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Reflection of a Shock Wave in a Dusty Cloud

UDC 532.529A. V. Fedorov,1 Yu. V. Kharlamova,1 and T. A. Khmel’1

Translated from Fizika Goreniya i Vzryva, Vol. 43, No. 1, pp. 121–131, January–February, 2007.
Original article submitted November 29, 2005.

The problem of shock-wave passage along a cloud of particles adjacent to a solid
surface is studied numerically and analytically. The wave pattern of the flow near
the shock wave reflected from this surface is analyzed within the framework of the
equilibrium approximation of mechanics of heterogeneous media. The conditions of
the transition from regular to irregular reflection from the substrate of the refracted
shock wave inside the cloud are obtained analytically. The results of numerical sim-
ulations of a nonequilibrium flow in the two-velocity two-temperature approximation
are compared with data obtained in the equilibrium approximation. Nonequilibrium
and equilibrium flows are found to become more similar as the particle size decreases.
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INTRODUCTION

The study of interaction between a shock wave and
a dusty layer is of interest both from the practical view-
point of preventing industrial explosions and from the
theoretical viewpoint in terms of studying the mecha-
nisms of dust lifting and formation of dusty clouds.

A review of theoretical and experimental papers on
mixing under a shock-wave action on dust-laden layers
can be found in [1]; the review contains an analysis and
formulations of the corresponding problems of mechan-
ics of heterogeneous media. It should be noted here that
many analytical and numerical studies were performed
under the assumption that the particle size is rather
small and the equilibrium approximation of mechanics
of continuous media is valid. In this case, the motion
of the surface layer of the suspension can be modeled
by presenting it as a layer of a pseudo-gas of elevated
density [2, 3]. In particular, the problem of passage of a
shock wave (SW) along a layer of a coal-dust suspension
in air was examined numerically in [2]. Replacement of
the dusty layer by a similar layer of a cold gas allowed
an analysis both within the framework of inviscid Euler
equations and with allowance for viscosity and thermal
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conductivity (Navier–Stokes equations). The computa-
tion results revealed the internal system of waves in the
layer, which was predicted in [4], and indicated that re-
flection of the refracted SW from the surface may be ei-
ther regular or irregular. Occurrence of this or that type
of reflection is associated in [2] with the influence of the
dimensionless Atwood number characterizing the layer
density and determining the angle of incidence of the
SW refracted in this layer. SW interaction with a cloud
of inert or reactive particles with a fixed mass fraction
and different particle sizes was numerically simulated
in [5] within the framework of the nonequilibrium ap-
proximation of mechanics of interpenetrating continua.
The computations in a planar channel of a given width
showed that the character of reflection is affected by the
particle size, and the Mach stem height depends on the
layer thickness.

Note that shock-wave processes in dusty media are
significantly different from similar processes in gases,
owing to nonequilibrium caused by momentum and en-
ergy exchange between the phases. Relaxation pro-
cesses alter the qualitative wave pattern of the flow.
For planar shock waves, for instance, this is manifested
in nonmonotonic distributions of parameters behind the
front in the downstream direction [6, 7]. The studies of
SW propagation in a relaxing gas suspension and reflec-
tion of oblique shock waves on a wedge [8–11] revealed
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some specific features; in particular, it was found [9]
that changes in the particle size and the mass fraction
of particles in the mixture may lead to generation of
several principally different types of reflection. The re-
lation between the critical angle of SW incidence and
the Mach number is also more complicated than that
in gaseous mixtures. Ben Dor et al. [9] studied the
influence of particles on the criterion of the transition
from regular to Mach reflection and found a linearly de-
creasing dependence of the critical angle of the wedge
generatrix on the mass fraction of particles in the mix-
ture for a prescribed Mach number. Saito et al. [11]
analyzed the influence of nonequilibrium on the form of
the curves of the transition from one type of reflection
to the other. As the dependence of the angle of wave
incidence on the distance covered by the SW along the
wedge surface was found to be nonlinear, the transition
curves were constructed in [11] as the wedge angle ver-
sus the Mach number of the frozen SW, as well as in the
plane of the parameters “angle of the wedge generatrix–
distance covered by the SW along the wedge.” It follows
from [9–11] that the transition curves for a dust-laden
suspension and for a pure gas are principally different.

In the present work, we study the problem of prop-
agation of a planar SW along a dust layer partly filling
a planar channel. Here the SW is first refracted on the
layer surface and then is reflected from the flat wall
above which the cloud is located. The objective of the
study is to clarify the influence of the dispersion (mass
or volume fraction of particles and their size) on the
wave pattern and SW reflection character.

The first part of the paper describes the derivation
of transition criteria from regular to irregular SW re-
flection in a mixture of a gas and dust particles, similar
to criteria available in gaseous media, in the equilib-
rium approximation (limiting case of a nonequilibrium
flow) of mechanics of heterogeneous media. The effect
of the volume fraction of particles on conditions of reg-
ular and Mach reflection of shock waves was observed
(these parameters in gas mixtures are determined by
the SW incidence angle and by the free-stream Mach
number).

In the second part of the paper, the influence of
the particle size (determining the processes of veloc-
ity and temperature nonequilibrium of the phases) and
the layer thickness on the wave pattern, flow param-
eters, and type of reflection is quantified by means of
numerical simulations of SW propagation along a dust-
laden layer in a planar channel within the framework of
equilibrium and nonequilibrium models of mechanics of
heterogeneous media. The computed shock-wave struc-
tures are compared with appropriate flows described by
analytical criteria of reflection in the equilibrium case.

Fig. 1. Reflection of the shock wave from the wall.

1. EFFECT OF PARTICLES
ON THE REFLECTION CRITERION
FOR AN OBLIQUE SHOCK WAVE

We consider propagation of an oblique (refracted)
SW along the wall in a mixture of a gas and fine dust
particles. The states behind the SW front after its re-
flection are analyzed within the framework of the math-
ematical model of mechanics of heterogeneous media,
which is equilibrium in terms of velocities and temper-
atures. The presence of particles is taken into account
here by a modified equation of state.

The temperature, velocity, density, pressure, and
internal energy of the equilibrium mixture are denoted
by T , u, ρ, p, and e, respectively. The dimension-
less mass fractions of the gas (subscript 1) and parti-
cles (subscript 2) are determined as ξi = ρi/ρ, where
ρ =

∑

i

ρi and ρi = ρiimi (ρi and ρii are the mean and

true densities of each phase, respectively), ρ22 = const,
and mi is the volume fraction of the ith phase. The heat
capacities and the equilibrium ratio of specific heats of
the mixture are expressed in a conventional manner:
cp =

∑

i

ξicp,i, cv =
∑

i

ξicv,i, and γe = cp/cv. The

equation of state with allowance for the volume frac-
tion of particles is

p =
ρ1RT

1 − m2
=

ξ1RT

w
, w =

1
ρ
− ξ2

ρ22
,

(1)
e = cvT.

The equilibrium velocity of sound is presented as c2
e =

γep/wρ2.
The wave pattern of the examined flow in a coor-

dinate system fitted to the shock-wave configuration is
schematically shown in Fig. 1. The subscripts 1, 2, and
3 indicate the states ahead of the incident SW, behind
the incident SW (but ahead of the reflected SW), and
behind the reflected SW, respectively. The flow Mach
numbers are determined as M1 = u1/ce1, where u1 is
the free-stream velocity (SW velocity in the laboratory
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system), M2 = u2/ce2, and M3 = u3/ce3, where cei is
the equilibrium velocity of sound in the corresponding
domain. Let σ1 be the angle between the wall and the
front of the incident SW and σ3 be the angle between
the wall and the reflected SW. As the flow behind the
reflected wave is assumed to be parallel to the wall, the
angles of flow deflection β in states 2 and 3 are identical
(see Fig. 1). To determine the parameters behind the
incident and reflected shock waves, we use the known
relations on an oblique shock wave:

ρ2u2n = ρ1u1n, p2 + ρ2u
2
2n = p1 + ρ1u

2
1n,

u2τ = u1τ ,

e2 +
p2

ρ2
+

u2
2n

2
= e1 +

p1

ρ1
+

u2
1n

2
,

ρ2u2n = ρ3u3n, (2)
p3 + ρ3u

2
3n = p2 + ρ2u

2
2n,

u3τ = u2τ ,

e3 +
p3

ρ3
+

u2
3n

2
= e2 +

p2

ρ2
+

u2
2n

2
.

Here un and uτ are the normal and tangential com-
ponents of the velocity u determined by the formulas
u1n = u1 sinσ1, u1τ = u1 cosσ1, u2n = u2 sin (σ1 − β),
and u2τ = u2 cos (σ1−β) for the incident SW and u2n =
u2 sin (σ3 + β), u2τ = u2 cos (σ3 + β), u3n = u3 sin σ3,
and u3τ = u3 cosσ3 for the reflected SW.

Applying some algebraic transformations, we ob-
tain the following expressions for the angle of flow de-
flection β:

tan β =
cot σ1(sin2 σ1 − 1/M2

1)
(γe + 1)/(2ρ1w1) − (sin2 σ1 − 1/M2

1)
, (3)

tan β =
cot (σ3 + β)(sin2(σ3 + β) − 1/M2

2)
(γe + 1)/(2ρ2w2) − (sin2(σ3 + β) − 1/M2

2)
. (4)

Note that Eqs. (3) and (4) in the approximation of a
small volume fraction of solid particles in the mixture
(m2 ≈ 0 and ρw ≈ 1) coincide with similar expressions
for an ideal gas [12] with allowance for the ratio of spe-
cific heats dependent on the mass fraction of particles.

By consecutive transformations of Eqs. (2), we ob-
tain the equations

1
M2

2

=
w1

w2M2
1

sin2 (σ1 − β)
sin2 σ1

×
(
1 +

γe

ρ1w1
M2

1 sin2 σ1

)
− γe sin2 (σ1 − β)

ρ2w2
, (5)

1
M2

2

=
w3

w2M2
3

sin2 (σ3 + β)
sin2 σ3

×
(
1 +

γe

ρ3w3
M2

3 sin2 σ3

)
− γe sin2 (σ3 + β)

ρ2w2
, (6)

Fig. 2. Curves of the transition from regular to irregular
reflection for a gas with γ1 = 1.4 (1) and for various
mixtures (2–5).

where

ρ2 =
ρ1 tan σ1

tan (σ1 − β)
, ρ3 =

ρ2 tan (σ3 + β)
tan σ3

.

The total number of parameters in Eqs. (3)–(6)
is six (M1, M2, M3, σ1, σ3, and β). We are inter-
ested in the parameters M1 and σ1. To obtain a func-
tional dependence between them (construct the transi-
tion curve), we use the von Neumann sonic criterion,
which agrees well with experimental data for pseudo-
steady flows in gaseous media [13]:

M3 = 1. (7)

After eliminating M2 and solving a quadratic equation
with respect to cot σ3, we can use system (3)–(7) to
determine the relation between σ1 and M1 in the form
of a nonlinear equation, which is too cumbersome to be
given here.

Figure 2 shows the computed dependences of the
critical angle of the flow θ = 90−σ1 (adjacent to the an-
gle of the incident SW) on the SW intensity for several
volume fractions of particles. These curves divide the
domains of regular (above) and irregular (below) types
of reflection. For m2 ≈ 0, the transition curve (solid
curve 1) is rather close to the curve constructed on the
basis of the data [14] for a gas with γ1 = 1.4 (dashed
curve 1), and the minor difference seems to be caused by
the difference in transition criteria. (The transition to
Mach reflection in [14] was associated with insolvability
of the problem of determining the shock-wave config-
uration corresponding to regular reflection.) This fact
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confirms that the mathematical models of the transition
are similar [13].

The presence of particles in the mixture is mani-
fested in a dual manner: in the change in the ratio of
specific heats γe (effect of the loading ratio) and as a
covolume in the equation of state (effect of the volume
fraction). To estimate the effect of the latter factor
in the transition from regular to Mach reflection, we
performed computations with Eq. (1) replaced by the
equation

p = ρξ1RT. (8)
The corresponding results in Fig. 2 are marked by
primed numbers. For comparatively small values of the
volume fraction (up to ≈10−3), the data obtained with
and without allowance for the parameter m2 differ in-
significantly (cf. curves 3 and 3′ in Fig. 2). An increase
in the mass loading factor of the suspension ξ2 reduces
the value of the equilibrium ratio of specific heats γe,
and the transition curve is shifted downward from the
transition curve for γe = 1.4. The dependence θ(M1)
is nonmonotonic is all cases, and there is a local maxi-
mum whose position depends on the mass fraction. The
same behavior is observed by analyzing the data of [14]
for gases. It is also worth noting that the results for
the gas with the ratio of specific heats γ1 = 1.1 [14]
coincide with the computed curve 3′ [equation of state
(8); m2 = 1.35 · 10−3 and γe = 1.1]. Thus, the results
for the mixture without allowance for the volume occu-
pied by particles are consistent with available results on
reflection of oblique shock waves in gases.

The effect of the volume occupied by particles be-
comes significant as the amount of particles in the mix-
ture increases. For m2 = 3.15 · 10−3 and 10−2, a sub-
stantial difference is observed in results obtained with
the use of Eq. (1) and Eq. (8) (cf. curves 4 and 4′,
5 and 5′ in Fig. 2). The behavior of the transition
curves with allowance for the volume fraction of parti-
cles changes: in addition to a local maximum, there also
appears a local minimum, after which the dependence
θ(M1) starts increasing again. For m2 = 3.15 · 10−3

(curve 4), the curve reaches an extreme value at M1 ≈ 5.
With increasing m2, the position of the local minimum
is shifted toward lower values of M1 and approaches the
local maximum (curve 5; m2 = 10−2). The value of
the local maximum decreases, and the value of the local
minimum increases. Thus, the curve tends to transform
to a monotonically increasing dependence of the criti-
cal angle on the Mach number with a further increase
in m2. (Note that the volume fractions of the order of
0.1 for compression flows are outside the area of appli-
cability of the present model.)

The dependence of the critical angle on the vol-
ume fraction of particles for fixed Mach numbers also

Fig. 3. Effect of the volume fraction on the transition
angle for different values of the Mach number of the in-
cident shock wave.

behaves in a complicated manner (Fig. 3). The initial
values of the functions (m2 = 0) here correspond to
data for a pure gas. For moderate values of the SW
amplitude, the values of θ decrease monotonically with
increasing volume fraction. For low values of m2, such
a dependence qualitatively agrees with the numerical
data of [9] (see the points in the insert in Fig. 3). The
quantitative differences between the results of [9] and
those in the present work and, correspondingly, results
of [14] can be attributed to the fact that Ben Dor et
al. [9] considered a slightly different problem: unsteady
interaction of a planar SW with a wedge in a gas flow
with heavier particles (ρ22 = 4000 kg/m3, m2 � 2·10−4,
and M0 = 1.5).

As the Mach number increases, the dependence
θ(m2) becomes nonmonotonic, and the critical angle θ
increases after a certain value of m2 is reached (Fig. 3;
M1 = 4). The greatest difference between the maximum
and minimum values of the transition angle, caused by
the effect of the volume fraction of particles, is observed
for high Mach numbers.

The above-said implies that the types of SW re-
flection in suspensions of lighter and heavier particles
with an identical mass fraction may be principally dif-
ferent. For m2 > 3 · 10−3, the transition curve should
be determined with allowance for the volume occupied
by particles. A similar value in terms of the order of
magnitude m2 ≈ 10−2 was reported in [15] as the max-
imum admissible value at which the volume of particles
in the analysis of equilibrium states of planar shock-
wave structures can be neglected. Thus, the effect of
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Fig. 4. Flow pattern: the domains show the initial con-
ditions in the gas (0), the initial conditions in the mixture
(1), and the conditions behind the SW in the gas (2).

particles on the shock-wave pattern and the transition
from regular to irregular reflection occur not only ow-
ing to a change in the equilibrium ratio of specific heats
but also owing to a change in the volume occupied by
particles in the overall volume of the mixture.

2. EFFECT OF DISPERSION ON THE
WAVE PATTERN OF THE FLOW AND
THE CHARACTER OF SHOCK-WAVE
REFLECTION IN A LAYER OF PARTICLES

We consider the problem of refraction and reflec-
tion of a planar SW in a layer of a gas suspension of
fine solid particles within an identical fraction, which is
also of independent interest because of the problems of
“layered detonation” [5]. The shock-wave structure is
assumed to occur in a semi-infinite rectangular cloud of
the suspension, which is adjacent to the wall of a planar
channel. The shock wave propagates over the channel
from left to right over a quiescent gas without dust par-
ticles and interacts with the cloud of particles. The flow
pattern is shown in Fig. 4.

To describe the SW interaction with the layer of
particles suspended in the gas, we use two approaches
of mechanics of heterogeneous media. In the first
(equilibrium) approach, the mixture is computed as a
one-velocity one-temperature continuum, as was done
above. To describe the flow in this approximation, we
use a system of conservation laws for a pseudo-gas, sup-
plemented by the equation for the volume fraction of
particles [2] and the equation of state in the form (1):

∂Q

∂t
+

∂F

∂x
+

∂G

∂y
= 0,

Q =

⎛

⎜⎜⎜⎜⎝

ρ
ρu
ρv
ρE
ρm2

⎞

⎟⎟⎟⎟⎠
, F =

⎛

⎜⎜⎜⎜⎝

ρu
ρu2 + p

ρuv
(ρE + p)u

ρm2u

⎞

⎟⎟⎟⎟⎠
,

G =

⎛

⎜⎜⎜⎜⎝

ρv
ρuv

ρv2 + p
(ρE + p)v

ρm2v

⎞

⎟⎟⎟⎟⎠
.

Here F and G are the vectors of conservative fluxes
in the corresponding directions; the parameters of the
mixture are the density (ρ), the velocity components in
the Cartesian coordinate system (u and v), the total
energy (E), and the pressure (p).

In the second (nonequilibrium) approach of me-
chanics of heterogeneous media, the flow is described
within the framework of a two-velocity two-temperature
approximation. The equations of conservation of mass,
momentum, and energy written for each phase and the
closing relations are taken in the following form [5]:

∂ρi

∂t
+

∂ρiui

∂x
+

∂ρivi

∂y
= 0,

∂ρiui

∂t
+

∂ [ρiu
2
i + (2 − i)p]

∂x
+

∂ρiuivi

∂y

= (−1)i−1(−fx),

∂ρivi

∂t
+

∂ (ρiuivi)
∂x

+
∂ [ρiv

2
i + (2 − i)p]

∂y

= (−1)i−1(−fy),

∂ρiEi

∂t
+

∂ [ρiui(Ei + (2 − i)p/ρ1)]
∂x

+
∂ [ρivi(Ei + (2 − i)p/ρ1)]

∂y

= (−1)i−1(−q − fxu2 − fyv2),

Ei = (u2
i + v2

i )/2 + cv,iTi, (9)

q =
6m2λ1

d2
Nu (T1 − T2),

f =
3m2ρ11

4d
cD|u1 − u2|(u1 − u2),

cD(Re, M12) =
(
1 + exp

(
− 0.43

M4.67
12

))

×
(
0.38 +

24
Re

+
4√
Re

)
,

Nu = 2 + 0.6Re1/2Pr 1/3, Re = ρ11d|u1 − u2|/μ,

M12 = |u1 − u2|√ρ11 /
√

γ1p.
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The equation of state in such a flow of the suspension is
used in the form (8), i.e., the volume fraction of particles
is ignored.

In Eqs. (9), d is the particle diameter, cD is the drag
coefficient of particles, λ1 is the thermal conductivity of
the gas, Re, Nu, and Pr are the Reynolds, Nusselt, and
Prandtl numbers, respectively, μ is the gas viscosity,
and γ1 is the ratio of specific heats.

The problem of SW interaction with a dust layer
reduces to an initial-boundary problem with the follow-
ing initial conditions:

t = 0: ϕ =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ϕSW(x), 0 � x < Xcl,

ϕcl, Xcl � x < +∞,
0 � y � h,

ϕ0, Xcl � x < +∞,
h < y � L.

Here ϕ = {ρ, ρu, ρE, ρm2} is the vector of the
solution in the equilibrium approximation, ϕ =
{ρ1, ρ2, ρ1u1, ρ2u2, ρ1E1, ρ2E2} is the vector of the solu-
tion in the nonequilibrium approximation, ϕSW(x) are
the parameters behind the SW front in the gas without
particles, ϕ0 is the initial state ahead of the SW front
in the gas, ϕcl is the initial state of the mixture in the
cloud, and Xcl determines the cloud boundary and the
initial SW position. The initial values of gas and par-
ticle velocities ahead of the SW front and in the cloud
have zero values. The particle density outside the cloud
equals zero.

The following boundary conditions were used:
a state corresponding to parameters behind the incident
SW on the left boundary and conditions corresponding
to x = ∞ on the right boundary (which was maintained
on the right, at a certain distance from the transient
SW).

The computations were performed for a mixture
of particles of coal dust in air. The initial values of
parameters were assumed to be h = 20 mm, ρ11 =
1.177 kg/m3 (air), ρ22 = 1470 kg/m3 (coal), p0 = 1 atm,
and T0 = 288 K; the SW Mach number was M = 1.6.

To solve the initial-boundary problem in the equi-
librium approximation, we used the CIP method pro-
posed in [16] and adapted in [2] to problems of mechan-
ics of equilibrium heterogeneous media. This method
was successfully used to analyze flows with contact dis-
continuities [2]. The computations were performed on
a uniform finite-difference grid with 1500 × 100 nodes.
The problem in the nonequilibrium approximation was
solved with the use of a total variation diminishing
(TVD) scheme for the gas and the Gentry scheme for
particles [17]. Such an approach was successfully tested
on problems of heterogeneous detonation [5, 18]. When
the problem was solved by this approach, the two-

Fig. 5. Effect of the particle size on SW propagation
along the suspension layer (t = 0.9 msec, m2 = 4 · 10−4).
Contours of equal density of the mixture for equilib-
rium approximation (a) and nonequilibrium approxima-
tion (b–e): d = 0 (a), 1 (b), 3 (c), 5 (d), and 10 μm (e).

dimensional finite-difference grid was also uniform. The
spatial step of the difference grid in both directions was
0.00025 m. The computational domain was expanded
as the SW propagated further.

In both methods, the computational error was less
than 5% for all flow parameters.

The computed results are plotted in Figs. 5–9. Fi-
gure 5 shows a typical pattern of the flow, which is
obtained by the nonequilibrium approximation of me-
chanics of heterogeneous media, in the form of density
fields for the mixture at the time of 0.9 msec after SW
interaction with the dust layer. Note that SW inter-
action with the cloud involves a certain period of flow
unsteadiness, after which a pseudo-steady regime of SW
propagation in the channel with SW refraction and re-
flection in the cloud of particles is established. As was
shown above, within the equilibrium approximation, re-
flection can be either regular or irregular (with forma-
tion of the Mach stem). The wave pattern in the case
of SW refraction and reflection in the layer is similar to
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that considered in [2, 5]. The front of the leading SW
experiences an inflection at the layer boundary. At the
point of merging of the SW in the gas and the refracted
SW in the layer, the contact (slip) surface separating
the gas and the dust layer is also refracted. The layer
behind the SW front is contracted, and its thickness be-
comes smaller than that ahead of the front. A certain
increase in the layer thickness is reached when the SW
reflected from the wall reaches the contact surface and
interacts with the latter. In the flow illustrated in Fig. 5
(M = 1.6), this wave is weak and does not lead to any
significant changes in the boundary, as was obtained in
[5] for M = 3 and d = 1 μm. It is seen that the contact
boundary between the gas and the mixture does not
differ much from a horizontal line. Significant lifting of
particles in Fig. 5 is observed only on the leading edge
of the layer, where an unsteady vortex is formed ow-
ing to SW interaction with the rectangular edge of the
cloud. A qualitative comparison of the data of numeri-
cal experiments performed within the framework of the
equilibrium (Fig. 5a) and nonequilibrium (Figs. 5b–5e
for particle size 1, 3, 5, and 10 μm, respectively) ap-
proximations shows that both approaches predict simi-
lar shapes of the cloud and vortex. A distinctive feature
of the results obtained in the equilibrium approximation
(Fig. 5a) by the CIP method [2, 16] is the clear-cut con-
tact discontinuities at the cloud boundary and inside the
cloud, but this technique does not allow accurate cap-
turing of shock waves in the medium because the shock
waves are smeared. In addition, it can be noted that the
cloud contraction behind the leading SW in the equilib-
rium flow is more significant. Vice versa, the numerical
calculations in the nonequilibrium approximation ob-
tained by the TVD–Gentry scheme demonstrate some
smearing of the contact and combined discontinuities
in the mixture flow behind the SW in the layer. The
latter is also caused by velocity and temperature relax-
ation processes, which is particularly noticeable as the
particle diameter increases.

The pressure distributions on the channel wall be-
hind the SW at the same time (0.9 msec) are plot-
ted in Fig. 6. Note that the lengths of the relax-
ation zones are in nonlinear correlation with the par-
ticle size, because cD and Nu depend nonlinearly on
dimensionless flow parameters. For this reason, flows
of gas suspensions, both in planar shock waves and in
two-dimensional wave configurations, have different flow
structures for different relations of relaxation parame-
ters. As is seen from Fig. 6, the maximum pressure
behind the Mach stem depends on the particle size. A
drastic decrease in pressure after reaching the maximum
in the equilibrium mixture is caused by the fact that a
rarefaction wave formed owing to reflection of the SW

Fig. 6. Effect of the particle size on the pressure distri-
bution on the wall: t = 0.9 msec; m2 = 4 ·10−4; the data
are obtained in the equilibrium approximation (1) and
nonequilibrium approximation (2–5).

emanating from the triple point and refracted on the
internal contact surface arrives on the wall [2]. In the
gas–particle mixture, this wave interacts with the re-
laxation zone behind the Mach stem (whose length de-
pends on the particle size: the greater the particle size,
the greater the relaxation-zone length). Thus, the pres-
sure maximum decreases with increasing particle size;
for d = 10 μm, the pressure profile monotonically in-
creases from a value at the front of the frozen shock
wave (point F in Fig. 6) to the equilibrium value. Vice
versa, as the particle size decreases, the pressure pro-
file approaches the corresponding distribution obtained
in the equilibrium model, i.e., generally speaking, there
exists a limiting transition. Naturally, it is problematic
to tell that such a transition definitely occurs.

To estimate the crossflow effects on the flow struc-
ture, computations were performed for different layer
thicknesses normalized to the channel width. As the
SW passes over the dust-laden cloud in the channel,
the steady wave velocity is known to depend on the
cloud width and mass fraction and to be independent
of the particle size. Figure 7 shows the pressure distri-
butions on the wall at one time instant. If the cloud
occupies the entire width of the channel, the pressure
first rapidly increases to the “frozen” value (pressure at
the front of the frozen SW) and then continues to mono-
tonically increase in the relaxation zone until it reaches
the equilibrium value (curve 1 in Fig. 7).

In a layer of finite thickness, the pressure behind
the Mach stem in the case of irregular reflection is higher
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Fig. 7. Effect of the dimensionless layer thickness on
the pressure distribution on the wall (d = 5 μm and
t = 0.9 msec).

than the equilibrium value. Therefore, the pressure dis-
tribution in the downstream direction is nonmonotonic:
there is a pressure maximum behind the SW front, and
then the pressure decreases to the equilibrium value.
If the layer occupies more than half of the channel
(curves 1–4 in Fig. 7), the crossflow effects are rather
weak: the pressure peak is not very high. A further
decrease in the layer thickness leads to a higher peak
value, and the increase in pressure on the wall reaches
the maximum value for a layer thickness equal to one
third of the channel width (curve 5 in Fig. 7). After
that, as is seen from Fig. 7 (curves 6 and 7), the effect
of the decreasing dust-laden layer on the pressure on
the wall becomes smaller. The maximum value of pres-
sure decreases, and the relaxation zone also becomes
smaller: it is limited by the crossflow size (thickness of
the layer). The equilibrium value of pressure (in the far
zone) corresponds now to the state behind the SW in
the gas.

Thus, as the dimensionless thickness of the layer
changes from H/L = 1 (the layer is completely filled by
dust) to zero (pure gas in the channel), the peak pres-
sure first increases and reaches a maximum and then
gradually decreases and tends to the value behind the
SW in the pure gas. Note that the particle size and,
hence, the relaxation time remain unchanged in all com-
putational events. Therefore, this behavior can only be
caused by two following factors: a change in velocity of
propagation of the shock-wave configuration (from the

Fig. 8. Effect of the layer thickness on the wave pattern.
Contours of equal density of the mixture: d = 5 μm,
m2 = 4 · 10−4, t = 9 · 10−4 sec, and H/L = 0.3 (a),
0.6 (b), 0.8 (c), and 0.9 (d).

SW velocity in the mixture to the SW velocity in the
pure gas) and relations between the geometric size of the
layer and the length of the relaxation zones behind the
SW. The SW velocities in the mixture and in the pure
gas differ insignificantly, and the equilibrium states in
Fig. 7 for h = L and h = 0.1L are also similar. Hence,
the governing factor is the ratio between the scale of
relaxation processes and the layer thickness.

Figure 8 shows the density fields of the mixture
at the time t = 0.9 msec for different values of the
layer thickness. For the minimum thickness of the layer
(Fig. 8a, H/L = 0.3), the relaxation zone and the re-
flected wave approach the front of the leading SW and
the wall to the maximum extent, which is manifested
as closeness of the isochores to each other and to the
frozen SW. Thus, the main changes in density of the
mixture are observed in an immediate vicinity of the
leading discontinuity. As the cloud width increases, this
region becomes smeared, which is evidenced by greater
gaps between the isochores. The flow in the cloud be-
comes closer to a one-dimensional flow, as the Mach
stem increases. A comparison of the flows in Figs. 8b–8d
shows that the type of SW reflection remains unchanged
regardless of the layer thickness in this case, and the
shapes of the incident waves are similar. Though the re-
laxation zones are commensurable with the layer thick-
ness, the Mach stem is visible, which indicates that the
reflection is irregular. It can be found, however, that
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Fig. 9. Different types of reflection in a nonequilibrium
gas suspension for d = 3 μm (a) and in the equilibrium
approximation (b). Contours of equal density of the mix-
ture (m2 = 10−3).

the angle of merging of the leading SW with the inter-
face both in the gas and in the layer slightly changes
with a change in the layer thickness. This means that
the dimensionless thickness of the layer can affect the
reflection type if the values of parameters are close to
critical ones.

The effect of relaxation processes on the reflection
type is illustrated in Fig. 9, which shows the wave pat-
terns of the flow for M = 1.6 and m2 = 10−3 obtained in
the nonequilibrium (Fig. 9a, particle size d = 3 μm) and
equilibrium (Fig. 9b) approximations. Different types
of reflection are obtained, depending on whether relax-
ation processes are taken into account or neglected. In
the nonequilibrium mixture, the SW is reflected with
a “smeared” Mach stem similar to [5] (because the
relaxation-zone width is comparable with the channel
width), whereas the reflection in the equilibrium mix-
ture is regular.

The results of the numerical experiment were com-
pared with analytical transition criteria derived in the
first part of activities. Figure 10 shows the results of
numerical computations for four values of the volume
fraction of particles and the corresponding transition
curves; for the volume fractions considered, these curves
differ only slightly.

It is seen that the numerical results obtained in the
equilibrium approximation are in good agreement with
the transition curves (also determined for the equilib-
rium mixture) with appropriate ratios of specific heats.

The numerical results obtained in the nonequilib-
rium approximation (for the same Mach numbers and

Fig. 10. Comparison of numerical data and analytical
curves of the transition: the analytical curves are ob-
tained with the use of the equation of state (8) (solid
curves) and the equation of state (1) (dashed curves);
the numerical data are plotted by open points (regular
reflection), filled points (irregular reflection), and points
marked by n (nonequilibrium approximation).

volume fractions) agree with the “equilibrium” curve
only for M < 3, where the parameters of the nonequilib-
rium flow are little different from the equilibrium values.
For M > 3, the numerical computations predict irregu-
lar reflection, whereas the equilibrium theory (and the
equilibrium computations) predict regular reflection.

The results reported above testify that the relax-
ation processes have a significant effect on the character
of SW reflection in a layer of a gas suspension.

CONCLUSIONS

Reflection of an oblique shock wave in a heteroge-
neous mixture of a gas and solid particles is examined
in the paper numerically and analytically.

Curves of the transition from regular to irregular
reflection in the mixture are obtained within the frame-
work of the equilibrium approximation of mechanics of
heterogeneous media in the plane “Mach number–angle
of the incident shock wave.” A significant effect of the
volume occupied by particles on the critical transition
angles for substantial concentrations of the solid com-
ponent is established.

The influence of the particle size and dimensionless
thickness of the layer on the wave pattern of the flow is
numerically estimated within the framework of the two-
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velocity two-temperature approximation of mechanics
of heterogeneous media. The pattern of the mixture
flow is demonstrated to become close to that obtained
in the equilibrium approximation as the particle size
decreases.

The data characterizing the reflection type, which
were obtained numerically within the framework of the
equilibrium model of mechanics of continuous media,
are in satisfactory agreement with the transition criteria
determined above.

The corresponding results for the nonequilibrium
approximation are consistent with the equilibrium tran-
sition curves only for low Mach numbers and small par-
ticle sizes; for M > 3, the reflection types predicted by
equilibrium and nonequilibrium computations are dif-
ferent, which is caused by the influence of relaxation
processes on the character of reflection.

This work was supported by the Russian Founda-
tion for Basic Research (Grant No. 03-01-00453).
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