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DISTRIBUTED CONTROL WITH THE GENERAL
QUADRATIC CRITERION IN A SPECIAL NORM
FOR SYSTEMS DESCRIBED

BY PARABOLIC-HYPERBOLIC EQUATIONS
WITH NONLOCAL BOUNDARY CONDITIONS

V. O. Kapustyan®' and 1. O. Pyshnograiev®: UDC 517.977.56

Abstract. We obtain conditions to find the distributed optimal control for parabolic-hyperbolic
equations with nonlocal boundary conditions and general quadratic criterion in the special norm. The
unique solvability of systems for finding the optimal solution is established, systems’ kernels are
estimated, and the convergence of solutions of the problem is proved.

Keywords: optimal control, parabolic—hyperbolic equations, nonlocal boundary conditions,
distributed control.

INTRODUCTION

Analysis of processes described by mixed-type equations is a promising field. This is because they appear in many
applications to gas and electromagnetic dynamics, in mathematical biology, theory of electron scattering, etc. For example,
the paper [1] considers a boundary-value problem for parabolic-hyperbolic equations with one type of nonlocal boundary
conditions, [2] analyzes problems for parabolic—hyperbolic equations in multidimentional space that arise in the analysis of
problems about the motion of conductive liquid in electromagnetic field.

Control problems for models with parabolic—hyperbolic equations and nonlocal pointwise conditions have not been
considered earlier. In the present paper we will derive the optimality conditions to find the distributed control with general
quadratic criterion in a special norm.

PROBLEM STATEMENT

Let a controlled process y(x,t)eC 1(5 )mC2 (D_)nC 21 (D, ) satisfy in D the equation

L y(x,t)=u(x, 1), (1
initial
y(x, —a)=p(x) 2
and boundary conditions
»(0,6)=0, y'(0,8)=y"(1,¢), —a<t<T, 3)
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where D={(x,¢):0<x<]1, —a<t<T, a, T>0}, D_ ={(x,t): O<x<1, —a<t<0}, D, ={(x,1):0<x<1, 0<t<T},
functions # and ¢ are assumed given and their properties in smoothness will be described below,

I _{YI ~ Vue» >0,
y_
Vi = Yxe> 1 <0

It is required to find control ﬁ*(x,t)eK that minimizes the functional

0 T
1(a)=o.s[& 9T =9 + By [ 1C Ol de+ By [ I1yCL 0 dr

—-a 0

0 T
+91 JIvC, 0N de+7; [||u(~,0>|§, [l 012 drn
0

%4

00 0 T
=053 (&(y,-(T)—w%ﬂl [ iwai+py [ yviwar

i=0 -a 0

0 T
w91 Joi@)di+9; [u?(0)+ja?<r)dt]], @

-a 0

where ¥ (x) is a fixed function, &, 3 ; 20,9, >0, i=1,2;a+ ﬁ 1+ 3 5 >0, and the class of functions K is specified in [3].
Problem (1)-(3), (4) is formally equivalent to the sequence of the following finite-dimensional problems:
(i) find controls vy (1) €C[—,0), ug (0)eR', &y (1) € L,[0,T] that minimize the functional

0 T
I =05 (&(yo(T)—V/o)z +By [ v @yde+ By [ vy
-a 0

0 T
+91 [vg(t)di+9, [u§(0)+jéf,(t)dt)]], )
0

—a
on the solutions of the boundary-value problem

d? yo (1
;g()=vo(1), te(-a,0), yo(~a)=po;
t

t
ug(0)+ [ Eo (@) dr, 1 € (0.T];

dyo (1) _
dt 0

Y0 (0=)=y0(0+), ¥ (0=)=yo(0+)=1ugy(0); (6)

(i) find controls v; (1)eC[-a,0), u; (0)eR", &; (t)eL,[0,T], i=2k—1,2k that minimize the functional

2k .0 T
I, =05 3 [&(y,-(r)—wn%ﬁl [ vi@di+py[ vi @i

i=2k-1 -a 0

0 T
w91 Jvi@di+9; (u?(owj&%(z)dzﬁ, (7

-a 0
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on the solutions of the boundary-value problem

Ao (1) _

t
= vk (O g 00+ [ Egyy (0, 10,

0

d? yy i (1)
%_ 'lika—l(t)JfUzk—l(t), t<0,
t

Vok-1(=@)=P2k_1, (3

dyoy (1) _

t
o — 2%y () =24y yopoy (t)+u2k(0)+j £y (T)dr, 10,

0

d?yy (1) _
dt?

=23 2k () =2 yapr (D) + v (1), £ <0,

Vor (@) =P (€))
2 (0-)= y; (OF), i =2k—1,2k,
P2po1 (02) = Pog 1 (04)==22 yop_1 (0+) + gy (0),

P2k (02)=iag (08)==22 s (04) =24 Yoy (0+) + 12 (0). (10)

OPTIMALITY CONDITIONS

Optimality Conditions for Problem (i). Since functional (5), (6) is strictly convex in controls, it has a unique point
of minimum in C[-a,0)x R'x L, (0,7), which is characterized by the optimality conditions [4]

9 T
Pivo(t)+ JK(gl)] (t,r)vo(r)dr+K(()1’)2(t)u0(o)+'|‘ K(()l’)3 (7Y E o (v)dr
b 7
=M&)1(t)goo +M(()1’)2(t)1/)0, t e[-a,0),
0

T
Poug (0)+ jK(g?{(r)vo(r)de(gf)z u (0)+ | K(<)2>3 (r)go(z)th((f} ?o +M((f)21p0,
0

-

0 T
7280+ [KS 10y vg @) de + K (O ug(0)+ [ K (1,1)&¢ (1) dr
0

—-a

=M gy +ME) (). 1€(0.T], (an

where
0 _ 0 _ 0 _ 0 —
q)o’_'_ (t)_ls V0’+ (t,‘L')——(O!+T), U0’+ (t)_a’ U0’+ (t,T)—l,

D) (=LY, (t.1)=—(a+1), Uy ()=a+t, V) (t.1)=t-1;
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0
Kt 0)=av) (T.0V) (To+ By | [ V) Eov) € d

0 0
[ VGOV G0+ [ V) _(E V(€ )dE
T t

Vo (E.00V,_(E0)dE, T<t, .
FBy [V G0V (E T,

Vo &0V _(E, 1), T>1 0

O N O

T 0
K, (t)=a{U(§{+ M)+ Uy, (T,r)er Vo, (T.O+B1 [ UY_@)V)_(@.t)dr
0

-

T T
+Baf [U(‘)”+ @+ Uy, (r,&)d&]l/& (v, 1) dr,
0 0

T R TE
K(()l’)3 (t,7:):€zV00’Jr (T,t).[ U8’+ (T,p)du + 3, jj U8’+ (&, p)du V00,+ (€, 1)dE,
T

T7T

0
MP (==a®) ()WL (T0-By [ ©F @V (& 0k

—-a
5, [ o 0 1 0 2 1
) j @, E)Wy, (€ 1)dE, M((),)z(t)deO’Jr (T, 1) K(()’%(t):[{(()’)z(;),
0

2

T 2 R 0 A T £
K§) :&(U8,+ M+ Uy, (T,r)dr] B [ Uy €0 dE+py | [Ug,+ E+| Uy, Enar| d,
0 —a 0 0

T T
K(()zg (t):&[Ug,Jr (T)-i-j U8’+ (T,r)dr}] U8,+ (T,7)dr
0 t

A & £
+h2 [ [U3,+ ©+[ Uy, @af)dr]J UL (&) dE,
0 0 ;

T 0
My =—&[U8,+ My+[ Uy, (T,r)dr]®3,+ (M=) [ Uy_(E)®p ()
0

—-a

T £
-B | [U3,+ &+[Ug, <5,f)drj®8,+ (£ )&,
0 0
T
M) = [U& M+[ Uy, (T,r)dt];
0
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(3) @ BG)y=r@
KO’I(I’T)_KO,:S(Tat)’KO,z(t)_K0,3(t),

g
U, Gp)du [ Uy, (&v)dvie, T <1,

T T
K300 = JU] (e [U] .68 + ’
t T

N — N N —
QA — iy N ——u

g
Uy, E)du [ UG (Ev)dvde, T>1,
t
3 0 T 0 - 0 f 0
Mé,i(t):_&®0,+ (T)I U0,+ (T,u)du -, I CD0’+ (T)_[ UO,Jr (t, u)dudr,
t t t

T
M(()?;(t)zdj. U8,+ (T, u)du.
t
Let us establish the unique solvability of system (11) by defining the operator 4y 0 (-)=013,30((t)+ Ay O (),
where (0 (1)) =V (¢),u(0),Eq(?)) €Ly (-, 0)x R x Ly (0,T), I'y,3 =diag {$,72,72}, operator 4 is defined by the
remaining terms in the left-hand sides of the system of equations (11).
It is obvious that operator A, acts from L, (-, 0)x R' x L,(0,7) into Ly (-, 0)x R' x L,(0,T), is linear and
continuous. The following lemma is true.

LEMMA 1. System (11) has a unique solution in the space C(-a,0)x R! x Ly (0,T).
Proof. The space L, (—05,0)><R1 x L, (0,7) is Hilbert with the natural scalar product

(00,00)3 = [ vo()To (1) dt +ug(0)iig (0)+ [ Eo(1)Eq (1) dr,
-a 0

where (6 () = (v (7),ug(0),E0 (1)), (B¢ (1)) =@ (1), (0),E (1))
In functional (5), let us select the part, quadratic in controls v (¢), t €[—a, 0)and uq (0),&( (¢) €[0,T], and subtract

0 T
0.5[&1 jvg(z)dzwz(u3(0)+j.§g(r)dt}]
-a 0
from it, i.e., consider the functional

0 T
To =05|a {j VOO,+ (T,t)vo(r)dr+(U8’+ (T)+j U8,+ (T,u)duJ g (0)
-a 0

rT 2 0/ 0
+[] Uy, (T u)du Eo(r)dr] +B1 | ( [ Vo_ (6,000 (@) de+Ug (1) ug (0)
07

—-a —-a
Lo 2 1o .
+ [V _wowe@dr | di+ By [ | [V, v (@) ar
—a 0 \~a

2
t tt
{U(‘){+ O+[ Uy, (Gpydu [ug0)+ [ [ U, (1, p)du go(r)er dr|.
0 (4

442



It is clear that 7, o 20. Now, let us scalarly multiply the value of the operator 4360 (-) by 6 (¢), i.e., consider the
quadratic form

0 0 0
My =(4g 00(),00 (D3 = [ [ K" (t.0)vg@)drog(t)di+ [K D, (1)v(t)ar

0T 0
x 1 (0) + j j K(g{)3(z,r)§0(r)druo(z)dt+ j K(g?}(r)vo(r)dwom)

-a 0 -a

T 0
+K(()2)2 u; (0)+jzr<(2)3 (1)&o (r)dr u0(0)+j j K(g?{(t,r)vo(r)dr Eo(t)dt

0 -«

T
+[ k) (z)go(t)dtuo(0)+j jK“) (t,1)Eo(T)dr & (t)dr.
0

Substituting the explicit form of kernels K (()J )., i,j=1,3, into the quadratic form Il,, we obtain the equality

I1y = 21, o- This yields the positive definiteness of the operator 4, and the unique solvability of system (11) in the space
Ly (—a,0)x R' x L,(0,7). From the first equation of this system we find |vg(¢;)—vy(t2)|<C|t; —¢t,| for any
t,ty €[-a,0].

Optimality Conditions for Problem (ii). Due to the strict convexity of functional (7)—(10), this problem has a unique
solution from the space (C(—a, 0)x R! XLy (O,T))z, which is characterized by the necessary and sufficient optimality
conditions [4]

2k 0 ) )
Proi+ Y {jKﬁ.{’{)(r,r)vj(r)dr+K§.{’2’)(r)u,-(0>
—-a

j=2k-1

T A 2k . A
+j1<§.{’;)<z,r)§j<r>dr}= Y MW+ M) (), 1 e[-a.0),
0

j=2k-1
2k 2, 2, 2,
Do u; (0)+ jK( w0 dr+ K5 (0)+j KD (@&, @) dr
Jj= 2k 1
2k
= 2 (M(21 ‘pJ+M(2 Y,
j=2k-1
L e G.1)
P2+ X | [ K3 @dr+ KT (0)u;(0)
j=2k-1
0 (3,1) — (3,1 (3.1) % —1. 2k
+I Kj,’3 (t,r)gj(r)dr = % 1(Mj,i e, +Mj,°2 (), te(0,T], i=2k-1,2k, (12)
0 J=ak—=

whose kernels are obtained similarly to problem (i) from solutions of the boundary-value problems (8)—(10) from [3].
Let us establish the unique solvability of system (12) by defining the operator

Ap 01 ()=Te.60; (1) + Ay 04 (),
where (6 (1)) = (Va1 (1), Va5 () ttng_1 (0),ung (01, E g1 (1), E 0 (1)) €(Ly (=, 0)x R' x L (0,7))%, T =diag {7},

P1.92,72,72,92}, operator A4, is defined by the remaining terms in the left-hand sides of the system of
equations (12).
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It is obvious that operator A; acts from the space (L, (-, 0)x R! X Ly (O,T))2 into the space (L, (—a, 0)x R x
Ly, (0, T ))2 and is linear and continuous. The following lemma is true.
LEMMA 2. System (12) has a unique solution in the space (C(-a,0)x R! x Ly (O,T))z.

The proof coincides with the proof of Lemma 1 where system (11) is replaced with system (12) and the space
Ly (—a, O)><Rl x L, (0,T) with the space (L, (-, 0)x R' x L, (O,T))2 with the scalar product

- 2% (0 T _
O 0006 = 2 | [ vi@W; () de+u; ) (0)+ [ E;()E; (1)ar |,
i=2k-1\ ¢ 0

where

(0 (1)) = Wy (1), 025 (1) 121 (0), 12 (0),E gy (1), E 25 (£)), (8 ()Y

= By (10,02 (1), agy (0), ng (0), Enpy (1), E 2 (1))

SUBSTANTIATION OF THE RESULTS

To substantiate the optimality conditions obtained above, the controls found from them should satisfy conditions
from [3]. To test them, we will establish the following estimates.

First, let us estimate the components of the system of equations (12):

Cia +C2ﬁ1 +C3ﬂ2

Mexp(22T) A5 A}

1,2k-1
1K 53257 e a0 xc a0y <

>

1,2k-1 1,2k Ca CyBy  C3p,
HKék | )HC(—a,O)xC(—a,O) = ||K§k_1 )IHC(—a,O)xC(—a,O) S st Ly S
’ ’ lkexp(zlkT) lk lk

A

(1, 2k—1) e (2,2k-1) Cia Cy By C3By
||K2k*l,2 ||C(—0c,0) _HK2k7171 ||C(—Ot,0) < lz lzT + 13 + A4 4
i xXp(AT) k k
1,2k-1) e (2,20) Cia C, By Cs3 B,
HKék > a0 =I1Ky i llca,0) < + + ;
, ; -1, ; 3 2 3 5
/lkexp(/'LkT) /lk /'Lk
1, 2k-1 3,2k-1 Cya C; B,
||K§k_1,3 )“C(—a,O)xC(O,T) =\|K§k_1,1 )“C(—a,O)xC(O,T) < + ,

/lzk exp (/lsz) A4

K (2D

3,2k C a Cs By
w3 leEa.0xco,m) :HKék_l,{“C(—a,O)xC(O,T) < +

exp(AXT) A

Cia +C2 B +C3/32

26D
Ay exp (Z/IiT) Ak /13]{

2k-1,1 ”C(*a,O) <

5

Cia +C2 B +C3ﬁ2

HM(1,2k—1)
2 2 4
W exp(A5T) Ak v

2k,1 ||C(—Or,O) <

>

Cé

| L2k (1, 2k-1) )
Ay exp (/liT)

2k-1,2 ”C(*(Z,O) > HMZk,Z ||C(—a,0) <
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Ca Czﬂl +C3ﬁz

I\ng 1 lle-a, 0yxc(=a,0) < 5 2 e
exp(2/1 T) A Ay

>

1,2 2,2k-1 Cia C C3p
1KS2, o0 = 1K2 2 Ve a oy s 22y C2 P Coba
/Ikexp(/lkT) llk lk
Cia Cy By C3p,
1K 20N e a0y = 1K P e a0 + + :
2k,2 (-a,0) 2k1 (~a,0) S exp(lz T) /13k /1?(

Ca C3 B2

| & (:26) (3, 2k—
exp (12 T) /'LiT

213 lea,0xco,1) =K )HC( @,0)xC(0,T) <

(1,2k) C a LG B2

| K llc OxCOT‘”K e 0)xC(0,T
2k,3 (=a,0)xC(0,T) 2k] (-, 0)xC(0,T) < exp(/lzT) 26

Cia S Bi +C3ﬁ2

HM(I,Zk)
2 ex p(2,12T) Y i

2k-1, illea,0=

>

C,é

Ga G b, C3ps 26  Ga
2 2
lkexp(/lkT)

k)
HM(I 2 2k,2 HC(—O{,O) =
Se p(2/12T) Ak 2

w1 leEa0)=

|K(22k 1)|<C105 Czﬁl C3ﬁ2 |K(22k 1)|_|K(22k %+C2ﬂl+%

‘_ 2
2k-1,2 2 4 2 2k,2 1.2 3 T 5
2ok 2 BT
(2,2k-1) k-1) Cla C3Bz
||K2k—1,3 HC(O T)_”KZk 1,2 ||C(O T) <7+72,
/lk ,lk
b Cia C3ﬁ2
||K2k3 ||C(0 T)_HKZk 1, IHC(O ) <173+ )'3 ,
k k

~ A ~

226D Ga G B +C3ﬂ2, 226D Ga G B C3p

>

21,1 1S 2,1 =
Ayexp(5T) AL A Pexp(AiT) A4
(2,2k-1) Cla 2,2k-1,_C1 &
My, IS5 IMy s s —— 1.
k k
2.2, C1@ C,y B C3ﬂ2 (2,2k) B - Ca  C3B,
e /14 py I MKy 5 leo,my = ||K2k 2 lceo,ry < 73+ e
k k k k
Cla Csﬂz (2,2k) Ga G B . C3B,
1K )||cor =K ||COT ., M < + ,
2k 3 (0,7) 2k 2 0,7) = k lz}.( 2k-1,1 xp(iz T) }“i /14}(
M2 < Cia L6 Bi C3/52 M2 < @
2k,1 .3 2 2 2k,2 <
ikexp(lkT) lk k k
Kk 3:2k-1) <C1 a " C332 K (3:2k=1) K <C1a N C3ﬂ2
K515 e mxco.r < 22 22 K55 “lewmxcor) =I1K575) 3||C(0 TCO.1) =75 T 5
k k k
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A

3,2k- Cia Cs p 3, 2k Ca C
||M§k L1 )||C(0,T)$ ! st 33'62, ||M§k1 )HC(O,T)S 3 L s+ 34ﬁ2,
Apexp(AT) Ay Apexp(A.T) Ay
1 Ca 3,2k-1 Cia
HM2k 12)HC(O T)<T’ || ;k,Z )”C(O T)<Z»

C3p, |1 326)

HKZk 3 )HC(O TxC(0,7) S~ t L1l < +

o W2 exp(AXT) A%
Ca Cs By 2k) Ca
||M2k 1 )HC(O T) + HMZk 2 ||C(() T) <7. (13)
Skexp(lsz) lsk lk

From the positive definiteness of the operator A4; and estimates (13), we obtain

2k

2k
R 2, R
10kl <C 20 | 2 UMY llecao+ IME 1+ 1M c.r))le;
J=2k—1 L i=2k-1

2k
+ 2 UMY a0y + 1M1+ 1M P N7 >|wj|)}
i=2k—-1

<c|l—% +ﬁ+ﬁ—2 lPoi_1]+ S +ﬁ+ﬂ—2 | [+ & L)2"’1|+7|1/)2"| (14)
5 3 | 1P2k-1 5 5 2 | 192k 5
ApexpAiT  Ar o A Moexp AT Ak A i Ak

When deriving estimate (14) Vi >0, we did not take into account the terms (6 ,A4;0;)¢ =0 in case of the

boundedness of components of the vector 8, (-). Such an operation is correct if the series Z (0,40 ¢ converges.
k=1
Indeed, from estimates (13) we obtain

0 o) 2k

i 1i
Y O Arbi)g <C Y Y (I\Kﬁ-’ll) o (~a, 0)xC (-, 0) + ||K§-’21) lc(-a,0)
k=1 k=1 j,i=2k-1

1,i 2, ,
+ IIK;,;) lc(-a, 0)xC(0,7) +\|K ) 1 e e, 0) + \K( l)|+ ||K( Ve,

+ HK( D le©.TyxC (e, 0) + ||K( )HC(O T) +||K )“C(O ryxco.1y ) SC @+ By + B, )Z f<°0
o A

From the first two equations of system (12) we get

2k
1,i 5
1vilecaoy <C 2 UK loca.oxcan + 1K S ooy
Jj=2k~1

2%
1i 1i i .
+ HK;,’;) le e, 0yxc0,7) MOk lls+ D (llMﬁ,’f) lc(-a,0) 191+ HME-,’;) lc(=a,0) ¥ 1), i=2k-12k.
j=2k-1

From here and from estimates (14) and (13) we obtain the inequalities
N n n
Vi lle(-a,0) =€ 72+ﬁ+ﬁ% P2k-11
Ay exp(/lkT) Ak /lk

H - a2 +%+ﬁ% pag |+ |1/12{:1| W’;k‘ =212k
lkexp(/lkT) k Ak lk lk
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Components |u; (0)], [I§; |, 0,7y » i =2k~1,2k, of the vector 6 (-) satisfy inequality (14). Since |[u; |lc(o,7) <
lu; (0)|+T§&; HlQ(O,T) o i=2k =12k, for |[u; |lc(o,7) » i =2k—1, 2k, estimate (14) is true. Thus, the following theorem has

been proved.
THEOREM 1. Let functions ¢(x) and ¥ (x)in the optimal control problem (1)—(3), (4) satisfy the conditions

> izk (p2r_1hlpar ) <o, D (ij_lu Y2k |j <oo.
k=1 k=1 k

Then the continuous functions

v(x, 1) =00 (1) X o (xX)+ D Wap—1 (1) X gy () + 024 (1) X 9 (),
k=1

t
u(x, t)=u(x,0)+ j E(x,7)dr,

0
where

u(x,0) =g (01X ¢ (x) + D, (251 (0) X g1 () + g (0) X g (1)),
k=1

E(, 1) =80 (1) X o)+ D (Eapmr (1) X gy () +E 24 (1) X 94 (x)),

k=1

the coefficients of these representations are defined as solutions of the systems of equations (11) and (12), respectively,
are optimal controls in the problem (1)—(3), (4).

CONCLUSIONS

In the paper, we have derived the conditions to find the distributed optimal control for the parabolic—hyperbolic
equation with nonlocal boundary conditions and general quadratic performance criterion in a special norm. For the
constructed control, we have proved the lemmas about the uniqueness and the theorem about the existence of the found
solution.
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