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Abstract The dynamics of a pair of satellites similar to Enceladus–Dione is inves-
tigated with a two-degrees-of-freedom model written in the domain of the planar
general three-body problem. Using surfaces of section and spectral analysis methods,
we study the phase space of the system in terms of several parameters, including the
most recent data. A detailed study of the main possible regimes of motion is presented,
and in particular we show that, besides the two separated resonances, the phase space
is replete of secondary resonances.

Keywords Enceladus · Dione · Mean–Motion resonance · Periodic orbits ·
Regular and chaotic motion · Secondary resonance · Saturn

1 Introduction

The ratio of the mean motions of Enceladus and Dione around Saturn is approx-
imately 1.993613, which is very near the ratio 2/1. Due to this commensurability,
Enceladus–Dione system (hereafter denoted by E–D) is trapped in a libration such
that their conjunctions occur on a line oscillating, around the pericenter of Enceladus,
with period 11.5 years and small amplitude of the order of 10.4 (Sinclair 1983). As the
pericenters of the orbits of Enceladus and Dione circulate (mainly due to the high
perturbation of Saturn oblateness), the previous conjunctions occur at any point of
Dione orbit, circulating with period of about 3.8 years.

The role of the 2/1 commensurability in the dynamics of the pair E–D was investi-
gated by several authors using analytical methods (Salgado and Sessin 1985; Bevilacqua
and Sessin 1987; Bevilacqua et al. 1989; Message 1999), while others (Ferraz-Mello
and Dvorak 1987; Karch and Dvorak 1988; Shinkin 2001) used numerical methods.
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In this work we revisit the same problem, taking a semi-analytical method, where the
whole dynamics is studied in the framework of the general three-body planar prob-
lem. We have included the oblateness of the planet through J2 and J4 terms, the main
critical angles associated to the 2/1 resonance up to power two in the eccentricities
(i.e., the two critical angles associated to the resonances of Enceladus and Dione and
their first harmonics), and the secular and long-period terms of the disturbing func-
tion. Tittemore and Wisdom (1988, 1990) have shown that a similar model has two
degrees of freedom, and therefore its dynamics can be studied with the technique of
surfaces of section. Here we also use this technique, and the results are checked and
complemented with the spectral dynamical map method developed by (Michtchenko
and Ferraz-Mello 2001). The aim of this work is to obtain a detailed study of the phase
space of the 2/1 Mean–Motion resonance in E–D system.

The current configuration of the E–D pair was probably reached by tidal evolution
(Goldreich 1965; Sinclair 1972, 1983; Henrard and Lemaitre 1983; Peale 1986, 1999,
2003). It is also believed that the observed resurfacing of Enceladus crust might be
related to the resonant dynamics of the system (Peale 2003; Spencer et al. 2006). In
this work we will limit ourselves to the conservative dynamics.

We have organized this paper in the following way: the model, some steps in its
derivation, and the set of the parameters used are discussed in Sect. 2. In Sect. 3,
we show several sets of initial conditions of the pair E–D in different parametric
configurations. In Sect. 4, the core of this paper, the phase space of the system in a
representative plane of initial conditions, is studied in high detail through surfaces of
section and spectral analyses. The conclusions are given in Sect. 5.

2 Model and initial parameters

Let us begin writing the Hamiltonian of a system formed by N satellites with masses
mi, orbiting a parent planet with mass M. A canonical set of variables introduced by
Poincaré (Hori 1985; Laskar and Robutel 1995; Ferraz-Mello et al. 2006) allows us
to write the Hamiltonian for the general form of N + 1 body problem. Let

→
ri be the

position vectors of the satellites relative to the center of the planet, and
→
pi be the

momentum vectors relative to the center of mass of the system. The pair (
→
ri ,

→
pi) form

a canonical set of variables with the Hamiltonian given by

H = H0 + H1 + HJ (1)

where:

H0 =
N∑

i=1

(
| →

pi |2
2βi

− µiβi

| →
r i |

)
, (2)

H1 = −G
∑

0<i<j

(
mimj

�ij
+

→
pi · →

pj

M

)
, j = 1, . . . , N, (3)

HJ = −
N∑

i=1

µiβi

| →
r i |

⎡

⎣−
∞∑

l=2

Jl

(
Re

| →
r i |

)l

Pl(sin ϕi)

⎤

⎦ , (4)
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where µi = G(M + mi), βi = Mmi
M+mi

, �ij = | →
ri − →

rj |, G is the gravitational constant.
Jl are the zonal oblateness coefficients; l = 2 or 4 as mentioned below; Pl(sin ϕi) are
the classical Legendre polynomials and ϕi are the latitudes of the satellites referred
to the equator of the planet. The chosen units are: the equatorial radius of the planet
(Re), day and mass of the planet. Equation (2) defines the Keplerian motion of each
satellite around the planet, while Eq. (3) gives the mutual interaction among the sat-
ellites and Eq. (4) represents the perturbation of the non-sphericity of the planet. In
Eq. (1) we take N = 2, and in Eq. (4) we take l = 2 and 4.

2.1 The planar model

In order to obtain a simplified version of the Hamiltonian (1) for the case of E–D,
we make several expansions and simplifications. Our model is an extension of the
previous one given in Callegari et al. (2004), developed for the “planetary case”. The
main difference between a planetary and regular satellite system is the perturbation
of the oblateness of the central body.

The expansion of the right-hand side of the Eqs. (2), (3) and (4) are resumed as
follows. In the case of H0, we first use the Hamilton–Jacobi theory to rewrite it in the
form

H0 = −
2∑

i=1

µiβi

2ai
, (5)

where ai is the semi-major axis of each satellite orbit.
The expanded form of Eq. (3) can be obtained from classical expressions of the dis-

turbing function. Keeping only the main resonant and secular terms in the expression
of the disturbing function, considering only the planar case since the orbital incli-
nations of Enceladus and Dione relative to Saturnian equator are negligible (Peale
1999), we have,

H1 = Hsec + Hres, (6)

where

Hsec = −Gm1m2

a2

[
a + b

(
e2

1

2
+ e2

2

2

)
+ c

(e1

2

) (e2

2

)
cos(�1 − �2)

]
, (7)

Hres = −Gm1m2

a2
×

{
d

(e1

2

)
cos

[
(1 + r)λ2 − rλ1 − �1

]

+ e
(e2

2

)
cos

[
(1 + r)λ2 − rλ1 − �2

]

+ g

(
e2

2

2

)
cos 2

[
(1 + r)λ2 − rλ1 − �2

]

+ f

(
e2

1

2

)
cos 2

[
(1 + r)λ2 − rλ1 − �1

]

+ h
(e1

2

) (e2

2

)
cos 2

[
(1 + r)λ2 − rλ1 − 1

2
�1 − 1

2
�2

]}
, (8)
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where ei, λi, �i are the eccentricity, mean longitude and longitude of pericenter of the
satellites, respectively; the coefficients a–h are functions of the ratio α = a1/a2 and
r = p/q, where p = q = 1 for the 2/1 resonance (Callegari et al. 2004).

The secular part of the oblateness perturbation given in Eq. (4) is

HJ|aver. =
2∑

i=1

(
1 − e2

i

)− 3
2
[
−µiβiJ2R2

e

2a3
i

+ µiβiJ4R4
e

8a5
i

(
1 + 3

2
e2

i

)]
. (9)

Let us define the following set of canonical variables

I1 = L1 − G1, σ1 = (1 + r)λ2 − rλ1 − �1;
I2 = L2 − G2, σ2 = (1 + r)λ2 − rλ1 − �2;
�1 = L1 + r(I1 + I2), λ1;
�2 = L2 − (r + 1)(I1 + I2), λ2,

(10)

where Li = βi
√

µiai, Gi = Li
√

1 − e2
i . Expanding Eqs. (5), (6) and (9) in power of Ii,

i = 1, 2 up to first order we obtain:

H = Hconst. + 2A(I1 + I2) + 4B(I1 + I2)
2

+ 2CI1 + 2DI2 + 2E
√

I1I2 cos(σ1 − σ2)

+ F
√

2I1 cos σ1 + I
√

2I2 cos σ2 + 2K
√

I1I2 cos(σ1 + σ2)

+ 2RI1 cos 2σ1 + 2SI2 cos 2σ2 (11)

where Hconst. < 0 is the constant part of Hamiltonian, which will be neglected in all
calculations in this paper, and A—F, I, K, R, S are constant coefficients. Table 2 gives
the expression of the coefficients and their numerical values, which were calculated
with the parameters adopted in Table 1. In Table 2, the two quantities, �1 and �2,
are integrals of the motion, since in the averaged Hamiltonian written in terms of
variables defined in (10), the coordinates λ1, λ2 are cyclic. The model has therefore
two degrees of freedom.

In (11), the terms with coefficients A and B come from the Keplerian part (5),
and those with coefficients C, D and E are due to the secular (7) and Keplerian
part. Terms factored by F and I define the main resonance (Enceladus and Dione
resonances, respectively), and those with coefficients K, R, S are the corresponding
second harmonics. Sometimes (e.g., Peale 1986) the importance of the combination
of (σ1 +σ2) is considered at the same level of the terms F

√
2I1 cos σ1 and I

√
2I2 cos σ2.

However since (σ1 + σ2) only appears with the factor 2K
√

I1I2, we prefer to define as
main resonances only the terms F

√
2I1 cos σ1 and I

√
2I2 cos σ2.

Table 1 Set of parameters used in the calculation of the coefficients given in Table 2

(1) J2 (×106) (2) J4 (×106) (3) M (M�) (4) Re (km)

Saturn 16291.8579 −931.1922 1/3499.29 60268
(5) Mass (M × 10−7) (6) Semi-major axes (Re) (7) Period (day) (8) Eccentricity

Enceladus 1.5217 3.9558382 1.374612 0.0045
Dione 19.2794 6.2661284 2.740444 0.0022

1–2: Jacobson (2004); 3–8: Collected from http://ssd.jpl.nasa.gov/horizons.html in 2005, where the
values of the semi-major axes are given for 2005-Jan-01 00:00
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Table 2 Expressions of the coefficients of the Hamiltonian (12) and integrals �i and their numerical
values

Coefficient Numerical value

A = 1
2 GM

[
− k1r

�3
1

+ k2(r+1)

�3
2

]
7.6983 × 10−3

B = − 3
8 GM

[
k1r2

�4
1

+ k2(r+1)2

�4
2

]
−177261.1194

C = 1
2 k12

{
−b

�1�2
2

+ 2(r+1)a
�3

2
+ 2

�2
2

da
dα

β2
2 µ2

β2
1 µ1

[
�1r
�2

2
+ �2

1 (r+1)

�3
2

]}
−7.897728 × 10−3

+Tj2c + Tj4c

D = 1
2 k12

{
1

�3
2

[−b + 2(r + 1)a
] + 2

�2
2

da
dα

β2
2 µ2

β2
1 µ1

[
�1r
�2

2
+ �2

1 (r+1)

�3
2

]}
−5.021339 × 10−3

+Tj2d + Tj4d

E = − k12c
4�2

2
√

�1�2
8.113136 × 10−7

F = − k12d
2�2

2
√

�1
2.198007 × 10−8

I = − k12e
2�2

2
√

�2
−4.897480 × 10−9

K = − k12h
4�2

2
√

�1�2
6.9785637 × 10−6

R = − k12f
8�1�2

2
−5.3880293 × 10−6

S = − k12g
8�3

2
−1.2618983 × 10−6

�1 1.088523 × 10−5

�2 1.735596 × 10−4

where r = p = 1 and,

k1 = µ1β2
1 m1, k2 = µ2β2

2 m2, k12 = Gm1m2µ2β2
2 ;

Tj2c = 1.5(1 + 2p)C1 − 3(1 + p)C2, Tj4c = (3 + 5p)C3 − 5(1 + p)C4,

Tj2d = 3pC1 − 1.5(1 + 2p)C2, Tj4d = 5pC3 − 5(2 + 5p)C4;

C1 = c11β6
1µ3

1

�7
1

, C2 = c12β6
2µ3

2

�7
2

, C3 = c21β10
1 µ5

1

�11
1

, C4 = c22β10
2 µ5

1

�11
2

;

c11 = − 1
2

GMm1R2
eJ2, c12 = − 1

2
GMm2R2

eJ2,

c21 = + 3
8

GMm1R4
eJ4, c22 = + 3

8
GMm2R4

eJ4

In terms of the non-singular Poincaré variables xi = √
2Ii cos σi, yi = √

2Ii sin σi,
the Hamiltonian is given by

H = A(x2
1 + y2

1 + x2
2 + y2

2) + B(x2
1 + y2

1 + x2
2 + y2

2)
2

+ C(x2
1 + y2

1) + D(x2
2 + y2

2) + E(x1x2 + y1y2)

+ Fx1 + Ix2

+ K(x1x2 − y1y2) + R(x2
1 − y2

1) + S(x2
2 − y2

2). (12)

2.2 The current status of the system

It is well known (Sinclair 1972; Henrard and Lemaitre 1983) that σ1 oscillates around
zero with small amplitude and very small free eccentricity (∼10−4), due to the
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existence of a non zero (∼ 0.0045) value of forced eccentricity of the Enceladus
orbit caused by the proximity of the 2/1 resonance. Similar kind of motion where the
critical angle librates, without the existence of a separatrix isolating the circulation
from the libration regime will be denoted here by paradoxical libration (e.g., Sessin
and Ferraz-Mello 1984; Ferraz-Mello 1985). In order to check our model, let us do
some trivial tests with averaged equations of motion, with the aim to see whether
Hamiltonian (12) is appropriate to recover qualitatively the current status of E–D.

We have integrated numerically the four Hamilton equations associated to Eq. (12)1.
We consider initial condition where σ1 is near zero and σ2 is arbitrary because it
is circulating. Figure 1 shows two examples with σ1 librating in the averaged sys-
tem around zero with period around 11.5 years, and σ2 circulating in direct direction
with period of about 3.5 years, similar to the current configuration of the pair E–D
(Sinclair 1972). From numerical experiments we conclude that the period of σi and
forced eccentricities are not so sensitive to slight changes in the initial conditions.
However the libration of σ1 is quite sensitive for different choices of the semi-major
axes.

To close this section, we mention that our constants and parameters are defined
according to Tables 1 and 2 and despite of some uncertainty or sensitivity in the
input data, our averaged model is complete enough to recover and explore the global
qualitative dynamics of the problem.

3 Representative planes of initial conditions

Having in mind that we are going to use surfaces of section, it is very useful to exhibit
some features and location of the initial conditions we are going to select. To this end,
we define a plane of initial conditions, which we call representative plane. Since in the
surfaces of section method, the energy is the common parameter for any orbit, let us
draw some equi-energy curves in a plane. The initial conditions will be taken choosing
some curves in this plane.

We define our representative plane in the following way: from Hamiltonian (12)
we fix σi = 0 or π , i = 1, 2. Then H becomes a function of e1 and e2 only, so that
equi-H curves are easily obtained solving numerically H(e1, e2) = const.. Unfortu-
nately fixing σi = 0 or π means that some asymmetric stable configurations (Jancart
et al. 2002; Beaugé et al. 2005) cannot be covered in our study. Even so, our (e1, e2)
representative plane will give a large variety of interesting regions. The more complex
the structures of the curves in this plane, the more regimes of motion are expected.

The representative plane can be obtained by plotting the contours of the function
H = f (e1, e2), as depicted in Fig. 2. From (12), we can show that, for low eccentricities,
H = f (e1, e2) is a quartic polynomial with respect to e1 and e2. For instance, consider-
ing the level curve l1 (H = −6.25 × 10−12) in Fig. 2, the four open circles r1, r2, r3 and
r4 on the energy level are four values of e2 corresponding to e1 = −0.021. In fact, in
most cases, there may exist up to four real roots (e2) of the eccentricity of the outer
satellite. The roots r1 and r2 correspond, in general, to σ2 = π (e2 < 0) while roots r3
and r4 correspond, in general, to σ2 = 0 (e2 > 0). The pairs (r2,r3) and (r1,r4) will be
called inner and outer pair, respectively.

1 The mean elements obtained are given in Poincaré system, and therefore are not osculating—
Ferraz-Mello et al. 2006.
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Fig. 1 (a, b) Time evolution of the critical angles σ1 and σ2 for two sets of initial conditions: σ1 = 50,
σ2 = 600 (bold lines), and σ1 = 250, σ2 = 1800 (thin lines); in both cases, e1 = 0.0045, e2 = 0.0022.
(c, d) The same plots as shown in (a, b) in the variables ei cos σi × ei sin σi. The black points indicate
initial conditions

Fig. 2 Representative plane of initial conditions. Each curve is a level curve of the Hamiltonian (12),
adopting σ1 and σ2 fixed at zero or π . Positive and negative e1 and e2 correspond to σi = 0 and σi = π ,
respectively. All symbols given by open circles r1-r4, points C, D, M, and three distinct region given
in gray, white and hatched are discussed in Sect. 3. The numerical values of typical level curves (as l1,
l2, l3, l10) are given in Table 4
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For each energy value, the four real roots are distributed in four families of initial
conditions, which will be also called here r1, r2, r3 and r4. For instance, in the case of
level curve l1 in Fig. 2, the outer families r1 and r4 are given by bold lines, the inner
family r2 is given in gray, and the r3 inner family is indicated by white lines. Note that
any orbit of our problem belongs to one level curve with fixed energy and besides this,
it also falls in one and only one subset of solutions which we have called families r1,
r2, r3 and r4. To group the solutions in these families is very important as we will see
in Sect. 4.

Figure 2 shows several contour curves which are distributed on the representative
plane in three main regions, which are delimited by the curves passing through the
zero-gradient points, C, D and M. The level curves with energies smaller than the cor-
responding value of l2, plotted with dashed line in Fig. 2, belong to gray region, and
will be studied in Sect. 4.1. For level curves with energy larger than l2 and smaller than
l10, given in gray-bold line, we are in the white portion of Fig. 2 where the representa-
tive plane is divided in two parts, sharing the common point C. The dynamics in this
region will be studied in Sects. 4.2–4.4. A third region (hatched region) is delimited
by the energy levels l10 and M (the point near the maximum value of energy, where
H ≈ 10.5745 × 10−12), will be the last region to be studied. For e2 > 0 the level curve
l10 shrinks and becomes a point, which is labeled by D in Fig. 2. In other words, this
shows clearly that Fig. 2 is not symmetric. On the other hand, almost all solutions of
the hatched region belong to family r1 or r2.

As discussed in Sect. 2.2, the dynamics of the pair E–D is sensitive to the
initial parameters. In order to investigate how the shapes of the energy levels of
the Hamiltonian (12) depend on these parameters, we plot some level curves for
different values of semi-major axes and Enceladus mass, which are the three most
uncertain “dynamical” parameters of the system.

In the case of semi-major axes of Enceladus and Dione, instead of taking arbitrary
values of these quantities around the current one, let us calculate some probable val-
ues of them which might have been attained during a possible tidal evolution of the
system. For this task we use the simplified expression of the semi-major axes variation
due to tides on Saturn (e.g., Peale 1999):

a13/2
i = a13/2

0i + c(t − t0), c = 39k2
√

G/MR5
emi

2QS
, (13)

where t0 = 4.5×109 years is the stipulated age of the Solar system, t is the past time, a0i
are the current semi-major axes (Table 1), k2 = 0.34 is a value adopted for the k-Love
number of Saturn and QS = 14000 is a minimum plausible value of the dissipation
function of Saturn (Peale 2003).

Different choices of the semi-major axes correspond to distinct values of the coef-
ficients of the Hamiltonian (12) (Table 3). Among all coefficients, Table 3 may be
used to show that A is the most sensitive to changes in the semi-major axes. In fact,
for near circular orbits, the expression for the coefficient A is well approximated by
A ∼ 1

2 [2n2 −n1], where n1, n2 are the mean motions. Therefore, it is enough to redraw
Fig. 2 with different values of A, what is shown in Fig. 3(a–c).

Figure 3(a) corresponds to A = 0.000379 (α = 0.629960), which is very close to
the exact 2/1 commensurability, but the topology of the level curves is very different
from Fig. 2. Just at a glance we can see that the eight-shaped curve appears when the
adopted ratio of the semi-major axes is α = 0.630867, slightly smaller than the value
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Table 3 Numerical values of some parameters and coefficients of the Hamiltonian used in Fig. 3

Figure parameter Coefficients

3(a) a1 = 3.932925, a2 = 6.243134 A = 0.000379,
(α = 0.629960) B = −179247.2303

C = −8.082183 × 10−3,
D = −5.141162 × 10−3,
F = 2.196291 × 10−8,
I = −4.88714 × 10−9

3(b) a1 = 3.949003, a2 = 6.259241 A = 0.005548
(α = 0.630908)

3(c) a1 = 3.960100, a2 = 6.270400 A = 0.009044
(α = 0.631555)

3(d) m1 = 2.61 × 10−7 A = 0.00759
3(e) m1 = 0.19 × 10−7 A = 0.00954
3(f) m1 = 1.9007 × 10−7, A = 0.0076470,

m2 = 19.2752 × 10−7, B = −145879.8111,
J2 = 16290.6/106, J4 = −936.0/106, C = −7.896963 × 10−3,

D = −5.020840 × 10−3,
M = 1/3499.928 M� F = 2.455613 × 10−8,

(Jacobson et al. 2005) I = −6.115516 × 10−9

Units are the same as in Table 1. The column 2 lists the parameters that have changed, and all the
remaining parameters are the same of Table 1

a)

b)

c)

d)

0 0.03-0.03

-0
.0

12
0.

01
2

0

f)

e)

Fig. 3 (a–c) The same as Fig. 2, for different values of semi-major axes of the pair E–D. (d, e) The
same as (a–c), for different values of Enceladus mass. (f) The same as (a–c) for the current set of
masses and oblateness coefficients. The numerical values of the parameters utilized here are given in
Table 3. The scales in all figures are the same as (a). In (d) and (f), the set energy levels are the same
as utilized in Fig. 2
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of α given in Fig. 3(b). For these values of the semi-major axes we can reproduce
Fig. 2, which geometry is characterized by the presence of the three critical points C,
D and M. For values of semi-major axes larger than the “current” ones adopted in
Table 1, a new bifurcation appears near the center of the figure, as is shown in Fig.
3(c).

Figure 3(a–c) show that the general behavior of the level curves is very sensitive
to the adopted values of a1 and a2. Moreover, small changes in α may cause the
appearance/disappearance of different regions as shown in Fig. 2. It is worth to notice
the following points: as briefly discussed in Sect. 2.2, the dynamics of the dynamical
system (12) depends on the choice of the adopted parameters. Now we see that this
choice in fact defines the representative plane. In this work we have adopted Fig. 2
for several reasons. First, the adopted set of parameters allows us to reproduce quali-
tatively the dynamical properties of the “current” system. Second, the representative
plane given by Fig. 2 is sufficiently complex to reveal almost all the important charac-
teristics of the phase space, which are given by the two main resonances of Enceladus
and Dione, and the most important secondary resonances, as we will see in Sect. 4.
Third, values of the semi-major axes of Enceladus and Dione slightly smaller or larger
than the “current” values listed in Table 1, lead to representative planes similar to
Fig. 2 (see Fig. 3b). Quite complex cases occur for sets of the semi-major axes very
larger than the “current” one (as shown in Fig. 3c). The same occurs for very distinct
values of some parameters, for instance, the Enceladus mass (see below). However,
the dynamics of these complex scenarios shown in Fig. 3 will not be studied in this
paper, since this subject will be undertaken in a future paper.

The dependence of the level curves with respect to the mass of Enceladus is shown
in Fig. 3(d, e). In Fig. 3(d) we consider the largest value of Enceladus mass that we
found in the literature: m1 = 2.61 × 10−7 M (see Jacobson et al. 2006, and references
therein). We see that the structure of the level curves observed in Fig. 2 is maintained,
and the main change is given by a higher deformation of the level curves in e2 axis,
which is expected since the higher is m1, the stronger will be the perturbation of
Enceladus on Dione orbit. The opposite occurs using the smallest value of m1 given
by m1 = 0.19 × 10−7 M, as we show in Fig. 3(e): in this case, a new center near the
origin of the figure arises (similar to Fig. 3c), changing significantly the topology.

Recently, due to Cassini mission, more precise data of Saturnian system were issued
(Table 3; Jacobson et al. 2005). Figure 3(f) is obtained with these new data, but there
is almost no difference when compared to Fig. 2.

4 Dynamics of the 2/1 mean–motion resonance

As our dynamical system has two degrees of freedom, the surfaces of section tech-
nique can be used in the study of the dynamics. We can define two surfaces of section
(Tittemore and Wisdom 1988): one related to the inner satellite motion (here called
Enceladus section), and another one for the outer satellite (Dione section). The
Enceladus section is defined through the condition y2 = 0 and is represented on the
plane (e1 cos σ1 × e1 sin σ1). The Dione section is defined through the condition y1 = 0
and is represented on the plane (e2 cos σ2 × e2 sin σ2). The above conditions of the
sections (yi = 0) are done according to the initial direction of the flux, which depends

on the set of initial conditions. In the case of the inner family r1, we take dy2

dt
|0 > 0
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Fig. 4 (a) Surfaces of section of Dione (Dione section). The value of energy is indicated at the top,
and the main regimes of motion at the bottom of the figure. (b) Surfaces of section of Enceladus
(Enceladus section). (c) Detail around the center RDI in the region of Enceladus section drawn in
black rectangle in (b). (d) IPS corresponding to a portion in Enceladus section around SDI

in the Enceladus section, and dy1
dt

|0 < 0 in the Dione section. In the case of the inner

family r2, we consider dy2

dt
|0 < 0 in the Enceladus section, and dy1

dt
|0 < 0 in the Dione

sections.
In this work, all surfaces of sections are done with the family r2, except in Fig. 4

and in the Appendix, where we use the family r1. The reason will be clear in Sect. 4.3:
the family r2 passes through the region of phase space where all important periodic
orbits are present. If we have preferred to choose the family r1, for instance, several
important aspects of the dynamics would be lost (Callegari et al. 2004, 2006).

We also construct individual dynamic power spectra (hereafter denoted by IPS),
for the set of solutions with initial condition e1 sin σ1 = 0 on the Enceladus sections.
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Table 4 Energies used in the
construction of the surfaces
of section and IPS, and the
main regimes of motion
in the corresponding
sections

Figure Energy level Regimes of motion
(×10−12)

4 l1/−6.25 RE, RDIP, RDI
6 l2/0.353588 RE, RS1, RS2, RS3, RS4, RDI
9(a) l3/1.71127 RE, RS1, RS2, RS3, RS4, RDI
9(b) l4/2.55203 RE, RS1, RS2, RS3, RS4, RDI
9(c) l5/4.46777 RE, RS2, RS3, RS4, RDI
9(d) l6/4.58145 RE+RS2
10(a) l7/6.84695 RE, RS3, RS4, RDI
10(b) l8/6.98703 RS3, RS4, RDI
10(c) l9/8.74751 RE, RS4, RDI
10(d) l10/9.72412 High order secondary resonances,

RE, RDI
10(e–f) l11/10.55915 RE, RDI

For each initial condition, the orbit is Fourier analyzed with a FFT, and the IPS are
constructed showing, for each initial condition, the main frequencies present in the
oscillation of the x1 variable. Then, in the spectrum, we consider only peaks with
amplitudes greater than a prefixed fraction (usually 0.1% of the largest peak in the
spectrum). The spectrum of the solutions obtained with the two-degrees of freedom
dynamical system given by Eq. (12) has two fundamental frequencies, their harmon-
ics and linear combinations. In fact, each angular variable representing the variations
of the satellites orbits, oscillates with two independent frequencies. We will call the
independent frequencies associated to σ1 and σ2 by proper frequencies.

The study of the phase space of our system will be done in the next sections with
some surfaces of sections and IPS, considering some convenient level curves of Fig. 2.
The values of energy used in the surfaces of sections are given in Table 4.

4.1 The main resonances

Let us begin with the level curve l1 in Fig. 2, where the value of the energy is
H = −6.25 × 10−12. At this energy, three main structures appear, corresponding
to the centers of the main regimes of motion.

Regime RDI. The fixed point indicated by RDI in Fig. 4(a) is the center of the
true libration of σ2 around π , while σ1 and �� = σ1 − σ2 = �1 − �2 circulate
in retrograde direction. The regime of motion RDI is associated to the Dione main
resonance, which separatrix is indicated by SDI. In Fig. 5, in order to illustrate the
details of the regimes of motion, we show the time-evolution of the angles of some
orbits with initial conditions very near the centers of RDI and RE. In Fig. 5(a), we
can see two periods in the time variation of σ2: one associated to the proper motion
of σ1, with period of about 3 years, and the other associated to the proper libration of
σ2 itself, with period of about 30 years. From Fig. 4(b, c) we can see that the center of
the regime RDI appears in the Enceladus section almost hidden and squeezed against
the border of the figure, on the right. The separatrix SDI cannot be seen easily in
the surface of section, but can be identified in the IPS shown in Fig. 4(d): near SDI,
the distribution of the main frequencies are not smooth and their values tend to zero,
characterizing chaotic motion. The main frequencies in the IPS are defined in the
Appendix.
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Fig. 5 Time variation of the critical angles around the centers of the main regimes of motion in
different regions of the phase space. (a) Initial condition near the center of RDI shown in Fig. 4(a).
(b) The same as (a) for RDIP. (c) Initial condition around the center of RE shown in Fig. 4(b), for
e1 = 0.0005. (d) The same as (c), for e1 = 0.0005115. (e) The same as (c), for e1 = 0.000517. (f) Initial
condition around the center of RE in the case of Fig. 6. The bold line shows �� . (g) The same as (f),
in the case of Fig. 9(a). (h) The same as (f), in the case of Fig. 10(e,f). In all figures, excepting (a, g, h),
the scale of the y-axis must be read in degree or radian

Regime RDIP. The fixed point indicated by RDIP in Fig. 4(a) is the center of the
libration of σ2 around zero, where σ1 circulates in retrograde direction (Fig. 5b). This
motion of the critical angle σ2 is of the type of a paradoxical libration (see Sect. 2.2). In
the paradoxical libration, the forced center due to resonance exists, which is located
very near the origin. This kind of motion is different from true libration associated to
the separatrix SDI defining the main resonance zone around RDI.
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Regime RE. The fixed point RE shown in Fig. 4(b) represents a periodic orbit with
σ1 librating about zero, and σ2 and �� circulating in retrograde and direct direction,
respectively. In the sequence shown in Fig. 5(c–e), we see the time evolution of σ1 and
σ2 for several initial conditions near the center of RE. The proper oscillations associ-
ated to the motion of σ1 and σ2 have periods of about 1.4 and 2.5 years, respectively.
Figure 5(c) shows that, at a distance rather far from the center of RE, the amplitude
of proper libration of σ1 is large, and the presence of the second frequency associ-
ated to σ2 is almost not visible. As we take initial conditions near the center RE, the
amplitude of the proper motion of σ1 becomes smaller, and the oscillation associated
to the motion of σ2 dominates (Fig. 5d). Very near the center of RE, the amplitude
of proper libration of σ1 tends to zero, and only the oscillations associated to σ2 are
visible in the motion of σ1 (Fig. 5e).

It is interesting to discuss Fig. 5(e) in more detail. Note that even though the initial
condition is very near the center of RE, where the amplitude of proper motion of
σ1 is almost zero, σ1 remains oscillating about zero with the frequency of σ2. This
kind of motion can be understood geometrically as follows. Let us consider the three
instants of time, indicated in Fig. 5(e) by t = 0, tA and tB. When t = 0, σ1 = 0, σ2 = π ,
�� = −π , which means that the orbits are initially anti-aligned. In tA, σ1 = σ2 = 0
and therefore �� = 0, which means that now the orbits are aligned. In tB, after
one period, σ1 = 0, σ2 = π , and therefore the satellites orbits return to the initially
anti-aligned configuration. That is, exactly at the center of RE, the motion of the
pericenters of both orbits varies periodically between anti-aligned and aligned orbits,
with the same period of σ2.

Finally, we note that the motion of the critical angle σ1 around RE center is of the
kind of paradoxical libration, similar to the center RDIP discussed above for the case
of Dione. In that case, there was a true separatrix associated to the Dione resonance.
In the present case of RE, however, there is no separatrix associated to the “true”
resonance of Enceladus.

Now let us consider the level curve l2 in Fig. 2. The surface of section and the
corresponding IPS are shown in Fig. 6. At this energy, the period of proper libration
of σ1 around RE is about 14 years (Fig. 5f), in opposition to the ≈1.4 years shown in
Fig. 5(c, d). At this energy, σ2 and �� also librate, and the period is about 3.5 years.
This occurs because the centers of RDPI and RE coincide, but this point will be bet-
ter explained in Sect. 4.3 when the dynamical map will be presented. The numerical
values of the frequencies associated to the proper motion of σ1 and σ2 around RE
can also be seen in Fig. 6(c), which shows the individual power spectra (IPS). The
main frequencies are indicated by fσ1 and fσ2 , and the other frequencies associated to
harmonics are indicated by 2fσ1 , 3fσ1 .

4.2 Secondary resonances

Inspection of all plots in Fig. 6 shows that, between the domains of the main regimes
RE and RDI, there are several other small structures. In fact, in this portion of phase
space the other centers are associated to exact commensurability between the proper
frequencies of σ1 and σ2. We will refer to these centers as secondary resonances, which
will be named by RS1, RS2, . . . etc. In the similar way, the dynamics in the vicinity
of the fixed points is very particular, so that we call regime RS1, RS2 etc, for each
secondary resonances, respectively.
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Fig. 6 (a) Dione section. (b) Enceladus section. The regimes of motion indicated by RE, RDI,
RS1-RS4 are discussed in Sects. 4.1–4.2. (c) IPS corresponding to the interval of initial conditions
used in (a, b). (d, e) Enlargements of the regions of phase space inside the dashed squares shown
in (a, b), respectively. The black points near the centers of RS1, RS2, RS3 and RS4 have ordinates
e1 = 0.013615, 0.01518, 0.017, 0.01817, respectively, and correspond to initial conditions used in
7(a–h). (f) Details of a region at right of the IPS shown in (c)

Regime RS1. Fig. 6(b, e) show that the center RE is surrounded by three small
islands. Figure 7(a) shows an orbit inside the domain of these islands: we can see that
the evolutions of the critical angles are characterized by the retrograde circulation of
σ1 and direct circulation of σ2. We note that inside the thin domain around this center,
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Fig. 7 (a–h). Left: Time evolution of the critical angles for the initial conditions indicated by black
points shown in Fig. 6(d, e). Right: Corresponding time evolution of the variables θi associated to
secondary resonances RS1–RS4. (i) Circulation of the variables θ1 and θ2 for initial condition around
RS1 and RS2, respectively, in the cases shown in Figs. 9(a) (RS1) and 10(a) (RS2). (j) Libration of σ1
and circulation of θ3 for initial condition near the center of RS3 for H = 7.40725 × 10−12
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denoted by RS1, the two fundamental frequencies have a ratio approximately equal
to 3. In IPS given by Fig. 6(f) we can note that the loci of fσ2 coincides with the loci of
3fσ1 around RS1. In fact, well inside the center of RS1, we have fσ2 = 3fσ1 . Therefore,
it is interesting to analyze the behavior of the variable θ1 = 3σ1 + σ2: Fig. 7(b) shows
that θ1 librates around π with period of 230 years. In Fig. 6(f), the line corresponding
to this small frequency is indicated by fθ1 .

The regime of motion RS1 is a clear example of a kind of motion which we will
call by secondary resonance. In fact, dynamical system with two degrees of freedom
is replete of secondary resonances between the main frequencies of the problem. The
appearance of these secondary resonances depends on the region of phase space and
the fixed parameters (Lichtenberg and Lieberman 1983; Lemaitre and Henrard 1990),
and their importance in the dynamics of systems of satellites is discussed in several
papers (Tittemore and Wisdom 1990; Malhotra and Dermott 1990; Champenois and
Vienne 1999).

Regimes RS2, RS3, RS4. Figure 6 shows some additional secondary resonances
associated to fixed points RS2, RS3, RS4. The angular variables associated are θ2 =
2σ1 +σ2, θ3 = σ1 +σ2, θ4 = σ1 +2σ2, respectively. For the energy used in Fig. 6, around
the fixed points of RS2, RS3 and RS4, the variables θ2, θ3 and θ4 librate around π , π

and zero, respectively (Figs. 7c–f). We have selected these three secondary resonances
because they are associated to low order commensurabilities between σ1 and σ2.

We note two additional points: (1) The amplitude and period of libration of θi
depend on the initial condition and the amplitude tends to zero around the fixed
points. In this case, only the amplitudes associated to the proper modes of σ1 and σ2
can be seen in the time evolution of the orbits. (2) The domain of the centers are sep-
arated by chaotic separatrices. In Fig. 6(a, b), we indicate the separatrices associated
to RS1, RS2 and RS3 by SRS1, SRS2 and SRS3, respectively.

4.3 Dynamical map

Now that we have discussed the main regimes of motion and the time variation of typ-
ical orbits of each regime, we are in position to investigate some qualitative features
of the orbits. More precisely, with the use of the dynamical map we can get a general
view of the distribution of chaotic and regular orbits in the (e1, e2) plane. It is based on
the spectral number (Michtchenko and Ferraz-Mello 2001; Ferraz-Mello et al. 2005),
and is constructed integrating the averaged equations of motion for initial conditions
in a fine grid of 801 × 301 points in the representative plane shown in Fig. 8. For each
integration, the solutions are Fourier analyzed. The spectral number N is defined as
the number of significant spectral peaks with amplitude greater than a cut limit, for
instance, 0.1% of the highest peak of the variable x1. Therefore each point of the grid
is labeled with this N and the grid is plotted in a gray code map.

The white strips in Fig. 8 correspond to the immediate neighborhood of periodic
orbits, where only one significant peak is seen in the spectrum (N = 1). The light
regions (small N) correspond to regular (periodic or quasi-periodic) orbits, while
darker regions (large N) indicate nonharmonic or chaotic motion associated to the
separatrices of the problem. As mentioned before all the initial conditions to gener-
ate the surfaces of section are extracted from the representative plane. Therefore the
general features of the dynamics revealed by sections (mainly related to fixed points)
can be identified on the representative plane. In Fig. 8 some level curves of Fig. 2 are
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Fig. 8 (a) The dynamical map of the 2/1 Mean–Motion resonance for E–D system. N is the spectral
number defined in Sect. 4.3 All labels RDI, RE, RS1–RS4 etc are defined in Sects. 4.1 and 4.2. The
scales of the axes are not the same for better resolution. Some level curves shown in Fig. 2 are also
plotted. The black and white bold lines are the loci where σ̇1 = 0 and σ̇2 = 0, respectively. The black
symbols (point, square, triangle) show the positions where RE touches the centers of RS1, RS2 and
RS3, respectively. The gray points near RE represents the actual possible position of the pair E–D in
the plane. Open circles indicate intersection with l1. (b) Detail of (a) around the point of maximum
energy M. The open triangle gives the position of the center of RS3 on the level curve l8
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also shown superimposed to the dynamical map. With this technique, the fixed points
like RDI, RDIP, RE, RS1 etc can be identified on the corresponding level curves.

The letters RE, RDI, RDIP in Fig. 8 are fixed points corresponding to the centers
of the islands obtained in Figs. 4 and 6. Since they represent stable orbits, usually
the motion is regular in a small vicinity of these periodic orbits. In the particular
case of RE, RDI and RDIP, the path of their periodic orbits can be obtained ana-
lytically in the plane (e1, e2), through Hamilton equations dσ1/dt = ∂H/∂I1 = 0 and
dσ2/dt = ∂H/∂I2 = 0. The loci of RE is obtained directly from dσ1/dt = 0 and is
indicated in Fig. 8(a) by black bold line, while the loci of RDI and RDIP come from
dσ2/dt = 0 and are indicated by white bold lines. These curves intercept themselves in
the zero-gradient points D, C and M and there is a good agreement between the ana-
lytical results and those obtained with the map. Note that at the point C, the regimes
RE and RDIP coincide. We can consider the level curve l2 a bifurcation value which
probably may give rise to different periodic orbits associated to secondary resonances.

Figure 8(a) shows two gray points drawn in the regions defined by σ1 = 0, σ2 = 0
and σ1 = 0, σ2 = π , where we have used the values of the eccentricities given in
Table 1. These points can be considered as projections representing the approximated
positions of the actual pair E–D in the representative plane of initial conditions. In
fact, according to Sect. 2.2, the current configuration system is near RE since σ1
librates about zero, and the white points are very near the white strips associated to
RE. Moreover, according to Sect. 2.2, actually σ2 circulates in direct direction, what
might occur along both families of initial conditions, r2 and r3, as we will see below in
Sect. 4.4.

The intersections of the energy levels l1 and l2 with the white and black strips asso-
ciated to all centers and separatrices in Fig. 8 occur for values of e1 and e2 which are in
good agreement with Figs. 4 and 6. For instance, the white circles on l1 indicated the
loci of the separatrix SDI between regimes RE and RDI. This separatrix is associated
to Dione resonance, not to paradoxical libration of Enceladus RE. In the same way,
the intersection of the outer “black ring” and l1 indicated by black circles denoted
by P1 and P2 corresponds to separatrices associated to very high order secondary
resonances, as will be discussed in the Appendix.

4.4 Continuation of the regimes of motion

In order to follow the evolution of the centers of the main regimes and secondary
resonances for larger values of energy, let us consider the level curves l3–l11 in Fig. 2.
Figure 9 shows, in each plot (a–d), the Enceladus sections (top) and IPS (bottom). At
energies used in Fig. 9, the main quantitative changes are related to regimes RE and
RS1, and let us discuss only these two cases. In the case of RE, σ2 now circulates in
direct direction (Fig. 5g), because we are in the inner family r2 (the direction of circu-
lation of σ2 depends on the set of initial condition: direct and retrograde circulation
in the inner and outer families, respectively). Comparing all IPS shown in Figs. 9 and
6(c), we can see that the values of the fundamental periods of σ1 around RE did not
change significantly in this portion of the phase space (compare also Fig. 5(f,g) and
IPS). In the case of RS1, we can see from Fig. 9(a) that the center of the islands are
located on the right of the figure, and therefore the proper motion associated to σ1
is the libration about zero. In this case, inside RS1, the variable θ1 = 3σ1 + σ2 now
circulates (Fig. 7i) because σ1 librates while σ2 circulates. Note that σ1 begins to librate
in RS1 because its domain becomes smaller than that observed in Fig. 6(b), even the
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Fig. 9 (a–d) Enceladus section (top) and IPS (bottom), for different values of energy. The value of
energy is shown at the top of Enceladus sections. The regimes of motion are indicated at the bottom.
(a) Energy level l3. (b) Energy level l4. The vertical “bars” near the separatrix SDI is indicated in the
IPS. (c) Energy level l5. (d) Energy level l6
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forced eccentricity of RE is smaller. (In fact, for energies larger than l1, the value of
the forced eccentricity of the center of RE decreases, as we can see from the loci of
RE given in Fig. 8.)

For energy given in Fig. 9(b), we see that the domain of RS1 becomes smaller.
In fact, for slightly larger values, the islands around the fixed point RS1 vanish. In
Fig. 8(a), the black point located between l3 and l6 on the energy level H = 2.63604 ×
10−12, shows the position on the representative plane where the periodic orbits asso-
ciated to RS1 and RE cross themselves. It is interesting to note that the gray points
associated to the actual position of the pair E–D in the representative plane are also
located between l3 and H = 2.63604 × 10−12. This suggests that the current configu-
ration of the pair E–D is near the loci of a secondary resonance of the kind of RS1.
It is worth to notice that in this work we do not intend to give the precise location of
the system in the representative plane (see discussions in Sects. 2.2 and 3).

Increasing the energy, the center of RE appears isolated again on the surface of
section and on the IPS, as shows Fig. 9(c). The main changes are related to the domain
of RS2, which becomes smaller in Enceladus section. Figure 9(c) shows that RS2 is
located on the positive part of x-axis, and therefore σ1 librates about zero for all initial
conditions within RS2. In this case the variable θ2 no more librates (Fig. 7i). The
distribution of frequencies of the higher harmonics in the IPS also suffers changes.
For instance, the “long-period” oscillation, occurs due to a quasi-commensurability
between the proper period of libration of σ1 and the period of circulation of σ2 in the
2/1 ratio. Very near the center of RE, the amplitude of these harmonics tends to zero;
but, sometimes, this is not visible mainly when the cut limit adopted is very low (see
for instance Fig. 10b below).

For larger values of energy H = 4.58145×10−12 (l6), the islands around RS2 vanish.
Figure 9(d) shows the Enceladus section and IPS around RE where the fixed points
RE and RS2 are very near. In the dynamical maps shown in Fig. 8(a,b), the position
of the encounter between RE and RS2 is indicated by a black square.

Figure 10(a) shows that at energies given approximately by H = 6.84695 × 10−12

(level curve l7), the domain of RE in the surface section is small and slightly smaller
than the domain of RS3 (the forced eccentricity of RE is very small). Note that
although the curves in the surface of section may suggest libration of σ1 within the
banana separatrix of RS3, both critical angles remain circulating, similar to the case
shown in Fig. 7(e). Figure 10(b) shows the presence of only one fixed point (RS3),
what means that at these energies the periodic orbit associated to RE suffers another
encounter with low order secondary resonances (the two others cases discussed here,
appeared when RE encountered RS1 and RS2). To better understand the absence of
RE in Fig. 10(b), consider Fig. 8: the level curve l8 crosses the separatrix of RS3 in
the point indicated by a black triangle, and touches only the periodic orbit associated
to RS3 at right, indicated by an open triangle. The IPS shown in Fig. 10(b) shows a
complex distribution of harmonics around the lines associated to fσ1 and fθ3 , leading
to σ1 and θ3 alternate their motion between libration and circulation except for initial
condition very near the fixed point of RS3. Increasing the energy, σ1 librates around
zero for trajectories near the fixed point of RS3 while σ2 and θ3 circulate, similar to
the case of RE studied before (see Fig. 7j). We can therefore denote this new regime
of motion by RE again.

The above scenario, characterized by repeated encounters between the fixed points
associated to RE and secondary resonances, occurs until energies H ≈ 9.72412×10−12,
which corresponds to the value of the level curve l10. For instance, Fig. 10(c) shows the
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Fig. 10 (a,b) The same as Fig. 9. Since the domain of Enceladus section and IPS are small, we have
changed the scale of the figures for better resolution. (a) Energy level l7. The separatrices SRS3 and
SRS4 are indicated in the IPS. (b) Energy level l8. fσ1 and fθ3 indicate the curves in the IPS associated
to proper frequencies of σ1 and θ3, respectively. (c) IPS for the energy level l9. (d) IPS for the energy
level l10. (e) Enceladus section for the energy level l11. (f) Dione section corresponding to (e)
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IPS constructed for the value of energy where the encounter between RE and RS4
occurs. Figure 10(d) shows the IPS corresponding to level curve l10. On this energy
level, almost all initial conditions belonging to inner family r2 are located very close
the domain of SDI, explaining the complex structure seen in Fig. 10(d) around a small
center corresponding to RE.

The energy level l10 defines the region of initial conditions denoted by Region D in
Sect. 3. Fig. 10(e, f) shows Enceladus and Dione sections, respectively, corresponding
to energy level l11 well inside Region D. At these values of energy, the dynamics is
very regular, with the predominance of the two centers associated to RE and RDI.
Fig. 10(e, f) shows that in the Enceladus section, RE is the dominant regime of motion,
whereas in the Dione section RDI dominates the phase space. We can see that the
domain of RE and RDI are very small, and σ1 and σ2 librates about zero and π ,
respectively, for all trajectories (see Fig. 5g). The Region D corresponds to the co-
rotation zone (e.g. Michtchenko et al. 2006). The periodic orbits associated to the two
main resonances inside Region D are also seen in Fig. 8(b).

The small domains of the regimes in the sections occur since for these energies the
system is near the point of the maximum (H ≈ 10.5745 × 10−12), and beyond this
value the quartic Hamiltonian has no real roots and no motion is possible.

5 Conclusions and discussion

The main objective of this paper is to present a general study of the dynamics of
a pair of satellites similar to Enceladus and Dione with a planar model with two
degrees of freedom. Using the surfaces of section and spectral analysis techniques
conveniently designed for the present Hamiltonian, we studied in details a particular
region of the phase space inside the 2/1 resonance and assigning for the constants
and parameters the current values of the E–D pair. The approximate position of the
system in the representative plane of initial conditions confirm the known fact that,
for low eccentricities, the two resonances, the Enceladus (RE) and Dione (RDI), are
well separated, due to high value of Saturn oblateness. We found also that the phase
space is filled with several secondary resonances. Then we studied in detail four of
them (RS1, RS2, RS3, RS4). The current position of Enceladus is probably near one
secondary resonance of the kind of RS1.

The complexity of the 2/1 resonance for Uranus’ regular satellites was already
pointed by Tittemore and Wisdom (1990). In their case, the small oblateness of
Uranus can cause the overlap of the main resonances, which enhances the diffi-
culties of the problem. In our case, the resonances are well separated, however the
phase space is replete of numerous secondary resonances. In the literature (see Peale
1986, and references therein), there are several studies about the dynamics of the pair
E–D with integrable models. Our results show that the presence of several secondary
resonances of low order near to the main resonances makes the 2/1 resonance much
more complex. Therefore, systems of satellites like Enceladus and Dione where the
parent body have large oblateness must be dealt with models more general than those
reducible to one degree of freedom.

Secondary resonances might have played important role in the past, although cur-
rently, they do not cause any significant chaos. The role of secondary resonances
during the tidal evolution of natural satellites was subject of several works (e.g.,
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Fig. 11 (a) Individual dynamical map corresponding to Fig. 4(b). P1, P2 are also shown in Fig. 8(a)
by black circles. (b) Details of the initial conditions around P2 shown in (a)

Tittemore and Wisdom 1990; Champenois and Vienne 1999; and references therein).
In our case, a similar investigation will be presented in a future work.
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Appendix

This Appendix shows the IPS corresponding to some initial conditions related to
Fig. 4(b–d). In this case the motions are very regular (except near the separatrices),
and, in order to identify the main frequencies and their harmonics—which are indi-
cated in Fig. 11(a)—we used the cut amplitude equal 0.01% of the largest pick. The
smaller frequency is associated to high order secondary resonances, whose value tends
to zero around the separatrices denoted by SP2 and involves the region P2—shown in
detail in Fig. 11(b). In Fig. 11(b) the cut amplitude is 0.001% of the main peak. Note
that P2 is the small portion of the “black ring” seen in Fig. 8(a). The dynamics along
the very small domain inside P2 do not show new features, and the two critical angles
circulate in retrograde direction.
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