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Abstract Due to various perturbations, the collinear libration points of the real Earth—
Moon system are not equilibrium points anymore. Under the assumption that the Moon’s
motion is quasi-periodic, special quasi-periodic orbits called dynamical substitutes exist.
These dynamical substitutes replace the geometrical collinear libration points as time-
varying equilibrium points. In the paper, the dynamical substitutes of the three collinear
libration points in the real Earth—-Moon system are computed. For the points L and Lo, line-
arized motions around the dynamical substitutes are described, and the variational equations
of the dynamical substitutes are reduced to a form with a near constant coefficient matrix.
Then higher order analytical formulae of the central manifolds are constructed. Using these
analytical solutions as initial seeds, Lissajous orbits and halo orbits are computed with numer-
ical algorithms.

Keywords Earth—-Moon system - Collinear libration point - Dynamical substitute -
Lissajous orbit - Halo orbit - Quasi-periodic orbits

1 Introduction

Since Clark proposed the use of collinear libration points (Dunham and Farquhar 2003), an

upsurge of utilizing these points in space missions arises. Till now, several missions have
utilized collinear libration points of the Sun—Earth system, such as ISEE-3, ACE, GENESIS
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72 X.Y. Hou, L. Liu

and PLANCK. More future missions will be sent to these points. Besides the Sun—Earth
system, collinear libration points of the Earth-Moon system are also being considered for
some space missions (Folda and Vaughn 2004; Broschart et al. 2009; Romagnoli and Circi
2010).

The dynamics of the collinear libration points, which are crucial to these missions, have
been carefully studied. Take these works (Gémez et al. 2001a,b; Farrés and Jorba 2010)
as a few examples. The most studied model is the circular restricted three-body problem
(CRTBP). For some restricted problems in the Solar System, this model is a good approxi-
mation. But for some restricted problems, this model is not satisfactory enough. An example
is the Earth-Moon system. Perturbations from the Moon’s orbit eccentricity and from the
Sun are so large that they should be taken into consideration when designing missions in this
system.

For the real Earth-Moon system, the three collinear libration points are in fact not equi-
librium points anymore, only retaining their geometrical meanings. Special quasi-periodic
orbits around them exist. These orbits substitute the geometrical libration points as time-
varying equilibrium points. They are often called dynamical substitutes. The dynamical
substitutes of the triangular libration points in the real Earth-Moon system were computed
before (Diez et al. 1991; Gomez et al. 2001¢,d; Hou and Liu 2010). For the collinear libration
points, their dynamical substitutes were also computed for some simplified models of the
real Earth—-Moon system (Andreu 1998; Gémez et al. 2002). Using the method proposed in
(Hou and Liu 2010), the dynamical substitutes of the three collinear libration points in the
real Earth—-Moon system are computed in this paper.

After we obtain these dynamical properties, their dynamical properties are studied. It turns
out that they are all unstable, but with central manifolds around them. For the points L and
L, linearized motions around the dynamical substitutes are analyzed with the aid of FFT
analysis. Then the variational equations of the dynamical substitutes are reduced to a form
with a near constant coefficient matrix. With this reduced form, we’re able to construct higher
order analytical solutions of the central manifolds. Using these high order analytical solutions
as initial seeds, Lissajous orbits and halo orbits lasting quite a long time are constructed with
numerical algorithms. The reason why we only study the motions around the points L1 and
L, lies in the fact that these two points are the interests of people for future space missions
but the point L3 is not.

In the paper, when we refer to the real Earth—-Moon system, we mean the gravitational
model of the nine planets (including Pluto), the Moon and the Sun. Their motions are given
by the ephemeris. The numerical ephemeris JPL. DE406 is used. Denote the set of these major

bodiesas S = (1, ..., (11), where ;11 ~ (o indicate the reduced masses of the nine planets
and w10, 111 indicate the reduced masses of the Moon and the Sun. u; = m;/(m3 4+ myp),
where m;(i = 1,...,11) are the masses of the nine planets, the Moon and the Sun. The

mass unit is the sum of the masses of the Earth and the Moon [M] = m3 + m . The length
unit [L] = 384747981 m is the mean distance between the Earth and Moon. The time unit is
[T] = 375699.843898365 s. These are the units used in the following dynamical equations.

2 Dynamical equations

In the Earth-centered synodic coordinate, the small body follows (Hou and Liu 2010)

i‘:—2CTC"1"—CTér—pL3r/r3— Z Wi (8i/6i3+ri/rl3), €))
i€S,i#3
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Fig. 1 An illustration picture of perturbing body
the vectors in Egs. (1) and (5)

!

small body

Earth Ko Moon Yo L2

where r is the position of the small body, r; is the position of the major body w;, and
8; = r — r;. The matrix C is

C = (1,62, 83); &1 =Rio/k, & = Ryo x Rio)/[Rio x Ryoll, & =& x¢é1, (2)

where Ry is the position of the Moon in an Earth-centered sidereal coordinate and k = |Rjg].
Denote the geometric position of the collinear libration point in the Earth-centered synodic
coordinate as ry.

ro = (I +y)ryo, (3)

The value of y in Eq. (3) is —0.150934288618019 for the point L1, 0.167832751054508 for
the point L, and —1.992912060200654 for the point L3. These values are obtained in the
circular restricted three-body problem of the Earth-Moon system. The transformation

r=p-+r @)

moves the origin from the Earth to the collinear libration point rp. Substituting Eq. (4) into
Eq. (1), we obtain the motion equations in the collinear libration point centered synodic
coordinate, in the form of

p=F+F

Fi = -2CTCp—CTCp — par/rd + wsro/rd — > i [&'/5,-3 — 8/ (5?)3]
ieS.i#3 N E))

Fy = —psro/rd — Y w [3?/ (89)° + r,-/rf] — ¥y —2CT iy — CTCry

ieS,i#3

where 8? = ro — r;. Taking the collinear libration point L, as an example, Fig. 1 shows the
relation of the vectors in the equations.

The term F; can be expanded as a literal series of p, p, being zero when p, p = 0.
Neglecting the very small planetary terms, this series is of the following form

. WD
F, :—2CTCp—CTCp+%(91+92+Q3), (6)
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In the above equations, u3=0.987849414390376 is the reduced mass of the Earth,
10 =0.012150585609624 is the reduced mass of the Moon and w11 = 328900.5614000000
is the reduced mass of the Sun. W/ is the angle between the vector p and the vector 8?.

The term F, depends on the motion of the major bodies in the set S, irrelevant to p, p.
For the last three terms in F,, also neglecting the planetary terms, we have

o ZCTCf‘O — CTéro =—-1+ V)CTﬁ]O

rio 811,10 . Ti
I+y) |:3 +M11( 3 +3)i| (®)
1o 8o T

where 811,10 = rip — r11. Substituting Eq. (8) into F, it’s easy to prove that all the terms
relevant to the Earth and the Moon disappear and only the terms relevant to the Sun remain

80 I Si,10 | T
F2=—/L11|: 0”34-? +0+yun |\ 33—+ 35 (C))
(8) Y TRURAT

We can rewrite F; as

it~ | 9 ro\" 0 ro\"
F, = 21 [— [(7) P,,(cosw)] —(14y)— [(L) P,,(cos\IJ)”
r = Laro L\rn aryo L\rn

i1
~ |)’+J/2|T (10)

Y1

where W is the angle between the Moon’s and the Sun’s vectors with respect to the Earth.

Due to the existence of the term F; in Eq. (5), the collinear libration point expressed as
p, p = 0 is not an equilibrium point. The term F; and the coefficients in the literal series
of F are relevant to the Moon’s motion. They are quasi-periodic under the assumption that
the Moon’s motion is quasi-periodic. A basic frequency set W exists for these quasi-periodic
functions. Similar to the triangular libration points (Diez et al. 1991; Gémez et al. 2001c,d),
special quasi-periodic orbits around the collinear libration points exist as their dynamical
substitutes. These quasi-periodic orbits only contain frequencies that are linear combinations
of the elements in the set W. Neglecting the planetary terms, the set W contains 4 elements
(Hou and Liu 2010)

w1 = 0.99154828857, w, = 0.07480066375, w3 = 0.92519871658,
w4 = 1.00402177967.

The magnitude of the term F, in Eq. (10) indicates that the amplitude of the dynamical
substitute is very small, which is supported by our studies.

3 The dynamical substitutes

Equation (5) can be written as (Hou and Liu 2010)

E=c1+cax +cs5y+ z%’,’jkxiyjzk

ik .
fi=co—csi+eay+cei+ 2 nipxyik, i j k=0, i+j+k=>1 (1)
. ik
{=c3—cey+eaz+ X Gjxylzk

ik
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Quasi-periodic motions in the Earth-Moon 75

where ¢1 ~ c6, &ijk, Nijk Cijk are quasi-periodic functions with the basic frequency set W.
These coefficients are first analyzed with FFT methods. Then the linearized equation of
Eq. (11) can be solved. By adding higher order terms to the motion equations, higher order
analytical approximations of the dynamical substitutes can be obtained (Diez et al. 1991;
Gomez et al. 2001c,d). The dynamical substitutes of the three collinear libration points are
expressed as

> Cijucos[(io) + jop + kws + lo)t] + Siju sin[(iw) + jwr + koz + lwg)t]
okl B
> Cl.’jkl cos[(iw] + jwo + kw3 + lwa)t] + S,fjk, sin[(iw) + jwy + kwz + lws)t] (12)
T )
= Z Cz{;kl cos[(iw) + jwas + kws + lwg)t] + S;;kl sin[(iw) + jwa + kws + lwg)t]
ikl ’

1

<

i

~

3
n
¢

Due to the infinity of the series, we’re only able to collect the terms larger than a fixed ampli-
tude in the series. In our work, this value is set to be 1 x 1078 (dimensionless unit) for the
points L1, 1 x 10~7 (dimensionless unit) for the point Ly and 2 X 10~° (dimensionless unit)
for the point L3.

In fact, we didn’t take the method described in Diez et al. (1991); Gémez et al. (2001c¢,d).
The algorithm in Hou and Liu (2010) was used. Here is a brief description of the algorithm.

With the aid of the parallel shooting method (Gémez et al. 2001b), quasi-periodic orbits
around the collinear libration points lasting a long time can be constructed. In our work, the
time interval between consecutive nodal points is 0.8 dimensionless units (about 3.4787 days).
Totally, 65537 nodal points are used and the constructed orbit lasts about 624 years. Equa-
tion (1) is used for all the integrations in this paper. The initial seed of the first quasi-periodic
orbit constructed is the collinear libration point itself. This quasi-periodic orbit is in fact one
member of the central manifolds around the dynamical substitute. FFT analysis is applied
to this quasi-periodic orbit to obtain its frequencies. The time interval between the sampling
data is 0.1 dimensionless units. Totally N = 2'° sampling data were used. The same interval
and N are taken for all the FFT analysis in the following discussions.

Studies show that there are some frequencies that can not be expressed as linear combi-
nations of the members in the set W. Another two basic frequencies v; and v, exist and the
frequencies of the quasi-periodic orbit are of the form

w=1iw] + jwr + kw3 + lwg + mv; + nvy, (13)

where i, j, k, [, m, n are integers and i > 0. This indicates that there are two components of
the central manifolds. Obviously, the amplitudes of the two frequenciesi = j =k =1 =
n=0m=1andi =j=k=1[=m=0,n =1 are the amplitudes of the two central
components. Denote them as y; and y». Take the £ component as an example. Denote the

coefficients of the terms withm =n = 0as C l(Jl ,2100 and Sl(]1 12100' According to the discussions

on the central manifolds below, the difference between Cl.(;,ZlOO, Sl.(},zloo and Cijxs, Siju in

Eq. (12) is of the order ylz or y22. Take CE;,ZIOO, Si(jllzloo as approximations of C; kL S‘i_,-kl and
substitute them into Eq. (12), a better initial seed than the collinear libration point itself can
be used for the parallel shooting method. The resulting quasi-periodic orbit should be closer
to the dynamical substitute. We analyze the newly computed quasi-periodic orbit to obtain
the coefficients C 1(12,2 1000 S 1(12,2 100- Tepeat the above steps and gradually approach the dynamical
substitute. In our studies, this algorithm works very well. For all the three collinear libration
points, only one iteration is enough to obtain the accuracy required. The results will be stated
below.
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76 X. Y. Hou, L. Liu

3.1 The numerical results

(1) the point L,

Studies show that the two basic frequencies of the central manifolds are v; &~ 2.3377 and
vy & 2.2743. We manage to obtain a quasi-periodic orbit with y;, y» < 1078, Practically
speaking, this quasi-periodic orbit can be taken as the true dynamical substitute. Figure 2
shows this dynamical substitute, starting from the epoch MJD = 51544.5000 and lasting about
624 years. The unit of the coordinate is [L]/10° =384.747981 m. The dynamical substitute
is actually a smooth quasi-periodic orbit. The discontinuities shown in the figures are due to
the accumulation of thousands and thousands of loops. The orbit shown in the figure is con-
structed using the parallel shooting method, with the time interval between two consecutive
nodal points equaling 0.8 dimensionless units (same for the points Ly and L3).

(2) the point L,

The results of L, are similar to those of L. The two basic frequencies of the central man-
ifolds are v; ~ 1.8646 and v ~ 1.7909. We manage to obtain a quasi-periodic orbit with
Y1, 2 < 1078 and take it as an approximation of the true dynamical substitute. Figure 3
shows the dynamical substitute, also starting from the epoch MJD = 51544.5000 and lasting
about 624 years. The unit of the coordinate is [L]/10° = 3847.47981 m.

(3) the point L3

The results of L3 are similar to those of L and L,. The two basic frequencies of the central
manifolds are vy =~ 1.0031 and v, &~ 1.0093. We manage to obtain a quasi-periodic orbit
with y1, ¥» < 1078 and take it as an approximation of the true dynamical substitute. Figure 4
shows the dynamical substitute. Also starting from the epoch MJD =51544.5000 and lasting
about 624 years. The unit of the coordinate is [L]/ 103 = 384747.981 m.

Figure 5 shows the deviation between the analytic solution given by Eq. (12) and the
numerically integrated orbit. The initial condition of the integrated orbit is the same as the
one used for the analytic solution. To save space, we only give the projections of the two
orbits on the x — y plane. The dashed curve is the analytic orbit and the solid curve is the
integrated orbit. The starting epoch is MJD = 51544.5000. The left frame is for the point L.
The integrated time is 6.9574 days. The middle frame is for the point L,. The integrated time

T T T T 06 T T T T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

X X

Fig. 2 The dynamical substitute of L (projections on the x — y and x — z planes). The unit of the coordinate
is [L]/10° = 384.747981 m
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Fig.4 The dynamical substitute of L3 (projections on the x — y and x — z planes). The unit of the coordinate
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Fig. 5 Deviations between the analytic dynamical substitute (dashed line) and the integrated orbit (solid
line). The analytic orbit and the integrated orbit have same initial conditions. From left to right, for the
points Ly, Ly, L3, respectively. The unit of the coordinate is [L]/lO(’ = 384.747981 m for the left frame,
[L]/lO5 = 3847.47981 m for the middle frame and [L]/lO3 = 384747.981 m for the right frame

is 10.4361 days. The right frame is for the point L3. The integrated time is 104.3611 days.
Compared with the points L1, L», the instability of L3 is obviously much milder.

In order to check the results, Table 1 shows one primary periodic term of the dynamical
substitute for each collinear libration point, expressed in dimensionless units. Readers who
are interested in the full numerical results can write to the authors for the whole tables.
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78 X. Y. Hou, L. Liu

Table 1 One primary periodic term for each dynamical substitute of the three collinear libration points

Component w] w) w3 w4 Cw S

Ly —x 0 0 3 0 —0.000000842316201 —0.000000094581265
Ly—y 0 0 3 0 —0.000000257253110 0.000002291046236
Ly—z 0 0 1 1 0.000000102630575 0.000000169735329
Ly —x —1 0 3 0 —0.000001149332358 0.000000920308794
Ly—y -1 0 3 0 0.000002975227681 0.000003715539811
Ly—z 0 0 3 —1 0.000006397227461 0.000001093628951
Ly —x 0 0 1 0 0.000203081096344 0.000384119997422
Ly —y 0 0 1 0 0.000834610192243 —0.000441231830494
Ly —z 0 0 -1 1 —0.000002745039653 0.000006003588074

Table 2 Discontinuities of each step in computing the dynamical substititues

Iterations 0 1 2 3 4
Ly 0.00228576 0.00000521 <1x1078 - -
Ly 0.00837961 0.00006963 <1x1078 - -
L3 0.36850616 0.09922195 0.00895571 0.00007949 <1x1078

Taking these analytical solutions as initial seeds, the parallel shooting method can be used
to generate quasi-periodic orbits which are very close to them. Table 2 shows the discontinu-
ity (including position and velocity) of the total nodal points in each iterations. The iteration
process is stopped when the discontinuity is smaller than 1 x 1078, The total number of the
nodal points is 65537. This means the average discontinuity at each nodal point is of the
order 10713,

Generally, the dynamical substitute is unstable. Denote AX (¢) as the deviation between
the dynamical substitute and an orbit around it. In order to keep the orbit within the proximity
of the dynamical substitute, every after a fixed time A¢, we reset the initial condition of the
orbit. An illustration picture is shown in Fig. 6. Atthe time#;_1 = (i — 1) At, wereset AX;_
as AX;_1 = AX;_1-do/ || AXi—1 | to start the new orbit segment. d; =|| AX; || and dj is
the norm of the initial deviation at the starting time #y. This is a typical method to compute the
maximum Lyapunov exponent (Lichtenberg and Lieberman 1983). The maximum Lyapunov
exponent is given by the following formula

vy = fim S R/ (14)

n—00 nAt
i=1

The length of the orbit segment At should be appropriately chosen so that the integrated
orbit is within the proximity of the dynamical substitute. Take the point L as example, the
left frame of Fig. 7 shows the results corresponding to Az =0.8 dimensionless unit, starting
from the epoch MJD=51544.5000. The initial deviation is set to be (10_6, 0,0,0,0, O)T
dimensionless units. Similar choices go for the points L, and L3. The width of the curves
is due to the heavy density of the nodal points and periodic vibrations of the curve. The
right frame shows the results corresponding to At =0.4 dimensionless unit. Obviously, the
value of the computed v3 is approaching a critical value. This value is different if we choose
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Quasi-periodic motions in the Earth-Moon 79

Dynamicla Substitute s
Fig. 6 An illustration picture of the way to compute the maximum Lyapunov exponent
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Fig. 7 The curves of the computed v3. The abscissa is the time, expressed in dimensionless units. The left
frame corresponds to the result of A7 =0.8 dimensionless units and totally 65536 orbit segments are used. The
right frame corresponds to the result of Az=0.4 dimensionless units and totally 131072 orbit segments are
used

different At but they are very close. Since we only have a finite length of data, we are not
able to obtain the accurate value. Considering the decreasing tendency of the curves with
increasing length of data, we speculate v3 &~ 2.9392. The first four figures of v3 should be
accurate. The last figure is a speculation. For the points L, and L3, the computed maximum
Lyapunov exponent are 2.1648 and 0.1798, respectively.

3.2 Comparison with previous results

Denoting the variables with a prime as the corresponding variables in the synodic coordinate
centered at the barycenter of the Earth—-Moon system, the transformation

r=r'+ porio (15)

moves the origin from the Earth to the barycenter. Substituting Eq. (15) into (1) and neglecting
the planetary terms, we obtain
v = —2CTCr = CTCY — par/r? — pi0810/83g — 1n1d11/87,
—papiirin/riy + mio11811,10/871 10 (16)

Under the assumption that the Moon’s orbit is circular and

3
— W3pT1 /TR +M10M11511,10/5?1,1o ~ —pnry /r', (17)
Eq. (16) reduces to

/ /

. )
V=2 x|+ |y ) = uar/rP = w10810/83 — m11811/83, — pury /'y (18)

= <.
==

(=)
S
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Under another assumption that the orbit of the Earth—-Moon’s barycenter around the Sun
is also circular and coplanar with the Moon’s orbit, Eq. (18) is the widely used bi-circular
problem (Szebehely 1967; Gomez et al. 2001c).

The transformation

r'=p+ro=p+ us+yro (19)

moves the origin from the barycenter to the collinear libration point. r'g = (3 + y)rjg is the
position vector of the collinear libration point in the barycenter-centered synodic coordinate.
Substituting Eq. (19) into (16), we have

p=F +F )
Fi =-2CTCp—CTCp — psr/r3 + paro/rg
3 3
— 110 [810/8% — 8%/ (55)° | = e [811/88, — 8%/ (59))° ] 20)

3
F, = _,U«SrO/ro M10510/(510)3 _l/«llsll/( 11) .
—p3pirin /ey + miop1811,10/83) 1o — o —2CT Crg — CTCrg

Neglecting the planetary terms, it’s easy to prove that Eq. (20) is the same as Eq. (5). This
is obvious because we are dealing with the same system described by Eq. (1). Equation (5)
is obtained by directly moving the origin to the collinear libration point. Equation (20) is
obtained by first moving the origin to the barycenter and then to the collinear libration point.
Similar to Eq. (8), the following relation holds

- I."/() - ZCTCI:/O - CTér/o = —(u3 + V)CTﬁlo

di1,10 | Tii
(M3+V)[ +M11(3 +—=7)- @D
rl() S0 T

However, for the BCP model, this transformation produces

—1/9—2CTCrlg - CTCro = —(u3 + y)CT Crio = (13 + ¥)(x10, 10, )T (22)

Noting the fact that for the BCP model, 1o = (x10, Y10, zi0)T = (1,0,0)7, Eq. (22) is the
first term in Eq. (21). This means the BCP model can not produce the second term in Eq. (21)
which comes from the Sun’s perturbation. Due to this difference, the magnitude of the term
F; for the BCP model is of the magnitude 111/ rfl, much larger than the one in Eq. (10).
Compared with the BCP model, Eq. (5) or Eq. (20) can better describe the motions around
the collinear libration points in the real Earth—-Moon system.

In Andreu (1998), an improved model called quasi bi-circular problem (QBCP) was used.
The author considered the effects of the Sun on the motion of the Moon. He first solved
the coplanar three body problem of the Earth, the Moon and the Sun, and then obtained the
coefficients o1 ~ ag which are periodic functions with the basic frequency ws. The motion
equations of the small body in the Earth-Moon barycenter centered synodic coordinate can
be expressed as

).C./ = —ajo4 + Otilx'/ +2a3);/ + 0[% +Ol§ — ﬁdl +él2) x + ((3[3 — Oﬁdl y’ -l-()llo%gfQ
y = —ajas — 203x + ﬂv’ — a3 — —al)x + (oz2 +a3 - —al +ado )y +ozloc(,g§2 (23)

"/_051 7 _
7= +(a2+a2 alal)z +a1a6az
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Quasi-periodic motions in the Earth-Moon 81

For comparison with the following results, we rewrite Eq. (23) as

x b1+b4x +b5y +b7x + bgy' + bo7 +b13a,
y = by — bsx' + bay' + bz’ — bgx' + bioy’ + bz’ +b133/ (24)
7 b3—b6y +b4Z + box’ —b11y + b7 +b138$2

Since the Earth-Moon—Sun three body problem was taken to be coplanar, b3 = bg = by =
b1y = 0,bg = —bj in the above equation. The amplitudes of the dynamical substitutes
he obtained are close to our results (see Fig. 2.2 ~ 2.4 in that paper). However, the author
does not consider the effects of the Moon’s orbit eccentricity and inclination. The dynamical
substitutes obtained in the thesis is periodic, with the basic frequency ws.

In Gémez et al. (2002), this problem was also studied. The motion equations they deduced
are of the following form

x _b1+b4x +b5y +b7x + bgy' + by7’ +b13ax
y = by — bsx' + byy' + bz’ — bgx’ + bioy’ + b112’ +b13dy (25)
7 = by —bey + baz' + box’ — b1y’ + b2z’ +b13a/

in which b;,i = 1 ~ 13 are quasi-periodic functions with the basic frequency set W. They
only kept the terms with the basic frequency w3 (denoted as w; in that paper) in b; and called
this system as SSSM;. However, the amplitudes of the dynamical substitutes they obtained
in this system are much larger than those in Andreu (1998). Since Eq. (24) is the same as
Eq. (25) and the methods to compute the dynamical substitutes are the same in both papers,
if the computations are correct in Gémez et al. (2002), we speculate the difference is caused
by the coefficients in the motion equations. The coefficients in Andreu (1998) are computed
by solving the three body problem of the Earth, the Moon and the Sun directly and assuming
the Moon’s orbit eccentricity and inclination (with respect to the ecliptic) equaling zero. The
coefficients in Gémez et al. (2002) are obtained by Fourier analysis. Denote the Moon’s
orbit eccentricity as e and orbit inclination as i. Due to the property of the Moon’s motion
(Brouwer and Clemence 1961), following relation holds

bi=bi+ > b, (26)

m,n>0

where I = sin(i/2), and m, n are even numbers. Considering the fact that e ~ 0.0549
and I ~ 0.0449 (Murray and Dermott 1999), the difference between b; and b; can not be
neglected.

Another reason that causes the difference in b; and b; is that the coordinates in Gémez
et al. (2002) are rescaled by the instantaneous distances between the Earth and the Moon
while the coordinates in Andreu (1998) are not.

4 Linearized motions around the dynamical equivalent

Denote the dynamical substitute as X = (&, 7, C, § ﬁ Z)T and the deviation from it as
AX =X —X = (A&, An, AL, Ag A7, A{)T In the following discussions, we still denote
AX as (&, 1, ;‘ £,7, )7 for brevity. It follows

. 0 I
2 — 3
AX = AAX + O(AX7), A <8F1/8p OF, /0 ) , 27)
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where /3 is an identity matrix. The matrix A is quasi-periodic, with the same basic frequency
set W. The transformation AX = BY changes the linear form of Eq. (27) to

Y = B"Y(AB — B)Y = DY. (28)

According to the quasi-Floquet theory (Jorba and Sim¢6 1996), the matrix D can be made
constant if B is carefully chosen. Such a transformation matrix B is quasi-periodic, with
the same basic frequency set W. Then Eq. (28) can be solved and the linearized solution of
Eq. (27) can be obtained by the transformation AX = BY. Usually, the matrix B can be
obtained approximately with an inductive algorithm (Jorba et al. 1997). The formal step is to
find the matrix B to reduce Eq. (27) to the form of Eq. (28) and then obtain the linear solution
A X. Nevertheless, a different approach is taken in this paper. We first analyze the linearized
motion AX with the aid of FFT analysis, and then obtain the matrix B. The details will be
described below.

Since we are dealing with a Hamiltonian system, the two central components and the
maximum Lyapunov exponent indicate that the eigenvalues of the linearized system should
be of the form +iv, ivo, £v3 (Arnold 1999). This suggests us to write Y as

Y = (y1cosby, yisinfy, yprcosbr, yasinbs, )/3ev3t, )/4eiv3t)T, 29)

where 01 = vt + 010 and 62 = vat + 6y9. 10, O20 are initial phase angles that can be arbi-
trarily chosen. The linearized central manifolds are expressed by Eq. (30). The linearized
unstable and stable manifolds are expressed by Eq. (31).

& =Db11y1cosO1 + bioyr sinf) + bi3y2 cos 6 + bigys sinb

Ne = ba1y1 cos 01 + baryy sin 6y + b3y cos b + boays sin 6,

e = b3ry1 costy + bayy sinby + b3zys cos Oy + bayr sins (30)
& = ba1y1 cos 61 + baoy1 Sin 01 4 bazys cos 6 + basyr sinf,

e = bs1y1 cos 01 + bsyy sin @y + bszyn cos b + bsays sin 6,

fc = be1y1 cos 01 + beay1 sin 01 + bezya cos b + beays sin 6

Eu = bisyze™,  nu = basyze™, Gy = basyze™

£ = basyze™, i, =bssyze™, & = besyze™’ 31)
& =Dbieyae™', 0y =basyae™ ™, g =bagyse '’

& = bagyae™™', 1y = bseyae™ ', s = begyse” !

where y1, y» are amplitudes of the two central components and y3, y4 are amplitudes of the
unstable and stable components. by, are elements of the matrix B. They are of the form
bun = D Ciin' €080 + Sl sin@, 0 = (iw3 + jor + koo +lwgt, 1 <m.n <6.
ijki
(32)

Generally, b,,, contains an infinite number of terms. However, truncation to some finite order
is necessary and usually enough for some practical uses. Due to the quasi-periodicity, FFT
method can be used to analyze b,,,. We don’t have to compute all the elements in the matrix
B. Only the elements b,,,, 1 <m < 3,1 < n < 6 should be computed. Denote the matrix
Bas B = (B]T, BZT)T. It can be easily proved that By = Bl + B D.

The elements in Eq. (30) can be computed in the following way. First, we construct a
quasi-periodic orbit around the dynamical substitute. Then FFT analysis is applied to this
orbit. Following are some computational details.
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ey

(@)

3

Firstly, we obtain the coefficients C??OO, C?SOO, Cg(l)oo, ngoo, Cg)?oo’ ngoo. For
the £ component, denote the coefficients of the frequency v; by FFT analysis as
50000010’ SSOOOOIO. Substituting Eq. (32) into the first two equations of Eq. (30), we have

‘ CO9%0y, cos 81 + CIPy, sin )y = £00010 -
_c??oo)/l sin 619 + c?gooyl cos 10 = §§00010 .

In order to solve the above equation, we set C0000 =0and C ??00 = 1. Then we obtain
the amplitude y; and the initial phase angle 910

[ = \/(5900010)2 + (5000010) ' a4

610 = cos™" (EX°10/yy)

For the n component, denote the coefficients of the frequency v by FFT analysis as

77200010’ n?OOOIO Using the results above, we have
Cg?oo _ (77800010 cosf1o 77000010 sin 910) n 35)
ngoo _ (ngoomo sin 010 + '7000010 cos 910) n

For the ¢ component, similar equations as Eq. (35) can be obtained. In our studies, we

find {000010 _ COOOOIO = 0, thus Cg?oo C%)SOO —0.

Secondly, we solve the coefficients Cj OOOO , Cf 0000 Cgooo Cy 0000 ;3 OOOO ,C3y 0000 - For

the ¢ component, denote the coefﬁments of the frequency vg by FFT analy51s as
000001 " 000001 sybstituting Eq. (32) into the third and the fourth equations in Eq. (30),

we have

[ COOOOy2 cos 920 + COOOOJ/Q sin 920 _ ;000001 (36)

COOOO 2 sin B0 + C34 ¥2 c08 by = ;“000001 ’

Similarly, in order to solve the above equation, we set C39°° = 0 and C3® = 1. Then
we obtain the amplitude y» and the initial phase angle 6;9.

Yo = \/(gc()ooom)2 + (§900001)2 37)
ba0 = cos™ ! (£200001 /) .

For the &, n components, we have

00000 1

COOOO ( cos b %-000001 sin 920) /)/2 (38)
COOOO (%-OOOOOI sin 920 + %-000001 cos 920) /)/2 .
0000 _ (,,000001 9 00000 1 0
Coooo (ne 500001 oo o001 sinb20) /72 . (39
R = (n209%0% sin 920 + 720000 cos 659) /72
In our studies, we find SOOOOO] = 5000001 = 0 and nOOOOOI = n?OOOOI = 0, thus

0000 0000 _ 0000 0000
Cia” = Cra ™ =0and Gy = Oy ki Ol'cl ijkl  ijkl ijkl
Thlrdly, we obtaln the coefficients C i’l ,C i,z R C;’l R C;’z N C;J] , C3, . Taking & com-
ponent as an example. Denote the coefficients of the frequency (i w3 + ] w1+kwr+lws—
ijkl=10 Lijki—10
2 58

vp)asé;

ijkl

and the coefficients of the frequency (iw3+ jw1+kwy+lwa+v1)
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as /M0 UM gybgtituting Eq. (32) into the first two equations of Eq. (30), we have
1 CHi cos b cos(uit + 010) + 7157} sin 6 cos(vir +610)
+71C1 cosOsin(vir + 610) + y1 575" sin @ sin(u7 + 610)
l/kl—lo COS(Q _ Ult) + E;jkl_lo Sil’l(9 - U][)
ijkI10 k110 .
+&7 Tcos(0 +vir) + &7 T sin(@ + i) “0)

Equation (40) can be separated into

%cos&locﬂkl 1 sin91OSijlkl + 2 sin 6 0C12 + 5 cos@losukl ”kl lO/y
sm 010C”k1 l coselosljk 2 005610C 5 sin 910Sl]kl "’kl IO/yl 41
l_]k ijkl _ ljkllo . ( )

7 cos 010C11 2 sin 610577 2 sm010C 2 costipSy, = /"

1 . i_‘kl i kl I_ jkl10
—5 sin 010C1/1 7 cos 910511 2 cos 610C12 + 2 sin 6105 ] TRED 1,

The solution is

CM — [cos 1o (Scz‘jkllo_i_gcijkl—lo ~ sinbyo (gukno ik 10) y

S _ [Sin61o Eé‘jkno_séjkl—lo)_i_coselo (Ez/kno £k 10) n

CH _ Tsin oo (67410 4 £H-10) | cosyg (57410 4 gk 10) y (42)
St/kl —C08910( ijkl10 ijkl—l()) +sm910( ijkl10 Ukl 10 ]/)/1

S ik ik ik i s ik )
Cé’l l, S;’lk s C;JZ l, S;’zk s Céjlkl, S%JI l, C_%’zk s S;JZ ! can be computed in the same way.

(4) At last, we obtain the coefficients C iék[, Ci{(‘l, C%H, Céﬂkl, Cgékl, C” ki . Also taking &
component as an example. Denote the coefficients of the frequency (1 w3+ jor +kwy +
jkI0—1 , & KIO=T 2 hd the coefficients of the frequency (iws + jwi +kws +

kIOl ijkIO] o, .
HOT £ 17KIOL gimilar to step (3), we have

lwg —vo)asé&;
lwg + v7) as &

Ciékl — |cos 920 (gcijkIOI + SljklO 1) sin 920 (%.ljkl()l + é&;jklo—l) /)/2
S = [sin o (674" — £740°1) - cos g (67 — £7°°1) [ 1
C”k’ = |sin a0 (écij KoLy ééjklo_l) + cos b (fijklol + /NN | @
Sllj4kl — [~ cosbap (EciijOI _ %.cijklo—l) + sinb (Ez]kIOI gikI0-T ]/yz
ijkl ikl ijkl ijkl Gijkl ikl oijkl

Gy, S;ékl, Cyy >S5 Cs3 .83, C3y . Sy, can be computed in the same way.

A little bit should be said about the way to construct the quasi-periodic orbit. In the
computation of the dynamical substitutes in Sect. 3, we’ve already obtained quasi-peri-
odic orbits which are very close to the dynamical substitutes. The amplitudes of the cen-
tral manifolds of these quasi-periodic orbits are very small. We cannot compute all the
Cf,{ffl, Sf,{,],d from these orbits. However, the primary terms of the central manifolds, i.e.,
the C??OO, C?goo, Cg?oo’ ngoo and Cg)gmo’ S%)OO can be obtained. Using them as a coarse
approximation of the central manifolds, quasi-periodic orbits with central manifolds of larger
amplitude can be obtained. On the other hand, the central manifolds can’t be too large to
avoid the nonlinear terms in the central manifolds. The orbits used in our work are of the
order yi, ):2 ~ 1074, and we only consider periodic terms in by, with amplitudes till the
order 10~

@ Springer



Quasi-periodic motions in the Earth-Moon 85

The elements b,,, in Eq. (31) can be computed in the following way. Take the unstable
component as an example. If the initial deviation AXq is on the unstable direction, then
AX(t)/e"" produces the elements y3b;5(¢),i = 1,...,6. In order to keep the integrated
orbit within the proximity of the dynamical substitute, we reset the initial condition of the
integrated orbit every after a fixed time At as we did in Fig. 6. The norm of the initial devi-
ation in our computations is dp = 107°. The interval of the sampling data A’ can be taken
as At" = At/N, where N is an integer. This means N sampling data will be taken in every
integrated orbit segment. In our work, N = 8. Take the £ component as an example. In every
integrated orbit segment, the sampling data are denoted as

Sig(tixN+j): ";:M(IIXN‘F_].) = bls(thN‘Fj), 1 SjSN, i >0. (44)
Eu(tixN)evsI At bis5(tixn)
After all the sampling data are obtained, they are improved by the following formula to obtain
the signals of by5.

bi5(tixn+j) = sig(tixn+j) - bis(tixy), 1 <j<N, i>0. (45)

Following are the details. Denote the initial deviation of the first orbit segment at the time 7
asdo = (d}.d3.d3,dy,d3,dd)T. We take y3b15(to) = d. For the first orbit segment, we
have

yabis(t) = sig(t) - yabis(tp), 1 <k <8. (46)

The last value y3b15(#3) of the first orbit segment is used to generate the data on the second
orbit segment

v3bis(te) = sig(t) - y3b15(t3), 9 <k < 16. 47

Similar process goes on until we get all the y3b(#;). These signals are analyzed by FFT
method. Denote the series of y3b15(t) after FFT analysis as
bis =Y C{Mcoso + 51 sinb, 6 = (w3 + jor + kan + lwa)t. (48)
ijki
If we set CY9% in bys as 1, then y3 = C{2% and C'ljskl = C_‘lljskl/y_g, Si’skl = S’ljskl/y_g. The
same method can be used to analyze the elements bys ~ bgs. The elements bjg ~ bgg in the
stable manifold can also be computed with this method, by integrating the orbits backwards.
Before we start, we need to know the unstable direction at the starting point of the
dynamical substitute and the stable direction at the ending point of the dynamical substi-
tute. In order to obtain these two directions, the length of the constructed dynamical substi-
tute is actually longer than 624 years, from MJD =16757.4774 to 314311.7538. We choose
MID =51544.5000 as the starting point and MJD =279524.7312 as the ending point of the
three dynamical substitutes shown in Figs. 2, 3 and 4. We know that for an orbit with unstable
and stable manifolds, except for some special directions, deviations at arbitrary directions
converge to the unstable direction when integrating forwards and to the stable direction when
integrating backwards. The orbit segment from MJD = 16757.4774 to 51544.5000 is used
to generate the unstable direction at the starting point (MJD =51544.5000), and the orbit
segment from MJD =279524.7312 to 314311.7538 is used to generate the stable direction
at the ending point (MJD = 279524.7312). The method to compute these directions is the
same as Fig. 6, with the same A X and At. Due to the finite length of the two orbit segments,
the obtained directions are just approximate unstable or stable directions, but this is enough
for our accuracy requirements (to the magnitude 10=%).
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Table 3 One primary periodic term for each element by, for L

Component w] w); w3 w4 ci,{ﬁl sf,{,];l Component w| ) w3 w4 ci,{,lil sﬁ,{,]fl

b1y 1 0 0 0 0.0094  0.0094 by4 -1 0 0 1 0.0011 —0.0013
b1 I 0 0 0 —0.1451 0.1446 bys I 0 0 0 -0.0769 0.0704
b3 -1 0 0 1 —0.0003 0.0004 by 1 0 0 0 -=0.0706 0.0767
by -1 0 0 1 0.0001  0.0001 b3y -1 0 0 1 0.0039 —0.0044
bis 1 0 0 0 0.1831 —0.1274 b3y -1 0 0 1 0.0012  0.0011
bie 1 0 0 0 -0.1280 0.1826 b33 1 0 0 0 0.0310 0.0311
boy 1 0 0 0 -05282 0.5265 b3y 1 0 0 0 -—0.1400 0.1396
by 1 0 0 0 -0.1028 —0.1031 b35 0 0 O I —0.0001 —0.0001
b3 -1 0 0 1 0.0004  0.0003 b3g 0 0 O I —0.0001 0.0001

The form of Y suggests us that the matrix D in Eq. (28) should be of the form

0 —» 0 0 0 0
vi 0 0 0 0 O
o 0o 0 -»n o0 o0
b=1o 0 w 0o 0 o “9)
0 0 0 0 vz 0
0 0 0 0 0 —u

Since we only collect periodic terms till the order 10~ in the elements by, the actually
computed matrix D' = B~ (AB — B) does not exactly have a form of Eq. (49). The biggest
periodic term in D’ — D’ is of the magnitude 2 x 10™*, where the matrix D’ is defined in
Eq. (50) (for the point L) and Eq. (51) (for the point L7). Accurate to 10~*, the matrix D’
does have a form of Eq. (49).

0 —23377 0 0 0 0
, 23377 0 0 0 0 0
S 0 0 0 —22743 0 0
/— _ /. ~
D= lim — [ D -dt 0 0 22743 0 0 0 > 50)
0 0 0 0 0 29392 0
0 0 0 0 0 —2.9392
0 —18646 0 0 0 0
, 18646 0 0 0 0 0
- 0 0 0 —17909 0 0
/— _ [ ~
D= lim - [ D"-df 0 0 17909 0 0 o | OV
0 0 0 0 0 21648 0
0 0 0 0 0 —2.1648

In order to check the results, Table 3 (for the point L) and Table 4 (for the point L;) show
one primary periodic term for each element b,,,,.

Figure 8 shows the deviation between the numerically integrated orbit (solid line) and the
linearized analytic solution (dashed line). The initial condition of the integrated orbit is the
same as the analytic solution. The starting epoch is MJD =51553.1967. The two components
of the central manifolds y1, y» are both taken to be 1 x 10~* dimensionless units. The initial

@ Springer



Quasi-periodic motions in the Earth-Moon 87

Table 4 One primary periodic term for each element by, for L,

Component w] w); w3 w4 ci,{sl sf,{,];l Component w| ) w3 w4 ci,{,lil sﬁ,{,]fl

b1y 1 0 0 0 0.0084  0.0084 byg -1 0 0 1 0.0011 —0.0012
b1 1 0 0 0 —=0.1193 0.1189 bys I 0 0 0 -0.0750 0.0673
b3 -1 0 0 1 —0.0004 0.0004 by 1 0 0 0 -=0.0675 0.0747
b4 -1 0 0 1 0.0001  0.0001 b3y -1 0 0 1 0.0027 —0.0030
bis 1 0 0 0 0.1340 —0.0773 b3y -1 0 0 1 0.0008  0.0007
bie 1 0 0 0 -0.0777 0.1337 b33 1 0 0 0 0.0317 0.0318
by 1 0 0 0 -—03551 0.3540 b3g 1 0 0 0 -0.1135 0.1131
by 1 0 0 0 —0.0811 —0.0813 b35 0 0 O I —0.0002 —0.0001
b3 -1 0 0 1 0.0004  0.0003 b3g 0 0 O I —0.0002 0.0001

0.0004 4 0.0003 4

0.0003

0.0002
0.0002 4

0.0001 0.0001

0.0000
> 0.0000
-0.0001 4

-0.0001
-0.0002 4 0000

-0.0003 -0.0002

-0.0004 4
-0.0003

T T T T T T T T T T T
-0.00020 -0.00015 -0.00010 -0.00005 0.00000  0.00005  0.00010 -0.00010 -0.00005 0.00000 0.00005 0.00010
X X

Fig. 8 Deviation between the numerically integrated orbit and the analytic solution given by Eq. (30). The
left frame is for the point L and the right frame is for the point Ly

phase angles 019, 62 are both 0. The left frame is for the point L; and the right frame is for
the point L. To save space, only projections on the x — y plane are shown.

In the circular restricted three-body problem of the Earth—-Moon system, linearized central
manifolds around the collinear libration points are expressed as (Jorba and Masdemont 1999)

X = y1COS (U]t’ + 910)
y = kY1 sin (vlt/ + 910) s (52)
Z = Y2 cos (vgt’ + 920)

where
Co = M*; + 12103
"o (%) (53)
/9C2—8Co+2—Co
=yt V=G «k=-% (va + 7(1+U2;C°))

For comparison with the linearized central manifolds described by Eq. (30) in the real Earth—
Moon system, Fig. 9 gives the integrated orbit with initial conditions given by Eq. (52). The
left frame is for L and the right frame is for L,. The solid lines are the integrated orbit in the
real Earth—-Moon system and the dashed line are analytic solutions. Obviously, the divergence
speed is larger. Compared with Eq. (30), the advantage of the improved linearized solution
is obvious, although the solution’s form is more complicated.
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Fig. 9 Deviation between the numerically integrated orbit and the analytic solution given by Eq. (52). The
left frame is for the point L and the right frame is for the point L,

Using the linearized central manifolds Eq. (30) as initial seeds, quasi-periodic orbits not
far away from the dynamical substitute and lasting for quite a long time can be obtained with
parallel shooting method. For larger amplitude orbits, Eq. (30) is not accurate enough for
the numerical iteration process to converge. Higher order analytical solutions of the central
manifolds are needed.

5 High order solutions

Taking the relation AX = BY into Eq. (27), we obtain
Y — DY = B~'o(aX?). (54)

The literal solution can be constructed by traditional Lindstedt—Poincaré method. Neglect-
ing the very small planetary terms and due to the fact that the amplitude of the dynamical
substitutes of the points L and L, are very small, O(AX 2) can be approximately taken as
the higher order terms of F in Eq. (5).

SR L VN AY NPT EAY :
O(AX?) = P Z{ . [(ro) P, (cos \113)] + 5 |:(8(1)0) P, (cos\lllo)i|

n=3

)]
11 11

The coefficients of the second order terms from the Sun’s perturbations are small (~ 1079).
Even if we consider very large amplitude motions (AX ~ 10~!), the magnitude of the Sun’s
high order perturbations is of the magnitude ~ 10~7. It’s unnecessary to consider these terms
due to the fact that the reduction accuracy of the linear terms is only of the magnitude 10~%.
As aresult, Eq. (55) can be reduced to the form of

SRS I TAY NI IAY :
0(X*) = o Z[ p [(m) P, (cos\lf3)j| + 50 [(3?0) P, (cosxp,o)“ . (56)

n=3
Expanding Eq. (27) as
AX = AAX +(0,0,0, Fy, Fy, F)T, (57)

@ Springer



Quasi-periodic motions in the Earth-Moon 89

where
Fo= 3 cunitn+ 0T, (£)
n>2
Fy =03 et Ra 1(§) : (58)
n>2
F.=¢ Z Cnt1 Ry (é)
n>2
and
[ = (-1 )”W + (=1t nﬁlro;,;l , for L 59)
— (_— n/Li} n K10
n= G i+ D e, for Lo
The functions 7;,, R, are defined as
1 0T,+1 107,41
Tu(5/p) = p" Pu(§/p), Ru-1(§/p) = ——— = —— (60)
dy z 0z
and the inductive relations below hold (Gémez et al. 2001c).
T, = 21T, Mo, To=1, Ti=x
. (61)
Ry = 356 Ry_ — 25T, — "5 0 Rua, Ro=—1, Ry =—3x
5.1 Lissajous orbits
The literal solution of Y can be expressed as
Y = (yijck;m" cosf + yi’ykgyf:, sin 9)
m',n' i, j k,,m,n
ijklmn Jjklmn
Y2 = (yZCmn’COSQ—‘Fstm’n/Slng)
m',n'\i,j, k l,m,n
ijklmn ijklmn
Y3 = y3cm’n/cosg+y3vm’n’ sin 0
m',n' i, jk,lmn
]klmn ijklmn ’ (62)
Y4 = ,cos 6 + Yismin’ sin 6
"ol i, gk, d,m,n
V5 = am ﬂ” (ygjck;m:/ cosf + ygjykliﬁ:’, sin 9)
m',n',i,j, k l,m,n
Y6 = o' B (v cos6 + v sin6)
m',n',i,j, k l,m,n

where «, B are the parameters yj, y2 in Eq. (30). 0 = (iw3 + jw1 +kwy +1wa)t +mO; +nb,
and 61 = vyt 4 010, 62 = vat + Ox9. O10, B2 are two arbitrarily chosen constants. In the sum,
N = m' +n’ > 1is the order of the solution. m, n should have the same parity as m’, n” and
satisfy

m >0, n>0, —m'<m<m', —n'<n<n (63)
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As stated before, a truncation of i, j, k, [ is necessary. In this paper, 0 <i <4, -4 < j <
4, -2 <k <2,-2 <[ < 2. Similarly, the literal solution of AX can also be expressed as

[« m' on’ ijklmn ijklmn .
&= . ‘Zkl o (Ec,m’n’ cos® + &, sind
m'.n' i, j.k,d,mn
_ z 1]klmn 0+ ijklmn . i
n= i a™ Nt COS N SN
m'.n’ i, j.k,l,mn
_ ijklmn ijklmn .
¢ = » a™ ( Sl cosf pak i sin 6
m' i, j.k,d,mn
L zjklmn SO ijklmn P ’ (64)
§= zk ; a” c m'n €O + 5s m'n’ sin
m'.n' i, jk,l,m,n
_ t]klmn 0 .ijklmn i
n= , Zk ; ™ Nem'nr €08 + ns m'n’ sin
m'.n',i,j,k,lm,n
Lo m’ on’ [ Lijklmn sijklmn .
= Zkl a™ B ({C’m,n o8 6 + Lgy,y SING
m'.n' i, jk,d,mn
The two frequencies vy and v, should be expanded as
roa! ’ ’ 1ol ’ ’
v1:ZvT"amﬂ”, 022211’2""01’";3” (65)
m'n’ m'n’

where m’, n’ should satisfy m’, n’ > 0 and should be even numbers.

Suppose Y and AX are already solved to the order N — 1 (The frequencies vy, vy are
solved to the order N — 2). Taking AX till order N — 1 and vy, v till order N — 2 into
Eq. (54), we obtain the equation of Y of the order N, with the unknown at the left side of the
equation and the known at the right side of the equation.

B ijklm 00, ijklmn __ ijklmn
@ijklmn Y 1s y'n' + vy Yocmn' = plcmn’
tjklmn 00 t]klmn m —1,n" _ _ijklmn
wl}klm”ylc m'n’ vl y2v m'n 8 pls,m’n’ (66)
jklmn 00 ljklml’l S1v m 71 n' _ ijklmn ’
wz;k[mn)’zs mn’ Vi Yiemn! rForv = Pocom'n
ijklmn 00 i jklmn _ ljklm}’l
_a)ljklm”yZC m'n’ — U1 Xls,m'n’ T P2s,m'n’
ijklmn 00 ijklmn __ ijklmn
@ijklmnY3s, m’n’ + vy Yae.m'n' = P3c, mn
jklmn 00 l/klmn m',n'—1 ijklmn
wz]klmny% m'n’ + v y4s m'n’ " & V2 p3x,m’n’ 67
Jjklmn ()() zjklmn m NG —1 ijklmn ’ ( )
[0) — v, , + S
l/klm’ly4s m'n’ Yiem'n’ 4c,m’'n’
zjklmn 00 z]klmn _ zjklmn
wllklm”y4c m'n’ V2 Yis.m'n' = Pas.m'w
Jjklmn ijklmn __ ijkimn
wijklm”ySY m'n' — V3Vsem'n' = Psemin’
jklmn ijklmn __ ijklmn
wz]klmny5c m m v3y5s,m’n’ - pSs,m’n’ (68)
Jjkim ljklmn __ijkimn ’
wlfklm”yGV m’n’ + 6c m'n’ péc,m/n/
jkim ljklmn __ijklmn
wl}klm"yfm m’n’ + sy 6v,m’n/ - p6s,m’n’

where pl,/klmn ljklmn ()().

wem'n’> Prs.min AT€ known terms. w; jximn = i3 + jwi +kw; +la)4+mv?0 +nv,
Sy equals 1 wheni = j = k =1 =n = 0,m = 1 and equals 0 otherwise. §, equals
lwheni = j =k =1=m = 0,n = 1 and equals 0 otherwise. When §; = 0 and
8, = 0, we simply solve Eq. (66) ~ (68) to obtain y /<™ /KM \yhen s, = 1, it can be

xc,m'n’? Vks,m'n
000010 000010 000010 000010 _
e’ = Pag.min’ = 0 (see the Appendix). As a result, Yaemm = Vsmin’ =

Although the actually computed values of p?o%)},?,, pggommo do not equal zero due to the fact

that we only have approximate linear solutions, they are significantly small compared with

proved that p
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Fig. 10 Deviation between the numerically integrated orbit and the analytic solution Eq. (64). The left frame
is for the point L1 and the right frame is for the point Ly
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Fig. 11 One Lissajous orbit around the point L1, lasting 624 years

000010 ;000010

Pacmin's Plgn'n’- As a result, they are actually taken to be zeros in our construction process.

’
We also set ygg(ig,lno, = 0 to solve y??%,lrg and vi" L7 from the second and third equations
000001 000001 _

in Eq. (66). The case of 6, = 1 is similar to that of 61 = 1. We set y37" " = y, "0, =

and we set yg?%)% = gg%)g)n]

Eq. (67).

Due to the large storage problem, we only construct the analytical solution up to the order
five. Figure 10 shows the deviation between the integrated orbit (solid line) and the analytic
solution (dashed line). The initial epoch is MJID = 51553.1967. To save space, only projec-
tions on the x — y plane are given. The left frame is for the point L;. The initial conditions
are y; =5 X 1073, Y2 =5x% 1073, 619 = 629 = 0. The right frame is for the point L,. The
initial conditions are y; = 1 x 1072, y»=1x 1072,010 =60 =0

In our work, we find that for large amplitude motions, the deviation speed is larger for
analytic solution of order five than that of order three. This means the literal series is divergent
for larger amplitude motions. We’ll talk about this later at the end of this section.

Using the high order analytic solutions as initial seeds, Lissajous orbits around the points
L1, L, can be constructed by the parallel shooting method. For smaller amplitude orbits, the
initial seed is accurate enough for the numerical process to converge. For larger amplitude
orbits, the convergence speed is not satisfactory if we want to construct a long Lissajous
orbit. Figures 11 and 12 show one Lissajous orbit around the point L and L; respectively.

m’ ,n—

0 to solve y » and v, ! from the second and third equations in
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Fig. 12 One Lissajous orbit around the point L7, lasting 624 years

Table 5 Coefficients in the frequencies vy, vy for the Lissajous orbit

Frequency vl.zo v?z vl‘.‘o Ui22 v?4

Ly —v —185.2783 —3.7047 1042.0666 25201.1218 —1145.1593
Ly —v —41.5118 —14.7612 141582.6737 —25254.0426 —180.6358
Ly — vy —23.6111 2.8571 —2389.9114 3030.8158 —201.4437
Ly — v 19.1160 —2.3384 10401.7168 —2773.6950 —42.9067

For both orbits, the amplitudes are o

= 0.0090, B = 0.0090. The orbits constructed last

624 years. The time interval between consecutive nodal points is 0.8 dimensionless units and
totally 65537 nodal points are used.

The list of all the primary terms in the solution is too long. To save space, we prefer to
only list the coefficients of the frequencies for readers to check the results (see Table 5).

5.2 Halo orbits

For large amplitude motions, it’s possible for v; = v, due to the nonlinear terms in Eq. (65).
In such a case, only one basic frequency v exists. The solution of ¥ and A X can be expressed

as
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Y2

Y3

Y5

Y6

Y1 =

Y4 =

ljklm

ijklm
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ljklm
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jkl
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ijklm
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— m' gn’ (gijkim ijk
&= > o B A&y COSE + & m,n, sin @
m',n'i, jk,lm
_ m’ an’ ijklm 0 ijklm 9
n= , ’Zkl 4 ﬂ ncmn Cos +nsm/n/51n
m',n’i, j.k,l,m
_ Z m’ an’ ijklm 0+ ijklm P
¢ = o a™ B 8y €08 {Ym,n,sm
m'.n'i,jk,l,m ( ) i (70)

= 3wl
m' .0 i, j.k,l,m
.= > o™ g ( KM 050 + g‘”klm sin 0)

, L cmn
m’,n' i, j.k,l,m

ikl jkim .
pkm 080 + 7' m,sm@)

nc,mn s,m'n

where 6 = (iw3 + jw1 + kwy +lwa)t +m6y, and 0 = vt 4 O1p. O1p is an arbitrarily chosen
constant. In the sum, N = m’ 4+ n’ > 1 is the order of the solution. m has the same parity as

m’ + n’ and should satisfy

m >0, n>0, —m' —n' <m<m'+n

(71)

Similarly, the truncation 0 <i <4, -4 < j <4,-2 <k <2,-2 <[ <2 is made.

Rewrite Eq. (54) as

yi+ v = [BTlO(AX)]y

ya— vy =[B! 0(AX2)12

3+ 0% = () =3 )y4 +[B7lOAXY)];3
ya— vy = = (0] —)°) y3 + (BT O(AXD)]y
¥s — v3ys = [B~1O(AX?)]s

Yo + v3ye = [B~1O(AX?)]g

Let

roa! ’ ’ 1ol
UIZE annamﬂn, U(I)O_UEOZE amn g
m'n’ m'n’

(72)

(73)

where m’, n’ should satisfy m’, n’ > 0 and should be even numbers. For the second equation

in Eq. (73),m’ +n' > 2.

Suppose Y and AX are already solved to the order N — 107 """ and d™"" are solved to

the order N — 2). Taking AX till order N — 1 and v1 ", d™"" il order N — 2 into Eq. (72),
we obtain the equation of Y of the order N, with the unknown at the left side of the equation

and the known at the right side of the equation.

B ijklim ()() ijklm —__ ijklm
Dijkim Yy, mk?’ +v Yae, mkrll = Plewn -
ijkim 00 Lkim - m—ln_ ijkim
wl/klmylc m'n’ 1 kle ,m'n’ Sv klls,m’n’
klm 00..0jklm 71 n _ ijklm ’
wl]klmyZA m’n’ Y Ylem'n’ + vy’ 1 — P2c¢,m'n’
m 00, ijklm __ _ijklm
_wllklmyZL m'n’ — Y1 yls,m’n’ — P2s.m'n’
ijklm

()() z]klm ijklm
Wijklm Y3 ' +v =

4c m'n’ = F3c,m'n’

i jkim ()() l/k[m m’,n/fl m'on'—1 _ t/klm
Pt —dv —&d - p3s m'n’

Cl)z]klmy3L m'n y]?lb m'n’ o
00 ijklm mn—l m'.n'—1 _ ijkim
w’/kl’"y4smn — U Vi +6 +8d
jklm 00 t]klm _ zjklm

“WijkimY4e pin U Y3smn’ = Pasmin’

4c,m'n’

(74)

. (75)
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Fig. 13 Deviation between the numerically integrated orbit and the analytic solution provided by Eq. (70)
for the point L. The left frame is the point L1 and the right frame is for the point Lo

ijkim ijkim ijkim
@ijklmYsg i — U3y50,m/n’ = pSc,m’n/
B ijkim ijklm __ ijklm
wl./klmySC,m/n’ U3y5s,m’n’ - pSs.m/n/ (76)
ijkim ijkim ijklm ’
wijklmyés,m/n/ + v3y6c‘,m/n’ = p6c,m’n/

ijklm ijklm —__ ijklm
_wijklmyGC,m’n’ + v3y6s,m’n’ - péx,m/n’

where p;JC k’l:fn,, pi]l;k,ln”fn, are known terms. wjjkim = i3 + joi +kwr +lwy —i—mv?o. 8 equals
lwheni = j =k =1 = 0,m = 1 and equals O otherwise. When 6 = 0, we simply

solve Eq. (74)~(76) to obtain yi’c kf:fn,, y;js ]frln”,‘n,. When § = 1, similar to the Lissajous case,

00001 00001 00001 00001 00001 00001

plc,m’n’ = pZS,m’n/ = 0 and p3c,m’n’ = p4s,m’n/ =0.Asa result, yls,m’n/ = yZC,m’n/ =
00001 00001 ijklm 00001 m'—1.n'
and Vasm'n' = Yacm'n' =.0. We first set Vosmin' = 0 tO. solve e’ apd V] from
the second and thrid equations in Eq. (74). After we obtain all the coefficients of the order
. . -1 . ijkim

N — 1 in the frequency vj, we substitute v}" "~ into Eq. (75) and set y4jsym,n, = 0 to solve
yg?(zg/]n, =0 and d™" ~! from the second and thrid equations in Eq. (74).

Also due to the large storage problem, we only construct the analytical solution up to the
order seven. Figure 13 shows the deviation between the integrated orbit (solid line) and the
analytic solution (dashed line). The initial epoch is MJD = 51553.1967. The initial condition
of the integrated orbit is the same as the analytic solution. To save space, only x — y projec-
tions are given. The left frame is for the point L. « = 0.0160, 8 = 0.0188, 819 = 629 = 0.
The right frame is for the point L. @ = 0.0300, 8 = 0.0180, 819 = 620 = 0. In fact, due to
the divergence problem discussed below, the analytic solutions shown in the frames are of
the order three.

Using this analytical solution as the initial seed, halo orbits around the points L, L, can
be constructed by the parallel shooting method. Figures 14 and 15 show one halo orbit around
the points L and Ly, respectively. In Fig. 14, the initial conditions are « = 0.0160, 8 =
0.0188, 019 = 620 = 0. The orbit constructed lasts 624 years. In Fig. 15, the initial conditions
are o = 0.0300, 8 = 0.0180, 619 = 820 = 0. The orbit constructed also lasts 624 years. Due
to the relations expressed by the second term in Eq. (73), « and § are coupled and S is actually
solved from « by Eq. (73). Generally, only when « is larger than a lower limit can the halo
orbits exist (i.e. Eq. 73 is solvable). For the point L, this lower limit is around 0.0160. For
the point Lj, this lower limit is around 0.0300. For the orbit in Fig. 14, the time interval
between consecutive nodal points is 0.8 dimensionless units and totally 65537 nodal points
are used. For the orbit in Fig. 15, the time interval is 0.4 dimensionless units and totally
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Table 6 Coefficients in the frequencies vy, d for the halo orbit
Frequency vi20 v?z v?o vi22 v?“
Ly —v —185.2783 8.4746 990.7485 146.5610 239.7349
Ly—d 280.2466 —23.4266 —12529.4052 4019.8616 —485.1700
Ly — v —23.6111 9.3625 —2390.0498 —348.2373 219.2830
Ly —d 86.2530 —12.0640 —197.1637 2922.8657 —322.0514

131073 nodal points are used. Similarly, we only list the coefficients of the frequencies for

readers to check the results (see Table 6).

5.3 Convergence of the literal series

An interesting phenomenon is that the literal expansions of the Lissajous orbit and the halo
orbit constructed in this paper are divergent for large amplitude motions. However, for the
same amplitude, literal expansions in the CRTBP model are not divergent (Gémez et al.
2001c; Jorba and Masdemont 1999). As an example, we take the halo orbit around the point
L to state the problem and explain it.
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Fig. 16 The left frame shows the deviation between the analytic solution of the halo orbit and the numerically
integrated orbit, for different orders. The right frame shows the analytic solution of the order 7

We manage to construct the analytic solution up to the order 7. The left frame of Fig. 16
shows the deviation curve of the state vectors between the analytic solution and the integrated
orbit. The initial conditions of the two orbits are the same. Judging from the figure, we know
the convergence reaches its best for the analytic solution of order 4. For analytic solutions of
the order larger than 4, the divergent speed increases with the order. For the analytic solution
of order 7, the right frame of Fig. 16 shows the analytic orbit. Judging from the size of the
orbit, we know that it can not even be called a halo orbit anymore.

The reason for this phenomenon lies in the resonances between the basic frequencies
w1, w2, w3, w4 and the basic frequency vy, which is a common phenomenon in dynamical
systems. Briefly speaking, a set of integers exist such that

w=iws+ jw| + kwy + lw3 + mv; — 0 77)

In the case of resonances, the well-known small denominator problem will cause the diver-
gence of the literal series (Siegel and Moser 1971).

For the halo orbit in the CRTBP, there is only one basic frequency, so there are no such
problems. The literal series converges as long as the expansion of the force functions in
Eq. (58) converges. For the Lissajous orbit in the CRTBP, although such problems also exist,
the small denominator appears only for very high orders due to the fact there are only two
basic frequencies other than six in the real Earth-Moon case.

For the point L, similar resonance problems exist, as reported in Andreu (1998). However,
the existence of the small denominator problem doesn’t mean that no invariant curves (in our
case, Lissajous orbits and halo orbits) exist. It just means that we can not construct literal
solutions this way. Maybe other methodologies should be taken, just as the proof history of
the well-known KAM theory (Siegel and Moser 1971).

6 Conclusions

The dynamical substitutes of the three collinear libration points in the real Earth-Moon
system were computed. They are unstable but with central manifolds around them. For the
points L1 and L, linearized motions around the dynamical substitute were firstly obtained
and then higher order analytical solutions of the central manifolds were constructed. Tak-
ing the higher order analytical solutions as initial seeds of the parallel shooting method,
quasi-periodic orbits including Lissajous orbits and halo orbits were constructed.
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Appendix
We prove here why p??%),lf, = pgg%)}’?, = 0 in Eq. (30). Similar discussions go for Eq. (31),
(38) and (39).

Extract all the terms with the angle 6 in y; and y;. According to the construction rules
stated in the text, these terms should satisfy

(e (Oé + Y?igh) cos 6

(y2)p = asinf

, (A1)

where y{'ig " means higher order terms in the solution. The frequency v; can be expressed as
vy =0 + vi”gh. Taking the above equation back to Eq. (18), we have

0=[B7'OAXD)]ic

o+ 0l"8") (& 518") + o = (B O(AX)]y

high

(A2)
(U?O—i—v] a— v (Ot+)’1 ) = [B7'O(AX)]ae
0

Obviously,
(BTrOAXH]ie =D o™ " pliwe, [BLOAX )y = D" o™ B" pl0I0. (A3)
m'n’ m'n’
This relation holds for all a, 8. Thus p{20010 = p9%001o — o,
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