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INCOMPLETENESS OF ARITHMETIC
FROM THE VIEWPOINT
OF DIOPHANTINE SET THEORY

A. M. Gupal'" and 0. A. Vagis'? UDC 19.217.2

Abstract. The authors analyze Diophantine sets and show that all recursively enumerable sets are
Diophantine. Based on the classical results from the theory of recursive functions, a simple version
of the theorem on the incompleteness of arithmetic is provided: there is a polynomial that has no
positive integer solutions, and for which it is impossible to prove the absence of positive roots.
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INTRODUCTION

The well-known Godel’s incompleteness theorem is a result releted to formal arithmetic, where the computability
theory and logic are interrelated. The proof of incompleteness has a number of auxiliary statements and is still a
challenge. Based on the classical results from the theory of recursive functions and Diophantine sets, a simple proof of
the incompleteness of arithmetic is given.

In 1971, an important result was obtained about the undecidability of Hilbert’s tenth problem, namely, whether there
exists an algorithm that, given a polynomial p (xy,...,x,, ) with integer coefficients, recognizes the existence of solutions to the
equation p=0 in integers. Mathematician Yu. V. Matiyasevich showed that such an algorithm does not exist [1].

The main technical result obtained during the proof of the undecidability of Hilbert’s tenth problem is a theorem
on the coincidence of the class of Diophantine sets and of the class of recursively enumerable sets. The following result
testifies to the computational capabilities of polynomials: it is possible to explicitly specify a polynomial of many
variables with integer coefficients such that the set of all positive values that it takes for integer values of the variables is
exactly the set of prime numbers.

DIOPHANTINE SETS

Diophantine equations are equations of the form
D(ay,...,a,, X1,...,x,,) =0, (1)

where D is a polynomial with integer coefficients with respect to all the variables ay,...,a,, x{,...,X,,, divided
into two parts: parameters ay,...,a, and unknowns xp,...,x,,. When the parameter values are fixed, specific
Diophantine equations are obtained.

When choosing different parameter values, equations that have solutions and equations that do not have solutions
are obtained. Parameters of the Diophantine equation (1) determine some set I, which consists of all the sets of the
values of parameters ay,...,a,, for which there exist values of variables xi,...,x,, that satisfy Eq. (1):

(ar,...,a,) €M< Axy,.,x, [D(ay,..s @y Xpses Xy, ) =01 )
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The number 7 is the dimension of the set I, and equivalence (2) is the Diophantine representation of the set I .

We need to solve the following problem: given a set consisting of n-tuples of natural numbers, establish whether
this set is Diophantine, and if so, find any Diophantine representation for it. Sometimes, the Diophantinity of a set is
trivial; for example, the set of all even numbers is obviously Diophantine. In other cases, it is technically difficult to
detect Diophantinity, for example, for prime numbers.

Union of two Diophantine sets of the same dimension is a Diophantine set. Indeed, if D; (ay,...,a,,, xq, s X, )=0
and D, (al,...,a,,,xl,...,xm2 )=0 are Diophantine representations of two sets, then D;(ay,...,a,, Xseees X, )
x D, (ay,...,a,, X1,...,%,,,) =0 is the Diophantine representation of their union.

Intersection of two Diophantine sets of the same dimension is also Diophantine and is determined by the equation

2 2
Dl (ay,....a,, xl,...,)cml)+D2 (ay,...,a,, xl,...,xm2)=0.

It is shown that the complement of the set of n-tuples of natural numbers to the set of all n-tuples of natural
numbers is not necessarily a Diophantine set, and this fact is not trivial at all.

It became possible to specify the type of equations in Diophantine representations by the set of natural numbers
(i.e., in the case n=1). It is easy to understand that the equation

D(a,xq,...,x,,)=0 3)

has a solution in the unknowns xi,...,x,, if and only if the equation

(xo +D) (=D (xg,....x,, ) ~1=a (4)

has a solution in the unknowns x,...,x,, . Indeed, from an arbitrary solution of Eq. (3), it is possible to obtain
solution (4) for xy =a. On the other hand, the coefficient (l—D2 (xg,...,x,,)) must be positive, which is only

possible if D(xg,...,x,,)=0. In this case, it follows from (4) that x; =a, and this means that (3) also holds.
Thus, a set of natural numbers is Diophantine if and only if it is the set of all natural values acquired by some
polynomial with integer coefficients for the natural values of the variables.

LOGICAL TERMINOLOGY

Instead of using sets, it is more convenient to use the properties and relations (predicates) between numbers.
A property P of natural numbers is the Diophantine property if the set of all numbers that have the property P is
Diophantine. Respectively, the equivalence of the form

P(a) & 3xy,...,x,, [D(a,xq,..., x,,)=0]

is called the Diophantine representation of the property P.
Similarly, relation R between n natural numbers is called a Diophantine relation if the set of n-tuples of natural
numbers contained in the ratio R is Diophantine; respectively, equivalence of the form

R(ay,...,a,)< 3x),...,x, [D(a;,...,a,, X1,...,x,,)=0]

is called the Diophantine representation of the relation R.

According to this terminology, union of sets is associated with the construction of a new property (relation) using
the logical operation “or” (disjunction). In other words, if Ry and R, are two Diophantine relations (or properties), then
relation R (property) such that R(ay,...,a,) < Ri(ay,...,a,)v Ry(ay,...,a,) holds for all ay,...,a,, is also
Diophantine.

Similarly, the logical operation “and” (conjunction) corresponds to intersection of sets. The equivalence of
the type R(ay,...,a,) < Ri(ay,...,a,)& Ry(ay,...,a,) is also considered as a general Diophantine representation
of the relation R if R; and R, were proved to be Diophantine.
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The concept of a Diophantine function as a function whose graph is a Diophantine set is an important method of
establishing Diophantinity. Respectively, a Diophantine representation of the function F is the equivalence of the type

a=F(b,...,b,) = 3Ixy,....x,,[D(a,by,...,b,, x,...,x,,)=0],

where D is a polynomial with integer coefficients.

EXAMPLES OF DIOPHANTINE SETS, RELATIONS, AND FUNCTIONS

Let us give some simple examples: Diophantinity of inequalities < and <
a<be dx[a+x=>b], a<b< Ax[a+x+1=0].

Diophantinity of the Set of all Even Numbers: 3 x [a¢ =2x]. Diophantinity of the division relation a | b < I x[a x = b]

makes it possible to give a general representation of the Diophantinity of the function rem (b, ¢), which is a remainder of
the division of b by ¢: a =rem(b,c) < a<c&c|b—a.

Based on the Diophantinity of rem, we can give a general Diophantine representation of the function bdiv c,
which is the integer part of the division of » by c:

a=bdivc<s ac+rem (b,c)=b

and the general Diophantine representation of the ternary comparison positive modulo « =b(modc)
=rem (a, c) =rem (b, c). The function ddiv ¢ plays an important role in establishing the Diophantinity of the power

function b€.

The general Diophantine representation of the function GCD (the greatest common divisor of positive integers)
is obtained:
a=GCD (b,c) <= bc>0& a|b&Ixyla=bx—cy].

LANGUAGES FOR DESCRIPTION OF DIOPHANTINE SETS

Language A = {+ x,=,3}, where 3 is the existence quantifier, makes it possible to represent any polynomial
p(a,x) and make conclusions in the form 3xp (a,x) =0, where a = {ay,..., a;}, x = {xq,...,x,, } . Then it is possible to
characterize Diophantine sets as such and only such that are representable by the language 4, . However, the capabilities
of language 4, are limited and it cannot be used to express many sets interesting from the number-theoretic point of
view. For example, a set of prime numbers can be expressed by the formula

p>1&Vy< pVz< plyz#pvy=lvz=1],

which includes the limited universal quantifier V..
Yu. V. Matiyasevich studied languages | — A 5, the capabilities of each subsequent language being increased.
Collectively, they contain symbols +, x, T (the exponentiation operator), =, #, >, >, | (division operation), limited

universal quantifier V. (mod), &, v, 3, as well as some functions. Language 45 can be obtained by adding the limited
universal quantifier 5 = 7, U{V_}.
Proving the Diophantinity of the function of two arguments b and of the limited universal quantifier turned out to

be technically difficult. Based on the Diophantinity of the function »¢, the Diophantinity of the binomial coefficients and
of the factorial was obtained, and the Diophantine representation of prime numbers in a different form was given:

Prime(a) < a>1& GCD (a, (a—-1)!)=1.

Matiyasevich proved the equal volumes of the languages 4, and A+, i.e., that any set expressed in one language
can also be expressed in the other language. This implies that the set of all prime numbers is Diophantine.
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On the other hand, in the theory of recursive functions, it is established that the class of sets described by the
language A5 coincides with the class of recursively enumerable (r.e.) sets. Thus, based on the equivalent volume of
languages A, and A5, it is proved that the class of Diophantine sets coincides with the class of r.e. sets. One of the
classical results in the theory of recursive functions is the theorem on the existence of a r.e. set (given below) for which
there is no means that allows to recognize, in a finite number of steps, the presence or absence of an arbitrary number in
this set. This result, together with the Diophantinity of r.e. sets, gives a negative solution to Hilbert’s tenth problem [1].

TERMINOLOGY FROM THE THEORY OF RECURSIVE FUNCTIONS

Let us provide some necessary information from the theory of recursive functions. Without loss of generality, we
will consider the case of one-parameter Diophantine sets.

Let p(x, y,..., ¥, ) be a polynomial with integer coefficients. Then a predicate (relation) M (x) given by the
formula

M(x):zlyl""s Elym (p(xs Viseens ym)=0)

is called a Diophantine predicate, and the domain of quantifiers 3 y;,...,3 y,, is a set of natural numbers.
THEOREM 1. Diophantine predicates are partially solvable.
Proof. Predicate p(x, yi,...,y,,) =0 is solvable because it can be checked by substituting the values of the

variables x and yy,..., y,, into the polynomial. There is a theorem [2] that shows that a predicate of the form

M(x)zayla"'o Elym(p(xayl""ﬂym)zo)

is partially solvable.

It is clear that among the partially solvable predicates, Diophantine ones are those that can be represented in
arelatively simple form. For a long time, unsolvable Diophantine predicates were unknown to exist. This problem
is related to Hilbert’s tenth problem. That is why, the result proved by Matiyasevich in 1971 turned out to be a
remarkable achievement.

THEOREM 2. Every partially solvable predicate is Diophantine.

As is known from the theory of recursive functions, problem x € W, is unsolvable, where ¥, is the domain of
definition of the partial computable function ¢, which is executed by the program P, with subscript x. This program
terminates at the input x. Program P, consists of a finite set of commands that can be encoded with a natural number.

The characteristic function of this problem, which is given by the formula

if xeW,,

1
f(x):{o if x g IV,

is not a computable function. Otherwise, the computable function g(x), which differs from any computable function,
can be constructed using the diagonal method [2]:

1 if xeW,,
gx)= .
not defined if x eW,.

Definition 1. Let 4 be a subset of the set of natural numbers N . The characteristic function of 4 is the function

1 if x €A,

C,(x)=
() {0 if xgA

Then the set A4 is called recursive if C, is a computable function or if a predicate x € 4 is solvable.
Thus, the set K = {x|x eW,} is not recursive. For K = {x|x eW,}, there is no program that would allow to
recognize, in a finite number of steps, the presence or absence of an arbitrary number n=0, 1, 2,... in this set.
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Although the predicate x € W, has a non-computable characteristic function, the next function related to this

problem is computable
1 if xeW,,

X)=
S {not defined if x eW,.

If we assume that one encodes the answer “yes,” then any algorithm that calculates f* is a procedure that returns
“yes” when x € W, but continues its operation indefinitely if the statement x € W, does not hold. Such a procedure is
called partially solvable for the problem x € ¥, ; moreover, this problem or this predicate are considered to be partially
solvable.

Definition 2. A predicate M (x) is called partially solvable if the function

1 if M (x) is true,
S(x)= . :
not defined if M (x) is false
is computable. This function is called partial characteristic function of M (x).
Definition 3. Let 4 be a subset of the set N. Then the set 4 is recursively enumerable if the function f* defined by

the formula
1 if xed,

not defined if x ¢ 4

f(X)={

is computable (or if the predicate x € 4 is partially solvable).

The set 4 is shown to be r.e. if and only if it is the definition domain of a computable function [2].

It is much easier to establish r.e. of any set than to discover the Diophantinity of this set. For example, the set of
prime numbers is naturally r.e.; however, it is not obvious that it is Diophantine. This r.e. set turned out to be the set of
positive values of some polynomial (it has 26 variables [3]). This statement was considered highly implausible until
Matiyasevich proved his theorem.

INCOMPLETENESS OF THE ARITHMETIC AND DIOPHANTINE SETS

It is clear that a Diophantine set is recursively enumerable; therefore, all recursively enumerable sets from the
Matiyasevich theorem are Diophantine.

Since the predicate x € K is partially solvable, the set K = {x|x € W} is recursively enumerable. The set K is the
definition domain of the r.e. set W¥; of some computable function ¢;.

Let us now choose the polynomial p(a, yy,..., y,,) such that

aeW,<3y,....,3y, (pla, y,.... ) =0). &)

This can be done as a result of the Diophantinity of the r.e. set K. In formula (5), the Diophantine predicate
Iy, 3y, (p(a, y,..., ¥,,) =0) is a formal analog of the predicate x e K, and this is a key result obtained by
Matiyasevich. In Godel’s construction, a significant part of Godel’s proof is focused on obtaining a formal analog of the
predicate x e K [4].

Consider a function defined as follows:

F(a): 1 lf 3yl”El.ym (p(a’ylaaym):())’
0 otherwise.

If there existed a solution procedure for Hilbert’s tenth problem, it would be possible to efficiently calculate the
value of the function F, i.e., the problem a €W, would be solvable; however, it is impossible.

A simple version of Godel’s theorem on the incompleteness of arithmetic follows from the theory of Diophantine
sets. Since Diophantine sets are r.e., all the equations p(xy,...,x; ) =0 that have integer solutions can be enumerated
recursively.

702



Statements about the absence of solutions for the equations

VX{5ee, VX P (X1, X5 ) Z0 (6)
remain enumerable.

If we assume that for some consistent system of axioms it is possible to prove all the facts of the form (6), this
would mean the existence of an algorithm that enumerates theorems (6). Since any proofs are finite, all of them form
arecursively enumerable set [2], i.e., this algorithm enumerates the complements to the set of polynomials that have
positive solutions. According to the well-known theorem [2], a set 4 is recursive (solvable) if and only if the sets 4 and
A are r.e. Therefore, we get the solvability of the set of polynomials that have positive roots (in this case, the set of
polynomials (6) is also solvable). Thus, we have a contradiction with the negative solution of Hilbert’s tenth problem.

THEOREM 3. For any consistent theory containing arithmetic, there exists a polynomial that has no positive
integer solutions and for which it is impossible to prove the absence of natural roots.

CONCLUSIONS

An analysis of Diophantine sets has shown that all recursively enumerable sets are Diophantine. Based on the
classical results from the theory of recursive functions, it is possible to present a simple version of the theorem on
the incompleteness of arithmetic: there is a polynomial that has no positive integer solutions and for which the absence
of natural roots cannot be proved.
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