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Abstract The paper deals with the problem of the existence of a normal form for a
nearly-integrable real-analytic Hamiltonian with aperiodically time-dependent perturbation
decaying (slowly) in time. In particular, in the case of an isochronous integrable part, the
system can be cast in an exact normal form, regardless of the properties of the frequency
vector. The general case is treated by a suitable adaptation of the finite order normaliza-
tion techniques usually used for Nekhoroshev arguments. The key point is that the so called
“geometric part” is not necessary in this case. As a consequence, no hypotheses on the inte-
grable part are required, apart from analyticity. The work, based on two different perturbative
approaches developed by Giorgilli et al., is a generalisation of the techniques used by the
same authors to treat more specific aperiodically time-dependent problems.
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1 Introduction

The problem of casting an analytic nearly-integrable Hamiltonian system into normal form is
deeply related to Poincaré’s challenging probléeme général de la dynamique, Poincaré (1892).
Nowadays, normal forms are still one of the main technical tools used to deal with the issue
raised by Poincaré in this context.
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The particular case in which the unperturbed part is supposed to be linear in the actions
(isochronous case), already investigated by Birkhoff (and for this reason also known as the
Birkhoff problem) Birkhoff (1927), has a peculiar interest. The first rigorous statement con-
cerning its stability can be found in Gallavotti (1986). The possibility to cast the considered
Hamiltonian in normal form, up to some finite order! r and to obtain, as a consequence, a
stability time estimate “a la Nekhoroshev”, is directly related to a particularly simple small-
divisors analysis: the non-resonant (Diophantine) hypothesis on the frequency vector w of the
unperturbed system is sufficient in order to ensure the resolvability of the (standard) homolog-
ical equation arising in the normalization algorithm. An extensive bibliography on this prob-
lem goes beyond the purposes of this paper, we only mention the recent generalisations for the
planetary problem of Pinzari (2013) and of Bambusi (2005) for infinite dimensional systems.

It is well known that the extension to the non-isochronous case requires a careful analysis
(geometric part, see Nekhoroshev 1977, 1979; Benettin and Gallavotti 1986) on the regions of
the phase space in which the actions I are such that @ = w (/) is non-resonant (non-resonant
domains).

The problem of dealing with time-dependent perturbations without any hypothesis on the
time dependence (e.g. periodic or quasi-periodic) has peculiar technical difficulties. After
the pioneering works of Pustyl’nikov (1974) and Giorgilli and Zehnder (1992), the interest
for this class of problems has been recently renewed in Bounemoura (2013), Fortunati and
Wiggins (2014a) and subsequent papers. Examples of more general (i.e. aperiodic) non-
autonomous perturbation in the context of the Lagrangian transport theory for fluids have
been pointed out in Wiggins and Mancho (2014). Despite towards a different direction it is
worth mentioning the stochastic perturbations of the Kepler problem discussed in Cresson
et al. (2015), naturally arising in some Celestial Mechanics models.

From a technical point of view, the presence of an aperiodic time dependence, requires
a different treatment of the homological equation which takes the form of a linear PDE. A
first approach consists in keeping the terms involving the time derivative of the generating
function (also called extra-terms) in the normal form and then providing a bound for them.
This approach, originally suggested in Giorgilli and Zehnder (1992) then used in Fortunati
and Wiggins (2014a), yields a normal form result for the case a of slow time dependence.
This hypothesis provides a smallness condition for the mentioned extra-terms. Alternatively,
those terms can be removed by including them into the homological equation, which turns
out to be, in this way, a linear ODE in time. This has been profitably used in Fortunati and
Wiggins (2014b), Fortunati and Wiggins (2015a) and in Fortunati and Wiggins (2015b) but
requires (except for a particular case described in Fortunati and Wiggins 2015b) an important
assumption. More precisely, it is necessary to suppose that the perturbation, as a function of 7,
belongs to the class of summable functions over the real semi-axis.2 As in (3), those functions
exhibiting a (slow) exponential decay will be used as a paradigmatic case. It will be shown
that the consequences of this assumption in the isochronous case are remarkable: the normal-
ization algorithm can be iterated an infinite number of times by means of a superconvergent
method borrowed from KAM type arguments, see e.g. Chierchia (2009). The procedure leads
to the so-called strong normal form i.e. in which the normalized Hamiltonian has the same
form of the integrable part of the initial problem. Furthermore, no restrictions are imposed
on w, hence flows with arbitrary frequencies persist in the transformed system.

Utis easy to see that any attempt to consider the limit 7 — oo would imply the degeneration into a trivial
problem, (i.e. in which the allowed perturbation size reduces to zero, see also Giorgilli and Galgani 1985,
formula (46), P. 105).

2 We stress that this hypothesis is usually not satisfied in the case of periodic or quasi-periodic time dependence.
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Negligibility of small divisor effects in the normal form theory 249

As it would be likely to expect, this phenomenon has an important consequence also
in the non-isochronous case. The possibility to disregard the problems related to the small
divisors implies that the well known geography of the resonances analysis, a key step of the
Nekhoroshev theorem, is not necessary in this case and the results that can be stated are purely
“analytic”. In such a way, the classical assumptions on the unperturbed part of the Hamiltonian
(such as steepness, convexity etc.), are no longer required. As a common feature with the
isochronous case, the obtained normal form does not exhibit resonant terms, as these have
been annihilated in the normalization by using the time-dependent homological equation.
This implies that, in this case, the plane of fast drift (see e.g. Giorgilli 2003) degenerates to a
point. The paper uses in a concise but self-contained form, the tools developed in the above
mentioned papers of the same authors, especially of Fortunati and Wiggins (2015b) in which
the concept of “family” of canonical transformations parametrised by ¢ is introduced. The
proofs are entirely constructed by using the language and the tools of the Lie series and Lie
transform methods developed by Giorgilli et al., see e.g. Giorgilli (2003).

2 Setting and main results

Consider the following nearly integrable Hamiltonian

H(,¢.n.t) =h()+n+&f, ¢,1), ey

with (I, ¢, n,t) € G x T" x R x R*, where G C R" and & > 0 is a small parameter, which
is the “autonomous equivalent” in the extended phase space of Hamiltonian H(/, ¢, 1) =
h()+Eef,@,1).

We define, for all t+ € R* := [0, +00), the following complexified domain Dyo =
G, X TL x S,, where G, := |J;cq Ap(I) and

apnyi={lecii —11=p}, Th:={p eCuRpl<a), S,i=lneC:In=p},

with p, 0 € (0,1). Forall g : G, x T} x RT — C, write g = ZkeZ" gr (1, t)eik"/’, then
define the Fourier norm (parametrized by t)

gl = > lgx, ), ek, )

keZ
with | - |, is the usual supremum norm over G, and |k| := 27:1 |k;|. For all w : G, x
T, x RT — C" we shall set lwl, s = > lwill, - The standard framework (see eg.

Benettin et al. 1984) is the space €, ,, of continuous functions on G, x T2, holomorphic in

its interior for some p, o and real on G x T" for all® € RT. We shall suppose h(I) € Cp..

and f € ¢, , while it is sufficient to assume that, for all I € G,, fx(1,-) € C'(RT).
Similarly to Fortunati and Wiggins (2015b), we introduce the following

Hypothesis 2.1 (Time decay) There exists My > O and a € (0, 1)
If U, @, 0, < Mpe ™. 3
Set & := &M y. We firstly state the following

Theorem 2.2 (Strong aperiodic Birkhoff) Consider Hamiltonian (1) with h(I) = w - I,
under the Hypothesis?2.1 and the described regularity assumptions. Then, for all a € (0, 1)

3 In particular, if g € €5 o then [gilp < llgll, o exp(—|klo) forall 1 € RT.
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there exists ¢, > 0 such that the following statement holds true. For all ¢ € (0, &,], it is
possible to find0 < p, < po < pand( < o, < 0¢ < o and an analytic, canonical, e—close
and asymptotic to the identity change of variables (I, ¢,n) = B(I©, 9 () B :
Dy,.0. = Dpy.op forall t € RT, casting Hamiltonian (1) into the strong Birkhoff normal
form

H©® (1(°°), 0>, n(”)) =@ 10 4 7). @

Hence, in the new variables, the flow with frequency w persists for all w, regardless of the
numerical features of this vector, i.e. more specifically, no matter if it is resonant or not. Note
that the absence of a non-resonance hypothesis on @ implies also that (4) holds also if w has
an arbitrary number of zero components.

With a straightforward adaptation of the notational setting, the result in the general case
states as follows:

Theorem 2.3 There exist €} > 0 and r € N\ {0} such that, for all ¢ € (0,¢}] it is
possible to find an analytic, canonical, ¢ —close and asymptotic to the identity change of
variables (I, ¢, n) = N, (I(r), e, n(’)) Ny Ds, 6. = D6 forallt € RY, casting
Hamiltonian (1) under the Hypothesis2.1, into the normal form of order r

H® (,m, PORMGE t) —h (,(r)) 4?4 ROHD (,m, o™, t) , 5)

where RYTY is “exponentially small” with respect to r and vanishes for* t — +o0. More-
over, for all 1(0) € G one hasin (1): |1(t) — 1(0)| < /epo/8 forallt € RT.

Similarly to Fortunati and Wiggins (2015b) (and the mentioned previous papers), no lower
bounds are imposed on a so that the decay can be arbitrarily slow. The (natural) consequence
is that either ¢, or ¢} decrease with a, see (15) and (56).

We stress that, as a difference with the classical (non-autonomous) case, the stability
property following from the above stated results, is an easy consequence of (3) and it could
have been possible to show it directly from the equations of motion, by means of elementary
method, without the use of the normal form approach.

Part 1
Proof of Theorem 2.2
3 The normalization algorithm

Given a function G := G(/, ¢, t), define the Lie series operator exp(Lg) := Id + Zszl
(1/sY)Ly;, where LGF :={F,G} = F, - G; — Gy - F| — F,G,. The aim is to construct a
generating sequence { pal )}jeN, such that the formal limit

B:= lim B9 oBY Do . . oB?, (6)

j—00

where BY) := exp(L, ) is such that B o H is of the form (4). The following statement
shows that this is possible, at least at a formal level

4 See bound 54).
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Negligibility of small divisor effects in the normal form theory 251

Proposition 3.1 Suppose that for some j € N Hamiltonian (1) is of the form
HY =o-1+n+F7(,¢,0). )
Then HUY .= BY) o HWY s still of the form (7) with

FUFD — z § rs  FUD ®)
| ) ’
o (s+ D! x

provided that x ) solves the homological equation
1 oy = FO. )

Since Hamiltonian (1) is of the form (7), one can set H® := H with F© .= & f. Thus,
by induction, the form (7) holds for all j € N. Clearly, this does not guarantee that the objects
involved in the algorithm are meaningful for all j, as it is well known their sizes can grow
unboundedly as j increases, as a consequence of small divisors phenomena. The aim of
Sect.4 (and in particular of Lemma4.5) is to show that this is not the case: the key ingredient
is the time decay of f.

Proof We get exp(L,;))HY = T - o +n+ FOU ¢.0) + L, -1+ 1) +
Dot (/sHLS G FI + 3 (1/sDL, g, (@ - T + ). The sum between the third and fourth
terms of ther.h.s. of the latter equation vanishes due to (9). As for the last two terms, by setting
FUTD as the sum of them, one gets FUTD =3 (1/s)L, () [FYD + (s + 1)_1£X<_/-) (w -
I + n)], which immediately yields (8) by using (9). ]

The (formal) expansions x ) = 3, ;. ¢t/ (I, )e*? and FO) = >, 0 £ (1, 1)eik®
yield (9) in terms of Fourier components

e (L +irtye (. = U, (10)
with A(k) := w - k. The solution of (10) is

. . . [ .
(1, 1) = e [c,(j)(l, 0)+/ MR (I, s)ds], (11)
0

where c,(j ) (1, 0) will be chosen later.

4 Convergence

The classical argument requires the construction of a sequence of nested domains
Dyiiroinr C Dpjo; 3 I, 90 ), such that Bj : Djyy — D;. The resulting pro-
gressive restriction is essential in order to use standard Cauchy tools, see Proposition4.1.
The estimates found in Lemma4.2, concerning the solution of Eq. (9), will be used to prove
Lemma4.5, providing in this way the bound on F) defined in Proposition3.1. This is
achieved for a suitable sequence of domains prepared in Lemma4.4 via {p;} and {o;}. This
allows us to conclude that the perturbation term is actually removed in the limit (6).

The final step consists of showing that B defines an analytic map B : D, , >
(1,9 7)) — Dy oy 3 UD, 0@ @) = (1,90, 1), where p, < p; and o < 0
for all j € N. This property is shown in Lemma4.6. As D, ,, will be the domain of analyt-
icity of the transformed Hamiltonian via 13, it will be essential to require that p,, o, > O.
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252 A. Fortunati, S. Wiggins

4.1 Some preliminary results

Pl'OpOSitiOn 4.1 Let F, G: gp XT:; XR+ — Csuchthat ”F”(]fd/)(p,o') and ”G”(lfd//)(p,a)
are bounded for some d',d" € [0, 1). Then, defining § := |d' — d”| andd = max{d’,d"},
foralld € (0,1 —d) one has for all s € N\ {0}

s! 2e

||LSGF||(1_J_£)(/M) =3 W 1Glli—anp.o) | 1FNa=anp.0y. (12)

where §; = § if s = 1 and is zero otherwise.
Proof Straightforward from (Giorgilli 2003, Lemmas4.1, 4.2). O

Lemma 4.2 Suppose that F satisfies ||F 0

5 = MY exp(—at) for some M) >

[6.0
0,0 < pand6 < o. Define C,, := 1+ |w|, thenforall § € (0, 1) the solution of (9) satisfies
) . )
e = T o) e D] = o () e
(1-8)(p,6) a do (1-8)(p,6) a 80
(13)

Proof First of all, by hypothesis ‘ 9. z)‘ < MY exp(—|k|& — at), in particular, by
choosing ¢\’ (1,0) 1= — [, exp(i2(k)s) £ (I, 5)ds we have that |c{”’(I,0)] < 400

for all I € G,. Substituting ¢’ (1, 0) in (11) one gets |/ (1, 1)] < [F £ (1, s)lds <

(MD /a) exp(—|k|6 — at) which yields® the first of (13). As for the second of (13), it is
sufficient to use (10), which implies, |a,c,§”(1, N < MYD Ja)(1 + |w||k]) exp(—|k|6 — at)
then proceed similarly. O

Remark 4.3 1t is immediate to notice that a hypothesis of non-resonance on w does not
substantially improve the bounds (13). A more careful computation yields

, , _1
‘C](CJ)(I, t)’ < M(]) (az + (CL) . k)Z) 2 e*|k\0‘j7at’
Hence the estimate cannot be refined due to the presence of |c(()j )(I , )|, no matter what the
minimum value of (w - k) is.

4.2 A suitable sequence of domains

Lemma 4.4 Let {d;}jen be a (real valued) sequence such that 0 < d; < 1/6. Consider, for
all j € N, the following sequences

¢j+1:=Ka'd;7e;, (pjr1,0j41) = (1=3d)) (pj, 0;), (14)
with K > 0 and © := 2n + 3. Then, for all 0 < py < p,0 < 09 < o and €y < &, where
ea <aK~'Qm)77, (15)

it is possible to construct {d} jen such that (p, 0x) = (1/2)(po, 00), in particular they are
strictly positive. Furthermore lim_, » €; = 0.

5 Recall (2), then use the inequality > ;cpm exp(—8lk|6) < (e87 16120, Its variant 34 czn (1 +

lwlk]) exp(—8|k|6) < Ce(ed™ 16712 is used to obtain the second of (13).
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Negligibility of small divisor effects in the normal form theory 253

Proof Choose € := €o(j + 1)7%% (so that lim;_,« €; = 0 by construction). By the first of
(14) one gets
1
d; = (eoka™ )7 (j +2)%/(j + D*, (16)
hence, by (15),d; < 772(j+1)~2. This implies ijo d; < 1/6andthen, trivially,d; < 1/6
forall j € N. Now we have® InT1j>o(1 —3d;) = > ;.o In(1 = 3d;) = —=6In23"; d; =
—In2, hence lim; o pj = pollj>0(l — 3d;) > po/2 =: p4. Analogously o, := 0¢/2. O

4.3 Bounds on the formal algorithm

Lemma 4.5 There exists K = K(po, 09) > 0 such that, if ¢ < &, where &, satisfies (15),
then

HFU) H <eje, (17)
(pj.oj)

forall j € N. Hence, the transformed Hamiltonian 3 o H is in the form (4).

Proof By induction. Note that (17) is true for j = 0 setting €y := &. The condition on &
ensures the validity of Lemma4.4. Hence, supposing (17), by Lemmas4.2 and 4.4, we get

x|

By (8) and Proposition4.1 with d’ = dj,d” = 0 and d = d; (the conditiond; < 1 —d;
holds as d; < 1/6)

2n —1 3—2n —at
<e€ile/o )" a "d; e . (18)
(=dj)(pj.op) — 7 /o J

. 1 ; i
HF(H])H < Z 1 ’ rs ”’F(j)H <216 ”F(J)” . (19)
(1=2d))(pj.0p) — st X (1-2d;)(pj.0}) (pj.))
where’
O 1= 2¢;nC, (e/0n)" pyla~'d7 " 2™ < 12 (20)

is a sufficient condition for the convergence of the operator exp(ﬁx(j)), from which
2321 ©° < 20. Hence, by (19), (20), then by (18) one gets (use also oy, px, d; < 1)

HF(]"FI)H < sznCw(e/a*)rpgla_ldfre_at. (21)

(1=2dj)(pj.0))
The latter is valid a fortiori in D(1-3d;)(p;.0})-
In conclusion, by choosing K := nC,(e/o)* p; ' = 27+nC, (e/(m)f,oa1 , from the first
of (14), we have that (17) is satisfied for j — j + 1. Furthermore, by the first of (14),
condition (20) yields 1 > 4e¢; dea_ldj_fe_“t = 4dj(ejt1/€j)e” . The latter is trivially
true for all 7 € R™ by the monotonicity of €; and as d; < 1/6. Furthermore this implies
© < 2dje . (22)
Hence exp(L, ) is well defined for all j € N. O

In this way the value of ¢, mentioned in the statement of Theorem?2.2 is determined once
and for all.

6 Use the inequality In(1 — x) > —2x 1In2, valid for all x € [0, 1/2].

7 The reason for using nCy, in the definition of ® will be clear in the proof of Lemma4.6.
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4.4 Estimates on the transformation of coordinates

Lemma 4.6 The limit (6) exists, it is e—close to the identity and satisfies
109 — 1], [0 =] < o/6) e, [ —g| < @/@ e, @3

in particular it defines an analytic map B : Dy, 5, — Dy o, and H® is an analytic
function on Dy, o, forall t € RT.
; S JU+D A
PVO(?f Let us start with /. Note that ||£X(,>I H(l*Zdj)(pj,O'j) < n(edjpj)
|| x ) || (A—d)(pj.07) by a Cauchy estimate [see (Giorgilli 2003, Lemma 4.1)], so that the pres-
J J"T .
ence of n in (20) is justified. Hence use Proposition4.1 with F <« £X(j)1(/+1), s <5 —1,

obtainin Hg& _ <j+1>” < ¢~ 2510° pg. This implies
g ||~ m? (-3 (o107 — 00 p

[TUFTD — 1D <672 > (1/s)
s>1

£, 19| <27'@py < djpoe™,
x9 (1=3d))(pj.0}) — 0 = 4iP0

by (22). In particular [IU+D — ()] is e— close to the identity by (16) for all j € N, hence
10 — ]| < >0 [1U+D — 1G] is. It is now sufficient to recall > i=0dj < 1/6in order
to conclude.

The argument for ¢ is analogous while the variable n requires a slight modification. In
particular, as one needs to set F' < £X( Hhn=— X;('/ ), the use of the second of (13) requires
the contribution of C,, in (20).

In conclusion, the obtained composition of analytic maps is uniformly convergent in any
compact subsetof D, ,, . This implies that 3 is analytic on D, , by the Weierstra3 Theorem
and hence the image of H via B is an analytic function in the same domain. O

S Further perturbation examples

In this section we consider two alternative examples of perturbation. The main purpose is to
show that the hypothesis of summability in time over the semi-axis is the only key requirement
for the argument beyond the proof of Theorem 2.2.

In particular, we shall firstly consider a decay which is assumed to be quadratic in time,
while in the second example a perturbation exhibiting a finite number of (differentiable)
bumps is examined. The procedure is fully similar, with the exception of some bounds that
will be explicitly given below.

5.1 Quadratic decay

Let us suppose that (3) is modified as
If (@Dl < Ms(t+1)72

In the same framework, it is immediate to show that the analogous of Lemma4.2 yields the
following estimates
a MO (56 G ), |
HX (1-8)(p,6) — ( ) ( )
<MmPc, (es‘lé‘l)zn (r+D7L

) H
X -5 5.6)
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Negligibility of small divisor effects in the normal form theory 255

Clearly, in this case, the integration has led to a “loss of a power” in the decay. This is
harmless as, by (19), ||F(J+1)H(1_2d_)(p_ o) = O(FHO(xD) + h.o.t. and then FUTD ~
J 727

(t + )73 < (+ + 1)~ 2 so that the scheme can be iterated.’
The rest of the proof is analogous provided that the term e~
remaining estimates.

4l is replaced with 1 in the

5.2 Differentiable bumps

Let L € N\ {0} and 2 > 0. Consider an increasing sequence {f;};=1....; € RT such that

t1+1 — t7 > 2h, then the following function

,,,,,

(@/h) [t —t+h) @ —t4—m* telty—ht+h]
0 otherwise

§(1) =

where a; € R. Considering a function f(l, @) €€y 5, Wesetas
L
fUop.0) =)D &0.
=1

In such case we find

(j)H <2AMDh (es— 161" H (DH < MDC. (es— 161"
X = e o s X < e o s
H (1=8)(5,8) ( ) " la-s.6) o )

with A := Zlel |a;|. The remaining part of the proof'is straightforward with the obvious mod-
ifications. In particular, as for the proof of Lemma4.5, one finds K = 2nCy(e/os)"hAp, L

Part 11
Proof of Theorem 2.3

In order to simplify the notation, we shall use (o, o) in place of (p, o) and (p, o) in place
of (0o, 6¢9) from now on.

6 Formal algorithm

As in Giorgilli (2003), we write Hamiltonian (1) in the form

H(,o,n,t)=Hy(l,n)+ H (I, ¢,1)+ HyU, 0, 1)+ ...

8 A similar (and even stronger) phenomenon could have been noticed in the original setting. Namely,
suppose by induction that HF <j)‘

o+
(Pj+1:0j+1)

but not to a substantial improvement of the estimates and of the threshold (15) of ,, as these are uniform in j.

( ) < e€jexp(—ajt). By Lemmad.2 and (19), one finds that
Pj:9)

< €j+1exp(—2a;t) and so on. This leads to a remarkable rate of decay (a; = 2/ a)
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256 A. Fortunati, S. Wiggins

where

Ho(I,n) :=h(I) +n, H(I,9,0):= > fill,e*?,
keAg

where A :={ke€Z" : (s —1)N < |k| <sN}and N € N\ {0} is meant to be determined.
Given a sequence of functions {x )} s>1: €y o — C, theLie transform operator is defined
as

Id s=0

. . 1 s
Ty = > E;. Es:= ! S JLpE s> (24)
j=1

Let 7 € N\ {0} to be determined. A finite generating sequence of order r, denoted with !,
is such that x®) = 0 for all s > r. Our aim is to determine it in such a way the effect of
Hy, ..., H, isremoved, i.e.

H" =T, nH = Hy+ RV, ¢, 1), (25)

where the remainder RV contains H., and a moltitude of terms produced during the
normalization, which Fourier harmonics lie on A ,. The smallness of the remainder is an
immediate consequence of the decay property of the coefficients of an analytic function. The
procedure is standard: condition (25), with the use of (24), yields a well known diagram
which s—th level® is of the form

s—1

& = E5H0+ZES—1HI+HS =0, (26)

=1
ifs=2,...,rand E{Hy+ H; = 0if s = 1. As sum of all the “non-normalised” levels, the
remainder easily reads as

RUHD = Z &s. (27)

s§>r

By writing the first term of (26) in the form E; = L’Xm + Z;;ll (j/s)LX () Es—j and using the

manipulation described in (Giorgilli 2003, Chapter 5), one obtains a remarkable cancellation

of the contribution of Hy. In this way, the generating sequence is determined as a solution of
H s=1

s—1 .
HﬁZ%ES_jHj §>2°
j=1

Lyx® =W, W = (28)

A formal expansion of x /) and of ¥ := 3" /u lﬁ,fx)(l, ne'*? yields foralls = 1,...,r

e 1) + i) - e (L0 =y 1), ke A, (29)
where, as usual, w([) := d;h(1).

Remark 6.1 As a substantial difference with the isochronous case, the function w (/) is a
complex valued vector as I € G, In this way the exponent A (k)¢ appearing in formula (11)

9N amely, those terms of the diagram which Fourier harmonics belong to Ag.
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is no longer purely complex. More precisely, one finds a term of the form exp((wc (1) - k)t),
having denoted w(I) = wr() +iwc(I), wg,c(I) € R". The size of this term cannot be
controlled without a cut-off on k. By restricting the analysis on the levels A and using the
fact that |wc (I)] — 0 as p — 0, aloss “of part of time decay” at each step (see Lemma7.1)
will be the key ingredient to overcome this difficulty. The mentioned elements are clear
obstructions to the limit r — o0.

7 Convergence
7.1 Set-up and some preliminary results

The use of the analytic tools requires the usual construction of a sequence of nested domains.

We shall choose, forall s =1, ..., r, the rule
dg :=d(s — 1)/r, (30)
with d € (0, 1/4]. Clearly d; < d forall s = 1, ..., r. Consider also the monotonically
decreasing sequence of non-negative real numbers {a,} defined as follows
as4+1 = as2r —s5)/(2r), a;:=a. 31

Given the analyticity domain of H expressed by (py,op), set o := og /2. Now consider
the function Q(p) := supseg, loc (1], clearly €2(0) = 0. From now on we shall suppose
that p satisfies the following condition

4rNQ(p) < a. (32)

The analyticity10 of h(I) implies the existence of Cj, € [1, +00) such that the value of p can
be determined as

p := min {,oH,a(4rNCh)_l}, (33)

once r and N will be chosen.

The scheme is constructed in such a way one can set (py, 64) := (1 — d)(p, o).

As a consequence of Hypothesis2.1 and of the standard properties of analytic functions,
one has

I Hullpo < Fh"'e™, m>1, (34)

with F := &F, where [see (Giorgilli 2003, Lemma 5.2)] F := [(1 + exp(—c/2))/(1 —
exp(—o/2))]" and

h:=exp(—Nao/2). (35)

Lemma 7.1 Suppose that || Vsl (1—g4,)(p,0) < M® exp(—ayt), for some M) > 0. Then the
solution of (28) satisfies

< CMWe s, (36)

4a H ) <
X (I=ds+1/2)(p,0)

o

(I=ds12)(p.0)
where C,. := 22"+ (r /d)".

10 Obviously, 2(p) = 0 for all p in the case of an isochronous system, so that (32) would impose no
restrictions on p.
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Proof Use (29). Similarly to Lemma4.2, we choose c,(f)(l,O) = —fRJr exp(—(w(I) -
oY (1, T)dt. Note that e (1,0)] < M© exp(—(1 — dy)[k|o) [+ exp(jwc (D] —
a)t)dt < +00 on A by (32). By using again (32) one gets

ass ; s—4r

o0
|CI(:)(I’ 1| < M = (=ds)klo , %5 / e“s( ar )fdf < iM(S)e_(l_ds)lk‘o'e_as(1_257)[_
t a

(37)
The first of (36) is easily recognised“ by (31). The second of (36) follow from (37) and from
(29). O

Lemma 7.2 Let A,T', v > 0 and consider the real-valued sequences {kg}s>1 and {y;};>0
defined as

K i= AT 4T er’llcs,j, y =T erilylfj, (38)

where k1 and yg are given. Define A := t + T, then foralls > 2 and | > 1
ks = (Tkg +TA) A2,y =yl Al 39)

Proof We shall denote with (38a) and (38b) the first and the second of (38), respectively.
The same for (39). Let us suppose for a moment that (39a) is proven, then choose A = "'y
and k1 = I'yp = y;. By substituting in (39a) one immediately gets (39b). Hence we need
only to prove (39a).

For this purpose we use the well-known generating function method (see e.g. Wilf 2006).
Namely, define g(z) := > oo w,z", multiply each equation obtained from (38a) by z* as s
varies, then “sum” all the equations. This leads to g(z) = [1 — A7l Yk (z—12)+ A1) =
(I+ Az 4+ A2 4. ) (ki (z — 122 + At2?) = k12 + (T + TA) Y, -, A" 722", which is
the (39a). N o

7.2 Bounds on the generating function

Proposition 7.3 For all s < r, the following estimate holds
sl (1=dsr ) (p.0) < (@)™ Cp By Fe™ 1, (40)

where the sequence {Bg}s—1..., € R is determined by the following system

.....

-1
Bs = hS*1+ESZ'9 ;
s = B JUs—j
j=1

iy 41)
0 = 7 Zjﬁjel—j
j=1
with {61}1=0,...r—1 € RT and
T := 16nr’C,F(ad*po) ™", 42)

under the conditions'? Br=00=1.

11" Use the inequality 34> (s— 1)y eXp(—=8lk|o) < exp(—=Nén(s — o) (X, exp(—6ma))" < (2/8)",
where in this case § := ds+_l —ds =d/Q2r).
2

12 From a “computational” point of view, first compute 0 then proceed with Bs, 05 foralls =2, ..., r.
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First of all note that by (24) and (34), one has [|Will(j_4))(p.0) < Fexp(—ait) and
|EoHmll(1—ayp,0) < Fhm-l exp(—ayt) (recall (31)). Hence, given by s < r, we can sup-

posery induction to know By, ..., Bs—1 and éoqm, A és—Z,ma forallm > 1, with ) = 1
and 6y, = k"1, such that the the following bounds hold for all j = 1,...,s — 1 and
[1=0,...,s =2
—ait
[, ”(l—dj)(,o,rr) < BjFe ', (43a)
E Hllo—diy1)p.0) < OrmFe™ 1, (43b)

By (43a) and Lemma 7.1, the bound (40) holds with j in place of 5. Hence by Proposition4.1
with G = xU),F = E;_; 1Hy then d = maxj—1__y—1{djt1/2,ds—;} = ds_1» and

finally d:=d; — ds_1/2 = d/(2r), one has (by setting § = 0)
20,72 1
H'C)((j) Es_j_le 8r (ed ,OO') ||X( ||(l —dj1172)(p,0)

HEI*JHOH(I —dj—j112)(p,0)
Ffﬂ/)/l— —ap41t

where the property a1 +a;—j+1 > a;41 has been used. Recalling (24), we have that (43b)
holds also for/ = s — 1, where

li-aer =
(44)

IA

1
. r o
bum = 7 2 iBib—jum: (45)
j=1
Furthermore, it is easy to show from the latter that 91 m = h"" lél 1 in such a way, defined
0 = 01 1 one gets 61 m = h"~16;, and then the second of (41), provided 8y = 1.Inconclusion,

by using (34), and the second of (41) in the definition of Wy as in (28), we get that (43a) is
satisfied if B; is defined as in the first of (41). Bound (40) follows from Lemma7.1.

Proposition 7.4 The sequence B defined by (41) satisfies

By =7 /s, (46)

fors=1,....rif
t:=ch, T <h/Q2r%). (47)
Proof The property (46) is trivially true for s = 1, hence letus supposeitforj =1,...,5s—1

and proceed by induction with 7 to be determined. Define G = O1(B;)I Bi=ti~1/j> then
é; = éz/l, obtaining é; = le]‘:l tj’lél_j. Clearly 6; < o < él/l, furthermore 6y =
0o = 6o = 1. Hence, by Lemma7.2 we have

6 <TA=L (48)

Now choose 7, I' as in (47). By using (34) and (48) in the first of (41) one gets that (46) is
satisfied simply by checking that the inequality

s—1
y(s) =5+ (s — 3 D ( +$) <! (49)

holds true forall'®> s =1,...,r. O

13 Clearly (49) holds for s < r if y(r) < exp(r — 1) for all » > 3 (let it be directly checked for r = 1, 2).
Hence set r = n 4 1 and prove that y(r),—,+1 < exp(n) for all n > 2, conclusion that is immediate as one
can find that y(n) < n + 1 + 3¢" /(4n).
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7.3 Estimates on the coordinates transformation

From now on we shall suppose that s and ¢ are chosen in such a way
8eh <1 (50a)
2r°T < \Jeh (50b)

In particular, by definition and by (47), this immediately implies that
4N <1 (51)
As in Giorgilli (2003) it is used that, despite the generating sequence is finite, one can use

the bound obtained from 7.3

H ® < (4a)~\C, FBye—arH1, (52)

(1=d)(p,0)
with B satisfying (46) for all s, as it would be, trivially, 8-, = 0.
Proposition 7.5 Define am, go(’), n(’)) =Ty (1, ¢, n). Then the following estimates hold

dp

]y b= 2
(1=d)(p,0) (1=d)(p,0) 8
do
- < —e i, (53)
Hso ¢ (-d)(p,o) — 8

Proof Let us start from the variable /. Firstly, note that ||I -
Zszl ||ESI ”(lfd)(p,a)' In addition

Tallo_aypoy =

VET oo = |01 < 2nr(edo) ™ | x|

(I=d2)(p.0) (I=d32)(p.0)

< Ds F exp(—ar411),
with Dy := nrC,/(2doa) by Prop. 7.3. Hence suppose |Eilll(1_q., )(p.0) < Fu1exp
(—ar41t) foralll =1,...,s — 1 withu; = D, and proceed by induction.

The bound of E; I canbe treated in the same way of (43b) with the difference that in this case
the term £, ) [ appearing in E; [ needs to be bounded separately by using (40) and a Cauchy
estimate. This leads to u; = i Dy +T'/1 Z[j_:]l JBjui— ;. By using the same procedure used
in the proof of Proposition 7.4 for §; one gets u; < (Dy /1) A!~1. The required bound easily
follows as > . us < 2FDs; < I'dp < /edp/8, where the second inequality follows
from (51) and the last one from (50b) then from (50a). The procedure for the variables ¢ and
n is similar. The analyticity of the transformation N, := TXT,IJ easily follows from the bounds

(53) and the invertibility of the Lie transform operator, see Giorgilli (2003). O

7.4 Bound on the remainder

Proposition 7.6 Define A := 10F then for all r > 1

|0 < eAe~rHaran), (54)
(1-20)p.0) —

Proof Define (p’,0’) := (1 — d)(p, o). Now recall (27) and suppose by induction, for all
I=1,...,s —1,m=0,...,5s —2withs € N

| E1Holl (1= /5)ay (o' 07y < F€1€XP(—ar411),
| Em Hnll(1=m/s)d)(o',0) < FEm.n €Xp(—ar41t). (55)
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Indeed one can set {p, = W'~Vand e = B = 1 as L,nHy = =¥ by (28). We
stress that, despite based on the same computations, the argument is conceptually differ-
ent from the previous estimates as s € (r,400) and the use of 6 in (12) plays here a
key role. More precisely, use Proposition4.1 with G = xU) and F = E,_ jHo hence

d" = Othend = d = § = d(s — j)/s from which d = (j/s)d. This leads to
|, Es—j H0||(17d)(p,,0,) < T'(s/j)Bjes—j exp(—ar41t), implying'* that the first of (55)
holds for I = s provided €, = B; + I' Z;;ll Bjes—j = AS~! the latter by Lemma7.2.
This implies ”Z;zl Es_H ’|(17d)(p/’6,) < F(s + 1)A* T exp(—a, 4 11) by using (34) and
the trivial bound 4 < A. Similarly one finds & , = BT AS=1 hence
r+3 1

I—A_l—l—A2

(Ferarn) T ROTD <32 4 saT = A7 (

S>r

) <2(r+4)A7",

by (51). Noticing that D1 _24)(p,0) C Da—ay(p,0): the bound (54) easily follows from (51)
and from the simple inequality (r + 4)e” < 5(4"). O

7.5 Choice of the parameters

Let us discuss a possible choice of the parameters in such a way the convergence conditions
are satisfied. More precisely by (35), condition (50a) holds if N = Roe~'1+3 log?2)7,
where [-] denotes the rounding to the greater integer. This implies that 2 > 1/(16¢), hence
(50b) holds if 2%erI" < /€. Hence, recalling (32) and (42), this condition is achieved by
choosing (see also Giorgilli and Galgani 1985)

1
*\ 2n42 ) 52
ri= {(%) VJ , ek = a4a _pHI (56)

& 22+19enCp F'

where!® y = 5+4n and |- denotes the rounding to the lower integer. The condition & < &, as
in the statement of Theorem 2.3, clearly ensures that 7 > 1. The final value of p is determined
with (33).

Let us write the usual bound |1(t) — 1(0)] < |I(t) — @) + I @) — [7(0)] +
|10)(0) — I(0)|. The first and third term of the r.h.s. are bounded by /edp/8 by (53). As for
the second one, from the equations of motion 10 = —dyH " = —8¢R(’ D furthermore
9, R¢ < eA(edo) "' exp(—(r + ar411)) by a Cauchy estimate and by (54).

r+1) ”
(1-2d)(p,0)
Hence

12
‘1“)(:) — 170 < sA(edo)*le*’/ e~ 15ds < eA(ades) ' (2/e)",  (57)
0

asa,41 =ar—DQ2r—2)...(r)/2r)" >a2™".
Remark 7.7 The bound (57) is the key difference with the standard Nekhoroshev theorem,

despite a normal form of finite order. The remainder, which is bounded by a constant in the
classical Nekhoroshev estimate and then produces a linearly growing bound for the quantity

14 The use of (12) with § = 0 would have given (s/. j)2 instead of (s/j), producing in this way a troublesome
factorial in the estimates.

15 Note that the threshold &) takes into account of the condition (33) as we have used the obvious lower bound
p > apy (4rNC;,)_l , immediate from (33).
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|10 () — 17)(0)], is now summable over RT. Hence, a restriction to exponentially large
times is no longer necessary.

It is immediate from (57) that for all ¢ < ¢ one has IO () — IM(0)] < 28;"A(ade2a)_1
which is clearly smaller than /edp/4 by (56). Hence |I(¢) — I (0)| < /edp/2.
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