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Formation of cellular detonation in a stoichiometric mixture of aluminum particles
in oxygen is studied by means of numerical simulation of shock-wave initiation of
detonation in a flat and rather wide channel. By varying the channel width, the
characteristic size of the cells of regular uniform structures for particle fractions of
1–10 µm is determined. The calculated cell size is in agreement with the estimates
obtained by methods of an acoustic analysis. A relation is established between the
cell size and the length of the characteristic zones of the detonation-wave structure
(ignition delay, combustion, velocity and thermal relaxation).
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INTRODUCTION

It is commonly known that the widely used
Zel’dovich–Neumann–Döring model of detonation is an
excellent ideal approximation but does not describe all
specific features of propagation of real detonation waves.
Because of instability of the plane front to spatial fluc-
tuations, the propagation regime acquires the form of
multifront or cellular detonation. In this case, the det-
onation front consists of segments of overdriven and
decaying detonation waves converging in triple points
where transverse waves are also generated. The system
of transverse waves moving in the opposite directions
is regular, and the trajectories of triple points during
front propagation form a pattern consisting of diamond-
shaped cells. The mechanisms that ensure the cellular
character of detonation play an important role in the
deflagration-to-detonation transition in bounded vol-
umes and in passage of detonation into an open space.
Problems of cellular detonation in gas mixtures have
been discussed in many papers (see the reviews [1–4]).

One important aspect of cellular detonation is es-
tablishing relations between the cell size and detonation
parameters. The basic geometric scales characterizing
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the chemical processes in the detonation wave are the
lengths of the induction zone (ignition delay) and com-
bustion zone. An analysis of the first results, which
made it possible to get a general idea about the rela-
tion of the transverse or longitudinal cell size (a or b,
respectively) with physical and chemical properties of a
gas mixture, can be found in the review [2]. The linear
dependence of the cell size on the induction-zone length
[a = kλ, where λ = (D0 − u)τ ] was first established in
[5] in the approximation of the reaction zone consist-
ing of the induction zone and the front of instantaneous
heat release, which agrees with the specific features of
detonation combustion of gas mixtures. (Here, D0 is
the detonation-front velocity, u is the gas velocity be-
hind the front, τ is the induction time, and k is the pro-
portionality coefficient.) Subsequent investigations con-
firmed the conclusion that the mechanisms responsible
for instability operate in the heat-release zone [1]. The
estimate of the cell size on the basis of the conditions
of flameout behind a diverging cylindrical front yields
the relation between the transverse cell size and the
induction-zone length in the form b ≈ (Ea/(RT ))D0ξτ0,
where Ea is the activation energy, R is the universal
gas constant, T is the temperature, τ0 is the induction
time, and ξ is a constant whose value (0.5 < ξ < 2)
depends on the choice of the flameout criterion [6]. A
similar dependence of the cell size on the induction-zone
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length was obtained in [7] within the framework of a
generic model of the detonation cell, where the collision
of transverse waves is considered as a microexplosion
with an instantaneous reaction zone. The linear law of
cell-size variation as a function of the induction-zone
length was also derived by processing experimental ob-
servations of cellular structures of overdriven detonation
[8]:
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Here, λ is the characteristic transverse cell size, Lind is
the induction-zone length, D is the front velocity,
the subscript “CJ” indicates the Chapman–Jouguet
wave, and TZND is the temperature at the front in
the Zel’dovich–Neumann-Döring model. Obviously, the
first part of the relation is not universal, because both
the detonation velocity and the parameters in the chem-
ical spike region and in the equilibrium state change as
the detonation becomes more overdriven.

Thus, in the approaches described above, the cell
size is related to the induction-zone width, which is the
governing parameter in the gas-detonation wave struc-
ture. As was indicated in [2], the dependence becomes
more complicated if the finite size of the heat-release
zone is taken into account.

Barthel [9] involved not only the induction zone but
also the combustion zone to estimate the detonation-
cell size. The transverse cell size (distance between the
neighboring transverse waves following in the same di-
rection) is determined by analyzing the propagation of
acoustic fluctuations in the flow field behind the steady
detonation front. The cell size calculated for the ba-
sic flow field of the Chapman–Jouguet wave are sub-
stantially greater than those observed in experiments.
Consideration of moderately overdriven waves, however,
made it possible to approach the experimental data and
to reach qualitative agreement with variation of the ini-
tial pressure and composition of gas mixtures.

The studies [10, 11] confirm the influence of the
heat-release zone on the detonation-cell size. The re-
sults of measurements of the cell sizes in hydrogen–
air mixtures with addition of carbon dioxide and the
zone sizes calculated by models with allowance for de-
tailed chemical kinetics and characterizing the processes
of the chemical reaction (induction and combustion)
on the basis of different criteria were analyzed in [10].
It was found from the results with a varied composi-
tion of the mixtures that the dependence between the
cell size and the induction and combustion zones is
more complicated than the linear one. The relation be-
tween the lengths of the characteristic reaction zones
determined with the use of detailed chemical kinet-
ics in the one-dimensional Zel’dovich–Neumann–Döring

model and the cell size observed experimentally and ob-
tained numerically within the framework of the model
with reduced single-step chemical kinetics was estab-
lished in [11]. This relation is characterized by two
parameters. One of them determines the measure of
sensitivity of the reaction zone to variation of initial
conditions (shock-wave amplitude), and the second one
is related to the ratio of heat release of the chemical
reaction to the initial thermal energy.

The relation between the cell size and the lengths
of the induction and combustion zones was experimen-
tally validated in the case of detonation of heteroge-
neous mixtures with a more complicated structure. Ob-
servations of cellular hybrid detonation in a hydrogen–
air mixture with addition of aluminum powder [12, 13]
showed that the presence of aluminum particles can
exert the opposite effects on the characteristics of gas
detonation, depending on the particle size. Thus, ad-
dition of fine spherical particles and flakes increases
the detonation velocity and decreases the characteris-
tic cell size. Addition of coarse particles, vice versa,
leads to a decrease in the detonation velocity and to
an increase in the cell size, as compared to gas detona-
tion. Apparently, the reason is that the effect of the alu-
minum ignition and combustion processes on the deto-
nation parameters becomes more and more pronounced
as the particle concentration increases. Therefore, the
presence of rapidly igniting and rapidly burning (fine
or flake-type) or slowly igniting and slowly burning
(coarse) particles leads to the opposite effects.

The degree of influence of the scale of the induc-
tion and heat-release (combustion) zones on the charac-
teristics of cellular detonation can be determined more
accurately for media in which these scales are commen-
surable in the order of magnitude. In particular, such
mixtures include suspensions of reacting particles in air
or oxygen, where the combustion duration is normally
longer than the ignition delay. Detonation flows in dis-
perse media are also characterized by interphase inter-
action; hence, they have additional scales determined
by the length of the zones of velocity and thermal re-
laxation of the phases. It is of much interest to which
extent these scales can affect the cellular detonation
structures being formed.

The process of cellular heterogeneous detonation
in suspensions of aluminum particles in gases has not
been adequately studied. Several cellular-type struc-
tures 5–10 cm in size were registered in the experi-
ments [14] on detonation initiation in a mixture of alu-
minum particles and oxygen in an unbounded cloud.
These structures were observed at the outer boundary
of the cloud; hence, it is doubtful that they will exist at
the next stage of wave propagation. The deflagration-
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to-detonation transition in suspensions of starch, an-
thraquinone, and aluminum particles in air were con-
sidered in [15]. The data on the pressure distribution
in the detonation wave in a suspension of aluminum
flakes indicate the presence of transverse waves typical
of cellular detonation, where the characteristic cell size
is ≈0.4 m.

One method successfully used to study detonation
processes, including cellular detonation, is numerical
simulation, which allows one to identify the detailed
flow pattern and determine the qualitative and quan-
titative dependences of dynamic and geometric char-
acteristics on initial parameters. Results of numerical
simulations of cellular structures of hybrid detonation
of a hydrogen–oxygen mixture with aluminum particles
are described in [16]. An analysis of the cell size cal-
culated for a varied content of particles in the mixture
showed that the dependence of the cell size on the det-
onation velocity in the case of addition of fine particles
is in good agreement with the formula derived in [12]
for overdriven detonation. For coarse aluminum parti-
cles (d = 13 µm), this dependence is valid only if the
content of particles is low.

Cellular heterogeneous detonation of a lean gas sus-
pension of fine aluminum particles (d = 1 and 2.5 µm)
was numerically simulated in [17]. Oxygen was consid-
ered as a carrier gas. The calculated detonation velocity
for the accepted value of the initial concentration of par-
ticles, corresponding to the stoichiometric value in air,
is in line with the corresponding results of [18]. Compu-
tations on adaptive grids with high resolution revealed
a detailed pattern of the two-dimensional structure of
the cellular detonation flow. The calculated cell size
was 6 cm for 2.5-µm particles, and transitional struc-
tures with the cell size ranging from 1.1 to 1.4 cm were
obtained for particles 1 µm in diameter.

The experience of numerical simulations of two-
dimensional flows of gas detonation shows that the cel-
lular structure depends on the size of the computational
domain [19] and that there exist transitional structures
with a varied character of regularity and cell size [20].
To determine the size of the cellular structure proper,
one has to eliminate the influence of the boundary con-
ditions. Calculations in the domain with the transverse
size of the order of one cell involve an additional length
scale, which relates the cell size to the domain width
[19]. The cell size is determined most accurately in do-
mains containing a large number of cells as the ratio of
the domain width to the number of cells over the cross
section.

In the present paper, we find numerically the char-
acteristic size of the structure of cellular detonation in
a suspension of aluminum particles in oxygen for differ-

ent fractions of particles. With allowance for the results
of [19], the computations were performed for channels
containing several cells, and the cell size was determined
on the basis of data for uniform regular structures. The
size of characteristic zones (velocity and thermal relax-
ation, ignition delay, and combustion) in a heteroge-
neous mixture depend on the particle size, whereas the
front velocity and the amplitude characteristics of det-
onation can be considered as invariable. The objective
of the present work was to find the dependence between
the detonation-cell size and the scales characterizing the
dynamic and chemical processes in the heterogeneous
detonation wave structure. The numerical results are
compared with the cell size estimated by an acoustic
analysis [9].

The mathematical model of detonation of alu-
minum particles in oxygen, which was verified against
the experimental data of [21], was developed in [22–24]
and used in [25–27]. The model is based on represen-
tations of a two-velocity two-temperature continuum of
mechanics of heterogeneous media. Aluminum combus-
tion is described by a reduced reaction initiated when
the particle reaches a certain critical temperature (igni-
tion temperature) with allowance for incomplete com-
bustion of particles, which is caused by the growth of
an oxide film preventing combustion. The values of
the initial parameters (ignition temperature, activation
energy, heat release, and chemical reaction rate) were
determined with allowance for their correspondence to
available experimental data on the detonation veloc-
ity and the size of the ignition-delay and combustion
zones. The dependence of the velocity of steady det-
onation on the particle concentration was accepted in
accordance with the data of [21]. The characteristic
time of aluminum-particle combustion in oxygen agrees
with the data of [28]. The ignition temperature, deter-
mining the induction time, was set to be close or equal
to the value accepted in [18]. A theoretical analysis of
steady detonation structures was performed in [24]; the
calculated parameters in the Chapman–Jouguet plane
were in agreement with the experimental data of [21] on
pressure and concentration of unburnt particles. A nu-
merical study of one-dimensional and two-dimensional
problems of shock-wave initiation within the framework
of the model described in the present paper was per-
formed in [25–27]; the results of [25, 26] are in good
agreement with experimental and numerical data of [18]
on the initiation energy. By virtue of the aforesaid, it
seems reasonable to use this model to study cellular det-
onation in a suspension of aluminum particles in oxygen
and to obtain qualitative and quantitative characteris-
tics of cellular structures.
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PHYSICAL AND MATHEMATICAL
FORMULATION OF THE PROBLEM

We consider a cloud of a single-fraction homoge-
neous suspension of spherical aluminum particles in
oxygen with a concentration close to the stoichiomet-
ric value (1.34 kg/m3), which fills the half-space of an
infinite flat channel over its entire width. The process
of formation of the cellular structure is modeled as a
result of development of fluctuations arising in the case
of shock-wave initiation of detonation in the gas sus-
pension. The initiator is assumed to be a plane shock
wave (SW) propagating along the channel over the pure
gas (oxygen) and accompanied by a rarefaction wave.
Thus, the physical formulation of the problem is a two-
dimensional extension of [26] or a particular case of the
model developed in [27], if the reacting mixture fills
the entire cross section of the channel. If the ampli-
tude and the energy stored are sufficiently high [26, 27],
an overdriven detonation wave is formed in the cloud,
which is attenuated by the rarefaction wave and reaches
the self-sustained detonation mode. The transversely
nonuniform initial fluctuation of the particle density in
a short region adjacent to the leading edge of the cloud
plays the role of the initiator of small fluctuations.

The equations that describe the flow of a two-phase
mixture in the two-velocity two-temperature approxi-
mation of mechanics of heterogeneous media express the
laws of conservation of mass, momentum, and energy of
each phase:
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Here p is the pressure, ρi = miρii, ui, vi, Ei, and cv,i are
the mean density, streamwise and transverse velocity
components, total energy per unit mass, and heat ca-
pacity of the ith phase (i = 1, 2), mi is the volume con-
centration, and ρii are the true densities of the phases;

the subscripts 1 and 2 refer to the gas and particles,
respectively. The system is closed by the equations of
state (in the approximation of a low volume concentra-
tion of particles)

p = ρ1RT1, Ei =
u2

i + v2
i

2
+ cv,iT1 + (i− 1)Q (2)

and by the reduced equation of the chemical reaction

J =
ρ
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(
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)
, T2 � Tign;

J = 0, T2 < Tign.
(3)

Here T1 and T2 are the gas and particle temperatures,
respectively, Q is the heat release due to the chemical
reaction, cv,1 and cv,2 are the heat capacities of the gas
and particles, respectively, ξ = ρ2/ρ is the relative mass
concentration of particles, ρ = ρ1 + ρ2, Ea is the acti-
vation energy, ξk is the concentration of the solid phase
at the Chapman–Jouguet point (unburnt particles with
condensed aluminum oxide), Tign is the ignition tem-
perature, and τξ is the characteristic burning time. The
mathematical model (1)–(3) is semi-empirical and con-
tains constants determined from the condition of their
agreement with experimental data. The quantity Q
characterizing the integral heat release of the chemical
reaction is set in a manner that ensures the agreement
with the data of [21] on the detonation velocity as a
function of the particle concentration. The interphase
interaction is determined by the formulas

f =
3m2ρ11

4d
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Nu = 2 + 0.6Re1/2Pr1/3,
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µ
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.

Here d is the particle diameter, cD is the drag coefficient
of particles, λ1 is the thermal conductivity of the gas,
Re, Nu, Pr, and M are the Reynolds, Nusselt, Prandtl,
and Mach numbers, respectively, and µ is the gas vis-
cosity. Formula (5) for the drag coefficient is taken in
the form used in [29] because it ensures agreement with
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experimental data on the trajectories of particle motion
behind transient shock waves.

The initial-boundary problem for system (1)–(6) is
formulated as follows:

t = 0: ϕ =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ϕleft, 0 � x < Xleft,

ϕRW(x), Xleft � x < Xright,

ϕSW, Xright � x < XSW,

ϕg0, XSW � x < Xcloud,

ϕfluc(y), Xcloud � x < Xfluc,

ϕ0, Xfluc � x < +∞,

(7)

Here ϕ = {ρ1, ρ1u1, ρ1v1, ρ1E1, ρ2, ρ2u2, ρ2v2, ρ2E2} is
the vector of the solution, ϕSW is the state at the SW
front in the gas, ϕRW(x) is the profile of the centered
rarefaction wave connecting the states ϕleft (p = p0) and
ϕSW, Xleft and Xright are the left and right boundaries
of the rarefaction wave, XSW is the initial position of
the front of the incident SW, ϕg0 is the state upstream
of the SW front in the gas, ϕ0 is the initial state of
the mixture in the cloud, Xcloud determines the frontal
boundary of the cloud, Xfluc is the coordinate of the
boundary of the fluctuating layer, Xfluc −Xcloud is the
width of the fluctuating layer, ϕfluc(y), 0 � y � Y ,
determines the fluctuating state of the mixture in this
layer, and Y is the width of the channel (computational
domain).

The boundary conditions on the channel walls were
set in accordance with the no-slip and thermal insula-
tion conditions: ∂ϕ/∂y = 0. The left boundary of the
domain (x = 0) was subject to “soft” boundary condi-
tions: ∂ϕ/∂x = 0. At the right boundary, which was
always at a certain distance ahead of the shock (deto-
nation) front, we assumed that ϕ = ϕ0.

The initial values of the parameters of the mix-
ture were taken the same as in [26, 27]: p0 = 1 atm
and T0 = 300 K. The initial mass concentration of
particles was ξ0 = 0.55, which corresponds to ρ20 =
1.34 kg/m3. The particle size was varied from 1 to
12 µm. The characteristic burning time τξ was set in
the form [28] τξ = τ0(d/d0)2, where τ0 = 0.0024 msec
and d0 = 10 µm. The calculated duration of combus-
tion of a particle 10 µm in diameter was ≈0.07 msec for
Ea = 106 J/(kg ·K). This agrees (with allowance for the
quadratic dependence on the diameter) with the data on
combustion of aluminum particles in pure oxygen [28].

The parameters of the initial profile of the initiating
SW were chosen in a manner that ensured detonation-
initiation conditions in the cloud of the mixture [26, 27].
The fluctuation initiating the development of transverse
waves was set in the form

ρ2,fluc(x, y) = ρ20(1 + β cos(nπy/Y )). (8)
(It was assumed in computations that β = 0.1, Xfluc

−Xcloud = 0.01 m, and n = 1.)

The computations were performed on a uniform
finite-difference grid. The computational domain ex-
panded in the x direction as the leading front propa-
gated over the mixture and included a small portion
of the undisturbed flow. A TVD scheme was used to
calculate the gas phase [30]. For the discrete phase,
some computations were performed by the MacCormack
scheme (scheme 1) and some computations were per-
formed by the Gentry–Martin–Daly scheme (scheme 2)
(one-dimensional implementations of these schemes can
be found in [31]). The results of testing the method
in problems of one-dimensional and two-dimensional
detonation are described in [32]. Scheme 2 demon-
strated a higher efficiency, especially in computing two-
dimensional detonation flows, in terms of both the ac-
curacy on the same finite-difference grid and the com-
putation time. The parameters of the finite-difference
grid were chosen in accordance with the particle size re-
sponsible for the lengths of combustion and relaxation
zones. The number of grid nodes over the width of the
detonation-wave structure was 50 to 200. In some com-
putation variants, results obtained on nested grids and
with varied parameters β and n in Eq. (8) were com-
pared.

FORMATION OF THE CELLULAR
STRUCTURE IN DETONATION
INITIATION

In numerical simulations of cellular detonation, the
initial conditions are normally assumed to be the flow
behind a plane steady detonation wave with imposed
fluctuations that initiate transverse waves. Travelling
of these waves, their reflection from the domain bound-
aries, and their interaction lead to formation of a cel-
lular structure during further propagation of the front.
In the present work, cellular detonation is developed
in the course of formation and propagation of a detona-
tion wave in a cloud of suspended particles as a result of
shock-wave initiation. The imposed nonuniformity fa-
vors origination of weak fluctuations in the flow, which
first have an acoustic character and then, with stabiliza-
tion and propagation of the detonation wave, are trans-
formed to transverse waves of finite amplitude. Forma-
tion of the cellular structure occurs on the background
of detonation-flow development, which determines the
natural character of the cell obtained in computations.
Numerical experiments performed with difference val-
ues of the amplitude and wavelength of fluctuations
show that the geometric size of the regular structure
formed is independent of initial parameters of initiation
(amplitude and profile of the initiating attenuated SW,
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Fig. 1. Detonation formation in one-dimensional
problem (a) and two-dimensional problem (b): the
solid and dashed curves refer to y = 0 and y =
0.003 m, respectively.

Fig. 2. Instantaneous flow pattern in the two-
dimensional problem (gas density).

amplitude and mode of fluctuations, and position of the
cloud boundary).

The scenarios of formation of plane detonation
waves in the case of SW interaction with a cloud of
aluminum particles suspended in oxygen were numeri-
cally studied within the framework of the present model
in [26]. A typical picture of detonation stabilization in
the one-dimensional problem for a mixture with 5 µm
particles is shown in Fig. 1a in the form of pressure
profiles with a step of 0.2 msec. The chosen values of

Fig. 3. Formation of nonuniform structures in differ-
ent types of the difference scheme: results obtained by
scheme 1 and scheme 2 are shown at the top and bottom
of the figure, respectively.

the amplitude and stored energy of the initiating SW
with a trapezium-shaped initial profile provides mod-
erate overcompression of the detonation wave formed
and ensures rapid transition to the steady-state mode.
The velocity of steady detonation is D = 1.56 km/sec.
Figure 1b shows similar pressure profiles on the lower
wall of the channel (y = 0; solid curves) and in the
cross section y = 0.003 m (dashed curves) in the two-
dimensional computation by scheme 1 with Y = 0.28 m
and ∆t = 0.1 msec up to the time of 0.8 msec and
then with ∆t = 0.05 msec. Until the time of 0.6 msec,
the fluctuations are small, and the pattern is almost
the same as the stabilization of the plane detonation
wave in the one-dimensional formulation. Subsequent
propagation of the wave acquires an unsteady charac-
ter. The two-dimensional flow pattern plotted in Fig. 2
in the form of the gas-density distribution at the time
t = 0.9 msec shows that this phenomenon is caused
by the development of cellular detonation, though the
structure is not ideally uniform. The points C corre-
spond to collisions of transverse waves, and the segment
S in the center of the figure is an overdriven detonation
wave: here, the collision of the triple points has already
occurred and the transverse waves diverge. The seg-
ments M correspond to Mach stems, where the transi-
tion from overdriven to decaying detonation occurs at
the time discussed. Thus, a structure with 4 cells with
a mean transverse size equal to 7 cm is formed in this
variant.

DEPENDENCE OF RESULTS OF CELLULAR
STRUCTURE FORMATION ON THE WIDTH
OF THE COMPUTATIONAL DOMAIN AND
GRID PARAMETERS

The influence of the width of the computational do-
main, finite-difference scheme, and grid parameters on
the results of formation of cellular heterogeneous det-
onation is in line with the known features of cellular
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gas detonation [19]. In channels whose width is smaller
than a certain critical value, the detonation-wave front
remains plane, as in the one-dimensional problem. As
the channel width increases (with a fixed particle size),
there appears a regular structure whose size is half a
cell. Further variation of the channel width generates
bifurcation of the structure; as a result, one cell over
the channel width is formed. Structures containing half
a cell or one cell over the channel width are always reg-
ular, i.e., the number of cells over the channel width
remains unchanged in the course of propagation of the
cellular detonation front. A further increase in the chan-
nel width involves further bifurcations, in which the
structures become more complicated and their charac-
ter is changed. In wider channels, the structure near
the bifurcation points (where a small increase in the
channel width leads to a jumplike change in the num-
ber of cells) are irregular and are characterized by frag-
mentation and coalescence of cells. In regions between
the bifurcation points, the structure are regular but can
contain cells of different sizes; we will call them nonuni-
form structures. The degree of nonuniformity can be
determined as the ratio of the minimum and maximum
cell sizes: ψ = λmin/λmax (λ is the transverse size of the
cell). An example of a nonuniform cellular structure is
shown in Fig. 2 and in the upper part of Fig. 3 for par-
ticles with d = 5 µm and channel width Y = 0.28 m,
where ψ ≈ 2. The computations show that the struc-
ture between the bifurcation points is equidimensional
(ψ = 1) for a certain value of the channel width.

A comparison of results computed on different
grids (including nested grids) with the use of scheme 1
(TVD/MacCormack) and scheme 2 (TVD/Gentry–
Martin–Daly) revealed the following. For the channel
width close to the bifurcation value (the structure is
irregular or nonuniform), the computation results de-
pend significantly on the type of the chosen scheme and
grid resolution. Figure 3 shows the results computed
for particles with d = 5 µm for Y = 0.28 m by schemes
1 and 2 on a grid with a step ∆x = 0.001. Different
numbers of cell over the channel width were obtained,
and their nonuniformity testifies that the channel width
is not multiple to the true cell size. A change in the grid
step has a similar effect. For instance, the computations
by scheme 2 with ∆x = 0.005 m and ∆x = 0.004 m for
particles with d = 8 µm and Y = 0.25 m predict the
formation of the structure with one cell over the channel
width and one cell and a half over the channel width,
respectively. Reproducible results are obtained by com-
putations on substantially finer grids, but the cell size
cannot be reliably determined because the structure is
irregular or nonuniform.

Fig. 4. Results of computations on nested grids with a
multiplicity of 2: d = 3 µm, Y = 0.06 m, ∆x = 0.0005
(at the top) and 0.001 m (at the bottom).

If the structure formed is regular and uniform (or
close to uniform, ψ ≈ 1–1.5), the computations on dif-
ferent grids considered (including nested grids) with the
use of two finite-difference methods mentioned above
reproduce the same number of cells over the channel
width. A decrease in the step of the computational grid
provides an increase in accuracy of representation of
the detailed flow structure and retains the character of
the structure. An example of computations performed
by scheme 2 on nested grids with a multiplicity of 2
(∆x = 0.0005 and ∆x = 0.001 m, d = 3 µm, and
Y = 0.06 m) is shown in Fig. 4.

Thus, the size of the detonation cell can be deter-
mined in numerical simulations of regular uniform struc-
tures on a comparatively coarse grid containing 50–100
nodes per cell width.

DETERMINATION OF THE
DETONATION-CELL SIZE

The characteristic size of the detonation cell is de-
termined by comparing the calculated results on forma-
tion of regular structures in channels containing more
than two cells. Bifurcation points of the structure al-
low one to determine the upper and lower limits of the
characteristic size of the detonation cell. As the chan-
nel width increases, the difference between the limits
decreases, and the cell size approaches the mean value.
As was noted above, the degree of nonuniformity of reg-
ular structures changes if the channel width is varied in
the vicinity of this value. The reliable value of the cell
size is assumed to correspond to equidimensional struc-
tures (ψ ≈ 1). For nonuniform regular structures, the
mean value of the transverse cell size can be defined as
the ratio of the channel width to the number of cells
formed.

Figure 5 shows the results calculated by scheme 2
with a varied channel width for particle fractions of
10 µm (Fig. 5a; ∆x = 0.004 m) and 7 µm (Fig. 5b;
∆x = 0.002 m). A structure with 3.5 cells and the de-
gree of nonuniformity ψ ≈ 2 is formed for Y = 1 m
(at the top of Fig. 5a), a structure with 4.5 cells close
to uniform (ψ ≈ 1.25) is observed for Y = 1.2 m (at
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Fig. 5. Formation of nonuniform irregular struc-
tures: (a) d = 10 µm, ∆x = 0.004 m, and Y = 1,
1.1, and 1.2 m; (b) d = 7 µm, ∆x = 0.002 m, and
Y = 0.4, 0.45, and 0.5 m.

Fig. 6. Formation of uniform regular structures:
(a) d = 3 µm, ∆x = 0.001 m, and Y = 0.15 m;
(b) d = 12 µm, ∆x = 0.005 m, and Y = 1.4 and 1.5 m.

the bottom of Fig. 5a), and a structure with 4.5 cells
and the degree of nonuniformity ψ ≈ 1.7 is formed for
Y = 1.1 m (in the middle). The bifurcation point is
located between 1 and 1.1 m; correspondingly, the cell
size for particles with d = 10 µm lies in the interval of
24.4–28.5 cm. Similar data for particles with d = 7 µm
are plotted in Fig. 5b. Here, a nonuniform (ψ ≈ 2)
structure with 2.5 cells is formed for Y = 0.4 m, an
irregular structure is observed for Y = 0.45 m, and an
almost uniform (ψ ≈ 1.3) structure with 3.5 cells is
formed for Y = 0.5 m. The bifurcation point is close
to Y = 0.45 m, and the cell size lies in the interval of
12.8–16 cm.

Fig. 7. Calculations of the transverse size of the det-
onation cell in a suspension of aluminum particles in
oxygen for particles of different fractions: the filled
circles refer to uniform or close to uniform structures
formed in wide channels (2.5 cells or more), the open
circles show nonuniform structures, open diamonds
refer to structures obtained in narrow channels (1–2
cells), and the curve shows dependence (9).

Examples of formation of uniform and close to uni-
form regular structures are shown in Fig. 6. For par-
ticles with d = 3 µm (Fig. 6a; ∆x = 0.001 m), the
structure is irregular only at the early stage of its forma-
tion; then it becomes regular and uniform and retains
its character; the cell size is ≈4.3 cm. For particles
with d = 12 µm, we have ψ = 1.23 for the channel
width Y = 1.4 m (at the top of Fig. 6b) and ψ = 1.1
for Y = 1.5 m (at the bottom of Fig. 6b); the cell size
lies in the interval of 35–37.5 cm (∆x = 0.005 m). The
symmetry in terms of y in Fig. 6b for a monotonic initi-
ating fluctuation (8) serves as additional evidence that
the formation of cellular structures is an intrinsic prop-
erty of the detonation process and is not determined by
the initial fluctuation.

The calculations of the transverse size of the deto-
nation cell λ are plotted in Fig. 7. The scatter of data
decreases in passing from structures obtained in narrow
channels (1–2 cells; open diamonds in Fig. 7) to nonuni-
form cellular structures (open circles) and then to uni-
form or close to uniform structures formed in rather
wide channels (2.5 cells or more; filled circles), which
again confirms reliability of results determined for uni-
form structures in rather wide channels.

The cell size of regular uniform structures (filled
circles in Fig. 7) is approximately described by a power
dependence on the particle diameter:

λ = λ0(d/d0)θ. (9)

Here λ0 = 27 cm for d0 = 10 µm; the exponent is
θ = 1.6 (solid curve in Fig. 7).
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The results obtained are in agreement with the ex-
perimental data of [14], where the formation of deto-
nation cells 5–10 cm in size was observed in initiation
of detonation in a mixture of spherical aluminum parti-
cles with d = 3.5 µm in oxygen. As is seen from Fig. 7,
the transverse cell size for particles with d = 3.5 µm
is 5 cm (correspondingly, the longitudinal size is about
10 cm). A comparison with the numerical data of [17]
can be considered only as estimates because of the dif-
ferent initial content of particles and front velocity. The
results for particles with d = 2.5 µm were obtained in
[17] in a narrow channel (2 cells per channel width), and
the change in the mode of cellular structures for parti-
cles with d = 1 µm in the process of front propagation
shows that the chosen value of the width of the region
corresponds to the bifurcation point. The structures
formed thereby are characterized by nonuniformity and
irregularity. In accordance with the data of [17], the cell
size varies from 1.1 to 1.4 cm for particles with d = 1 µ
and reaches ≈6 cm for particles with d = 2.5 µm.

RELATION BETWEEN THE CELL SIZE
AND THE CHARACTERISTIC SCALES
OF THE DETONATION STRUCTURE

It is difficult to determine the characteristic scales
of relaxation and combustion zones in an unsteady flow
with cellular detonation because of variability of the
flow structure. The change in the maximum pressure
at the front is 40 to 120 atm, which implies significant
amplitudes of variation of temperature and, correspond-
ingly, lengths of the ignition-delay zone, reaction zone,
thermal relaxation zone, and velocity relaxation zone.
Therefore, we used the approach accepted in gas detona-
tion [9–11], where the characteristic size of the detona-
tion cell is related to parameters and scales of the corre-
sponding steady one-dimensional detonation wave. The
solution of the problem of the structure of a steady det-
onation wave was obtained from a system of algebraic
and ordinary differential equations, which follow from
Eqs. (1)–(5) in a front-fixed coordinate system. The
qualitative properties of steady solutions with allowance
for velocity nonequilibrium were described in [24].

The characteristic spatial scales of the flow were
found as follows. The length of the ignition-delay zone
lign was determined as the distance from the front of the
frozen SW to the point where T = Tign. The length of
the combustion-reaction zone lξ was assumed to be the
distance from the front to the point |(ρ2 − ρ2k)/ρ2k| = ε
(ρ2k is the density of particles in the final equilibrium
state and ε = 5%). The process of velocity relaxation
can be characterized by two scales: zone of significant

Fig. 8. Characteristic scales of the flow versus the
particle size: λ is the calculated cells size, λa is
the cell size estimates by an acoustic analysis of the
self-sustained detonation wave, λa,m is the minimum
size of the detonation cell determined by an acous-
tic analysis of overdriven and decaying waves; lT , lu,
lu,m, lξ, and lign are the lengths of the thermal re-
laxation zone, significant and complete velocity re-
laxation zones, combustion zone, and ignition-delay
zone, respectively.

velocity nonequilibrium lu,m and complete velocity re-
laxation lu. This is related to the nonmonotonic behav-
ior of the relative velocity u1 − u2, which is maximum
at the front of the frozen SW, decreases to a certain
negative minimum, increases again, and asymptotically
approaches zero. (The velocity profiles in a steady det-
onation wave can be found, e.g., in [24].) Let us set
the length lu,m as the distance from the front to the
first point where u1 = u2. The lengths of the zones
of complete velocity relaxation and thermal relaxation
lu and lT are determined from the conventional criteria
|(u1 − u2)/u0| � 3.3% and |(T1 − T2)/T0| � 3.3%.

Figure 8 shows the calculated lengths of the zones
of ignition delay and chemical, velocity, and thermal
relaxation in a plane wave of steady detonation in a
suspension of aluminum particles in oxygen. The calcu-
lated cell size of uniform (close to uniform) structures
scaled accordingly are also plotted in this figure. All
data can be approximated by straight lines, which indi-
cates that these scales have power dependences on the
particle size. The values of exponents for the scales are
listed in Table 1.

As is seen from Fig. 8, the lengths of the ignition-
delay zone lign and velocity-relaxation zone lu,m are
close to each other, and the slopes of these curves coin-
cide; it is seen from Table 1 that the values of θign and
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TABLE 1
Exponents in the Dependences

l = Adθ and λ = Bdθ

θign θξ θu,m θu θT θλ θa θa,m

1.53 1.70 1.53 1.64 1.68 1.6 1.81 1.66

θu,m are close to 1.5. An analysis of formulas (4)–(6)
shows that the intensity of thermal relaxation is pro-
portional to (2 + 0.6Re1/2Pr 1/3)/d2; therefore, in the
region immediately behind the frozen SW, where the
relative Reynolds number reaches the maximum value,
the governing term is that containing Re1/2, which fi-
nally defines the dependence of the length lign on the
particle size as close to d2/Re1/2 or d3/2.

The dependence of the combustion-zone length on
the particle size has an exponent θξ = 1.7, which differs
from 2, though we used the quadratic dependence on
the particle diameter for τξ in Eq. (3). This fact in-
dicates that combustion of a suspension of particles in
the detonation wave differs from combustion of a single
particle under static conditions. By virtue of the Arrhe-
nius law, the length of the combustion zone is affected
by the thermal relaxation zone for which θT = 1.68 (see
Table 1) and, hence, θT < θξ < 2. In turn, the pro-
cess of thermal relaxation, in accordance with formulas
(4)–(6), is related to the process of velocity relaxation,
which is responsible for close values of θu and θT (see
Table 1).

It is seen from the data in Fig. 8 and Table 1 that
the exponent θλ in the dependence of the cell size on
the particle diameter coincides with neither θign nor θξ

but lies in the interval between them. This indicates
that the cell size is not uniquely related to the length
of any one of the two characteristic zones, namely,
ignition-delay and combustion zones determining the
gas-detonation cell, and both zones affect the size of the
detonation cell formed. To obtain additional informa-
tion, we performed computations with variation of igni-
tion temperature and burning time of the particle. An
increase in Tign to 1200 K in a mixture of particles with
d = 3 µm for a fixed value of τξ leads approximately
to a twofold increase in the length of the ignition-delay
zone. In a channel 0.15 m wide, the structure formed
contains 3.5 cells, as that in Fig. 6a, but this structure is
nonuniform, i.e., with the cell size changed, this channel
width approaches the bifurcation point. An increase in
the ignition threshold leads to a decrease in the length
of the ignition-delay zone, and the detonation-cell size
decreases accordingly. Vice versa, an artificial increase
in the value of τξ increases the cell size of the structure
being formed. Thus, as in gas detonation, the cell size

here is affected by both the ignition-delay zone and the
combustion zone, which, in turn, depend on the pro-
cesses of particle heating and their deceleration in the
gas flow, i.e., on the scales of thermal and velocity re-
laxation.

ESTIMATE OF THE CHARACTERISTIC
CELL SIZE BY THE ACOUSTIC
APPROACH

Barthel [9] proposed a method for estimating the
characteristic transverse cell size as the distance be-
tween the neighboring transverse waves (or “hot spots”
at the front). The method is based on the analy-
sis of propagation of acoustic disturbances behind the
detonation-wave front. Consideration of the transfor-
mation of the front of a diverging cylindrical wave in
the field of a plane detonation flow u(x) (in the front-
fixed coordinate system) made it possible to construct
a system of “frozen” rays, i.e., curves whose slope at
each point corresponds to the direction of propagation
of a segment of the front of a particular wave. Each ray
is characterized by a constant σ, which is the apparent
velocity of propagation of the wave front in the trans-
verse direction. An analysis of the behavior of “frozen”
rays shows that there are turning points in the field of
the detonation flow, where the sign of propagation of
the front segment in the x direction is changed; these
points are determined by the condition σ2 = c2 − u2,
where c is the velocity of sound. Under the assump-
tion that fluctuations from the combustion zone, which
are the first ones to reach the front, are accumulated at
hot spots, an expression for the transverse size of the
detonation cell was derived:

λa = 4

x2∫

x1

c√
σ2∗ − (c2 − u2)

dx. (10)

The limits of integration are determined as two points
x1 and x2: the first point coincides with the front of the
frozen SW and the second one corresponds to the ray
turning point σ2

∗ = c2 − u2. The value of σ∗ is chosen
such that it ensures (for all σ) the minimum value of
the time integral

t = 2

x2∫

x1

cσ

(c2 − u2)
√
σ2 − (c2 − u2)

dx. (11)

The structure of the gas-detonation wave in the mixture
considered in [9] (hydrogen–oxygen mixture diluted by
argon) is characterized by a “plateau” in the distribu-
tion of the function c2 − u2 immediately behind the
front (in the induction zone) and by a local maximum
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in the combustion zone, followed by vanishing in the
Chapman–Jouguet plane. For this reason, integral (11)
diverges for σ = σSW =

√
(c2 − u2)SW, where the sub-

script SW indicates the values immediately behind the
front, and also diverges for σ = σmax =

√
(c2 − u2)max.

Hence, in the interval σSW < σ < σmax, there is a
minimum of integral (11) reached for a certain value
σ = σ∗, which was assumed to determine the cell size in
the form (10). The results calculated in [9] for steady
Chapman–Jouguet detonation are significantly higher
than the experimentally observed values. It was possi-
ble to approach the experimental data by considering
an overdriven detonation wave as the basic flow field;
it turned out that the degree of overcompression has
a nonmonotonic effect on the “acoustic” cell size. As
the Mach number of the detonation wave increases, the
cell size decreases, reaches a minimum, and then dras-
tically increases and reaches a vertical asymptotic line.
Good agreement between the characteristic transverse
cell size calculated by the acoustic theory and experi-
mental data in hydrogen–oxygen mixtures diluted by ar-
gon was obtained for moderately overdriven waves (the
ratio of the Mach number to the Mach number at the
Chapman–Jouguet point ranging from 1.05 to 1.2).

In the present work, the methodology of estimat-
ing the characteristic cell size [9] is applied to a deto-
nation flow of a heterogeneous mixture of oxygen and
aluminum particles. As the volume fraction of particles
in a stoichiometric mixture is so small than allows us
to neglect the influence of particles in the equation of
state of the gas (2) and the terms depending on discrete-
phase parameters are involved only into the right side of
Eqs. (1), the characteristics of the system that describes
the gas flow are determined by gas parameters only. The
velocity of small fluctuations in the mixture equals the
frozen velocity of sound in the gas cfr = γRT1, where
γ = 1 + R/cv,1. Hence, the influence of particles on
propagation of acoustic fluctuations is manifested only
in the change in the flow field of the gas and the distri-
bution of cfr.

To apply the above-described methodology, we
solved the problem of the structure of a steady det-
onation wave in a mixture of aluminum particles and
oxygen. In this case, there are no Chapman–Jouguet
regimes (uk = ceq, where uk is the velocity of the mix-
ture in the final equilibrium state and ceq is the equi-
librium velocity of sound). Conventional self-sustained
detonation corresponds to weak waves with an internal
sonic point u1 = cfr [24] and a supersonic final equilib-
rium state. The Mach number of the velocity of self-
sustained (weak) detonation with respect to the initial
value of the velocity of sound in the gas is denoted here
by Mw = Dw/cfr,0.

Fig. 9. Behavior of the characteristic functions in the
structure of self-sustained, overdriven, and decaying
detonation waves.

Let us note the following features of the flow field in
the zone between the front of the frozen SW in the gas
and the point u1 = cfr, which distinguish this flow field
from the gas-detonation flow [9]. The function c2fr − u2

1

for the heterogeneous detonation wave has a more com-
plicated character, which is associated with velocity and
thermal relaxation of the phases. Figure 9 (bold curve)
shows the distribution of ψ(x) = c2fr − u2

1 for the self-
sustained detonation wave in a mixture of 10-µm parti-
cles. In contrast to the “plateau” in the induction zone,
which is typical of gas detonation [9], the function ψ(x)
first monotonically increases to a certain local maximum
and then decreases to the ignition point. The behavior
of the function ψ(x) on this interval is determined by
the character of the dependence cfr(x) (dashed curve in
Fig. 9). The initial growth of the velocity of sound be-
hind the front of the frozen SW is caused by the growth
of temperature due to heat release in the course of ve-
locity relaxation. The subsequent small decrease occurs
when the thermal relaxation of the phases starts to pre-
vail and the gas temperature decreases owing to heat
transfer to particles. After the beginning of the com-
bustion reaction of particles behind the point of the
local minimum, the behavior of c2fr−u2

1 is similar to the
function c2 − u2 described in detail in [9]. Here, ψ(x)
also increases (to the second point of the local maxi-
mum) and then decreases to zero, reached at u1 = cfr.
The only difference is that the transition through the
point u1 = cfr in self-sustained detonation of suspended
aluminum particles is observed before the chemical re-
action is finished [24].

Thus, according to the results of [9], not all fluctua-
tions from the combustion zone reach the leading front
(and participate in formation of cells) but only those
that propagate in a certain direction (determined by the
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constant σ). Integral (11) here is defined on the segment
including part of the combustion zone only if the value
of σ is higher than the point of the first local maximum
σmax,1 =

√
(c2fr − u2

1)max,1 but lower than the value of
the second local maximum σmax,2 =

√
(c2fr − u2

1)max,2.
Integral (2) diverges both for σ = σmax,1 and for
σ = σmax,2. In the interval σmax,1 < σ < σmax,2, the
integral is finite; hence, it has a minimum reached at a
certain value σ∗. Integral (10) for σ = σ∗ determines
the characteristic transverse size of the detonation cell.
The limits of integration for each value of σ within the
indicated interval are determined in accordance with [9]:
x1 = xSW = 0 and x2 = xσ2=c2

fr−u2
1
.

The calculated values of λa for the basic flow
field corresponding to a self-sustained (weak) detona-
tion wave are shown in Fig. 8. We can see that the
value of λa is higher than λ; moreover, in the depen-
dence λa(d), the exponent θa = 1.81 (see Table 1) dif-
fers from the exponent θλ = 1.6 in Eq. (9), which is
responsible for different slopes of the curves. Therefore,
by analogy with [9], we considered overdriven detona-
tion flows. It turned out that a change in the Mach
number of the leading SW leads to a change in λa, but
the qualitative dependence of λa on the degree of over-
compression is different from that in gas detonation [9].
Figure 9 shows the distributions ψ(x) = c2fr − u2

1 for
the degree of overcompression M/Mw = 1.05 and 1.1.
Here, as the SW Mach number increases, the first local
maximum in the distribution ψ(x) increases, and the
value at the point of the first maximum becomes higher
than that of the second maximum at M/Mw > 1.04.
The value of λa monotonically increases and reaches a
vertical asymptotic line. As in gas detonation, there
exists a critical value of overcompression above which
the acoustic theory is unable to predict the character-
istic cell size. In a suspension of aluminum particles,
the critical value M/Mw depends on the particle size
and is close to unity. In the range of particle diameters
considered (1–10 µm), the value of λa for overdriven
regimes was found to be always higher than the value
corresponding to the self-sustained (weak) mode.

Taking into account that the second phase of prop-
agation of the cellular detonation front is a decaying
wave, we also considered propagation of fluctuations in
the flow field of decaying detonation. The flow param-
eters were determined within the quasi-steady approxi-
mation, which yields a system of ordinary differential
equations whose solution exists on a limited interval
from the front of the frozen SW to the flow choking
line u1 = cfr. The corresponding distributions ψ(x) for
M/Mw = 0.9, 0.8, and 0.75 are also plotted in Fig. 9.
As the Mach number decreases, the induction zone in-
creases, and the maximum values decrease; the value of

the first local maximum decreases faster than the value
of the second local maximum. As a result, with decreas-
ing M/Mw, the value of λa decreases, reaches a certain
minimum value in the interval 0.78 < M/Mw < 0.8,
and then increases again. (The values of M/Mw be-
low 0.75 were not considered.) The minimum values
λa,m = min

M
(λa) for different fractions of particles are

shown in Fig. 8 (dashed curve). They lie closer to the
values of numerical experiments; moreover, the expo-
nent in the dependence λa,m(d) is θa,m = 1.66, which
is close to the corresponding exponent θλ = 1.6 (see
Table 1). Thus, the estimates of the characteristic cell
size obtained in the acoustic approximation agree with
the results of numerical experiments on formation of
cellular detonation in channels both quantitatively and
qualitatively.

The analysis performed confirms the influence of
the characteristic scales of all processes proceeding in
the mixture on the characteristic cell size. Simultane-
ous proceeding of velocity and thermal relaxation de-
termines the magnitude and position of the point of the
first local maximum in the dependence c2fr−u2

1; the posi-
tion of the point of the local minimum is determined by
ignition conditions; simultaneous proceeding of thermal
relaxation and combustion determines the positions of
the turning points of the “frozen” rays and the magni-
tude of the second local maximum.

Thus, an analytical approach based on an analy-
sis of propagation of acoustic fluctuations also confirms
that the cell size in heterogeneous detonation is related
to the characteristic scales of all relaxation processes in
the mixture, including not only ignition and combustion
of particles but also thermal and velocity relaxation of
the phases.

CONCLUSIONS

Formation of cellular structures in channels with
shock-wave initiation is numerically simulated within
the framework of the physicomathematical model of
heterogeneous detonation of a suspension of aluminum
particles in oxygen, which was verified by available ex-
perimental data.

By varying the width of the computational domain
and comparing the character of the structures, the nu-
merical values of the characteristic transverse cell size
are determined. By comparing the results computed on
two different grids by two different methods, it is estab-
lished that reliable values of the cell size are determined
in channels of sufficiently large width (several cells) on
the basis of regular uniform structures.
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The dependences of the calculated cell size and
characteristic scales of a steady one-dimensional wave
of self-sustained detonation are determined to be power
functions of the particle size. A comparative analysis
of the exponents in these dependences allows us to con-
clude that the basic scales in formation of cells are zones
characterizing chemical processes: ignition delay and
combustion. In turn, these scales in heterogeneous det-
onation are related to velocity and thermal relaxation
processes.

The characteristic size of the detonation cell is es-
timated by an acoustic analysis. These estimates are in
good agreement with the data of numerical experiments
in terms of both the magnitude and the exponent in the
dependence on the particle size. Typical features of the
structure of the heterogeneous detonation wave are indi-
cated, which confirm that the cell size is affected by the
characteristic scales of velocity and thermal relaxation
of the phases.

This work was supported by the Russian Founda-
tion for Basic Research (Grant No. 03-01-00453).
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