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METHOD OF RESOLVING FUNCTIONS FOR GAME
PROBLEMS OF APPROACH OF CONTROLLED
OBJECTS WITH DIFFERENT INERTIA

I. S. Rappoport UDC 517.977

Abstract. The authors consider the problem of approach of controlled objects with different inertia
in dynamic game problems on the basis of the modern version of the method of resolving functions. For
such objects, it is characteristic that the Pontryagin condition is not satisfied on a certain time interval,
which significantly complicates the application of the method of resolving functions to this class
of dynamic game problems. A method for solving such problems is proposed, which is associated with
the construction of some scalar (resolving) functions, which qualitatively characterize the course of
approach of controlled objects with different inertia and the efficiency of the decisions made. The method
of resolving functions allows efficient use of the modern technique of multi-valued mappings in
substantiating game constructions and obtaining meaningful results on their basis. The guaranteed times
of game termintion are compared for different schemes of approaching of controlled objects.
An illustrative example is given.

Keywords: controlled objects with different inertia, quasilinear differential game, multi-valued
mapping, measurable selector, stroboscopic strategy, resolving function.

INTRODUCTION

In the paper, we will analyze the problem of approach of controlled objects with different inertia in dynamic game
problems on the basis of the method of resolving functions [1] and its modern version [2]. For such objects, it is
characteristic that the Pontryagin condition is not satisfied on a certain time interval, which substantially complicates the
application of the method of resolving functions to this class of dynamic game problems. The “boy and crocodile”
problem [1] can be an example. The study [1] provides two methods of using terminal set to extend the class of dynamic
problems to which the method of resolving functions is applicable.

In the paper, we will propose a solution technique for this problem that differs from the procedures considered
in [1]. We will analyze special multi-valued mappings that generate upper and lower resolving functions of two types,
which were first introduced in [3]. By means of these functions, we will obtain some sufficient solvability conditions for
the problem of approach of controlled objects of different inertia in a guaranteed time. To illustrate the results, we will
use the “boy and crocodile” example.

The present study continues the studies [1-4], is related to the publications [5-28], and expands the class of game
problems of approach of controlled objects having a solution.

PROBLEM STATEMENT. THE GENERAL SCHEME OF THE METHOD

Let us consider the conflict-controlled process whose evolution can be described by the equality
t

Z(t)=g(t)+ j Q(t, )p(u(r), v(t)) dr, 1 >0. (1)
0
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Here, z(t) eR", function g(¢), g:R, — R", is Lebesgue measurable [9] and is bounded for #>0, the matrix
function Q(#,7), t>12>0, is measurable with respect to ¢ and is summable with respect to 7 for each teR, .
The control unit is defined by the function ¢(u, v), ¢ :U xV — R", continuous with respect to the set of variables

on the direct product of nonempty compact sets U and V, and m, /, and n are natural numbers.
Controls of players u(r), u:R, - U, and v(r), v:R, —V, are measurable functions of time.

Along with the process (1), the terminal set M " of cylindrical form is given,
M"=My+M, )

where M| is a linear subspace from R" and M is a convex compact set from the orthogonal complement L to the
subspace M, in R".

The objectives of the first («) and of the second (v) players are opposite. The first player (pursuer) tries to deduce
the trajectory of the process (1) onto the terminal set (2) in the shortest time, and the second one (evader) tries to
postpone the time when the trajectory hits the set M * or to avoid the encounter.

Let us take the side with the first player and assume that if the game (1), (2) proceeds on the interval [0, 7], then

we will choose first player’s control at the time ¢ based on the information about g(7') and v, (*), i.e., in the form of the
measurable function

ut) =u(g(T),v,(), t€[0,T], u(t) €U, 3

where v, (-) = {v(s):s €[0, ¢]} is the previous history of control of the second player by the time ¢, or in the form of
countercontrol
u(t) =u(g(T),v(1), t €[0,T], u(r) eU. “4)

A(FT), z(0) =z, and e’ is a matrix exponential curve, then the control

If, in particular, g(¢) = ¢! 2y, Q(t,7) = e
u(t) =u(zy, v, (") is said to implement the quasistrategy [7], and countercontrol [5] u(?) = u(z(, v(t)) is a manifestation
of the Hajek stroboscopic strategy [8].

Let us formulate the necessary facts from the convex analysis [1, 10] in the form of a lemma.

LEMMA 1. Let X eR" be a convex compact set and w(t) be a nonnegative bounded measurable numerical

T T T T
function. Then jw(r)Xdr:jw(r)drx, T>0.1f0eX, f(r) ew(r)X and jw(r)drsl, then jf(r)drex, f(r)is a
0 0 0 0

measurable function, 7 €[0,7].
Denote by 7 the operator of orthogonal projection from R" into L. Suppose ¢(U,v)={p(u,v): uelU} and

consider the multi-valued mappings

W(t,7,v) =mQ(t, D)pU,v), W(t,7)= (\W(t7,v)
vel
on the sets AxV and A, respectively, where A ={(¢,7):0<t<t<o0}. Assume that the multi-valued mapping
W(t, t,v) has closed values on the set AxV.

Pontryagin Condition. The multi-valued mapping W (¢, v) takes nonempty values on the set A.

Taking into account the assumptions regarding the matrix function Q2(¢, 7), we may conclude that for any fixed >0
the vector function Q (¢, 7)@(u, v) is & ® B-measurable with respect to (7, v) €[0, #]x}V and is continuous with respect to
u €U. Therefore, on the basis of the direct image theorem [9], for any fixed 7 >0, the multi-valued mapping W(z, 7, v) is
£ ® B-measurable with respect to (z, v) €[0, ¢]x V. If the Pontryagin condition is satisfied, then on the set A there is at least
one selector y (¢, 7) of the mapping W(t,7), v (¢, 7) eW(t, 7). Such selector is called the Pontryagin selector.

Let us formulate the Pontryagin condition in an equivalent form. On set A, there exists a Pontryagin selector
yo(t,7), for which the inclusion is true:

0e (Wt 7,0)~y o (1, D)].

vel
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Lety(t,7),y:A —>L,A={(t,7): 0< 1< t< o} be some function, almost everywhere bounded, measurable with
respect to ¢ and summable with respect to 7, T €[0, ¢], for each ¢>0, which we call shift function. Let M| be a convex

compact set from the orthogonal complement L to the subspace M in R" such that if m € M/, then —m e M, and

My=M x M, ={meL: m+M, c M}= ﬂ (M —m) =, where # is the Minkowski geometrical difference [1]. We
meM,
will call function y (¢, 7) and sets M| and M , feasible if the conditions and properties specified above are valid for them.
Let us consider some continuous matrix function B(#,7) on set A. Its values are matrices of order &, k is
dimension of vector v. Denote Wy (t,7,v)=aQ(t,7)pU,B(t,7)v), pp(t,u,v)=pu,B(t,T)v)—p(u,v), t2720,
uelU, v eV, and consider at 7 €[0,¢], t>0, v €V the multi-valued mapping

A (t,7,v)={A20: 2Q(t, 1) 5 (t,U,v) C AM;}.

If the condition A(t,7,v)#Q is satisfied on set AxV, let us consider a scalar function A3 (¢,7,v)
=inf {A:1 e Az (t,7,0)}, T €[0,¢], v €V. We can show [12] that the multi-valued mapping A 5 (¢,7,v) is closed-valued,
£ ® B-measurable with respect to the set of (z,v), 7 €[0,¢], v €V, and function A5 (¢,7,v) is £ ® B-measurable with
respect to the set (7,v), T €[0,7], v €V, and therefore it is superpositionally measurable [12], i.e., 4 5 (¢, 7,v(7)) is
measurable with respect to 7, 7 €[0, ¢], for any measurable function v(-) eV (-), where V() is the set of measurable
functions v(7), T €[0, + o], with values from 7. Note also that function A 5 (¢,7,v) is lower semicontinuous with respect

to the variable v and function sup A, (¢,7,v) is measurable with respect to 7, 7 €[0,¢].
vel

Condition 1. On set A there exists a matrix B(#,7), feasible function y(#,7), and feasible set M, for which

A(t,T,v)# and the inclusions are true:

0e s (L7 v)~y (6, D). pp(tU.V)C sup Ay (1,7,0) M.

vel vel

t
Let us denote &(¢)=&(¢t, g(2),y(t,-))= ng(t)+fy(t, 7)dr and consider the set P(g(),y(,-)) ={t >0:
0

t
EtyeMm 2,J sup Ag (t,7,v)dt < 1}. If the relations in curly brackets do not hold for any ¢>0, then we put
0 vel
THEOREM 1. Let for the conflict-controlled process (1), (2) Condition 1 be satisfied, for some matrix B(¢, 1),
feasible functions y(#, 7), and sets M and M, the set P(g(-), y(-)) be non-empty, and P € P(g(-), y(-,-)). Then the
game can be terminated at the time P with the use of control (4).
Proof. Let v(7) be an arbitrary measurable selector of the compact set V', T €[0, P]. Let us specify the choice of

control by the pursuer.
For v eV and 7 €[0, P], let us consider the multi-valued compact-valued mapping

U,v)={uel: aQ(P,t)p(u, B(P,7)v)—-y (P, 1) =0}.

By virtue of the properties of parameters of process (1), the compact-valued mapping U (7, v) is € ® B-measurable [12]

for v €V, 7 €[0, P]. Therefore, by the theorem on the measurable choice of selector [9], the multi-valued mapping

U (t,v) contains £ ® B-measurable selector u(r, v), which is a superpositionally measurable function [12].
Suppose that the control of the first player u(7) = u(t, v(7)), 7 €[0, P]. In view of the formula (1), we obtain

P
7z(P) = —j aQ(P, 7)p g (P, u(t), v(1)) dr
0
P
+&(P) +I @Q P, )p(u(z), B(P,)v(1))—y (P, 17))dr.
0
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Then by virtue of Condition 1, by the definition of the time P, we get

aQ(P, 7)p g (P, u(r),v(r)) e sup Az (P,7,v) M,

vel
P
j sup A, (P,7,0)dr <1.
oveVr
Therefore, by virtue of Lemma 1, the inclusion
P
j aQ(P, 7)¢ g (P, u(t), v(1))dr € M,
P 0
is true; hence, —InQ (P, 7)p g (P, u(t), v(r))dr € M. Taking into account the method of choosing the control by the
0

first player, we obtain 7z(P) e M| +§(P)e M+ M, < M and z(P) e M *, which completes the proof of the theorem.
Remark 1. Theorem 1 is an analog of the first direct Pontryagin method [1] for controlled objects with different
inertia. If the Pontryagin condition is satisfied, let us suppose that B(¢,7) = E, where E is a unit matrix, and transform
Condition 1 to the Pontryagin condition.
For 7 €[0,¢], t>0, v eV, let us consider the multi-valued mapping

A, t,v)={a20:[Wg(t,7,v)-y(t, T)]Nna[M, —&(t)]#T}. (5)

Condition 2. On set A, there exist matrix B(z, t), feasible function y(z, ), and feasible sets M; and M,, for
which A(f,7,v)# @ and the inclusions hold:
0e () (W (6,7, 0)~y (6, D)]-A(t,7,0)[M, ~E(D)]},
velV

pp (LU, V)yc sup Ag (t,T,0) M.

velV

If Condition 2 is satisfied, let us consider the scalar function A5 (¢, 7,v) =inf{A:1 e A (t,7,v)}, T €[0,¢], v €V,
the upper and lower resolving scalar functions [3]

a(t,r,v)=supf{a:a eA(t,1,0)}, a,(t,1,v)=inf {a:a eA(t,7,v)},
T €[0,t], v er.

Let us show [12] that the multi-valued mapping % (¢, 7, v) is closed-valued, £ ® B-measurable with respect to the
set (t,v), T €[0, ¢], v €V, and the upper and lower resolving functions are £ ® B-measurable with respect to the set

(t,v), T €[0, t], v €V; therefore, they are superpositionally measurable [12], i.e., a* (¢, 7, v (7)) and «, (¢, T, v(7)) are
measurable with respect to 7, 7 €[0, ], for any measurable function v(-) €V (:). Note also that the upper resolving
function is upper semicontinuous, the lower one is lower semicontinuous with respect to the variable v, and functions

inf a*(¢,7,v) and sup o, (¢,7,v) are measurable with respect to 7, 7 €0, ¢].
velV veV

Let us considern the set
t t

Plg(),y( ) = tzo:g(t)eMZ,jsupAB(x,r,v)drgl, Isupa*(t,t,v)drsl . (6)
OveV OveV

If the relations in curly brackets in Eq. (6) do not hold for any 7>0, then we put Pi(g(-),y(-, ) =L.

THEOREM 2. Let for the conflict-controlled process (1), (2) Condition 2 be satisfied, for some matrix B(?,7),
feasible function y(, v) and feasible sets M and M, the set Pi (g(),y(-,-)) is not empty and Pi eP}k (), v, ).

Then the game can be terminated at time Pi with the use of control (4).

299



Proof. Let v(7) be an arbitrary measurable selector of the compact set V/, T €[0, Pi ]. Let us specify the choice of

control by the pursuer.
For v €V and 7 €][0, P}k], consider the compact-valued multi-valued mapping

Ul(t,v)={uel: xQ(PL, 1)p(u, B(PL, 1)v)~y(PL,7) €, (P, 7,0)[M, —E(PL)]}.

By virtue of the properties of the parameters of process (1) and of the lower resolving function a*(P}k,r,U),
the compact-valued mapping U i (t,v) is £ ® B-measurable [12] for v €V, T €]0, P}k ] Therefore, by the theorem on

measurable choice of selector [9], multi-valued mapping U i(r,v) contains £ ® B-measurable selector ui (t,v),

which is a superpositionally measurable function [12].
Let the control of the first player be ui (r)= u,lk (r,v(r)), 7 €[0, P}k ]. In view of the formula (1), we obtain

P,
z(P,) =~ [2Q(P,. 1) g (Pl 1, (1), v(D))de
. 0
P,
+E(PL)+ [ @QPL 1) p(B(PL, Dy (1), v(1) ~y (P, 7)) dr. (7
0

By virtue of Condition 2, by the definition of the time Pi , we get

0eM;, 7QPL, 7)oz (P, ul (), v(r) esup A5 (PL, 7,0) M,

vel
P
j sup /IB(Pi,r,v)dtsl.
0 VeV
Then with regard for Lemma 1, the inclusion is true:
Pl
[P, )pp (PL, ul (@), v(D)dr € M,
0
and by the assumption pl
— [7Q(P,, Dp 5 (P, 1, (0), v(T))dr € M.
0

Due to the choice of the control and by the definition of the time P}k, we get
0eM,—&(P,),

7Q(PL, D)p(B(PY, 7 )ul (v), v(2) ~y(PL,7) e, (PL, 7, 0)[ M, —E(PL)],

Pl

sup a*(Pi,r,v)dIS I.
O'UEV
Then with regard for Lemma 1, the inclusion is true:
Pl
[ @QPL DpB(P,7)uy (0),v(@) ¥ (PL, 7)) dr e My —E(P)).
0
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Thus, the relation (7) yields

az(Plye M +EPLY+ My, —EPHY =M+ My = M

and hence, z(Pi) eM”, which completes the proof of the theorem.

LEMMA 2. For the conflict-controlled process (1), (2), Condition 1 is true if and only if there exist matrix B(¢,7),
feasible function y (¢, 7), and feasible sets M| and M ,, for which Condition 2 is true and 0 e 2 (¢,7,v) on the set A x V.

Proof. Let there exist matrix B(¢,7), feasible function y (¢,7), and feasible sets M and M ,, for which Condition
2 is true and 0 €A (#,7,v) on the set AxV. Then zero value of ¢ ensures nonempty intersection in expression (5);
therefore, taking into account the condition A(z,7,v) =, v €V, we get 0 e Wp (t,7,v) -y (1, 7), (t,7) €A, v €V. From
here, it follows that for (¢,7) € A we get0 e ﬂ [Wp (t,T,v)—y(1,7)], i.e., Condition 1 is true. Reverse reasoning yields

vel

the necessary conclusion.

Remark 2. If there exist matrix B(¢,7), feasible function y (7, 7), and feasible sets M and M,, for which
Condition 1 is satisfied, then by virtue of Lemma 2 «, (¢, 7,v)=inf {a:a e€A(t,7,v)} =0 on the set AxV.

Condition 3. On the set A, Condition 2 is satisfied and the inclusion is true:

Oe () W (t,r,v)-y(t,D)]-sup a, (7, v)[ My —E(0)]} .

velV velV

Remark 3. If there exist matrix B(z, 7), feasible function y(z, 7), and feasible sets M, and M, for which

Condition 1 is satisfied, then by analogy with Lemma 2, Condition 3 is satistfied and sup ¢, (¢, 7,v) =0.
Let us consider the set vel

t t t

T(g(t),y(-,-)) = tzo:jsup/lg(t,r,v)drg, jinfa*(t,r,v)drzL jsupa*(t,r,v)dt<l . (8)
OUEV OUEV OUEV

If for some ¢ >0 we geta ™ (¢, 7, v) = +oo for 7 €[0, ¢], v €V, then it is natural to suppose the value of the respective
integral in curly brackets in (8) to be equal to +oo and t € T(g(2), y (-, -)) if the other inequalities in curly brackets of this
relation are true for this 7. If the inequalities in (8) do not hold for all >0, put T(g(¢),y(-,-))=9.

THEOREM 3. Let for the conflict-controlled process (1), (2) Condition 3 be satisfied, for some matrix B(¢, 7),
feasible function y (¢, 7) and feasible sets M and M, set T'(g(-), y (-, -)) be non-empty and 7 € T(g(-), ¥ (-,)) . Then the
game can be terminated at time 7 with the use of control (3).

Proof. Let v(7) be an arbitrary measurable selector of the compact set V', 7 €[0, T']. Let us specify the choice of
control by the pursuer.

First, let us consider the case &§(7, g(T),v(-,-)) ¢ M, and introduce the control function

t T
W6y =1-[a” (T, 7, v@)dr~ [ sup @, (T, 7, v) dr, 1[0, T].
0 tveV
By the definition of 7', we get
T
h(O)zl—jsupa*(T,t,v)dr>0,
O'UEV
T T
h(T):l—ja*(T,z,v(z))dzs1—jinfa*(T,z,v)drso.
0 OveV
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Since function /() is continuous, there exists an instant of time ¢, ¢, €(0, 7] such that A(z,) =0. Note that
switching time ¢, depends on the previous history of control of the second player v, (-)={v(s):s€[0,7,]}.

We will call the time intervals [0, ¢, ) and [z, 7] “active” and “passive,” respectively. Let us describe the control
of the first player on each of them. Consider the compact-valued mappings

Uy (t,v) = {uel: aQ(T, t)p(u, B(T, 7)v)—y(T, 1)

ca”(T,7,v)[M, -ET)]}, T€[0,1,), ©)

Ult,v)={ueU: aQ(T, t)p(u, B(T, t)0)-y(T, 1)

esup a (T, 7, v)[M, =&}, T€t,, T]. (10)

vel

The multi-valued mappings U 1* (r,v) and U i (tr,v) have nonempty images. By virtue of the properties of the

parameters of process (1), functions & * (T, 7, v) and sup a , (T, 7, v), the compact-valued mappings U ¥ (t,v),7€[0,¢,)
p 1
UEL

and U i(t, v), te(t,,T] for v el are & ® B-measurable [4]. Therefore, by the theorem on measurable choice of
selector [9], in each of them there exists at least one € ® B-measurable selector u; (r,v) and ul (t,v), which are
superpositionally measurable functions [12]. Suppose that control of the first player on the “active” interval is
u (¥)=u; (1,v(r)), T€[0,7,), and on the “passive” one it is ul(r)=ul(z,v(r)), 7 €[t,, T].

In view of formula (1), for the selected controls we obtain

[ T
az(T) = | [2QT, D g (T 4 (@), v(@)dr + [ QT D) g (T, (1), V(1)) dlt
0 t

L

+§(T)+f(ﬂQ(T, D (up (2), B(T, T (1)) ~y (T, 7))dr
0
T

+ I (mQ(T, r)go(ul (), B(T,1)v(7))—y (T, 1))dr. (11)
L,

By virtue of Condition 2, by the definition of time 7, we get

T

0eM,, j supAp (T, 7,0)dr <1,
O'UEV

7T, 1)p g (T, ui’ (v), v(1)) € sup A5 (T, 7,0)M,, T€[0,1,),

velV

7Q(T, 7)p 5 (T, uy (v),v(z)) € sup A (T,7,0)My, Telt,,T].

velV
Then with regard for Lemma 1, we obtain
t, T
[72Q(T, D) 5 (T, u) (@), v(@)dr+ [ QT D) (T, (1), v (D))dr € My
0 b
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and by the assumtion

t, T
— [7QT, D 5 (T, 1) (@), v (@)dr+ [ aQT, D) (T, uy (1), v(0))dr € M.
O t*

Using the last inclusion and relations (9)—(11), we obtain

f T
nz(T) e M, +§(T)+_[a (T,t,v(0))[M, —&(T)] dr+J. supa . (T,7,v)[ M, —&(T)]dr
0 L velV
4 T
=My +E(T)+ [a* (T, 7, 0@)dd M5 =E(T)] + [ sup a (T, 7, v)de[ My —E(T)]
0 L vel
t T
=M, +&(T)|1 _[a (T, 7, v(r))dr— j supa (T, t,v)dt
veV
4 T
Ia (T, , v(r))dr+J. supa . (T,T,v)dv | My =M, +M, c M.
L vel

Here, we took into account the equality /(¢,)=0 and the inclusion M|+ M, < M and the passage in the integration
of multi-valued mappings with set M, can be confirmed by applying the apparatus of support function [10].
For the case &(T, g(T),y(+,-)) € M,, it will suffice to use Theorem 2.

Condition 4. On the set A, Condition 2 is satisfied and the inclusion is true:

0e () (s (6,7, 0)~y (1, D]~ lnfa (1,7, v)[My =&(1)]}.
vel

THEOREM 4. Let for the conflict-controlled process (1), (2), Conditions 3 and 4 be satisfied; for some matrix
B(t,7), feasible function y(#,7), and feasible sets M; and M,, set T(g(:),y(-,-)) be non-empty, and
T eT(g(-),y(-,-)). Then the game can be terminated at time 7" with the use of control (4).

Proof. Let v(7) be an arbitrary measurable selector of the compact set V', 7 €[0, T']. Let us specify the choice of
control of the pursuer.

First, let us consider the case &(T, g(T),v(-,-) & M, and introduce the control function

t T
h(t):l—j infa*(T,r,v)dr—jsupa*(T,r,v)dr, tel0, T].
OUEV , veV
By the definition of 7', we get
T T
h(O)_l—jsupa (T,7,v)dr>0, (T)=1- jmfa (T,7,v)dr<0.

0 vel

Since the function A(?) is continuous, there exists an instant of time 7., 7, €(0, 7'], such that (¢, ) =0. Note that
the switching moment ¢, does not depend on the previous history of control of the second player

Ve ()= {v(s):se0, 1,15
We will call the time intervals [0, z, ) and [¢,, '] “active” and “passive,” respectively. Let us describe the control
of the first player on each of them. To this end, we will consider the compact-valued mappings

U, (r,v)={ueU:aQ(T, t)p(u, B(T, 7)0)—y(T, )

einf a*(T,7,v)[M, —E(T)]}, 7€[0,1,), 12)

velV
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Ul v)={ueU: aQ(T, v)p(u, B(T, ) -y (T, 1)

esup a, (T, 7, v)[M; &)}, Te[t,, T].

vel

(13)

The multi-valued mappings U 1* (r,v)and U ,1 (z, v) have nonempty images. Due to the properties of the parameters

of process (1), of functions inf a* (T, 7, v) and sup « , (T, 7, v), the compact-valued mappings U 1* (r,v),7€[0,¢t,), and
vel

velr

U i (t,v),t€lt,,T], forv el are £ ® B-measurable [12]. Therefore, by the theorem on measurable choice of selector [9],

in each of them there exists at least one £ ® $-measurable selector El* (t,v) and ﬂ*l (t,v), which are superpositionally

measurable functions [12]. Suppose that control of the first player on the “active” interval is ﬂl* (r)= El* (r,v(1)),

t€[0,¢,), and on the “passive” one it is %, (t) =, (z,v(7)), T €[t,, T].

Considering formula (1), for the selected controls we obtain

t, T
7z(T)=— InQ T, v)pp (T, ﬂl* (), v(1))dr + I aQ(T,t)pp (T, E*l (), v(1))dr
0 t,

t,

HE)+ [ @QUT, D@ (1), BT, Do)~y (T, 7)dr
0

T
+ [ (@QT, (i, (0), BT, (@) =y (T, )dr .
ty
By virtue of Condition 2, by the definition of time 7, we get

T

0eM,, j supAp (T,7,v)dr <1,
O'UEV

7Q(T, 1) 5 (T, (v),v(1) € sup A (T,7,0)M,, T€[0,1,),

velV

7Q(T,1)p g (.7, (v),v(v) € sup Ay (T,T, )M, T€[t,,T].

velV
Then taking into account Lemma 1, we obtain
t, T
[72QUT, 005 (T3 (@), 0@)dr + [ QT D)p 5 (T, 70, (0),0(0))dr € My
0 t*
therefore, we get
t, T
| [T, D)5 (1,3 (@), 0(@)dr+ [ QT D) g (T, (2),0(D))dr | € M.
0 A

Taking into account the last inclusion and using (12)-(14), we obtain
t, T
wz(T) e M, +§(T)+I inf a* (T, 7,v)[M, —&(T)]dr+ I supa, (T,7,v)[M, —&(T)]dr
vel
0

L vel
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A T
=M +ET)+| inf @ (1,7, v)dr [ M —EMN+ [ sup a, (T, 7,0)dr[M4 —E(T))]
0 ve

&veV
1 T
=M, +&(T) 1—_[ inf a ™ (1, r,v)dr—J. sup ., (T, 7,v)dr
OUEV " velV
A T
+ jinfa*(z,r,v)dmj sup &, (T, T, v)dr | My = M+ M, < M.
vel ; vel

*

Here, we took into account the equality A(#+) =0 and the inclusion M|+ M, < M, and we can confirm the passage
in the integration of multi-valued mappings with the set A/, by applying the apparatus of support functions [10].
For the case §(T, g(T),y(T,-)) € M,, it will suffice to use Theorem 2.

MODIFICATION OF THE METHOD. RESOLVING FUNCTIONS OF SECOND KIND

Let us consider the multi-valued mapping

A, )= (UL TY), (;,7) €A, (15)

velr

Condition 5. On set A, Condition 2 is satisfied and the inclusion is true:

0e ﬂ e (t,7,0)—y(t, D)=, D[ M, -E()]}.
velV
If Condition 5 is satisfied, then the multi-valued mapping % (7, 7) is not empty on set A and generates the upper
and lower scalar resolving functions

a”(t, 1) =sup{a: a €A (1, 7)), a,(t,7)=inf {a: @ € A(,T)}, T €[0,1].

We can show [12] that the multi-valued mapping % (¢, 7) is closed-valued and £-measurable with respect to
7, T €[0, t], and the upper a* (¢, ) and lower « , (¢, T) resolving functions are £-measurable with respect to variable 7
for fixed ¢.

Note 4. If for some feasible matrix B(¢, ), function y (7, 7), and sets M and M, Condition 3 is satisfied on set A, then

sup &, (¢, 7,v) €UA(t,7), T €[0, ¢]. Then Condition 5 is satisfied and the equality holds: sup . , (¢, 7, v) =, (¢, 7), T €[0, ¢].
vel velV

If for some matrix B(¢, ), feasible function y (7, 7), and feasible sets M, and M, Condition 4 is satisfied on set A, then
inf a” (t,7,v) €A(t,7),7 €[0, t]. Then Condition 5 is satisfied and the equality holds: inf a* (¢, 7, v) =a* (t,7), 7 €[0, t].
vel

velV

Let us consider the set
t t

P2(g(-),y(-,")) = tzo:g(z)eMz,j suplB(t,t,v)drsl,ja*(t,r)dt<l . (16)
OveV 0

If the inclusion and inequalities in curly brackets of (16) do not hold for any ¢#>0, we suppose
P30y ()=2.

THEOREM 5. Let Condition 5 be satisfied for the conflict-controlled process (1), (2), for some matrix B (¢, 1),
feasible function y (¢, 7), and feasible sets M and M, the set Pi (g(),v(-,-)) be non-empty, and Pi € Pi (), v(,-)).

Then the game can be terminated at time Pi with the use of control (4).
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Proof. Let v(7) be an arbitrary measurable selector of the compact set V, T €]0, Pz ]. Let us specify the choice of

control of the pursuer.

For v eV, 1 €[0, Pz], consider the compact-valued multi-valued mapping

UZ(r,v)={uel: aQ(P%,0)p(u, B(P2, 1))~y (P2, 7) e, (P2, 7)[M, —E(P2)]} .

By virtue of the properties of the parameters of process (1) and of the lower resolving function a*(Pf,r), the

compact-valued mapping U f(r,v) is € ® B-measurable [12] for v €V, 1 €]0, Pf]. Therefore, by the theorem on

measurable choice of selector [9], the multi-valued mapping U *2 (r,v) contains £ ® B-measurable selector uf (r,v),

which is a superpositionally measurable function [12].

Let the control of the first player be uf (1) :uf (r,v(1)), T €0, Pi]. In view of formula (1), we obtain

P
az(P}) == [#Q (P, D)p 5 (PF, ul (1), v(0))dr
p? ’
HEPD+ [ (QUPL, Dp(us (1), B(PL, 10(2) ~y (P, 7)) dr .
0

By virtue of Condition 2, by the definition of time P*Z, we get

0eM,, QP2 0)p 5 (P2, ul (r),v(7)) € sup A5 (P, 7,0) M,
vel
P2

IsupiB(Pf,r,v)dtsl.
O’UEV

Then with regard for Lemma 1, the inclusion is true:
P2
2 2 2 .
[7QPL 005 (PYui (0),0(0) dr € My;

0
therefore, we get

p?
~ [7QP2, 1) 5 (P7,ul (1), v(x))dr € M.
0

Due to the choice of control and by the definition of time P*z, we get

0eM, —E(P}), nQ(PL,)p(B(PE,7)ul (v),v(r))~y(PE,7) ea, (PE,0)[ M, —E(PP)],

P2

j supa*(Pf,r)drsl.
OUEV

Then with regard for Lemma 1, the inclusion holds:
P2

[ @ P 0pB P, 1) (0,0 (@) ~y (B, 1)dr € My ~E(P]).
0
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Thus, taking into account (17), we obtain

az(P2)e My +E(P2)+ My —E(P2) =M+ M, = M

and hence, z(Pz) eM *, which completes the proof of the theorem.

Remark 5. If for some matrix B(¢, 7), feasible functions y (¢, 7), and feasible sets A/, and M, Condition 1 is
satisfied on set A, then 0 €% (z,7), T €[0, ¢]. Then Conditions 3 and 5 are satisfied and the equality holds

sup @, (1,7, v)=a.(t,7)=0, 7 €0, ].

velV
Let us consider the set
t t t
O(g(1),y(-,)) = tzo:jsup Ag(t,T,v)dr <1, fa*(z,r)drz1,ja*(z,r)dr<1 . (18)
OUEV 0 0

If for some >0 a™ (¢, 7) =+ for T €[0, ¢], then in this case it is natural to suppose the value of the respective
integral in curly brackets of (18) to be equal to +o0 and f € ®(g(¢), ¥ (-,-)) if other inequalities in curly brackets of this
relation hold for this 7. If the inequalities in (18) do not hold for all £>0, suppose O(g(¢),y(-,-))=9.

THEOREM 6. Let Condition 5 be satisfied for the conflict-controlled process (1), (2), for some matrix B(¢, 1),
feasible function y (¢, 7), and feasible sets M; and M, set ®(g(-), v (-,-)) be non-empty, and ® e O(g(-),y(-,-)). Then
the game can be terminated at time ® with the use of control (4).

Proof. Let v(7) be an arbitrary measurable selector of the compact set V', T €[0, ®]. Let us specify the choice of
control of the pursuer.

First, let us consider the case (O, g(®),v(,-) ¢ M and introduce the control function

t ®
h(r):l—ja*((a,r)dr—jm(@,r)dr, t €[0, O].
0 t

By the definition of ®, we get

® ®
h(O):l—ja*(Q ) dr>0, h(@):l—ja*(@),r)drso.
0 0

Since the function A(7) is continuous, there exists an instant of time ¢, ¢, €(0, ®], such that A(¢, ) =0. Note that
switching moment 7, does not depend on the previous history of control of the second playerv, (1) ={v(s):s€l0, 7, ]}.

We will call the time intervals [0, 7, ) and ¢, , ®] “active” and “passive,” respectively. Let us describe the control
of the first player on each of them. To this end, consider the compact-valued mappings

Us (r,v) = {ueU: a0, 1)p(u, B(®, 1)v)—y(0,7) ea ™ (O, 7)[M, —E(®)]}, T€[0,1,), (19)

U2, v)={uel: 200, 1)p(u, B(O, 7)) -y(0,7) cat, (0, 7)[M, —E(®)]}, 7 €[t,, O]. (20)

The multi-valued mappings U 2* (r,v) and U *2 (r,v) have non-empty images. By virtue of the properties of
the parameters of process (1), of functions & * (@, 7) and « , (O, 7), the compact-valued mappings U 2* (t,v),7t€[0,t,),
and U *2 (t,v), T €[t,, O], for v eV are £ ® B-measurable [12]. Therefore, by the theorem on measurable choice of

selector [9], in each of them there exists at least one £ ® B-measurable selector 52* (tr,v) and 5*2 (t,v), which are

superpositionally measurable functions [12]. Suppose that the control of the first player on the “active” interval is equal
to ﬁ; (r) = ﬁ; (t,v(1)), T€[0,¢,), and on the “passive” one to ﬁ*z (r)= 5*2 (t,v(1)), T€lt,, O].
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In view of formula (1), for the selected controls we obtain

t, 0
nz(®) =— JnQ(G), 7)p g (O, 52* (1), v(7))dr + I 7Q (0, 7)p 5 (O, 5*2 (1), v(1))dr
0 [

L

+E(©)+ [ (206, D) (5 (1), B(O, v (2) (6, )dr
0

®
+ [ (1920, (@2 (1), B(©, 1) (1)) (@, 1))dr @1
t,
By virtue of Condition 2, by the definition of time ®, we get
(C]

0eM,, j sup A 5 (®,7,0)dr <1,
OveV

7Q(O,7)p 5 (0,1 (1),v(r)) € sup 45 (0,7,0)M), T€[0,1,),

vel

TQ(O,7)p 5 (©,7.2 (1),v(1)) € sup A5 (.7,0)M,, 7 €[ty O].

vel
Then with regard for Lemma 1, we obtain
t, ®
[7Q0,1)0 5 (0,1, (1), 0(@)dr + [ 7Q(O,)p 5 (6, (7), v (1))dkr € M
0 t*
and by the assumption we get
t, ®
~| [7Q(©.7)p 5 (8,11 (1), v(@)dr+ [ 7O, 1) 5 (O, (1), v(D)dr | M.
0 t*

Taking into account the last inclusion and using (19)—(21), we obtain
t, ®
72(0) € My +£(©)+ [a™ (0, 1)[ M, ~E(O)]dr + [ a, (€, 7)[M; ~&(©)]dr
0 [
t, (S}

=M +E(@)+[a" (O, 1) dr[M, ~E(O)]+ [ @, (€, 7)dr[M; ~£()]
0

t,

t* ®
ja* (O, r)dr+ja* (©, 7)dr M,
0

t,

t, ®
= M, +£(©) 1—ja*(®, r)dz—ja*(@), T)dr |+
0 t,

=M1+M2CM.

Here, we took into account the equality A(¢,)=0 and inclusion M+ M, c M, and we can confirm the passage in
integration of multi-valued mappings with set M, by applying the apparatus of support functions [10].
For the case (@, g(©),v(-,-)) € M5, it will suffice to use Theorem 5.
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COMPARING THE GUARANTEED TIMES

LEMMA 3. Let for the conflict-controlled process (1), (2) and some matrix B(t, 7), feasible functions y (¢, 7),
and feasible sets M; and M, Condition 5 be satisfied and &(¢, g(¢),y(¢,-)) € M,. Then the inequalities hold:

sup @, (4, T,v) S a. (1,7), (1,T) €A, (22)
vel
inf a*(t,T,v)>a”(t,7), (t,7) €A. (23)
vel

If, moreover, Condition 3 is satisfied, the inequality (22) turns to equality. If Condition 4 is true, then the inequality (23)
is transformed into equality. If the multi-valued mapping € (z, 7,v) takes convex values on set AxV, then
Conditions 3 and 4 are true and the equality takes place in relations (22), (23).

THEOREM 7. Let Condition 5 be satisfied for the conflict-controlled process (1), (2) and some matrix B(t, ),

feasible function y (¢, 7), and feasible sets M, and M,. Then the inclusions takes place:
T(€()y () 202, 7(5,) D PO, ¥ () DPL(E(), ¥ () DPE(, ¥ (-, ).

If, moreover, Conditions 3 and 4 are satisfied or if the multi-valued mapping % (¢, 7, v) takes convex values on set
AxV, then the equalities are true:

Ty (5N =020, 7(5), PL(EO, 7)) =PL(E(), 7)) =PE(, ¥ (--).

The proofs of Lemma 3 and Theorem 7 follow from the constructions of the respective definitions, remarks, and
theorems.
THEOREM 8. Let for the conflict-controlled process (1), (2), Condition 2 be satisfied, for some matrix B(¢, 1),

feasible function y (¢, ), and feasible sets M and M ,, the set T(g(-), y (- -)) be non-empty, T € T'(g(-), y (-, )), and the
multi-valued mapping % (¢, 7, v) take convex values for all (7, v), 7 €[0, T'], v €V. Then the game can be terminated at
time 7" with the use of control (4).

The proof immediately folows from Lemma 3 and Theorems 6 and 7.

A “BOY AND CROCODILE” EXAMPLE

The dynamics of the pursuer and evader is defined by the equations
X=u xeR® s>2, |ul|<p, p>0,
y=v, yeR®, =2, |[v||<0, 06>0, (24)

respectively. The pursuit is considered completed if ||x—y| < /.
The original problem (25) can be reduced to a conflict-controlled process as follows. Let us introduce new
variables (zy,z,) =z,
Z] =X—Y, Zp =X (25)

and differentiate relations (25) with respect to time. Taking into account the original equations (24), we obtain
Z'1=Zz -, Z.2 =Uu. (26)
The terminal set takes the form M " ={zi||z1 IS}, My={z:2; =0}, M ={z:||z||< ], zp =0}. Denote

Ml ZZIS, M2 ZIZSZMTMI ZZSTZISZ(I—II)S, 12 Zl—ll, l>ll.

Then
EO 0F
L={z:z, =0}, m= , mz=2zy, A= .
N N E SR b
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The domains of controls have the form

v ={[2jznuns/}}, V={(;’j:|v||so}.

EE
The fundamental matrix of the homogeneous system (26) is given by Al = (0 0 j Then we obtain e?'U = ptS,

zelly =0S, M =1S, where S is a unit full-sphere of the subspace L centred at zero.

The Pontryagin condition is not satisfied on the interval [0,/ p):
mel'U * gelly =ptS %X oS =(pt—-0)S =0, t€[0,0/p).
Let us choose the shift function y(#) =0 and suppose
B(t):{(p/a)tE, 0<t<olp,

E, t>0/p.
Then we get

0e (W (t7v)-y(t,0)] = me™U * me B(1)V =

velV

{0}, 2€[0,0/p],
(pt—0)S,t>0/p.

By means of simple computation we obtain

[A=0:(-(p/o)t)wcALS], 0<t<a/p,
AB(t,r,v>={{O} mj/‘; ! P
(A=(p/o)n)]|v]| o-pt
, te[0,0/pl, . 1€[0,0/p],
At,v) = b slholp] lfn?:;l(t,vh 4 cl.olp]
S
0, t>0/p, 0, t>0/p.

Since

(0_pt)S’ tE[O,G/p],

T _
0 (LU V)=mel (E-B()V {{0}’ ol

we get ¢ (1,U,V) = max A(¢,v),;S and Condition 1 is satisfied.
veoS

If [, > o2/ 2p, then the inequality holds for all #>0:
(pt? /2)—ot+1 >0. (27

Therefore, for /; > o2/ 2p for all >0 the inequality holds:

t 2
[ max /l(r,v)drs%”z)g.

0 veas 1

A

Suppose &(t)=me?'z=z, +1z,. Since Condition 1 is satisfied, Conditions 2 and 3 are true and

a,(tv)=supa,(tr,v)=0.If&(1) el,S, then by virtue of Theorem 1 or Theorem 2 the game can be terminated at

vel
time ¢ with the use of control (4). With regard for inequality (27), the least such instant of time satisfies the equation

|2y +1z5||= (pt?/2) =0t +1, t< 0/ p.
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Let &(t) ¢, S. Then for t—7 <0/ p the upper resolving function a* (¢, 7,v) is defined from the relation

| p(t—1)W—c(t)||=al, +p(t—7),v €8, and function & * (¢, 7, v) is the larger positive root of the quadratic equation

(IE@ 2 - ()Y a® =2[, &) +p(t-D)h Ja~[p* (1-7)* (1-||v[|* )] =0

with respect to a if £(¢) ¢/, S, v €S.
After the evaluations we obtain

mina " (t,7,v)=0, t-1< 0/ p, (28)
veS

and the minimum is attained on the vector v =—(&(¢)/ ||§(?)]).
Let £(t)¢LS and t—7>0/p. Then the upper resolving function «”(z,7,v) is defined from the relation

|ov—a&(t)||=al, +p(t-7), v €S, and function a”(z,7,v) is the larger positive root of the quadratic equation

(IEDOI* - () ) a? 2[o@, &) +p(t-T)h la~[p? (1-1)* o> ||v]|* 1=0

with respect to a if §(¢) ¢hS, v eS.
After the calculations, we obtain

1rnin05*(t,1:,v):M -7 (29)

, >0/ p.
ves 1@ -k

Let us determine the time of game termination for t>0 / p. To this end, taking into account equalities (28)
and (29), we can write

t—(o/ p) t=(o/ p)

t t
[mina*(rvyer=" [ mina*(rvyde+ [ mina*(,7v)dr= pUZD)=0 4
0 VsS o vSS i (olp) veS 0 1EDI| -1
From the last equality, we obtain the equation
2y +1z5 ||= (pt? 1 2) =0t +1—1;. (30)

The least positive root of Eq. (30) is the time of the game termination by virtue of Theorem 3 with the use of
control (3). It can be easily verified that Condition 4 is true and the least positive root of Eq. (30) is the time of game
termination by virtue of Theorem 4 with the use of control (4).

For ¢ =0, the left-hand side of Eq. (30) is equal to || z; || as ¢ grows, it grows linearly, and the right-hand side is
equal to /—/; and grows quadratically. Since || z; ||> /-, for any z; and z, the time of game termination is finite.

The equality z; +#z, =0 can only hold when Eq. (30) holds; therefore, this case is not considered.

CONCLUSIONS

We have considered the problem of approach of controlled objects with different inertia in dynamic game
problems. We have formulated sufficient conditions of game termination in a finite guaranteed time in the case where the
Pontryagin condition is not satisfied. We have introduced the upper and lower resolving functions of special type. On
their basis, we have proposed two schemes of the method of resolving functions, which ensure termnation of the
conflict-controlled process in the class of quasi-strategies and countercontrols. We have compared the guaranteed times
of game termination for different schemes of approach of controlled objects with different inertia and have provided an
illustrative example.

311



REFERENCES

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

27.

28.

312

A. A. Chikrii, Conflict Controlled Processes, Springer Science and Business Media, Boston—London—Dordrecht (2013).
A. A. Chikrii, “An analytical method in dynamic pursuit games,” Proc. Steklov Inst. of Mathematics, Vol. 271,
69-85 (2010).

A. A. Chikrii and V. K. Chikrii, “Image structure of multi valued mappings in game problems of motion control,”
J. Autom. Inform. Sci., Vol. 48, No. 3, 20-35 (2016).

A. A. Chikrii, “The upper and lower resolving functions in dynamic game problems,” Tr. IMM UrO RAN,
Vol. 23, No. 1, 293-305 (2017). https://doi.org/10.21538/0134-4889-2017-23-1-293-305.

N. N. Krasovskii and A. 1. Subbotin, Positional Differential Games [in Russian], Nauka, Moscow (1974).

L. S. Pontryagin, Selected Scientific Works, Vol. 2 [in Russian], Nauka, Moscow (1988).

A. 1. Subbotin and A. G. Chentsov, Guarantee Optimization in Control Problems [in Russian], Nauka, Moscow (1981).
O. Hajek, Pursuit Games, Vol. 12, Academic Press, New York (1975).

J.-P. Aubin and H. Frankowska, Set-Valued Analysis, Birkhauser, Boston—Basel-Berlin (1990).

R. T. Rockafellar, Convex Analysis, Princeton Landmarks in Mathematics and Physics, Princeton Univ. Press (1996).
A. D. loffe and V. M. Tikhomirov, Theory of Extremum Problems [in Russian], Nauka, Moscow (1974).

A. A. Chikrii and 1. S. Rappoport, “Method of resolving functions in the theory of conflict-controlled processes,”
Cybern. Syst. Analysis, Vol. 48, No. 4, 512-531 (2012).

A. A. Chikrii and I. I. Matychyn, “On linear conflict-controlled processes with fractional derivatives,” Trudy
Instituta Matematiki i Mekhaniki URo RAN, Vol. 17, No. 2, 256-270 (2011).

M. V. Pittsyk and A. A. Chikrii, “On group pursuit problem,” J. Applied Math. and Mech., Vol. 46, No. 5,
584-589 (1982).

A. A. Chikrii and K. G. Dzyubenko, “Bilinear Markov processes of findig the moving objects,” Problemy Upravl.
i Inform., No. 1, 92-107 (1997).

S. D. Eidelman and A. A. Chikrii, “Dynamic game problems of approach for fractional-order equations,”
Ukrainian Math. J., Vol. 52, No. 11, 1787-1806 (2000).

A. A. Chikrii and S. F. Kalashnikova, “Pursuit of a group of evaders by a single controlled object,” Cybernetics,
Vol. 23, No. 4, 437-445 (1987).

Yu. V. Pilipenko and A. A. Chikrii, “Oscillatory conflict-control processes,” J. of Applied Math. and Mech.,
Vol. 57, No. 3, 407-417(1993).

A. A. Chikrii and I. I. Matychyn, “Game problems for fractional-order linear systems,” Proc. Steklov Inst. of
Mathemaics, Suppl. 1, sl-s17 (2010).

A. A. Chikrii and S. D. Eidelman, “Control game problems for quasilinear systems with Riemann-Liouville
fractional derivatives,” Cybern. Syst. Analysis, Vol. 37, No. 6, 836-864 (2001).

A. A. Chikrii and S. D. Eidelman, “Game problems for fractional quasilinear systems,” J. Comp. and Math. with
Applications, Pergamon, New York, Vol. 44, 835-851 (2002).

A. A. Chikrii and S. D. Eidelman, “Generalized Mittag-Leffler matrix functions in game problems for
evolutionary equations of fractional order,” Cybern. Syst. Analysis, Vol. 36, No. 3, 315-338 (2000).

A. F. Philippov, “On some issues of the optimal control theory,” in: Vestn. MGU, Ser. Matematika, Mekhanika,
Astronomiya, Fizika, Khimiya, No. 2, 25-32 (1959).

E. S. Polovinkin, Elements of the Theory of Multi-Valued Mappings [in Russian], Izd. MFTI, Moscow (1982).

I. S. Rappoport, “On guaranteed result in game problems of controlled objects approach,” J. Autom. Inform. Sci.,
Vol. 52, Iss. 3, 48—64 (2020). https://doi.org/10.1615/JAutomatInfScien.v52.i3.40.

A. A. Belousov, V. V. Kuleshyn, and V. I. Vyshenskiy, ‘“Real-time algorithm for calculation of the distance of the interrupted
take-off,” J. Autom. Inform. Sci., Vol. 52, Iss. 4, 38-46 (2020). https://doi.org/10.1615/JAutomatInfScien.v52.i4.40.
A. A. Chikriy, G.Ts. Chikrii, and K.Yu. Volyanskiy, “Quasilinear positional integral games of approach,”.
J. Autom. Inform. Sci., Vol. 33, Iss. 10, 31-43 (2001). https://doi.org/10.1615/JAutomatInfScien.v33.i110.40.
G. Ts. Chikrii, “Principle of time stretching in evolutionary games of approach,” J. Autom. Inform. Sci., Vol. 48,
Iss. 5, 12-26 (2016). https://doi.org/10.1615/JAutomatInfScien.v48.i5.20.



	Abstract
	INTRODUCTION
	PROBLEM STATEMENT. THE GENERAL SCHEME OF THE METHOD
	MODIFICATION OF THE METHOD. RESOLVING FUNCTIONS OF SECOND KIND
	COMPARING THE GUARANTEED TIMES
	A “BOY AND CROCODILE” EXAMPLE
	CONCLUSIONS
	REFERENCES

