)]ds}
0

t
<& {f sy + B E»;(s)ds}
0

where
Oi11 ©i12 ©i13 Oj14 F By
*  ©j2n —H; ©p4 G| By
Ui=| x x Oj330;34 H' By |,
* x  x Oy JTBy,
x x % x —y2

¢y =[xT@) (Ex)T xTt —HxT¢t —d) w (1) ].
8 =[Ci 00 C4i Dui].
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By using the Schur’s complement lemma, it is easy from (9)
to get that for any ¢ > 0,

Jo() <0

To this end, we get (25) for any non-zero w(t) € L>[0, co].
This completes the proof. O

Remark 3.1 This result is similar to the conclusion of the
author’s earlier work in [22]. But here in this note, when
dealing with the Lypunov function LV (x;,1,t), we quote
new matrices H;,i € S in order to take the time-delay
state x (t — 4) into account in the conditions. This makes
the results here more freedom.

Now, we will try to talk about the sufficient conditions for
the existence of the robust resilient controllers of the systems
(1). Applying the memory state feedback controllers (3) to
the systems (1), the closed-loop system can be obtained as
the following

Ex(t) = (Aki + AAi)X () + (Arai + AAkai)x(t — d)
+ (Byi + AByi)w(t)

z2(t) = (Cri + ACk)x (@) + (Crai + ACkai)x(t — d)
+ (Dyi + ADyi)w(t)

x(t) = ¢(t),t € [—d, 0] (26)

where Ay, = A; + BiK;, AAy; = AA; + Bi A K;, Agi
Agi + BiKgi, AAygi = NAgi + Bi A Ky, Cri = Ci +
D;iK;, ACyi = AC;+D; AK;, Crgi = Cygi+D; Kgi, ACrq;
= ACyq; + D; A Ky;.

From Lemma 3.1, we know that for given scalars d >
0,y > O,the sufficient conditions to guarantee that the
closed systems (26) is regular, impulse free and stochastically
stable with H,, performance under zero initial conditions

700000 P,0 0 O 0O
000700 0P 0 00O
_|oroooo| . |RsGHOO|
L=1o0r000]' "= 000proo| %
0000170 00O0O01I1O0
1000001 000 O0O0I1I,

0 Z‘;:LﬂijETPj + O1in 0 0
+4u(Qin + 02)
0 —Qui2— 02 0
%= 0 0 Ri+ R
Q{,’]Q + %I’LQ{IZ —Q1i12 0
0 0
i 0 0 0

for any d satisfying 0 < d < d are the following: there
exist matrices Q> > 0,02 > O0,R; > 0,R, > 0,

0 = [le QlilZ] > 0.0 = [Qm Quz} -

* Qi * O
and matrices Fj, G;, H;, J; and nonsingular matrices P; sat-

isfying (8), (10) for every i € S and

Okit1 Okit2 Oki13 Okita FI (Bui + AByi) (Cri + ACKH)T

* O —H; Oios Gl (Bui + AByi) 0
By = * * 033 Oizg HT (Byi + AByi) 0 -0
' * o+ x Opaa JT(Bui + ABui) (Crai + DCrai)”
* * * * — Vzl (Dwi + ADyi)T
* * * * * —1
27
where
s -
T d
Owi1 = Y miETPj+ Qi + F#(Qun + Qo)

j=1
+ F Ak + DA + Ak + DA F,
Okiss = — Q122 — 02i + J{ (Akai + DAgai) + (Agai
+ A Akai) T i, Orina = G (Akai + D Akai) — i,
Oriz = P — Fl' + (Au + AW Gi, Oz = Oz

d
+ 51012+ (Aki + AT H;,

F (Arai + AArai) + (Aki + AA)T i, Okina
— Quinz + H (Awai + DArai).-

Orit4

Now pre-multiplying and post-multiplying ©y; by Z» and
IZT , respectively. The following in equation can be obtained

O =TH(Q + AQ) + (i + AQ) T + % <0

(28)
where
0O 0 1, 000 0 0O 00 O O
0O 0 00 00O 0 0O 00 O O
Api Akdi —1n 0 By; O A — AApi AAgai 00 ABy; 0
0O 0 00 00 ' 0 0O 00 O o}’
0O 0 00 O0O0 0 0O 00 O O
Cii Crai 0 0 Dy,; O ACri ACrqgi 00 ADy,; O
Qi+ 402 0 0
0 0 0
0 0 0
O;33 0 0
0 —v2I, 0
0 0 —1 |
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Now considering the controllers with the additive gain uncer-
tainties (4), we have

0 0
0 0
- My; BiM; F; 0
L6uZy =T @+ QT+ 5 +1] | 70 [ o le
1
0 0
M DiMy;
_ T
(N LT (Ny L)
(N2 LT (Ngai LT
0 0
0 0
NI 0
L O 0 i
[(NuL)T (NpiL)T 7]
(N2 L)T (Nyai LT
0 0 FLo
0 0 0 FIL
NI 0
L O 0 J
- o 0 T
0 0
My BiM; )
0 0 I <0 (29)
0 0
L M2 Di M,

From Lemma 3.1, we know that P;, G; are nonsingular for
every i € S. Then we define

P00 0O0O0 L; 00 00O
0P 0 0O0O 0L, 0000
-1 = F, J; GiH 00 2 M; T; N; W; 0 0
l 00 0PO00O0 0 0O0L; 00
000010 0O 0O0O0T1I°©0
00 0 0 01, 0 0 0 0 01,
(Y i Yz Yia 0 Yie M M!
* Tim Yoz =0T, 0 Yo TT T”
* *x Yz =W By 0 NiT NiT
*  ox % Y 0 o wr wf
* * * * —y2I Dgi 0 0
* * * * * -1 0 0
* * * * * * —Rl_l 0
* * * * * * * —R2_1
* * * * * * * *
* * * * * * * *
* * * * * * * *
* * * * * * * *
L * * * * * * * *

And set
Q1 =diag{LT LT} Qi -diag{L;, L;} = |:Q1i11 le:12:|’
* Qu
0= diag{LiT,Ll.T} - Q1 -diag{L;, L;} = |:Q111 Qllzi| ’
* Qi

02 = LT QaiLi, 02 = LT Q2Li, Si = KiLi, Ssi = KaiLi.

Then pre-multiplying and post-multiplying (8) by LiT and
L;, respectively, we can have

LTET = EL; >0

i (30)
Pre-multiplying and post-multiplying Q1; < Q@ by
diag{LT LT} and diag{L;, L;}, respectively, and pre-
multiplying and post-multiplying Q»; < Q> by LI.T and L;,
respectively, following in equations can be obtained

01 < 01, Q2 < Q2 (31)

Pre-multiply and post-multiply (29) by T';” T and r ! Itis

worthy to notice that there appears the term Z;: 1, jsi Tij LiT

E TL/TIL,'. Now without loss of generality, in the follow-
I, 0

0 0i|. From Lemma 3.1, L; =

ing we assume that £ = |:

|:Li11 0

:| and L;j; > 0. It is easy to get that
Liz1 Lin

N
> n,»jL,.TETL;‘L,» =
J=lj#

> L; _
Z Tij |: (’)”1|le11 [Li” 0]

J=1j#

Then by Schur complement lemma, the following condi-
tion can be obtained

X; 0 0 NI As
0 0 0 No Ay
0 Ol,'Mll Ot,'B,'M.H' 0 0
0 0 0 0 0
0 0 0 NI 0
0 o M2i o D,‘ M+i 0 0
0 0 0 0 0 | <o (32)
0 0 0 0 0

—Z; 0 0 0 0
*  —o;l 0 0 0
* * —ao; 1 0 0
* * * —a;l 0
* * * * —a;l
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where

Atr = (Npi L)' Ajg = (Npai L)', Ny = (N L)',
Na = (Noi L))",

_ d - _
Yy = mi L] ET + My + M + Qi + EM(QIII + 02),
Y2 = — Q122 — Qs
Yite = LTCI + ST DI Yin = LT CL. 4 ST DT,

- d -
Tita = Quirz + EMQIIZ +W;
Yiis = N; — M + LTAT + S B!, Yio3 = LT AL,
+85B =T Yizs=—N; — N/

- _ d - -
Yiga = Q1iz2 — O1it1 + EMQIZZ + 02, Z;

tems (26) is stochastically admissible with Ho, performance
y under zero initial conditions for any constant time delay d
satisfying 0 < d <d.

As to the case of the controllers with the multiplicative
gain uncertainties, similar to the above analysis we can get
the following theorem.

Theorem 3.2 Consider the Markovian jump singular time-
delay system (1). For given scalars d > 0 and y > 0, if
there exist matrices Qli > 0, in > 0, Q1 > 0, Q2 >
0,Ry > 0,Ry > 0,and matrices L;, M;, T;, N;, W;, S;,
Sqi and a scalar o; > 0, for every i € S satisfying (30),
(31) and (33) then there exist controllers with the multiplica-
tive uncertainties u(t) = (I + MX5F3,~NX,')S,~Li_lx(t) +
(I + My;F3iNyai)Sai L7 'x(t — d),i € S such that the

=diag{L11, .-, Li-n11, Li+t1, - -+ Ls11} closed-loop systems (26) is stochastically admissible with
Liit Lini Heo performance y under zero initial conditions for any con-
X = |:\/7T_11|: 0 i| C TG -1) [ 0 i| stant time delay d satisfying 0 <d <d.
\/W[Lé)“-"” ”"S’VLE)H-H

(Y T Yz Yiia 0 Tie M M!I X 0 0 NI Ax ]

* Tim Yoz -0, 0 Yo TT T! 0 0 0 Ny A

* * Yz —W; By 0 NiT NiT 0 oMy o;jBiMy; 0 0

T 7Y o o w' w' o0 0 0 0 0

ok * x =yl DI 0 0 0 0 0 N 0

* * * * * —1 0 0 0 a;My «a;iD;iMy; 0 0

% x x o+ —R' 0 0 0 0 0 0 |[<0 (33)

* * * * * * * —R2_1 0 0 0 0 0

* * * * * * * * —Z; 0 0 0 0

* * * * * * * * *  —a;l 0 0 0

* * * * * * * * * * —a;l 0 0

* * * * * * * * * * * —o;l 0
| * * * * * * * * * * * * —o;

where

Now, from the above analysis, we can get the following
results.

Theorem 3.1 Consider the Markovian jump singular time-
delay system (1). For given scalars d > 0 and y > 0, if
there exist matrices Qli > 0, in > 0, Ql > 0, Q2 >
0, Ry > 0, Ry > 0,and matrices L;, M;, T;, N;, W;, Si, Sai
and a scalar o; > 0, for every i € S satisfying (30), (31)
and (32) then there exist controllers with the additive uncer-
tainties u(t) = (S;L;' + My FoiNy)x(6) + (SuiL; ' +
My FyiNygi)x(t —d), i € S such that the closed-loop sys-

Ay = (NuiSHT, Axa = (Nwai Sai) -

Remark 3.2 Theorems 3.1 and 3.2 provide the delay-
dependent sufficient conditions for the design of the robust
resilient Hy, controllers of the Markovian jump singular
time-delay systems (1) in terms of LMIs. The controllers con-
sidered in these results are u(t) = (K (r;) + AK (r))x(t) +
(Ka(ry) + AKg(re))x(t — d).
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The state feedback controllers u(¢) cover not only the cur-
rent state x (¢) but also the state of ¢t € [t — d, t]. This leads
to that the results are more general. To the contrary, if we
take the K;(r;) + AK4(r;) = 01in Theorems 3.1 and 3.2, the
results can be deduced into the well-known LMI conditions
for memoryless controller synthesis similarly to references
[14-17].

Remark 3.3 The gains the controllers include two parts:
K(ry), Kq(r;) and AK (r), AK;(ry). The existence of the
controller gain perturbations ensures that the controllers
themselves have certain robustness. This means that the con-
trollers needn’t to be precise and exactly implemented. And
the results allow the controllers gains have a certain degree
of perturbations, which is more advantageous to the actual
situation of the realization of the controllers.

4 Numerical examples

Example 4.1 Consider the singular Markovian jump time-
delay system (7) with two modes, that is S = {1, 2}. The
—-05 05 }

mode switching is governed by the rate matrix |: 03 —03

And the system parameters are as follows:

(10 —2 1 ~205
b= _oo]Al:[—l—z]Azz[o.s—1]’

[—105 0.20.1
An=], 0.3}”“12_ [0.5 0.2]’

[ 0.4 0.5
By = _05i|7Bw2: |:_05j|,

Dy1 =02,Dy =0.1,C; =[-0.10.3],
C,=[-0.103],
Cai=[-102],.Cr=[-202].

Tables 1 and 2 provide the comparison results, respectively
via the method provided in [26] and Lemma 3.1 in this paper.

Table 1 shows that for a given Hy, performance level y,
the conditions in Lemma 3.1 allow a bigger delay constant d
than the results gotten in reference [26]. So the conditions of
Lemma 3.1 for singular Markovian jump time-delay systems
is less conservative than those obtained in [26].

Table 2 illustrates that for a given delay constant d, the
conditions in Lemma 3.1 allow a smaller Hy, performance
y. This means that the results here can allow greater energy
external perturbation than the results obtained in [26].

Example 4.2 Consider singular Markovian jumping system
(1) with two modes and the system parameters are described

@ Springer

as follows:
100 2 —15 1
E=(010]|,A1=|-12 1 2 ,

1000 1 2 —1.5

(15 —-15 0 0515 0
A= -1 =2 05 |, As1=| —-1-205{,

1 1.2 —1 1 1.2 —1

1 12 05 1.5 -2
Ap=|15-021 |,B = 1 —11,

-1 2 1 1 2

(0.5 1 0.5 —0.02
By = 1 05(,Byo=|—-1|,By1=1| —0.1 |,

| 1 15 0.1 0.2
Ci=|[-01-0.3 0.1],C2 = [0.2 —-02 —0.01],

[
Cq1=[-1050.1],
Car=[-2020.1],Dy=[-020.2],

Dy =[=0.30.1], Dy1 =0, Dyp =0,
Ni;p=[0.10.10.1],N2=[0.10.10.1],

Ny =[0.10.10.1], Ny =[0.10.10.1],

N3; = 0.1, N33 = 0.1, M1 = 0.1, Nyy = [0.1 0.1 0.1],
My =0.1, Ny =[0.10.10.1],
Nyg1 =[0.10.10.1], Nygp =[0.10.10.1],

Nyi =[0.10.1],
0.1 0.1
Mii=1(01|,Mp=10.11,
| 0.1 0.1

0.1 0.1
M1 = 0.1]’M+2=[0.1]’
MXI: 0'1]’MX2=[8"}]’
N2 =[0.10.1], Nxar = [0.10.1],
Nygo = [0.1 0.1],

Firi(t) = Fio(t) = F21(t) = Fa(t) = F31(t) = F3(1) =
sin(t). The transition probability matrix is given by

L _[-0303
I

When d = 0.5 and y = 1.0, using Theorems 3.1 and 3.2,
we can find feasible solutions for a set of LMIs (30)—(32)
and LMIs (30)—(33) respectively by using MATLAB LMI
Control Toolbox. Then we can get the robust resilient Hy,
controllers. The controllers with the additive uncertainties

u(t) = (Ki + Myisin(t)Nyi)x (@) + (Ka;
+Misin()Nygi)x(t —d),i € S
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Table 1 Comparison results of

maximum allowed time-delay d 4 1.8 1.6 1.4 1.2 1.0 0.8

for different y [26] 4.0413 3.8917 3.7005 3.4504 3.1141 2.6495
Lemma 3.1 4.5749 4.4817 4.3386 4.1107 3.7235 3.0515

Table 2 Comparison results of _

minimum allowed y for d 4.5 4.0 3.5 3.0 2.5 2.0

different d [26] 2.9473 1.7400 1.2354 0.9443 0.7481 0.6204
Lemma 3.1 1.6328 1.1308 0.9207 0.7884 0.6915 0.6169

which has the following gains:

. _ [30.4737 —37.7166 —2.7148
1= 1 30.7386 —23.6282 — 0.8215 |
o, _ [ —03769 —0.4568 0.2871
27 | —902.5297 258.6746 —4.7776
o _ [ 0:2264 —0.4239 0.2648
47 —0.1221 —0.1459 0.2952 |
o _ [ 102761 2.6463 —0.5260
@271 74781 —3.0840 —0.3604 |

The controllers with the multiplicative uncertainties

u(t) = (I + My;sin(t)Nx;)K;x(t)
+ U+ Mysin(t)Nygi)Kagix(t —d),i €S

which has the following gains:
K — [34.4338 —40.4507 —2.7959
= | 40.0444 —27.6446 —0.8795 |’

K> — [ 188.4577 —56.1672 — 1.7445
2= | —806.2580 231.4064 — 8.4865
[ —0.4225 —0.4238 0.2914

Kar=1_0.0360 —0.2756 0.2931} ’

k[ —73369 1.5352 —0.3566
927 | 546255 —2.3023 —0.4821 |

These controllers can guarantee that the closed-loop sys-
tems are stochastically stable with Hy, performance y, for
all admissible uncertainties. It is worth noting both the addi-
tive controller gain variance and the multiplicative controller
gain variance appear the function sin(¢), which means that
the controllers needn’t be precise and exactly implemented.
That is the controller gain changes in a certain range, the
corresponding closed systems can all be regular, impulse
free and stochastically stable. In addition the correspond-
ing given Hy, performance can be satisfied. So the controller
algorithms presented here are more conducive to the realiza-
tion.

5 Conclusions

The problem of delay-dependent robust resilient Hy, control
for singular Markovian jump time-delay systems has been
discussed. In terms of the Lyapunov technique and linear
matrix inequalities, a new delay-dependent BRL is estab-
lished such that the system is stochastically admissible with
a given H,, performance y. Then, delay-dependent design
algorithms for the desired state feedback robust resilient con-
trollers are proposed in terms of a set of strict linear matrix
inequalities (LMIs) to guarantee that the closed-loop systems
are not only regular, impulse free and stochastically stable,
but also satisfy a prescribed Hy, performance level. Finally,
numerical examples illustrate that the results proposed in this
paper is valid.
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