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Abstract

We address the expressions for the rates of the Keplerian orbital elements within a two-body
problem perturbed by the tides in both partners. Formulae for these rates appeared in the
literature in various forms, at times with errors. We reconsider, from scratch, the derivation
of these rates and arrive at the Lagrange-type equations which, in some details, differ from the
corresponding equations obtained previously by Kaula (Rev Geophys 2:661-684, 1964). We
also write down detailed expressions for da /dz, de/dr and di /dt, to order e*. They differ from
Kaula’s expressions which contain a redundant factor of M /(M + M), with M and M’ being
the masses of the primary and the secondary. As Kaula was interested in the Earth—-Moon
system, this redundant factor was close to unity and was unimportant in his developments.
This factor, however, must be removed when Kaula’s theory is applied to a binary composed
of partners of comparable masses. We have found that while it is legitimate to simply sum
the primary’s and secondary’s inputs in da/d¢ or de/dt, this is not the case for di /dz. So our
expression for di /d¢ differs from that of Kaula in two regards. First, the contribution due to
the dissipation in the secondary averages out when the apsidal precession is uniform. Second,
we have obtained an additional term which emerges owing to the conservation of the angular
momentum: a change in the inclination of the orbit causes a change of the primary’s plane
of equator.
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1 Motivation

The Darwin—Kaula theory of bodily tides is a fundamental development with many rami-
fications. It provides the means for calculating spin-orbit evolution of planets and moons,
including their entrapment in spin-orbit resonances (e.g. Correia et al. 2003; Correia and
Laskar 2003; Makarov et al. 2012; Noyelles et al. 2013) and the final obliquities (Cunha
et al. 2015; Ferraz-Mello et al. 2008). In the situations where tidal heating is intensive, an
approach based on this theory gives the key to the thermal histories of celestial bodies (e.g.
Peale and Cassen 1978; Efroimsky and Makarov 2014; Efroimsky 2018; Makarov et al.
2018). This theory also enables one to calculate the influence of the lunisolar tides on the
orbital motion of an artificial spacecraft (Pucacco and Lucchesi 2018).

In the current paper, we address the orbit evolution within a two-body problem perturbed
by the tides in both partners. Specifically, we are interested in the tidal rates da/d¢, de/dt
and di /d to order ¢* (the symbols being used as defined in Table 1). Formulae for these rates
appeared in the literature in various forms, usually to a lower precision and sometimes with
mistakes. So we compare our expressions with those suggested in some other publications,
including the cornerstone work by Kaula (1964).

For the additional tidal potential of a disturbed body, Kaula (1964) developed an expansion
valid for an arbitrary rheology (i.e. for an arbitrary frequency dependence of the quality
function k;/Q;). Kaula’s derivation was terse and omitted several steps as self-evident. We
accurately fill in these gaps and point out a step at which Kaula made a tacit approximation
M > M’', where M and M’ are the masses of the primary and the secondary. Owing to that
assumption, Kaula’s expressions for the orbital elements’ rates contain a redundant factor of
M /(M + M"). Since Kaula was concerned with the Earth—-Moon system, this approximation
made little difference as the factor was close to unity. However, in the case of a binary
composed of bodies of comparable masses, this redundant factor must be removed from
these expressions.

We also reexamine from scratch Kaula’s derivation of the rates da/dt, de/dt, and di /dt.
We find that while it is legitimate to simply sum the primary’s and secondary’s inputs in da/dt
or de/dt, this is not the case for di/dz. It turns out that in the expression for the primary’s
di/dt the contribution due to the dissipation in the secondary averages out when the apsidal
precession is uniform. Also, in that expression we obtain an additional term emerging from
the conservation of the angular momentum: a change in the inclination of the orbit causes a
change of the primary’s plane of equator. For these two reasons, our formula for di/d¢ differs
considerably from that of Kaula.

2 Basics

2.1 The two-body problem perturbed by tides

Consider two near-spherical bodies. One, called “planet” or “primary”’, has a mass M and an
inertial position p. Another, named “secondary”, has a mass M " and is residing in p’. We are
interested in the orbital evolution of this system, with tides in both partners taken into account.
Within this setting, Kaula (1964) expressed the perturbing gravitational potential through the
Keplerian elements of the mutual orbit, which allowed him to describe the evolution of
the system by Lagrange’s planetary equations. Three caveats are in order regarding Kaula’s
development.
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Table 1 Symbol key

Variable Explanation References
p Inertial position of the primary
o’ Inertial position of the secondary
r Position of the secondary in the pri- Eq.(5)
mary’s equatorial frame
r’ Position of the primary in the sec- Eq.(5)
ondary’s equatorial frame
U Tidal potential of the deformed pri-
mary
F Tidal force acting on the secondary
due to the primary’s deformation Eq.(124)
U’ Tidal potential of the deformed sec-
ondary
F’ Tidal force acting on the primary
due to the secondary’s deformation Eq.(125)
M Mass of the primary
M’ Mass of the secondary
R Radius of the primary
R’ Radius of the secondary
P Mean density of the primary
o’ Mean density of the secondary
6 Rotation angle of the primary
0’ Rotation angle of the secondary
a Semimajor axis of the mutual orbit
e Eccentricity of the mutual orbit
i Orbit inclination on the primary’s
equator
i’ Orbit inclination on the secondary’s
equator
Q Longitude of the ascending node on
the primary’s equator
Q’ Longitude of the ascending node on
the secondary’s equator
w Argument of the pericentre on the pri-
mary’s equator
' Argument of the pericentre on the sec-
ondary’s equator
M Mean anomaly
n=M Anomalistic mean motion
Fimp (@) Inclination functions Eq.(134)
Gipg(e) Eccentricity function Eq.(134)
Dlmpg Fourier modes of the tides in the pri- Eq. (140)
mary
Ximpg = | Olmpg | Forcing frequencies excited in the pri-
mary

€ = €1(@Wmpg)

Tidal phase lags in the primary
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Table 1 continued

Variable Explanation References
ki = kj(@mpq) Dynamical Love numbers of the pri-
mary
K1 (@impq) = ki(@impg) sin€(0pmpg) Quality functions of the primary
w/mpq Fourier modes of the tides in the sec- Eq.(142)
ondary
/ _ / . e . .
Ximpg = | Dhnpg | Forcing frequencies excited in the sec-
ondary
e = ¢/, vq) Tidal phase lags in the secondary
kl/ = ki (@[mpq) Dynamical Love numbers of the sec-
ondary
K/ (@1mpg) = k] @mpg) sin €/ (@pmpg) Quality functions of the primary
g Gravitational constant

First of all, by definition of a mutual orbit, the position of the secondary is measured with
respect to the primary’s centre of mass. Let F be the force exerted by the primary on the
secondary. By virtue of Newton’s third law of motion, the secondary simultaneously exerts
a force — F on the primary. Hence, the mutual acceleration reads as

./ . F (= F) M+ M

— p/ — = — = = F 1
a=p P= 0 i MM ey

In the limit of the secondary being a test particle (M >> M), the above relation becomes
simply a = F/M’, which was the tacit approximation accepted by Kaula. We in our study
shall rely on the general expression (1) and therefore shall employ the reduced mass g defined

as
MM’
B =" @)

M+ M’

Secondly, it should be noted that within Kaula’s formalism the elements (a, e, i, M, ®, 2)
of the mutual orbit are defined in an inertially fixed frame coinciding with the primary’s equa-
tor at the instant when the equations of motion are computed. To simplify the interpretation
of the Keplerian elements, we here assume that they are defined in a frame coprecessing with
the primary’s equator. ! The perturbing forces showing up in this setting include the inertial
forces associated with the non-Galilean nature of the coprecessing frame. An important fea-
ture of these forces is that they depend not only on the positions but also on velocities. As
was pointed out in Efroimsky (2005a,b), for such kind of disturbances the Lagrange- and
Delaunay-type planetary equations in their standard form render orbital elements which are
not osculating. To be more precise, if we wish the orbital element to osculate the orbit defined
in a non-inertial frame, not only must we amend the disturbing function, but we should also
insert in the Lagrange- and Delaunay-type equations additional terms that are not part of
the disturbing function. If, however, we choose only to amend the disturbing function, the
orbital equations will give us Keplerian orbital elements which will not osculate with the

! In this frame, the role of the origin of longitude is played by the descending node of the primary’s equator
on an inertial plane.
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orbit defined in the non-inertial frame, but will instead osculate with the orbit as seen in the
inertial frame. 2

While the treatment in the coprecessing frame has its advantages, there exists alternatives
to it: both the orbital motion and the primary’s spin can be described in the Laplace plane
(e.g. Boué et al. 2016; Rubincam 2016), or the primary’s spin can be reckoned from the
orbital plane whose Keplerian elements are given in the Laplace plane (e.g. Néron de Surgy
and Laskar 1997; Correia et al. 2003; Correia and Laskar 2003, 2010).

Lastly, a complete description of motion requires not only the aforementioned set of
the Keplerian elements relative to the primary’s equator, but also a set of the elements
(@', e',i’, M', @', Q') relative to the secondary’s equator.3 Therefore, the equations of
motion must satisfy the relations existing between these two sets.

With all these details taken into account, we now derive the Lagrange-type planetary
equations compatible with Kaula’s (1964) formalism.

2.2 Lagrangian formalism
2.2.1 Lagrangian function

Let I, be the primary’s inertia matrix and R the rotation matrix, function of the Euler
(3, — 1, 3) angles ® = (¥, &, 6), describing orientation in an inertial frame. More explicitly,

R = R3(¥) Ri(—¢) R3(6), 3)

where R; and R3 represent the rotation matrices around the first and third axes, respectively:
1 0 0 cosgp —sing 0

Ri(p) = [0 cos¢ —sing |, R3(p) = | singp cosg O ]. 4)
0 sing cosg 0 0 1

The angle v is thus the longitude of the descending node of the equator with respect to the
inertial frame, ¢ the inclination of the spin axis in the same inertial frame, and 6 the rotation
angle around the body’s figure axis (see Fig. 1). This convention is chosen for 6 to be reckoned
from the descending node of the equator, as in Kaula (1964). We similarly denote by I, and
R'(®' = (¥',&’,0")) the inertia and rotation matrices of the secondary, respectively.
The planetocentric position of the secondary will be denoted with r, when expressed in the
body-fixed frame of the primary, or with r’, when expressed in the body-fixed frame of the
secondary:

2 Such orbital elements are sometimes called contact elements, in order to distinguish them from their
osculating counterparts. For example, the semimajor axis aosc and eccentricity egse osculating in the non-

inertial frame wherein the orbit is defined are linked via 8 (r x F) = 8 \/ GM + M")agse (1 — egsc) Wosc
to the relative position r and the velocity 7 in that same non-inertial frame. At the same time, the contact
elements a and e (those rendered by the Lagrange- or Delaunay-type equations with only the disturbing
function amended) are connected throughr x p = B \/ G(M + M'")a (1 — e2) W with the relative position
r and the momentum p which is equal to the reduced mass multiplied by the velocity in the inertial frame:
pP=BG+pxr).

In these formulae, p is the precession rate of the non-inertial frame relative the inertial one, while Wosc and w
denote the unit vector in the direction of the orbital angular momentum, as seen in the non-inertial and inertial
frames, correspondingly.

For comprehensive treatment, see Efroimsky (2005a, b) and references therein.

3 As we shall see below, in the paragraph after Eq. (42), the instantaneous ellipses, as seen from the primary’s
and secondary’s equator, will have the same shape, with @ = a’ and ¢ = e’ (and also with M = M).
Generally, though, these equalities are not obligatory—see an example in Footnote 2 above.
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Fig. 1 Definition of the Euler (3, —1, 3) angles (v, ¢, 6). The inertial frame is denoted with iR, jr.kR),
and the reference plane (i g, j ) is represented by the horizontal great circle. The origin of longitude, labelled
AR, is the intersection of i with the unit sphere. The projection of the primary’s equatorial plane on the
unit sphere is the great circle whose descending node on the reference plane is V. The point N is the orbit’s
ascending node on the equator, while A defines a reference meridian. The intersection of the orbital plane with
the unit sphere is represented by the thick great circle passing through N. The orientation of the primary on
the reference plane is parameterised by three angles: the precession angle y measured between A and V,
the tilt & of the figure axis, and the rotation angle 6 defining the angular separation of A from V. Analogous
quantities (v, ¢’, 0") are defined for the secondary (not shown in the figure). When the orbit is described in
the corotating frame of the primary, its longitude of ascending node, €2, is the angular separation of N from
A, while its inclination on the primary’s equator is i

r="R(p' —p), r'=TR'(p'-p), 5

where T(-) denotes the transposition operator. Notice that we do not strictly follow Kaula’s
convention because, to represent the orbit, we are employing the corotating frames instead
of the coprecessing ones. At the end of the derivation, we explain how to switch between
these two classes of frames.

For the state of the system to be entirely defined, we also introduce the primary’s and
secondary’s angular velocities 2 and ', respectively. These vectors are expressed in their
respective body-fixed frame.

The Lagrangian £ = T — V of the system is a function of (R, ', 7, r, r’). Specifically,
the kinetic energy T(R, ', F, r) is given by

1 1 1
T:Esz-nnsz+5sz/.1lgsz/+§5||r'+sz><r||2, (6)
where 8 = MM’ /(M + M) is the reduced mass of the system. As for the potential energy

V(r,r’), we decompose it into the point mass potential energy Vo(r) = —GMM'/r and a
perturbation Vi (r, r’), whose expression will be specified later on:

Vr,r') = Vor)+ Vi(r,r'). @)
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To this Lagrangian function, we have to add the constraint Rr = R’r’ which links two
expressions of the same quantity p’ — p. This constraint will enter the Lagrangian, accom-
panied with Lagrange multipliers A € R3, thus leading to a new Lagrangian

F=L+A - Rr—R'r) . ()

Note that this Lagrangian also depends on the additional variables (@, @”).
2.2.2 Spin operator

To derive the Euler—Poincaré—Lagrange equations of motion for this Lagrangian, let us first
introduce the spin operator J =13 /00©, where J is a matrix yet to be defined (e.g. Boué
2017; Boué et al. 2017). On the one hand, by definition of the spin operator,4 the time
derivative of an arbitrary function f (@) can be written as

d A aof
— f(O®) = Q- = -J—, 9
o © J() 70 (€))
with € the angular velocity expressed in the same frame as J, which here is the body-fixed
frame. On the other, applying the chain rule for the time derivative of f(®), we get

d . df

— f(O®) =0 —. 10

ar f(©) 76 (10)
By identification of (9) gnd (10), we deduce that J is the matrix such that e=T] Q, or
equivalently, @ = TJ7'@.

Knowing that the components of € in the body-fixed frame (rotated with respect to an

inertial frame according to 3) are

Qx = —ysinesin® — &cos b, (11
Qy = —1} sinecosf + £sin0, (12)
Qz = Yrcose +6, (13)
we get
sin 6 .
——— —cosf sinfcote
sm%
— coS
I=|_ - sinf@ cosfcote |- (14)
sin €
0 0 1

The matrix J’ is equivalently defined for the secondary.

In the following, we also have to determine the image of the function R — A - Rr by the
spin operator J which, by definition, evaluates the variation of a function under infinitesimal
rotation of the primary (therefore the rotation matrix R alone is affected by the operator J
and r shall be taken constant in this calculation). Using TRRv = € x v for any vector
v e R3, we get

%(A ‘Rr)=A-Rr =A-RTRRr = "RA) - (@ xr) =2 - (r x "RA)).  (15)

Identifying (9) with (15), we obtain
JA -Rr) =r x ("RA). (16)

4 For a detailed introduction in the theory of the spin operator, see Varshalovich et al. (1988).
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2.2.3 Equations of motion

Using the matrices J and J’ defined hereinabove, the Euler—Poincaré—Lagrange equations of
motion read (e.g. Boué 2017; Boué et al. 2017)

d oF oF oF
= X Q+T—, (I7)

dr 9@~ IR 00’

d 0F oF oF
—- = x Q'+ , 18
dr o’ e’ + 10’ (18)
d oF IF

—— =, (19)
dr or or

d oF dF

——=—=0. (20)
dr or ar’

Notice that the Euler—Lagrange equation (20) is equal to zero. This is due to the fact that the
Lagrangian does not depend on 7’. Let us now rewrite the equations of motion (17-20) in
terms of the original Lagrangian £ :

dac ac AL
— = = Exe+I1= TRA 21
e = ag <2T15e Trx (RA). D
d ac oL AL

= xQ 4+ —r'x (TR'A), 22
a0~ 0’ g~ < (R'A) (22)
doL AL o

— == RA, 23
dr orF or + (23)
d o  aLc

—— = ~TR'A =0, (24)
dr or or’

with, for the problem studied in this paper, d£/30 = dL/3®’ = 0. To derive the first two
equations, we made use of relation (16).
From the equation of motion (24), we determine the expression of the Lagrange multiplier,

namely
A= ]R/% (25)
o

Substituting this expression in the other equations of motion (21-23), we get

dac  oc oL ac

= x Q+J— +TRR’ =, 26
e e T et < 8r’> (26)
d oL oC oL oL
L9 _ % eyl e 25 27
a o’ a9’ e T o @7
ddL oL 1. AL
498 _ RR’ 2= 28
aar o T ar’” (28)

In the first equation of motion, we made use of the relations » = TRR 7’ and (Ru x Rv) =
R(u x v). In the last equation of motion, we recognise the force F’ = 9.L£/dr’ written in the
body-fixed frame of the primary thanks to the rotation matrix TRR’. Moreover, in the first
two equations of motion, we observe the presence of the torque r’ x F’ expressed in the
body-fixed frame of the primary in Eq.(26) and in the body-fixed frame of the secondary in
Eq.(27).
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Inserting the expressions for the kinetic energy (6) and the potential energy (7) in Eq. (28),
we get
aVy

/
f+7g(MtM Jr QO r 2R xR X (@xF) — (—+TJRJR’8V‘). (29)
r B\ or ar’

Were the right-hand side equal to zero, we would have obtained the equation of motion of the
classical two-body problem. But here this is not the case. The first three terms of the right-
hand side account for the inertial forces of the non-Galilean frame in which r is expressed,
while the last two terms represent the perturbation induced by tides. It is common to name the
quantity — Vy/B as the perturbing function and to denote it with R. In this notation, Eq. (29)
reads:

M+ M’
;+7Q( t )r
P

. IR IR
=—Qxr—22x;i—-2x@xrnN+|—+TRR'— ). (30
ar or’

2.3 Hamiltonian formalism

To get the Hamiltonian form of the equations of motion, we apply a Legendre transformation
on the Lagrangian. Let X, TI" and p be the generalised momenta given by

Y

T= o =L@t prx -+ 2xr), 31)
Y

n'=_ =L 32)
ac .

p= . =BE+exn. 33)

¥ = II+T is the sum of the angular momenta of the primary (IT) and of the orbit (I' = r x p),
IT’ is the angular momentum of the secondary and p is the linear orbital momentum with
respect to the inertial frame but expressed in the body-fixed frame of the primary.

The Hamiltonian H =X - + I’ - &' + p - 7 — L can be written as H = T + V with

Tzl():—rXp)-I[_l():—rxp)+ll'[’-]l'_ll'[/+w. (34)
2 " 2 " 28
The equations of motion deduced from the Legendre transformation are
dx oH oH ., , OH
— =YX ——-J—-"RR — ), 35
dr 9 T e <r “ ar (35)
dm’ oH oH oH
=’ i "x —, 36
d ST TR T- U P (36)
dp oH ¢, 0H
— =———-"RR'—. 37
dr or or’ 37)
The kinematic equations of motion are
d®@ | 0H
— = J—, 38
dr oIl (38)
e’ [, 0H
=Y , 39
dt om’ 39)
d d
& (40)
dr ap
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30 Page 10 of 46 G. Boué, M. Efroimsky

Fig.2 Orientation of the orbit as seen from both partners. The projection of the primary’s equatorial plane on
the unit sphere is the great circle passing through A—the reference meridian—and N—the orbit ascending
node. Equivalent points are defined on the projection of the secondary’s equator on the unit sphere and are
denoted A’ and N/, respectively. The intersection of the orbital plane with the unit sphere is represented by the
thick great circle passing through N, N " and P—the direction of the pericentre. When the orbit is described in
the corotating frame of the primary, its longitude of ascending node, denoted 2, is the angular separation of N
from A. Otherwise, in the corotating frame of the secondary, the longitude of ascending node, denoted 2, is
measured between A’ and N'. The angle between N and N’ is equal to the difference @ — @’ between the two
arguments of the orbit pericentre reckoned from N and N, respectively. i and i’ are the orbital inclinations
with respect to the primary’s and secondary’s equator, respectively

dr’ oH oH oH
TOoTRR(EE —px 2 ) o x ot 1)
ap X oIl

Recall that these expressions are general. In our case, the two-body problem perturbed by
tides, H is independent of ® and @ . So the partial derivatives of the Hamiltonian over these
two quantities in equations (35) and (36) become zero.

2.4 Elliptical elements

In Kaula’s work, the equations of motion are written in terms of elliptical elements (a, e,
i, M, w, 2) reckoned from an inertial frame instantaneously comoving with the primary’s
precessing equator. > This set of variables becomes singular at zero inclination or zero eccen-
tricity. We will nevertheless provide the equations of motion in this set of variables for an
easier comparison with previous works. Here, we define elliptical elements (a, e, i, M, w, Q)
(represented in Fig. 2) as a change of variable from the conjugated variables (p, r). There-
fore, they describe the instantaneous ellipse £ constructed from the position vector r and its
inertial velocity 7 + 2 x r, both defined in the primary body-fixed frame. Our set of Keplerian
elements differs from Kaula’s by the frame in which it is defined. This choice only impacts

5 The frame employed by Kaula (1964) should be termed “instantaneously comoving”, not coprecessing,
because in his equations of motion the inertial forces were omitted.
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the longitude of the ascending node, hence the introduction of a new symbol . The two
longitudes of ascending node are related to each other by

Q=Q-90. (42)

As for the couple (p,r), to the position vector r’ we associate the elliptical elements
(a’,e',i’, M',w', Q') of the ellipse £’ defined by r’ and its inertial velocity, both expressed
in the secondary body-fixed frame. Thus, both ellipses £ and £’ are same up to a rotation,
ie.a=a’',e=e’and M = M’. To get the relation between (Q',i’, »’) and (Q, i, w), we
consider the following function with values in SO(3) :

F = R3(Q)R; (i)R3(@ — )R (=i YR3(—Q) . (43)

We have F = TRIR’. Hence, for fixed orientation of the bodies (as in Eqgs. 37 and 40), we get
dF = 0 and therefore dFTF = 0. Let us denote by K, i, k,i’, K' the unit vectors of the
rotations of angle €, i, w —w’, —i’, and —Q’, respectively. K and K’ are the primary’s and
secondary’s figure axes, respectively,  and i’ are the directions of the orbit ascending node
relative to the primary’s and the secondary’s equatorial plane, respectively, and k is the orbit
normal (see Fig. 2). In the orbital reference frame, we have in particular

cos(w — ')

0 1
k=1|0), i=|0], i'=]sin(w—w")],
1 0 0
0 —sini’sin(w — ')
K= |sini|, K' =] sini’cos(w—0w") |. (44)
cos i

cosi’

The _product dFTF belongs to the Lie algebra so(3). Let dX = R;(—i)R3(—Q)dFTF
R3(2)R (7) be its expression in the orbit frame. We have (see Appendix “A”)

dX = RdSQ +idi + k(dw —dw') —1 di’ — K'd$' | 45)

where the hat over any vector v = (v, vy, v;) denotes the skew-symmetric matrix®

0 —v; vy
b= v, 0 —uvl. (46)
vy vy O

Applying to dX = 0 the canonical bijection from so(3) to R? (i.e. the inverse of the hat
application), we get

KdQ+idi + kdo = K'dQ' +i'di’ + kdw'. @7

We now replace the vectors K, i, k,i’, K’ by their coordinates and get

0 107 [dQ —sini’sin(w — ') cos(w —w’) 0] [d’
sini 00 di | = | sini’cos(w — ') sin(w —w’) 0 di’ |. (48)
cosi 01| \dw cosi’ 0 1| \do’

6 The skew-symmetric matrix is so defined that for any two vectors a, b € R3, their vector product @ X b is
equal to ab.
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We finally deduce the Jacobian A; of the transformation (Q',i’, w’) — (Q, i, ), which

reads
_ sini’ cos(w — w") sin(w — ") 0
_ Qi) sin i sini
A= AQL i w) —sini’sin(w — ') cos(w—w’) 0] (49)
cosi’ —sini’coticos(w — ') —coti sin(w — w’) 1
and thus,
A= 8(a,e,i,M,a),S—2)
Tl el i, M w!, Q)
M o 0 0 0 0 7
0 1 0 0 0 0
0 0 cos(w — ') 0 0 —sini’sin(w — w’)
=10 O 0 1 0 0 . (50)
0 0 —cotisinfw—w’) 0 1 cosi’—sini’coticos(w—w’)
sin(w — ") sini’ cos(w — w’)
0 0 EEree— 0 0 T S—
L sin i sin i .

2.5 Equations of motion of the Keplerian elements

Planetary equations of motion for (a, e, i, M, w, 5_2) are deduced from the canonical equa-
tions of motion satisfied by Delaunay variables (rescaled by the reduced mass)

L=BJGM+Ma,l=M,

G=L+v1-—¢2,
H = Gcosi,

Let X =T(L,G,H),x="(,g,h),Y =T(a,e,i)and y = T(M, w, Q). We have

0 —Id

thus

d
dr

yy [0 -Id
(y) =M [ld 0 }
where M is the Jacobian defined as

_ X, x)
A,y

M; 0 _
[0 ]Id]’ M =
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g =w, (28]
h=Q.
oH
X (52)
ax
o
oY
Tpng—1
M an | (53)
dy
L
— 0 0
2a
G Ge
—_ - 0 54
2¢ 1—¢2 (54)
H He L
— ——— —Gssini
2¢ 1—¢2
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The result, written in a matrix form, reads

_ ) _
0 0 0 —Ta 0 0
0 0 0 1—e2 1—¢2 0 ¥/
a - a
L G
e 0 o . o ¢ Csi 1 9H/de
dr | M 2£ 1—e 0 0 0 oH/IM
w L Le ) oH/dw
* Ty . *
Q 1o cosi 0 0 oM/
Ge G 51{11
0 0 — — 0 0 0
L G sini _

These are the classical planetary equations in the form of Lagrange. Let us denote by B the
Poisson matrix, i.e. the matrix standing before the gradient of the Hamiltonian in Eq. (55). In
the problem under consideration, an adjustment to this equation has to be made. Owing to
the constraint between r and r’, we have to add the contribution from (', i, ®’) to the time
derivative of the state vector, see Eq. (37). This is done through the medium of the Jacobian

A as follows (see Appendix “B”):

a dH/da 0
e dH/de 0
d i | | anyei | ary0i
ar | M| =B orsorma [ TAB] 0
w aH/dw aH /o’
o IH/ 0% IH/OQ

where B’
(a, e, i). After some algebra, we arrive at

(56)

is the equivalent of the matrix B but written as a function of (a, e, i’) instead of

da 2a 0H
R (57)
dt L oM
de l—e*>dH 1—¢e* (0H OH
e il — =), (58)
dr Le oM Ge dw dw’
di 1 oH JOH sin(w — w’) OH
— = —|\—=—cosi— |+ ——— —
dr Gsini \ 9Q dw G ai’
—w) [0 0
cos(w' .w) z—[ cosi’ H , (59)
Gsini’ aQ’ dw’
d 20 9H 1 —¢® 0K
M _2adn  1-e (60)
dr L da Le Ode
do  1- 2 oM cosi OH  cosicos(w—w') IH
dt Ge Oe Gsini 0i G sini di’
cosisin(w ) (00O ©1)
Gsinisini’ o’ 9Q’
dQ 1 OH cos(w —w) dH  sin(w — ') LOH  OH
= - "~ (cosi'— — — ] . (62)
dr Gsini 0i Gsini  0i’ Gsinisini’ w’ 9’
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2.6 Perturbed two-body problem

Here, we split the Hamiltonian as H = Hy + V; with Hp = T + Vp, i.e.

lpI*  GMM’
28 '

We shall now write this Hamiltonian in terms of the elliptical elements (a, e, i, M, o, S_Z).
First, we recognise the Keplerian energy of the two-body problem

Ipl> _gmMM' _ GMM'

1 1
Ho=S(E—rxp)- I, (E—rxp)+ 0 17T + ©63)

64
28 r 2a ©4)
Then, r x p is the orbital angular momentum, thus
sin i sin S_Z_
rxp=IL=G| —sinicosQ|. (65)
cosi

Moreover, we recall that I;!(X — r x p) is equal to the primary’s angular velocity @ =
T(Qx, Qy, Q7). The gradient of the Hamiltonian H is then

oHoy GMM' G

» = 2 —Z((stinS_Z—chosS_Z)sini—i—QZcosi), (66)

oM G ) 3

T~ 0 ((QxsinQ — Qy cos Q) sini + Q7 cosi), 67)
de 1—e¢?

oM _ 3

8,0 = —G ((Qx sin Q — Qy cos Q) cosi — Qz sini), (68)
l

oM

270 _ ), (69)

IM

oM

270 _p, (70)

w

dHo - o= ..

a—Q:—G(QXcosQ+stmQ)sml. (71)

Letn = (G(M+M")/ a)'/? be the Keplerian mean motion. The equations of motion become
da 2a V)

— =, (72)
dt L oM
de 1—¢e2dV, 1—¢€%/aV, 3V,
— = — 4 — , (73)
dr Le M Ge dow  dow’
di @ &+ Qpsin D) + 1 v AV +sin(w—a)’)8V1
_—= COS sin — — COS1— _—
dr X v Gsini \ 9Q do G 3’
cos(w —w') (V] L,V
7 02— cor 74
T Gsini’ (asz/ S e ) 74)
dMm 209V, 1—¢€23V,
_ “a Vi . 75
a " T T e ee (75)
dw _ QxsinQ —QycosQ  1—¢€23V, n cosi dVy n cosicos(w — w’) AV
dr sini Ge de  Gsini 9i Gsini i’
i sin(w — o' v, vV
coszs.m(‘a)‘ 'a)) cosi’ (N _1 ’ (76)
Gsinisini’ w’ 9Q’
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dQ - - 1 Vv " —w) V]

99 _ Qysin® - Qycos@)coti — @y — — VL cos@ —w) IV

dr Gsini 0i G sini di’
sin(w — ") A% oV
————— [ cosi — —
G sinisini’ w’ 9’

(77)

Using the expressions L = fna” and G = L(1 — ¢*)!/? and substituting V| by —R, these
equations of motion read

da 2 IR

—=—, (78)
dr na oM
de 1-e2 3R (A-=eH2 (R IR
== LA L L , (79)
dt nale dM naze do  dw’
di - - 1 IR IR
o (QycosQ+ Qysind) — I%  cosii™
” (Q2x cos 2 + Qy sin Q) a0~ sin (39 cosi 8a))
sinfw —w’) IR cos(w — ') R ., 0R
_ T —— | =—— —cosi , (80)
na?(1 —e)29i’  na?(1 —e2)/2sini’ \ 9Q’ dw’
d 29R  1-€*3R
M_, 2R 1R @81)
dr na da na’e de
do stinQ—chosfl_i_(l—ez)l/zaﬁ cosi R
dr sin i na’e  de  na*(l —e?)/2sini i
cosicos(w —w') IR cosi sin(w — w’) L, OR R
na?(1 —e>)V2sini 3i’  na?(1 — e2)!/2sinisini’ "o T aqr )
(82)
dQ - - . 1 IR
Pl (Qyx sin 2 — Qy cos Q) coti — Lz + na2(1 —62)1/2sini¥
cos(w’ — w) R sin(w — ") ., OR R
na?(1— e 2sini 3’ na2(1 — ) Psinisini’ \ ' o' 90')
(83)

Had we defined the Keplerian elements in the coprecessing frame of the primary rather than
in its corotating frame, the longitude of the ascending node would have been Q = Q + 6.
Then, in all the equations of motion, £ would have been replaced by Q2 — 6, and in particular
the last equation of motion would have become

& @ | ) ! m
i x sin(2 —60) — Qycos(2—60))coti — (QLz —0) + na? (=) Psini i
cos(w’ — w) R sin(w — ") L, OR R
na(1 — ) 2sini 9i’ ' na(1 — e2)Zsinisini’ < " asw) '84)
(

Let us now compare Eqgs. (78-83) with the well-known Lagrange planetary equations. As the
Keplerian elements are here defined with respect to a moving frame, the resulting equations
of motion for i, w and € contain driving terms which are functions of the components
(Rx, Qy, Q2z) of the angular velocity €2 of this frame. Furthermore, we observe that the
equations of motion are not symmetric in (i, w, Q) and in (i’, ', Q'). This is due to the
rotation matrix TRIR’ between the frames in which the two sets of Keplerian elements are
defined. We nevertheless recover the lost symmetry in the equations of motion when this
matrix TRR’ becomes a single rotation around the third axis (i.e. wheni =i’ and w = ”).
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2.7 Rotation equations of motion

Equations (78-83) are the equivalent of the Lagrange planetary equations. For completeness,
we now provide the explicit equations of motion for the rotation of the two bodies, given
by Egs. (35-36) and (38-39). While these equations should involve the spin operators repre-
sented by the matrices J and J’, we discard those terms as the perturbing potential energy is
independent of ® and ® . The equations also involve the orbital angular momentum operator

L' =r"x 9, expressed by a matrix IL” such that
N af/0Q’
L (fy=L"|af/ai (85)
af/dw’

for all functions f(a’, e’, i’, M’, ®’, Q). Applying the same approach as in Sect. 2.2,
we arrive at

=, -, sinQ’
—sin 2" coti’ cos 2 —
, sini’
L = ~, =, cosQ|. (36)
cos2'coti’ sin Q' —— —
sin i
1 0
Developing the matrix products, we obtain the following dynamical equations of motion:
dXy cos Q sin(w — w’) + sinQ cosi cos(w —w’) V]
— =Xy Qy —X7Q =
dr ¥z z S8y + sini’ 0’
. / A P / 8V]
—(cosQ cos(w —w") —sin Q2 cosi sin(w — w )) P
1
= . , .= . ’ A 4|
— ((cos Qsin(w — w”) + sin Qcos i cos(w — w”)) coti’ + sin Qsin i) e (87)
w
dzy . Sy + sin Q sin(w — w’) — cos Q2 cosi cos(w —w’) V]
a X Xz sini’ Q!
A / = .. / 3V]
— (sinQcos(w — w”) + cos Qcosi sin(w — ")) a7
1
L oa / = . ' . = .. dVp
— ((sin Qsin(w — ") — cos Q cosi cos(w — w")) coti” — cos Qsini) PR (88)
w
dxy sini cos(w — w’) V] L . 0V]
5 = Yx Qy — Xy Qy — i 99 sini sin(w — ") 17
. / y N 0V
+ (sini cos(w — ") coti’ — cosi) PR (89)
w
dIt;, - v 1% sinQ’ 9V
X _ 1/ o Y . / -/ 1 O/ 1 1
R My Q, — M,Qy — sinQ’coti FrY; + cosQ w57 + i’ b (90)
drif - v 1% cosQ’ 3V,
Y _ / / / / i ./ 1 s / 1 S 1
el M, Qy — My Q; + cosQ’ coti P + sinQ 57 T Sni” 3wl o1
dri’ A%
zZ _ / / / / 1
o =Tk ey - My eg + o (92)
and the associated kinematic equations of motion:
d sin 6 cosf
W g -0, ©3)
dt sin g sin &
de .
a:—cos@ Qx +sinf Qy , (94)
do .
E:sm@cots Qyx +cosfcote Qy + Qy , (95)
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dy’ sin6’ cos’

— = Qy — Qy 96
dr sine/ X sing’ ¥ 96)
d /

dit = —cosf’ Q +sinb’ Q) 97)
de, - / / I / / I I

O =sinf cote” Qy +cosh cote’ Qy + Q7 . (98)

Recall that in these equations, @ = I; /(X —r x p)and @ =1, '’

2.8 The gyroscopic approximation and the approximation of constant inertia
matrices

In the equations of motion derived above, the inertial forces are expressed in terms of the
components of the rotation vectors £ and £’. To simplify these dependencies, we carry out
two steps.

(a) We employ the gyroscopic approximation, i.e. assume that the rotation about the axis of
maximal inertia is much faster than any change in this axis’ orientation. Mathematically,
this implies:

101> [¥], 1& and 6] > ¢, [&']. (99)

(b) We neglect the variation of the inertia matrices in the expressions for the angular momenta
IT and IT’. This approximation is nontrivial because, after all, the tidal theory is about
deformation. So one always needs to justify accurately why on one occasion the defor-
mations must be taken into account and neglected on other. This justification is provided
in Frouard & Efroimsky (2017b, Section 3.1 and Footnote 6).

Let us denote the partners’ principal moments of inertiawith (A, B, C)and (A’, B', C’).
Then, the angular momentum of the primary can be written as

My = AQx :A(—l/}sinssine—éCOSQ) , (100)
My = BQy = B (—yrsinecosd + ésind) , (101)
My =CQz=C(ycose+0) . (102)
In the afore-explained approximation, its rate becomes
[y ~ AQzQy | (103)
My ~ —BQzQx , (104)
Mz =CQy . (105)

Similar formulae will be valid for the secondary.
The rate of the angular momentum,

. . . . olfda 0dT'de o'di 0T dw
n=x-r=x-(——m+——+—+—— 106
<8adt+8edt+3idt+852dz) (106)
will, owing to Egs. (65), (72-77), and (87-88), be equal to

. L= A% _ V) sinQ V]
My =IyQy —MzQy —sinQcoti — +cosL—— + — —, (107)

092 di sini dw

. - AV -dVp cosQaV
My =TzQx — xRz +cosQcoti — +sinQ—— — ——, (108)

Q2 di sini dw
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. av
HZ==HXQy——HyQX+—8é. (109)

Naturally, the evolution rate of IT has a form analogous to that of IT’, Egs. (90-92). Inserting
the exact expressions (100-102) and the approximate expressions (103—105) in Eqgs. (107—
109), we exclude the components of the angular momentum, to be left with the components
of the angular velocity only:

1 - v _ 3V, sQ 3V
Qy X —— —cochoti—}—sinQ—,l-ﬁ-C?g, 27 (110)
(C— A+ B)Q2y Q2 di sini Jdw
1 _ A% _ 3V inQav
Qy N —— —sichoti—_l-i-cosQ—.l-i-SI_n,—l , (111)
(C+A—-B)Qy Q2 di sini Jdw
. 10V,
QZ“EE%’ (112)
with Q, ~ 6. Similarly, for the secondary we have
1 - v, =,V Qv
QUr— —cosQ/coti’fl—sinQ/[—,] C(?S. —1 , (113)
(C/—A/+B/)Qé aQ’ ai’ sini’ dw’
1 L v _, V] sinQ’ oV
!~ N ’ / /
Qywm@m o T i e ) 1Y
R )
QZNFM_Z,. (115)

We can now rewrite the equations of motion (78-83) where Qy and Q27 are substituted by
their expressions (110,1 1_1). Furthermore, we make the approximations C > (B — A) and
Q7 ~ 0 and we replace Q2 with (2 — 0). We get

da 2 R
—_= ——, 116
dr na oM (116)
d 1—e2 9R (1 -2 (3R R
g Lo IR (el t (OR IR (117)
dr na%e IM na2e dw  dw’
di B IR R 1 R R
-_— = n — — COSIl—— — A A A~ —— — COSI—
dr COsini \ do Q na(1 — e2)1/2sini \ 082 dw
sinfw —w’) R cos(w — ") IR L, O0R (118)
na?(1 —e)1/2 9i’  na?(1 —e2)1/2sini’ \ 9Q’ R
dMm 2 0R  1-e2 3R
—_— = —— = —— 119
dr " na da na%e de ( )
do B R . (1—-eH2 R cos i R
dt — Césini i nale  de  na’(l —e2)1/2sini i
cosicos(w—w') IR cosi sin(w — w’) <cos'/aR 3R) (120)
_ ar i _ ,
na2(1 —e2)1/2sini i’ na?( — €2)1/2 sini sini’ dw’ Q7
do Bcosi IR Bcose R OR dR  sinQ IR
— ==t = sinQcoti — —cosQ—— — —— —
dr COsini 0i COsine Q2 i sini dw
1 IR
na?(1 —e2)1/2sini 0i
cos(w’ — ) IR sin(w — ') < L, OR 8R> (121)
—_— COS1 — .
na?(1 —e2)1/2sini 9i’  na?(1 — e2)1/2sinisini’ dow’  0Q/
To close the system, we have to add the equations
de B L OR . oR cosQ2 IR
— = — —|cosQ coti — + sin Q¥ — — —— — |, (122)
dt co a2 0i sini  dw
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d?e B R

-— = - = — . 123

dr? C Q2 (123)
Be mindful that in Eq. (121) we employed the relation Q7 — 6 = v/ cose = — (Qyx sin +
Qy cos ) cot ¢, while in Eq. (122) the relation ¢ = — Qx cos 6 4- 2, sin § was used. Besides,

we would emphasise that Eqs. (116-123) have been obtained under the gyroscopic approxi-
mation; for that reason, it would be illegitimate to consider the limit of § —> 0. Therefore,
the presence of 6 in the denominator in Eqs. (118) and (120-121) produces no singularity. In
the cases where the gyroscopic approximation is invalid, one has to rely on the equations of
motion (78-83) instead.

2.9 Comparison with Kaula (1964)

In his 1964 paper, Kaula was mainly interested in the evolution of the semimajor axis, the
eccentricity and the inclination. The derivation of the equations (38) in Kaula (1964) should
thus only be compared with our formulae (116), (117) and (118). Although the evolution rates
of a and e are identical in both approaches up to the definition of the disturbing function (see
Sect. 3.2), the two expressions of the time derivative of the inclination i display important
dissimilarities. This difference of behaviour between (a, ¢), on the one hand, and i, on the
other, is due to the fact that only i is affected by a rotation of the reference frame. Let us
recall that in Kaula (1964) elliptical elements are defined with respect to a fixed reference
frame coinciding with the primary’s equator at the time when the equations of motion are
evaluated, whereas our set of Eqs.(116-121) is written in the coprecessing frame of the
primary. Therefore, Eq. (118) contains an inertial force leading to a term in 1/(C6) which
is absent in Kaula (1964, eqn 38). But these two equations have also distinct dependencies
with respect to the primed Keplerian elements. In fact, Kaula erroneously assumed that
the planetary and satellite contributions in di /dz could simply be summed up. Within our
formalism, this naive (and wrong) assumption is equivalent to omission of the rotation TRR’
in Egs. (29) and (30). Under this omission, the components of both forces (—adV;/dr and
—0Vy/dr’) would have been illegitimately summed up, ignoring the fact that they were
written in different coordinate systems: by construction, d V; /dr is expressed in the primary’s
frame, while 9V /dr’ is expressed in the secondary’s.

3 Tidal potential energy
3.1 General expression

Within the Darwin—Kaula theory (Kaula 1964; Efroimsky 2012; Efroimsky and Makarov
2013), it is taken into account that in the general case the secondary body “feels” the tides
which may be generated in the primary not only by the secondary itself but also by some
other perturber located in r *. Then, in an arbitrary exterior point r (which is implied to be the
position of the secondary), the tidally deformed planet generates an additional tidal potential
U(r, r*), both vectors r and r * being planetocentric and parametrised by their Keplerian
elements (a, e, i, M, w, Q) and (a*, e*, i*, M*, w*, Q%), respectively. In a situation where
the secondary coincides with the perturber (and, thereby, is “feeling” the tides it itself is
causing in the primary), the potential of the secondary in this field is equal to the value of
U(r, r*) taken for r* = r. We, however, shall also need the gradient of the potential. To
calculate it, we start out from a general expression with r* = r, then differentiate with
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respect to r, and only thereafter set r * and r equal. Hence, the tidal force (expressed in the
inertial frame) acting on the perturber due to the distortion of the primary is

R aU(r, r™)

Fr = — M’ .
T ar r*=r

(124)
Likewise, the tidally deformed secondary generates the additional tidal potential
U'(—r’, r*), where —r’ is pointing from the centre of mass of the secondary to that
of the primary, while r * is pointing from the centre of mass of the secondary to that of the
fictitious perturber to be identified with the primary body, both vectors being expressed in
the body-fixed frame of the secondary. Accordingly, the tidal force (expressed in the inertial
frame) acting on the primary due to the tidal distortion of the secondary is 7
aU/ _ /7 * aU e /’ _ *
¥ = MR’ # . (125)

Fl=—-MR’
T a(=r’)  lre=—r’ ar’ re=r’

We endow this force with a prime, because it emerges owing to the distortion of the secondary.
F being the Newtonian force (written in the inertial frame), the equations of the orbital
motion in the inertial frame are: 8

M'p' = —Fy + Fr — F{, (126)
Mp = Fo + F{ — Fr. (127)
Together, they render:
MM, .. /
g P B)==Fot Fr= Fr
M'M ) ,
:_gm(p —,O)+FT—FT (128)
or, equivalently:
M+M'
554G .
(B =p)+G 5 (0 —n)
M+M'
=i (Fr—Fr)
. M+M , AU, r™) LU (=1, —=r™)
M [M Rl t MR 37:] (129)

where we employed expressions (124) and (125). Recall that the vectors r and r ’ are defined
in corotating frames and are related to the inertial vector p’ — p via formulae (5).

The contributions from the two partners enter our expression (129) in a symmetric manner,
despite the negative signs of the arguments in the second term on the right-hand side. The
easiest way to understand the origin of these negative signs is to imagine a situation where
both partners are non-rotating (i.e. maintain a constant orientation with respect to an inertial

7 Deriving the right-hand side expression of Eq. (125), we substituted r * with —r *. This change is acceptable
because r* does not show up in the final answer anyway—after the differentiation, r * must be set equal to

r’.

8 Up to notation, our Eqs. (126-127) agree with equations (97) in Ferraz-Mello et al. (2008). The negative
signs of the arguments in the second term in our Eq.(125) correspond to the m-rotation in equation (99) in
Ferraz-Mello et al. (2008).
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frame). In this case, both rotation matrices in the definition (5) of r and r’ can be chosen
equal to the unity matrix, and we simply have r = r’ = p’ — p. The fact that both
these vectors point from the primary to the secondary explains the difference between the
arguments’ signs in the two gradients in (129).

Let us now write Eq. (129) in the corotating frame of the primary, i.e. with p — p’ replaced
by R r. Successive differentiations of the rotation matrix R with respect to time produce the
classical inertial forces:

M+ M’ M+ M’ au(r, r*
g MM MM UG )
r3 MM’

ar r*=r
PTEY Vi it 0] }
ar’ r*=r’
—RX(RXr)—2QXxF—Rxr. (130)

A direct comparison with Eq. (29) shows that the total tidal potential energy of the system is

Vi=M U, r* + MU'(=r', =1
r*=r

(131)

s
r*=r’'

and that the disturbing function, which should be inserted in the Lagrange- or Delaunay-type

planetary equations, is related to the physical potential energy via R = — V;/B. This gives
us:
M+ M
R:—i[M/U, * MU' (-1, —r* ] 132
M (r,r )r*:r-l- (=r r)r*:r, (132)

where it is implied that in the planetary equations the differentiation of R should be carried
out before r* (resp. r*) is set equal to r (resp. r’).

3.2 Comparison with Kaula (1964)

In his developments, however, Kaula (1964) used the approximation

M
Kaula (1964) : R ~ — [U(r, r* + v U'(=r', —r»

r*=ﬂi|

(133)

r*=r

Thence, Kaula’s expressions for the orbital elements’ tidal rates acquired a redundant factor
of M/(M + M"). Tolerable for the Earth-Moon system (which Kaula was having in mind),
this approximation is unacceptable for a binary comprising partners of comparable masses.
So, Kaula’s expressions for the rates must be multiplied by (M + M ')/ M, to compensate
for that oversight.’

This redundant factor of M /(M + M’) has become a source of inaccuracy in many
publications. At the same time, the overall factor is given correctly in some works, such as
Ferraz-Mello et al. (2003) or Ferraz-Mello et al. (2008).

9 Aside from that, in the general case it is necessary to take into account the tidally-generated change in the
orientation of the equator. As we shall see below, this will yield an additional term in the expression for di /d¢,
see Eq.(162).
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3.3 Expansion of the additional tidal potential

Let the perturber reside in the point r * relative to the centre of a deformable near-spherical
primary. In an exterior point r, the tidally deformed body generates the additional tidal
potential calculated by Kaula (1964) '©

00 I+1 [
w o_ R GM' R (I —m)!
Ur,rv) = Z (a) a* (a*) mX:%] (I +m)!

=2

l
2= 80m) Y Fimp(i*)

p=0
00 1 00
D Gipg€) Y Funn(@D Y Gunj(e) ki(@impq)
q=—00 h=0 Jj=—00
cos [(vl*mpq - me*) — (vimnj —m0) — & (a)lm,,q)] , (134)

where G = 6.674 x 107! m3 kg~! s72 is Newton’s gravity constant. As ever, the orbital
elements with and without asterisk pertain to r* and r, correspondingly, while

vl;knpq = (1—2[))6:)*+ (l—2p+q)/\/l*+m§2*,
v = (=20 w + (—2h+ )M + mQ. (135)

In the expressions (134-135), we assume that, generally, the perturber located at r * does
not coincide with the secondary residing in r. In the special case, when they are the same
body, we must first carry out the differentiation over r and only then set r * = r.

Both the dynamical Love numbers k; and the phase lags €; are functions of the tidal Fourier
modes wippg = (| —2p)o* + (I =2p+q)n* + m (Q* — 6*). After the secondary
and the fictitious perturber are set to be the same body, and r * is set equal to r, the modes
become!!

Ompg = U =2p)o + A =2p+q)n +m(Q2 —0) ~ (—2p+q)n— mb.
(136)

Interestingly, Kaula himself never addressed the Fourier modes in his works, probably
(mis-)assuming that both the dynamical Love numbers k; and the phase lags ¢; are fre-
quency independent. The later development of geophysics demonstrated that the forms of
the frequency dependencies of k; and €54 play an important role in many situations. Hence,
there is the necessity to introduce the Fourier modes wj,pq (Efroimsky 2012).

For areader-friendly introduction to the Kaula theory, see Efroimsky and Makarov (2013).
It can be understood from equation (15) in that paper that the tidal modes’ absolute values,

Xlmpg = |wlmpq| s 137)

are the physical forcing frequencies excited in the tidally deformed body.

10 A partial sum of this series, with /, |g|, |j| < 2 and p = h = 0, was developed by Darwin (1879). In
modern notation, his derivation is discussed by Ferraz-Mello et al. (2008). Mind that in /bid. The convention
on the meaning of the notations r and r * is opposite to ours.

1 While in Sect. 2.6 we were using the osculating mean motion (defined in a standard way on the line between
equations 71 and 72), here and hereafter we are using the anomalistic mean motion defined as in Table 1.
We assume that the two are close, and therefore we interchangeably use the same notation n for both. The
legitimacy of this is discussed in Efroimsky and Makarov (2014, Appendix B).
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4 Tidal evolution of the semimajor axis
4.1 The general formula

In the Lagrange-type planetary equation for the semimajor axis rate (116), we should insert
formula (132) and should perform differentiation over the mean motion. We further average
the result over the mean anomaly and over the argument of pericentre as in Kaula (1964).
This work, carried out in Appendix “C”, leads to:

da > L= m) x>,
5 = 2an > T Q@=dom) ) D Gjp,@U=2p+q)
1=2m=0 p=0g=—00

2t o 241 ”
[() A B Kiomp) + () 3 A0 K/@,/,,,,,p} (138)

a

where we employed a shortened notation for the quality functions of the primary:
Ki(ommpq) = ki (@1mpq) sin €1(@impq) > (139)
the Fourier tidal modes excited in the primary being

Ompg = (1 —=2p)d> + (U —=2p+qn +m (2 —60) ~ (I —2p+qn —mb .
(140)

Likewise, for the quality functions of the secondary we introduced the notation
K/(a)/mpq) = k,’(wl’mpq) sine,’(w,’mpq) , (141)
the Fourier tidal modes excited in the secondary being

Ofppg = (=2p)0" + U =2p+q@n +m(Q' —0') ~ (—2p+q)n —mb’ .
(142)

Here €, i, w are the Euler angles of the orbit on the primary’s equator, while Q',i’, @’ are
those on the secondary’s. The rotation rates of the primary and secondary are 6 and 6.

Our expression (138) differs from its counterpart in Kaula (1964) by the factor of (M +
M ')/ M. The reason for this is explained above, in Sect. 3.2.

Finally, we would mention that our expression (138) behaves well when M’ — 0 or
M — 0, because K; = O(M 2). This can be proven via formulae (31), (40b) and (42) from
Efroimsky (2015).

4.2 The leading inputs

By the formulae derived in “Appendix G”, the quadrupole part of the major semiaxis’ rate is

day L gan(1ose2 4 By M ESK(Z 26) + L R—/SK'(Z 26")
dr 1:2_ an ¢ 8 ¢ M a 2k M’ a 2t
9 9 M' [(RY® M (R’
—Zanez (1 + 4e2)[ (Z) Ko + o5 (7> K5 (n)
3 2 1 2 ! R 5 . M R/ 5 , .
—gane I—Ze v\ Kz(n—20)+ﬁ o Ky(n—207)
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441, 123 L\ [ M’ (R’ MR 1
—?ane l—z—ge o \g K2(3n—29)+m o K,(3n —207)
867 4 [ M' [(RY? .M (R Ny
——-ane T Ko (4n —26) + w Ky(4n —207)

81 4 [ M’ (RY M (R
—gane w \7 K2(2n)+W o K, (2n)

+0GYH + 06" + 0@ . (143)

This long formula can obviously be split into two parts:

(da) B <da><Pﬁm>+ (da)“w (144)
dr /1_» dr /o dr )1

where the first part is due to the tides in the primary and comprises the terms with K2 (@ypg)-
The second part is due to the tides in the secondary and comprises the terms with K (], )

4.3 The case when the spin of neither partner is synchronised
If none of the partners is synchronised and both i and i’ are small, the leading terms are

semidiurnal, i.e. those with {{mpqg} = {2200}. Approximated with these terms, the major
semiaxis’ rate is:

5 5
da\ _ RY M (BN M prr
ar ), = T ) T PR a) mr RO

0G4+ 036" + 0. (145)

To compare the inputs, write the above as

5
da M' (R RN\ (MN\* ,
a ~ —3na w \ K7 (w2200) + r w K5 (03500) (146a)

5
M’ <R> P/_ZR/_I K3 (@300)

= —3na— |— ) Kylwxw) |1+ (146b)
M \a p~2 R™' Ka(wxw) | -

p and p’ being the mean densities of the primary and the secondary, correspondingly.
When the role of the secondary is negligible, we are left with

da M’
— = —3na
dt M

5
RY 0Gi? 0(e? 147
p 2(w200) + O@G7) + O(e”) . (147)

In the case when the spin is faster than orbiting, the Fourier mode w00 = 2 (n — é) is
negative, and so is the phase lag 12 65000 = €2(w200). Then, the above expression becomes:

5
da M’ (R ko
& xzna - (B) 22, (148)

12 Recall that the lag €; is an odd function of the Fourier mode ;g -
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where Q> is the quadrupole tidal quality factor defined through

- | sin €2(w2200) | - (149)
02

We reiterate that in expression (148) the quality function k;/Q»>, mass M and radius R are
those of the partner tides wherein are dominant (the primary). The mass M’ is that of the
secondary (the tides wherein we neglected in Eqs. 147-148).

Approximations (146-147) contain only one tidal mode, the semidiurnal one. So this
approximation looks the same, no matter what the frequency dependence K3 (w2ypq). For
this reason, our Eq. (147) agrees with the corresponding formulae by both Hut (1981, eqn 9)
and Emelyanov (2018, eqn 18) who used the CTL (constant time lag) model. It also coincides
with equation (A1) from Lainey et al. (2012) who relied on the CPL (constant phase lag)
tidal model.

4.4 The case when the primary is not synchronised, while the secondary is

If the primary is not synchronised © # n), the part (da /dt)(an) is approximated with
formulae (147 148). If the secondary is synchronised (6" = n), the terms with K. ,(2n— 207)
and K, ,(n — 6') in Eq. (143) get nullified. In their absence, we are left with

5
da o R/ M / .72
(dt>z:z = - STane (a> o Ki + 067 + 0@, (150

where we took into account that K, is an odd function.

As expression (150) contains only one tidal mode, n, the form of this expression is inde-
pendent of the shape of the frequency dependence K, (w2pq). So our answer coincides with
equation (28) from Emelyanov (2018) and also with equation (9) from Hut (1981) if we
set Q = n in Hut’s equation. Our answer, however, differs from the first equation (A2) in
the paper by Lainey et al. (2012), which contains an erroneous factor of — 21 instead of
— 57. The same oversight is contained in equation (1) in Barnes et al. (2008) and in the first
equation (40) in Shoji and Kurita (2014).

Together, the tides in both the primary and the secondary generate the rate da/dr obtained
by summing up the rates (147) and (150):

5
@ 3ma ™ (Y som + 19 () (22 ki
T VI 2102200 “\&) \u) 52"

5
M’ (R , 0 PR K
—3na— |—] Kalwnw) |1+ 19¢ —
a P

(151a)

M 2 R~ Ka(waon)
(151b)

The dissipation rate in a synchronised satellite (and the corresponding input in the ele-
ments’ rates) may be considerably amplified by longitudinal librations, when the satellite has
a pronounced dynamical triaxiality (Frouard and Efroimsky 2017a; Efroimsky 2018).
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4.5 Beyond quadrupole

Bills et al. (2005) argued that to attain a high precision in the modelling of Phobos’ tidal
dynamics the knowledge of k3 and perhaps even k4 may be needed. Later, Taylor and Margot
(2010) suggested that for very close asteroidal binaries the degrees / up to 6 may matter.

In the quadrupole (/ = 2) approximation (143), the smallest terms taken into account are
of order (R/a)’ e*. Now, if we choose to go beyond the quadrupole approximation and take
into account the / = 3 terms, the largest of those will be of order (R/a)"e%i® = (R/a).
Such are the terms with {{mpq} = {3300} and {3110}. We may neglect them insofar as

(R/a)! <« (Rja)e* <<= Rja <« &, (152)

a somewhat stringent condition not necessarily obeyed by all close-in binaries.
At the same time, had we kept in expression (143) only the terms up to (R/a)’e?, the
neglect of the / = 3 would be justified under a more relaxed condition

(R/a)! < (Rja)¢* <= Rja<e. (153)

4.6 Final caveat

In both Sects. 4.3 and 4.4, we passingly dropped the terms containing e* K»(2n) and
K ,(2n), see the last line in Eq. (143). At first glance, this is legitimate when the eccentric-
ity is not too high. In reality, the issue is subtle owing to the extremely sharp shapes of the
frequency dependencies of both K»(2n) and K, (2n). When the peak frequency happens to
be equal or very close to 2n, these terms may become prominent, even for modest values of
e.

5 Tidal evolution of the eccentricity

The planetary equation for the eccentricity evolution is given in Eq.(117). The insertion
of expressions (132), (185a) and (187b) in this equation and the removal of the short- and
long-period oscillating terms give us

d 1—¢?
ch T T MM/ ZZ (Z+m)| (2—80m)Z Z Gphy© (=2p+q)

p=0g=—00
2041 21+1

R 2.0 . R’ 202
{(g) M’ () Ki(@impg) + <7 MZ Fp, (i) K[ (@)

a- 32)1/2

1 o0
e ZZ Z (l+m)' — 80m) Z Z G/pq(e) (l-2p)

p=0g=—00

R 20+1 R’ 20+
{() M2 ER L) K1 @inpg) + <7) M2 Fp, ) Kﬂwﬂnm)} . 159

a

where we used the shortened notation (139) and (141).
As expected (see Sect. 3.2 above), our expression (154) differs from the corresponding
formula in Kaula (1964, eqn 38) by a factor of (M + M)/ M.
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The quadrupole part of expression (154) reads (see “Appendix H”):

de de (prim) N de (sec)
dr /o dr /- dr /i
5
M’ (R e\ 3 .
— —(1 - =) = Ky(n—26)
M \a 4 ) 16

3 21 , .
—— |1 - —e" ) K2(2n —26)

Il
|
S
Q

4 4
P PR e (3n —20) + 807 2k (4n —20)
16 28 ¢ ) PR g ¢ n2
9 81
+ 3 (1 + 2&2) Ka(n) + 16 e K2(2n):|

5
M (R’ e\ 3, .
—ne G (7> |:— (1—Z> 1—61(2(”—29)

3 21 :
-Z (1 - 7e2> Ky(2n —26")

4 4

147 179 ,\ ., o 867 , .
toe (11— 55 ) K3Gn =200 + —= e K3(4n = 20")

9 5 81 )
+32 (1 + Ze2> K3(m + ¢ esz(zn)]
+ 0@ + 0G» + 0G'?) (155)

3

where the contribution (de/dr)P"™) comprises all the primary-generated terms (those with
K>), while (de/dr)®) comprises the secondary-generated terms (those with K).

5.1 The case when neither partner is synchronised

When the spin of neither body is synchronised, while both inclinations are small, the leading
terms in the above equation are those linear in e :

5
de M’ (R 3 ko —20) — > Ky(on — 26)
— = —ne — —— Ky(n— - = n—
dt ), M \a 16°° 472

+147K(3 29’)+9K()
16 2" g 2V

M (R’ 3 . 3 .

—ne T <7) |:—1—6K2’(n—20/) — ZKz/(Z”_ZQ/)
147 ., 9

+FK2(3n—29 ) + ng(n)

0@ + 06Y) + 0G'H (156)

)
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Specifically, when both partners satisfy the constant time lag (CTL) model (i.e. when both
K7 and K 2’ are linear in the tidal mode), the above expression becomes

(CTL) (de
dr /1

5 .
3 M’ R\ 116 — 18 .
=Zne ( ) T Pk n—26)
4 M 0 —n

a

Ky(2n —26")

5 .
M R’ 1160’ — 18n
M’ \ a 6" — n

+ 0@ + 06 + 0G'H (157)

This agrees with equations (10) from Hut (1981) and (19) from Emelyanov (2018). Apart
from the aforementioned factor of (M +M ")/ M, this also agrees with the first line of equation
(46) from Kaula (1964). (On the second line, Kaula lost the factor of 4 in the denominator.)

When both partners satisfy the constant phase lag (CPL) model (so both K> and K are
constants) and both 6 and 0’ exceed 3n/2, we have:

Ka(n) = —Ky(n —260) = —K2(2n —26) = — K2(3n —26) = k2/Q
and
Kj(n) = —KJ(n—20") = —K;2n—20") = —K;(3n —20') = ky/Q’ ,
wherefrom
5 5
(CPL) (de) 57 M’ (R) k> M (R/> ky
— = —ne — — + — —=
dr J,_» 8 M a 0 M’ \ a o’
+ 0@ + 0GY) + 0G'?) (158)

This is in agreement with the second expression in equation (A1) from Lainey et al. (2012),
but differs from the corresponding formulae in some other works.

5.2 The case when the primary is not synchronised, while the secondary is

If the primary is not synchronised (§ # n), the part (de/dt)fngm) is still approximated
by the no-asterisk terms from the expressions above. If at the same time the secondary is
synchronised (¢ = n), then in formula (156) the term with K, (2n — 260") must be set zero.

Thence,

5
de ) ¢ M (R’ 3 Kl + 1471(’( - 9K,( )
— = —ne — - —n -— n - n
dr ),_, M\ a 162 16 2 g 2

+ 0@ + 06"

21 M

ne
2 M’

R’ )
<7) Ky(n) + 0(?) + 0G'") (159)
where we took into consideration that Kz’ is an odd function.
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Containing only one frequency, expression (159) bears no dependence on the shape of
the frequency dependence of K. So it coincides with the corresponding expressions from
Emelyanov (2018, eqn 29) and Hut (1981, eqn 10) both of whom employed the CTL model.
It also is in agreement with equation (A2) by Lainey et al. (2012) who used the CPL model.

5.3 Beyond quadrupole

Under what condition may the degree-3 terms be ignored in the expression for de/dt?

In the quadrupole (I = 2) approximation (155), the smallest terms taken into account
are of order (R /a)5 3. Had it been our intention to include there also the [ = 3 terms,
the largest of those would be the ones with {{Impg} = 3300 and 3110. Being of order
(R/a)" ¢! 0= (R/a) e, they may be ignored if

(Rja) e < (Rja)ye® <<= Rla<e. (160)

Had we kept in expression (155) only the terms up to (R/a)e, the neglect of the [ = 3
would be justified in all realistic situations:

(R/a)' e < (Rja)’e <= Rja< 1. (161)

6 Tidal evolution of the inclination

In the Lagrange-type equation for the inclination rate (118), we should insert expression
(132), perform the differentiation over w, ', 2, Q' and i and then extract the secular terms
by averaging over M, @ and w’ to be consistent with Kaula (1964) who also removed the
oscillating part. This work is carried out in Appendices “D”, “E”, and “J”, the result being

o A+1

di n M R (—m! =
- i M Z(a) Z(1+m)z(2 Som)

=2 m=0

L4 —2p)cosi —m >
B — 2 - 2
YRR Y Gy Ki@inp)

p=0 g=—00
20+1

prnia® M' S~ (R (¢ —m)!

— o 2\ (2=

+ co M P Z (l +m)! ( Om)
=2 m=0

1 . 0

mcosi — (I —=2p) ., . )
];) T FI'"I’ (l) q;oo Glpq (6) K/ (wlmpq) . (162)

Apart from the multiplier of (M + M’)/M discussed previously (see Sect.3.2), the first
term of the above expression coincides with the first term of the expression (38) in Kaula
(1964), while the second term in our formula differs from that in Kaula (1964, eqn 38)
considerably. The second term in Kaula (1964, eqn 38) is the equivalent of the first with
primed Keplerian elements. However, as explained in Sect. 3.2, the rotation matrix TRRR’
from the secondary’s frame to the primary’s frame breaks the symmetry between primed
and unprimed Keplerian elements in di /dz. According to Eq. (118), the primed equivalent
of the first line of Eq.(162) is multiplied by the slow oscillating cos(w — w’) and vanishes
once averaged over the argument of pericentres w and w’ (see the non-averaged expression in
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“Appendix J”). Moreover, in our derivation of the inclination rate, the second line of Eq. (162)
is an inertial force due to the non-Galilean nature of the coprecessing frame of the primary.
More explicitly, this term expresses the variation of the orbital inclination with respect to the
primary’s equator induced by the motion of the primary’s spin axis.

We would emphasise that the apparent lack of symmetry between the two components
in the expression of di/d¢ is due to the fact that the inclination i is reckoned from the
primary’s equatorial plane. Unlike ¢ and e which have the same definition in both body
frames and whose rates are symmetric in primed and unprimed variables, here the symmetry
is recovered by writing the time derivatives of the orbital inclination with respect to the
secondary’s equatorial plane, namely

di’ oM S RN L =y

S - 2 = Som

dr Ny M/Z;(a) Z(Z—}-m)!( o)
1

Z (I —2p)cosi’—m

sini’

oo

p=0 g=—00
2+1
pnia> M & <R/> ( —m)!
T ) M T Z PR (2 - (SOm)
co’ M = \a o 4+ m)!
l ./ oS
mcosi’ — (I —2p) )
Z sini’ F”znl’(l g Z Gli)q (©) K/ (@fpg) - (163)
p=0 g=—00

In addition, it shall be reminded that neither the expression (162) for di /d¢ nor the expression
(163) for di’/dr allows, by itself, to deduce the motion of the orbital plane with respect to
the inertial frame. For example, if the inclination rate di /ds happens to be zero, the orbit is
fastened to the primary’s equator, and its orientation in the inertial frame is then governed by
its longitude of the ascending node €2 and the primary’s Euler angles (v, €). Reciprocally,
when di /dt is nonzero, the orbit can still remain at rest in the inertial frame, in which case the
apparent inclination evolution is only due to the motion of the primary’s spin axis. This would
have precisely been the situation if most of the total angular momentum of the system were
associated with the orbital motion. Nevertheless, as in Kaula (1964), we are not interested in
the motion of the orbit plane relative to the inertial frame. This is why the orientation of the
orbit is measured either in the primary’s or in the secondary’s frame. The presence of two
inclinations to represent the orientation of a single orbit plane might seem odd at first sight;
however, the angles i and i’ can also be interpreted as the obliquities of the bodies relative
to the orbit.

In a situation where the orbital angular momentum is much lower than the angular momen-
tum of the primary’s spin, and where the dissipation in the perturber can be neglected,
our result coincides with that of Kaula (1964, eqn 38), up to the aforementioned factor of
M+ M"/M.

The quadrupole inputs of expression (162) read:

di M’ [RY’
- =n SNt — —

243 . .27, 19\, .
a(H-Q)e Kz(—2n—9)+ﬁe 1+o0+ Z+ZQ e” | Ka(—n —0)
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3 7 63 .
+5 [1 +o+ (5 + 3@) e+ <§ + 6@) 64} K> (=0)

16

3, 49 41 5 . 3 9 5
- 1 — 4+ — KKn—-0)+-|1—-0o—-{=-5
+2€|:+Q+(16+16Q>€:| 2(n )+4[ 0 <2 Q)e

23 63 4 .
+ (? - §Q> e ] Ko>(2n — 26)

3 9 2 11 45 4 .
—— 1 —| = — + — Kr2n—#6
4[+Q <2+5Q>€ +<16+16Q>e:| 2(2n —0)
147 , 109 123 2 .
+—e|1l—0—| == — —=0)e | K2(Bn —20)

3, 1 ) .
+= [1=o+ 5 (1+0)¢ | Ka(n - 26)

16 28 28

Wal 199 0183 1 2) ko3n— 6) + 27 (1 — ) e* Ko — 26)
16 ¢ @7\ 28 T g ) 16 Qe m

867 . :
—~g 1+ e Kaldn —6)

+ 06 + 0 , (164)

with o = Bna?/(C 6). For a very small eccentricity, a cruder approximation is acceptable

dr /1
3 M (R)S[ . .
=—-nsini — [ — 1+ 0)K2(—0) + (1 —0)K2(2n — 26)
4 M \ a

—(1+0)K>(2n —é)] + 06 + 0@ . (165)

Without loss of precision, sini may be changed to i in both Egs.(164) and (165).

In many realistic situations, the inclination is stabilised in the sense that di /df o« —i.
Specifically, it can be seen from Eq. (165) that at small eccentricities stabilisation is taking
place for a synchronous orbit (é = n), for the 2:1 spin-orbit resonance (9 = 2n), and for
fast prograde rotation (§ > n). For other values of the angular velocity, however, it is not
possible to determine the sign of di /d¢ which, generally, depends on the rheology and on the
value of the parameter 0.

7 Tidal evolution of ®, Q and M

Tidal evolution of w, 2 and M can be described by the same tools.

Be mindful, though, that the rate of these angles contains an input due to the oblateness of
the primary (see, for example, Efroimsky 2005a). Therefore, even if a total rate is measured,
it will not be easy to single out the tidal input in it. Also, for dw/dt of a very close-in planet,
the relativistic correction may supersede the tidal effect, like in the case of Mercury.
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8 Conclusions

In this paper, we have revisited the theory of Kaula (1964) basing our calculation on a non-
canonical Hamiltonian formalism with constraint. We have written down the rates da/dz,
de/dt and di /dt to order e*, inclusively. They differ from Kaula’s expressions which contain
a redundant factor of M /(M + M), with M and M’ being the masses of the primary and
the secondary. Since Kaula was interested in the Earth—-Moon system, this redundant factor
was close to unity and was unimportant. This omission, however, must be corrected when
Kaula’s theory is applied to a binary composed of partners of comparable masses.

We have pointed out that while it is legitimate to simply sum the primary’s and secondary’s
inputsinda/dt orde/dt, this is not the case for di /dz, so our expression for the inclination rate
di /dt differs from that of Kaula in two regards. First, in the expression for the primary’s di/d¢
the contribution due to the dissipation in the secondary averages out completely, provided
the apsidal precession is uniform. Second, we have an additional term which emerges owing
to the conservation of the angular momentum: a change in the inclination of the orbit causes
a change of the primary’s plane of equator.

We have carried out our developments in the gyroscopic approximation (which implies
that the spin of a body is much faster than the evolution of the spin axis’ orientation). As a
by-product, our work also provides a full set of equations of motion, as it reads before the
said approximation is applied.
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Appendix
A Differential of the rotation matrix F = TRR’

Let Ry () and R3(¢) be the rotation matrices of angle ¢ around the first axis i = T(1, 0, 0)
and around the third one k = T(O, 0, 1), respectively:

1 0 0 cosp —sing 0
Ri(p) = |0cosp —sing | , R3(¢p) = | sing cos¢e 0] . (166)
0 sing cosg 0 0 1

The derivatives of these matrices read

0 0 0 —sing —cosg 0
dRi(¢) = |0 —sing —cos¢ | do, dR3(p) = | cosep —sing 0| de. (167)
0 cosp —sing | 0 0 O

A direct calculation gives

00 0] 0-10
dRi(9) "Ri(p) = |00 —1|dgp, dR3(¢) Ry(@)=|10 0|dp.  (168)
010 | 000
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We introduce the hat operator which associates with any vector v = T(x, y,z) € R> the
skew-symmetric matrix 9 defined as

0 —z vy
v=| 2z 0 —x|. (169)
-y x 0

This skew-symmetric matrix is such that for any two vectors a, b € R3, their vector product
a x b reads ab. From Eq (168), one notices that

dRi(¢) "Ri(p) =idg, dRs(p) "Rs(p) =kdg. (170)
Let us recall the definition of the rotation matrix [F:
F = R3 (R ()R3(@ — o )Ri (=i )R3(-2") . (171)
Applying the rule (170), we get
dF =k R3(Q)R;()R3(w — 0)R; (—i")R — 3(—Q) dQ
+R3(Q) i Ry ()R3(w — )Ry (—i)R3(~Q) di
+ R3(QR; () k R3(@ — 0 )R; (—i)R3(—) d(0 — o) (172)
~ R3(QR; ()R3 (@ — ) § Ry(—i)R3(~) di’
— R3(QR; ()R3(@ — )Ry (=) k Ry(—) dSY' .
To simplify the result, we introduce the vectors i’, K, K’ defined as
i =R3(w—a)i, K=Ri(—=)k, K =Rz(w—ao)Ri(=i)k. (173)
The associated skew-symmetric matrices ;/, K and K are given by
= Rs(w—0)iTRy(@ - o), K=Ry(—)kR(=i), R
K =R3(0— o) Ry (=& TR (=i")TR3 (0 — ).

A direct calculation shows that dX, defined as R; (—i)R3(—) (dFTF) R3(Q)R; (i), is
equal to

dX = KdQ +idi + kd(w — o) —i di' — K Y. (175)

B Equations of motion in terms of the Keplerian elements

Let Mcc/ be the Jacobian d(p, r)/d(p’, r') describing the transition between the two
Cartesian coordinate systems and given by

T /
RR" 0
MC/C’ = |: 0 T]RIR/]

As shown by Egs. (37) and (40) in the main text, the Hamiltonian equations for (p, r) are

(176)

IH M

d (p\ [0 -1d]| ap 0 -Id]| op’

a(r)_[lld 0] oK + Mcycr d o an |- (177)
or or'
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We shall precise that in our problem H bears not dependence on p’, wherefore
9H/dp’ = 0. Now, let Mg c and Mg /¢ be the Jacobian matrices d(Y, y)/d(p, r) and
a(Y’, y"/o(p',r’"), respectively, where Y = (a,e,i) and y = (M, o, Q). These matri-
ces describe transitions to Keplerian (K) variables from the Cartesian (C) ones, hence the
notation. Applying the chain rule, we have

d [Y d (p
el -M el
dar (y) Ki€q <r>

0 —Id % 0 —Id s;_l/ (7%
= Mg/c []Id 0 }TMK/C oH + Mk,cMc/c/ []Id 0 ]TMK’/C’ OH
@ dy’
Then, we define the Poisson matrices B and B’ as
0 —Id 0 —Id
B = Mg, c [I[d 0 ]TIMK/C, B’ = Mg/ [I[d 0 }TMK,/C,, (179)

and introduce the total Jacobian matrix

oY,y a(Y,y) a(p,r) a(p’,r") _
A= o PP P T~ Myje Mejer (Mg~ . (180)
oY’ y") a(p,r)d(p’,r o', y")

Combined, Egs. (178-180) render us

AH OH

d (Y Yy | oy’

E(y)‘IB on +AB [ o | (181)
ay ay’

C Differentiation of R with respect to the mean motion

First, we differentiate U with respect to the mean motion M:

I+1 [
d e (R GM' (R (I —m)!
am U= 2 (Z) a* (?*) 2 (I + m)!
1=2 m=0
1 [e'e)
Q= 80m) Y Fimp™) Y Gipg(e®)
p=0 q=—00
l [e'9)
> Funn® Y Gung@) =2+ )y ki sin [ (vpg =m0 ) = (vimnj = 10) = etmpg |
h=0 j=—00

(182)

After we set r and r* equal to one another (and drop the now-redundant asterisks), the secular
part of the above derivative will become

WS (R GM N = m)
—m)!
— = - 2 — 8om
IM l;(a) a mZ:%(H—m)!( om)
l 00
D Fimp@ D Gipg(e) I =2p +q) ki sin€umpg | (183)
p=0 g=—00

@ Springer



Tidal evolution of the Keplerian elements Page350f46 30

Similarly, the secular part of the derivative of the potential created by the tidally deformed
secondary, at the place where the primary resides, will read:

aU/ ¢} (R/>2l+l I m)‘ 1
=Y (= Z Q2= 80m) Y Fipp(i)
oM = \a — (l+m)‘ )
o0
> Ghle) U —2p+q) K sinef,,, (184)

g=—00

While in Eq.(183) i stands for the secondary’s inclination on the planetary equator, in
Eq. (184) i’ denotes the inclination of the primary’s apparent orbit on the secondary’s equator.
Likewise, while k; sin €, is the quality function of the primary, k/ sine/, pq is that of the
secondary.

According to formula (132), the sum of the primary’s and secondary’s inputs in the deriva-
tive of the disturbing function over M will be

R M+M 9

oM MM W(
o0

MM %
- M+M/ ZZ (1+ )‘ 2—8om) ) Gjpy(e©) U =2p+q) (185a)
q=—00

-M'U-MU')

, 214+1
R

20+1 gM2
FI;an(i) ki sin €mpg + <*> - Flip(i 5 k]/ sinGl/mpq

(2)

¢}

1 00
(I —m)!
S L2 ey G L G0 2

2141 , 2141

R M’ . . M . .
X <g> T Flfw(z) ki sin €mpg + <7> v Fl,znp(l ") k/ smel/mpq

gm'?

a

(185b)

D Differentiation of R with respect to the argument of the pericentre

Differentiation of U over w renders us

9 Z"" R\ om (R IZ’ (L —m)!
_ * e — R— . —
ow ve. ) = <a> a* <a*> o (+m)! (2= 0m)

=2

ZFZmpo ) Z Gipg(e®)

gq=—00
ZFlmh(i) S G (-2 k Sin [ (g =m0 ) = (vimnj = m6) = €tmpy |

h=0 j=—00
(186)
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For r = r*, the secular part of the derivative reduces to

21+1

i l
R gM/ { .
(5) 20 y(z—am>2%ﬂ@ﬁ)

I
TMg

Gpg(€) (L =2p) ki sin€ppg

it

Equivalently, the secular part of the derivative of the potential created by the tidally deformed

secondary and acting on the primary is:
20+1 / !
8U’ — (R’ gMm’ (I —m)! 2
=2 (%) T Xy @m0
m= p=0

0 (I +m)!

o
> Gl le) (I —2p) k] sine],,.

g=—00

o’ and Q' denote the inclination, the argument of the pericentre, and the longitude

where i/,
of the node of the planet’s apparent orbit as seen from the perturber.

Combining the last two equations with expression (132) for R as a function of U and U

we obtain:
IR IR M+M (3
— =—— (—(-M'U -MU’
o = R (aw< )+ g (-4107)
M+ M oo I I oo
- S ZZ T )' 2—50m)z > Gp,le) 1 —2p) (187a)
=2m p=0g=—00
20+1
R gm’? R’ gM? 5
o — Fppp (D) ki sin€gppg + o Y Fionp(0) kp sinep,, o
oo (I —m)! i 00
2 2 —m: 2
=-n"a> ) Y T Q=8om) Y Y. Gp(e) (—2p)
1=2 m=0 p=0g=—00
2+1 L2+
B £F2 (i) k; sine + R— (i) k/ sine/
a M Imp l Impq a M mp 1 Impq
(187b)

E Differentiation of R with respect to the longitude of the node

Differentiation of U over €2 gives us
I+1

9 (R GM’ (L —m)!
— Ul(r, r)——z<g) pr (a*)mX:‘;(H_ Y (2 — 8om)

Q2 =

ZFlmp(l) Z Glpq(e

q=—00
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l o0
Z Fipn (i) Z Gunj(e) m ky sin [(vl*mpq - m9*) — (vimnj — mo) — élmpq] )

h=0 j=—00
(188)
For r = r*, the secular part of the above expression becomes
20+1 ! !
U = (R GM’ (I —m)! -
5 = X <Z> Y I+ m)! @~ bom) D Fimp 0
=2 m=0 p=0
oo
> G @) mk sin€p (189)
g=—00
Combined with Eq. (132), the above formula yields:
R M+M 9 M+M' U
7:+77(—M/U—MU/): M+M 3 . (190)
Q2 MM 3Q M Q
In this situation,
2[+1 1
IR M+M' (R QM/
D _ -
9% M ; (a) X:: (I +m )' on)
1 o0
D Fp, @) Y Gp(e) mkp sin €y,
p=0 g=—00
241
M (R (I—m
- 22 X
-y ,22:(41) Z:(l+ y 50’")Zﬂmp
o
> Gl @) mk sin€mp, (191)
g=—00

Similarly, differentiation over the longitude of the node €2’ reckoned from the secondary’s
equator gives

IR MM & RN ! !
- _ _ 2 ./
Q- M’ Z(a) mzo 1+m)v 2= 80m) Y Finp(@")

=2 p=0

o0
2 ! win 2!
Z Glpgle) m ky sine;,, .

g=—00
o p 241 ( y !
—m)!
= e 2 (T) Xy @ L )
(I + m)!
m=0 p=0
Z Gp,(e) mk/ sinef, . (192)
g=—00
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F Differentiation of R with respect to the inclination

The derivative of U with respect to i is
I+1

00 + l
D gy = S (RY (R
EU(L r) = Z <a> a* (a*)

1=2

l I oo
Z O o 50 3 Fp ) S G ()

(I +m)! s e
d Fyi (i)
Z e Z Gnj (€) ki (@impq)
h=0 j=—o00
05 [ (Viupg = m0") = (i = m0) = et(@mmpg)] (193)

For r = r*, the secular part of this expression takes the form of

o0

I+1 Iy
U _ <~ (RY 9M' (R (= m)! 2 — dom zmp @
i Z( ) <a>mZ=:0(l+m)z 2 Z

a a

oo
> Gloy(@) ki(@impg) cOS €1(@impg) (194)

q=—00

It should be noted that in the differentiation of U with respect to 7, the effect of the primary’s
oblateness J> does not average out as it was the case in the differentiation over M, w or 2.

Combining this with formula (132), we obtain:

aﬁZM+M/i(—M/U—MU’)= M+ MU
ai MM’ 9i M b

which gives
21+1
IR M+M i R
o M = \a

GM’ zl: (L —m)! 2 — 8o
— (+m! 2

L dFZ? ) 0
I
Z% Z Gl%,q(e) m k; cos €mpq
p=0 g=—00
21+1
) 2M’i R Z’:(l—m)!z—ao,nZ
=n“a° — —
M a = (I + m)! 2

=2

dﬂipm

oo
> Gl (e)mki cosempy (195)

q=—00

Similarly, the secular part of the derivative of the potential created by the tidally deformed
secondary and acting on the primary is:
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2A+1 5
R _ oo M i R’ Z(l—m)!2—80mZszm,,(l’)
ai’ M’ = \a = I+ m)! 2
. 2 1 /
Z Gipg(e) m k; cosep, .
g=—00

G Details of the calculation of da/dt

Writing da/dt in the leading order over the inclination requires the knowledge of the squares
of the inclination functions F2201 = % + 0(i?) and F2220 = 94 0(i?) , the other Fﬁnp @)
being of order O (i%) or higher. So we shall work with the sets of integers (Impq) = (201¢q)

and (Impq) = (220q) . The corresponding eccentricity functions are:

_ _ 9> 7 5 6

Gap,—2(e) = Gapa(e) = i 1+ g€ ) T 0(e®)
3 9 _

Ga1.-1(e) = Gani(e) = Je (1 + §e2> +0@).  Gapgle) = (1 —e)/2,

1 1, 5 7 123 I
Go,—1(e) = 26<1 86)+0(e ), Gaoile) = 2" 16 + 0@)

17 5 4
Goo,—2(e) =0 , Grnle) = 53¢ + 0() ,
5 13
Gagole) = 1 — 582 + Ee“ + 0(). (196)

Also mind that for (Impg) = (2010) the expression (2—2p+¢q) is zero—and so is the input (da/dr)2010.

Below is an inventory of the relevant inputs:

da 81 M’ ,[(RY
— = —an —e — | Ka2(—2n)
dr 201,—2 16 M a

M/

2 NS
+ (£> (%) KZ'(—Zn):| + 06> + 0(°), (197)

da 9 M, 9 , R\’
= = Z - 1 Z ) Ko(—
(dt>201,—1 8" m ¢ < * 46) <a> 2=

2 /N S
+ (ﬁ/) (R—) Kz’(—n)} + 0G?) + 0", (198)
M a
da
o =0 199
<dt>20]0 (199)
(8], bt (o3[
a )y~ 8 M ¢ e .) Fow
M 2 R’ 5 , ” .
+ (W) (7) Ky(m) | + 0G%) + O(e), (200)
(‘L“) _ 8 My (551(2
dt 2012_ _16anM ¢ a) 2(2n)
M 2 R’ 5
+ (W) (7) K2’(2n):| + 0% + 0(°), (201)
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(&)
dr /20,1

o

G. Boué, M. Efroimsky
3 M’
— —an —e¢e
8 M

) (

5
2 <1 - 1e2> [<R> Ko (n —26)
4 a
M R"\> .
7) Ky(n 29/)} + 0% + 05,
a

M’

(202)
(d—“> 3 —/<1 5¢2 @4> <5>5K 2n — 26
o )po - T M e TRl a 2(2n —29)
M\2 /R’ 5 , ., 5 .
+ (W) (7) Ky(2n—=20") | + 0G%) + 0(e), (203)
da MM 1B, (551((3—29')
dr 2201 8 an M ¢ 28 a 2ton
2 ANE] 7
+ (ﬁ) (R*) KyGn—20") | + 0G%) + 0(5), (204)
M a
da 867 M’ 4| /(R 51< a2
(a>mz— -~ angr e |(5) w20
M 2 R’ 5 , ',' 5 6
+ (ﬁ) (*) Ky(4n —=20") | + 0G%) + 0(e), (205)
M a
where we made use of notation (

139) and (141).

H Details of the calculation of de/dt

de  (a-eH2 XL -

21+1

M’ (R
—-(=-2p] |:M (2)
its quadrupole part being

de
dt J,_»

nZ

, M (R’
Flmp(l) Ki(@impg) + o\

In notation (139-142), our expression (154) becomes

- @~ dom) Z 5 Gl e[

—2p+q)(1—eH/?
p=0g=—00

20+1
2 e N
F[mp(l )Kl (wlmpq)j| s

(206)

2 —m)!
2+m)!

2 — 8om) Z Z G3py(©)

p=0g=—00

@ 2p+q)(1—62) - Q2-2pU =€)

M’
M

M
M/

+

To write expression (207) in the leading order over the inclination, we shall need the squares
of the two relevant Fy,,, (i) functions: F2201

@ Springer

e

2141
R

(g> Fip @) K1 (@lmpy)

2141

R/ F2 ./ K/ /
7 lmp(l ) l(wlmpq)

(207)

7+ 0(i?) and F}, = 9+ 0(i?) ,all the
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other Fﬁn » (i) being of order O (i 2yor higher. This way, we shall be interested in the following
sets of integers: (Impg) = (201g) and (Impq) = (220q) . The relevant eccentricity
functions are given by Eq.(196) above.

For (Impqg) = (2010) , both the expressions (2 —2p+¢) and (2 —2p) vanish—and
so does the (de/d?)»2010 input, up to higher-order terms in the inclinations:

(d—"’) — 0+ 06 + 0G'D) (208)
dr /010 ’

Thence, of the sets (Impg) = (201q) , only those withg = —2, —1, 1, 2 are important:

5
de de 9 - 5, M’ (R Ky (n)
— = |- = — —ne —e — | = n
dr ) o1 _y dr /o1, 16 4 M \a 2

M
T

<de> _ (de)
dr /201,22 dr /2012

5 5
81 M' (R M (R’
=——ne | — (g) K>(2n) + I <7> K5 (2n)

R’ K. 5 .2 .72
o K(n)| + 0() + 0G°) +0G ") i (209)

32 M
+ 0@ + 0G) + 06" (210)
Of the sets (Impq) = (220q), we shall be interested in the ones withg = —1, 0, 1, 2 :
5
de 3 ' &2 M’ (R Ky(n — 26)
— = —ne - — — n—
dt ) o1 16 4) | m \a :
5
M R’ / 57 5 .2 .2
+M/ o Ky(n—=20") | + O(e’) + OG°) + 0G" ") | (211

5
d 3 21 M' (R .
(—e> = -ne < — —e2> (—) Kr(2n — 20)
dt /500 4 4 M a

M R’ ’ 37 5 .2 .72
+ <7> Ky(2n =207 | + O(e’) + OG°) + OG" ") ’(212)

M/
5
de 147 179 ,\ | M’ (R :
— = ——ne ([l - —e — | =) K2(3n-—20)
dr /5001 16 28 M \a
M R/ , . 5 .2 .72
+o5 () KiGn=20) | + 0() + 0G) + 06" | 213)
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5
d 867 M' (R .
(—e) = -8 | = (—) Ka(4n — 26)

M
M’

R’ / 57 5 .2 .72
<7> Ky(4n—=207) | + O(e’) + 0G°) + O )7 (214)

where notation (139-142) was employed.

| Details of the calculation of di/dt

According to Eq. (118), the evolution rate of the inclination involves derivatives of the per-
turbing function with respect to w, w’, , 2’ and i ’. Nevertheless, in the secular expression
(162), only differentiations over w and €2 remain. These are given in Appendices “D” and
“E”.

To write expression (162) in the leading order over the inclination, we should keep in mind
that in this expression the squared inclination functions F, l;ip (i) are accompanied by a factor
of either oy = [(I —2p) cosi —m]/sini or By = [m cosi — (I —2p)]/sini. The
functions Fy5, (i) and F.5 (i) are both of order O (i %), but for (Imp) = (201), the two factors
an01 and Bog; vanish. In the case (Imp) = (220), we have

a0 = Pao = — sini + 0G>) . (215)
Here, we also have to consider the functions Flfnp(i) of order O(i?), namely F2210 =

% sini? + 0(1'4) and FZZH = % sini? + o 4), all the other Fﬁnp(i) being of order
0(i4).The corresponding factors are apj90 = 1/sini + O(@), az;1 = —1/sini + O(),
B0 = —1/sini + O(), P21 = 1/sini + OQ@).

Therefore, we shall be interested in the following sets of integers: (Impq) = (220q),
(Impg) = (210q) and (Impqg) = (211q), the corresponding eccentricity functions being
given by Eq.(196) above. Below we provide the resulting contributions. Deriving these, we
used 1/v/1 —e2 = 1 4 €2/2 + 3¢*/8 + 0(e®) and then, in each contribution, truncated
this expansion as necessary to keep the overall answer precise up to e*, inclusively.

(di>

dr /250, >
di 3 1 M’ [(R\>

(—l> = — —né? <l—fe2> sini—(—)
dr 220,—1 16 4 M a

[ﬁna

0, (216)

(1 + le )} Ko(n—20) + 0G3) + 0% , (217)

(%
di M’ [(R\®
(7) = < —5¢2 + ) sini — (*)
dr /2200 M \a
(1

[ﬂc ; <1 + ;e + %e )] K2(2n —26) + 0G°) + 0(%) ,

(218)
(di) 147 ( 123 2) .M’ (R)S
— = — —ne* (1 — ==¢2) sini — (=
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Bna* 15, Yy 3 6
[ T (1+2e)} Ko(3n—20) + 0G?) + 0>,  (219)
<di> 867 4 . . M’ (R)S [,snaZ ]
— = — —ne sini — | — — — 1
dr ) 00 16 M \a Ccé
K>(4n —20) + 0G>) + 0(%) , (220)
di
a -0, (221)
(df)zm,—z
Ay 3 (Lo o MR T ( lﬁ]
(dt)ZIO,l = 16ne (1 4e ) sin i 7 (a) [ Co + 1+2e
Ky(n—6) + 0G>) + 0(%) (222)

di 3 63 M' (R’
<—l> =—fn(1—5e2+—e4> sini—(—)

2
[ﬁna + <1 + 1€2+ %e >} K2(2n—6) + 0G?) + 0(e°) ,

cé
(223)
<di> 147 2( 123 2) .M <R>5
— = ——mne |1 - —e°) sini — | —
dr /5101 16 28 M \a
[ﬂ”‘.’ n <1+1e2>] K2Gn —0) + 0G%) + 05 , (224)
cé 2
<di> 867 4, . . M’ (R)S
-_— = —  —ne SNt — —
2
[ﬁcng n 1] Ka(4n —6) + 0G3) + 0(e) | (225)
(4),, 1= s (2 [
T P 7R VR cé
K>(=2n —6) + 0@ + 0() , (226)
di _ 22 92\ i M (RY [Bnd ( lzﬂ
<dt>211,—1_ 6" ¢ (1 * 46) M <a> [ (o * 1+2€
Kr(—n —0) + 0G>) + 0(%) , (227)
@y 3 ooy st M (BY [# L de)]
(dt>2”0 =g (14 3e” +6¢") sini ( ) [ ( Se + g€
Ka(—6) + 0G%) + 00 , (228)
. 5
(d—l> = 2—7 n e (1 + 2€2> sini — <—> |:,8na < l62)]
dr )5y, 16 4 cé 2
K>(n—6) + 0G>) + 0(66) (229)
di 243, M ,Brza
(m>ﬂu"64”esm’ﬂf<a> [ *‘]
K>(2n—6) + 0G?) + 0(e6) . (230)

Without loss of precision, in all these formulae sini may be changed to i .
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J Long-period oscillating terms in the inclination rate

To derive the inclination rate di /dt non-averaged over the long-period oscillating terms, it is
necessary to include the contribution due to the J» in the potential energy:!3

M
U, r*) = ngi (*) ZF20h(l) Z Ganj(e) cos vaon;

h=0 j=—00

00 1+1
R GM’ (L —m)!
) 1; (g) a* <a7> Z Trmy @7 50m)ZFlmp(l

p=0

o0 1 o0
> Gipg€) D Finn(i) Y Ginj(e) ki(@impg)

g=—00 h=0 j=—00
05 [ (Vg = m0*) = (mnj = m0) = et(@mmp)] 231)

To calculate di/dt, we insert the above in the formula (132) for R, then plug the result in
the orbital equation (118) and finally perform averaging over the mean anomaly M. This
entails:
, 2 2 2
N L (5) 372 2) Faou (i) Gonj(e) sin(2 — 2h)w
47 =0

ar " Césini
2 2

+ n cosi J (R> > (2 = 2h) Py (1) Gapj(e) sin(2 — 2h)
—_— — — l (e) SIin — w
(1 —e2)1/2 sini 24 = 200 2hj

si P RN2 2 dFoo (i
MJ/ (7> Z mGzhj(e) cos(2 — 2h)w’
a g

A=z di’
. 2 2
cos(w — ') cosi’ , (R’ y . /
i am v et Gy ,,2_%)(2_%) Faon(i') Gapj(e) sin(2 — 2h)w
] ] 00
ﬁnaz M’ oo R 20+1 (l —H‘l)! .
+n Cé ﬁz Z Z (l+m)!(2750m)ZF[mp(l) _2: Glpq(e)
=2 m=0 p=0 g=—00

(I —2h) —mcosi . .
XY i Funn ()G anr ()i @1mpg) Sn[20h = p)> = € @1pq )]
h=0

1 M SR\ L = ! =
—-n 1—e)I2 M Z (;) Z a +m)!(2 — Som) Z Flmp (1) Z Gipq(e)
1=2 m=0 p=0 g=—00
! .
o Z m — (I —2h) cosi

sini Fimn(D)Gonr ()k; (wlmpq) sin[2(h — p)o — € (wlmpq)]

h=0

sinw— o) M RN\ L (= m! ! T
T R (e) X et X ) 3 G
1=2 m=0 p=0 g=—00

l P!
dFimn ')
XY %Gzhr(fz)k/(wlmpq) cos[2(h — p)o” — €/ (@],,,,)]
h=0

13 This contribution comprises the /mhj = 20hj terms from the expansion for the potential energy (Frouard
and Efroimsky 2017a, Eqn. 115).
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1 o)
Q= 80m) Y Fimp') Y Gipgle)

p=0 q=—00

cos(@—aw') M X <R/)21+l i ( —m)!

A ein W[:Q a (I +m)!
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X
sini’

h

1
Fimn (i /) Gopy(e) k[/(wl/mpq) sin[2(h — 17)(1)/ - 51/(a)lmpq)],

0
(232)

with j =2h —2andr = 2(h — p) +q.

The subsequent averaging over the apsidal precession will nullify all the sine and cosine
terms involving any linear combination of w and w’, while the surviving terms will come out
proportional to sin € (wympq)- Thus, Eq. (162) will emerge.
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