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MULTIVALUED DYNAMICS OF SOLUTIONS

OF AN AUTONOMOUS DIFFERENTIAL-OPERATOR
INCLUSION WITH PSEUDOMONOTONE
NONLINEARITY

P. O. Kasyanov UuDC 517.9

Abstract. This article considers a nonlinear autonomous differential-operator inclusion with
a pseudomonotone dependence between determinative problem parameters. The dynamics of all weak
solutions defined on the positive semi-axis of time is studied. The existence of trajectory and global
attractors is proved and their structure is investigated. A class of high-order nonlinear parabolic
equations is considered to be a possible application.
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INTRODUCTION

Qualitative investigations of nonlinear mathematical models of evolutionary processes and fields of different nature,
in particular, problems of dynamics of solving nonstationary problems, are performed by many collectives of
mathematicians, mechanicians, geophysicists (mainly theorists), and engineers. A list of relevant results that is far from
complete is presented in [1-17]. The latest data on the study of multivalued (in the general case) dynamics of solutions of
mathematical models with nonlinear nonsmooth discontinuous multivalued nonmonotone interaction functions are based on
the theory of global and trajectory attractors for m-semiflows of solutions [1, 5-7]. In this case, to solve the evolutionary
problem being considered, the properties connected with system dissipativity and closeness (in a sense) of the resolving
operator [1, 5-8, 11, 13, 14] must be fulfilled. Note that such properties of solutions are individually checked for each
inclusion on the basis of the linearity or monotonicity of the leading part of the differential operator appearing in the problem
[1, 6, 11, 13, 14]. In most cases, quasilinear equations are considered.

At the same time, energy extensions and Nemytskii operators for differential operators occurring in generalized
statements of various problems of mathematical physics, problems on a manifold with boundary and without boundary,
problems with delay, stochastic partial differential equations, and problems with degeneration, as a rule, possess (if the phase
space is properly chosen) common properties connected by growth conditions (the growth often is no more than
polynomial), sign conditions, and pseudo-monotonicity [2—4, 12, 15, 16]. Under such constraints imposed on key problem
parameters, it is possible to prove in the general case only the existence of weak solutions of a differential-operator
inclusion, but the proof is not always cons tructive [2—4, 12, 15, 16]. Thus, the problem of existence and investigation of the
structure of trajectory and global attractors for weak solutions of evolutionary inclusions in infinite-dimensional spaces with
multivalued interaction multifunctions of pseudomonotone type is an urgent problem.
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1. PROBLEM STATEMENT

For an evolutionary triple (V; H; v’ ) of a multivalued (in the general case) mapping 4: V=3 7" and an external force

f € H, the problem of investigation of dynamics is considered as ¢ — + oo in the phase space H of all weak solutions of
a nonlinear autonomous differential-operator inclusion

y O+ A(@)> f (1

that are given for >0, where problem parameters satisfy the following conditions:
(1) p22and feH,
(2) the embedding of V' into H is compact;
(3) 3¢>0: Vuel, Vd e A(u), ||d]|,» < c(1+|\u|\‘;_1 );

4) 3a,>0: YueV, VdeA(u), (d,u)y 2a||u||[’;—ﬂ;

(5) 4: V:’)V* is (generalized) pseudomonotone [16], i.e.,

e for any u €V, the set A(u) is nonempty, convex, and weakly compact in V*;

e since u, > u weakly inV, d, € A(u, ) Vn=1, and lim (d —uyy <0, we obtain that Vo eV Id(w) e A(u)

n—>+o0

n’un

such that we have

n—>+o0

Here, (-,-)p: Vi xV > Risa pairing in v x V; it coincides with the scalar product (-,-)on Hx V' in the Hilbert

space H.
Comment 1. Conditions (3)—(5) imply that the mapping A is upper semicontinuous since it maps an arbitrary

finite-dimensional subspace V' into v’ supplied with a weak topology.
A weak solution to evolutionary inclusion (1) on an interval [7,7] is understood to be an element u that belongs to

a space Lp (z,T; V) and is such that, for some deLq (r,T;V*), we have

d(t)e A(y(t)) for almost all (a.a.) ¢t e(z,T), (2)

T T T (3)
J € @Ou@pdi+ [ d@).E@) y di =] (f, &)t VEeCT [0.TLV),

where ¢ >1: l+l=1.

2. PRELIMINARY RESULTS

For fixed 7 <7, we consider

* * *
X‘E,T :Lp(raT;V)> XZ,T :Lq(raT;V )’ W‘E,Tz{ueX‘E,T |u’€X‘E,T}a
Aeg:Xer IXp, App(»)=ld e X1 p1d(t)e A((0)) for aa. te(@,T),

for €Xiqr. fop(t)=f for aa te(@T),

where u' is the derivative of an element ue X, 7 in the sense of the distribution space D([7,7]; V*) [2;

Definition IV.1.10]. We note that the space W, r is a reflexive Banach space with the following derivative graph norm
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[15; statement 4.2.1]:
lully, , =Ilully, + Nl llys o welyr. @)

It follows from [3; Lemma 7] and conditions (1)—~(5) that A, 7: X 7 3 X T* 1 satisfies the following conditions:

@ 3C >0: [[dlly: <Oyl )V yeX,r, Ve r(3);
(b) 3C,,C3 >0: (d)y, = Call¥llh, ~C3 VyeX,r, ¥ded 1 (»);

© A r:Xer 33X T*’T is (generalized) pseudomonotone on W; 7, ie.,

e for any ye X, r, the set A, 7 (y) is nonempty, convex, and weakly compact in X r*,T;
® A, r is upper semicontinuous as such that maps from an arbitrary finite-dimensional subspace X r into X : T

supplied with a weak topology;
e since y, —> y weakly in Wy 7, d, € A, r(y,) Vnzl, d, ->d weakly in X‘:,T’ and

E} <dn9yn _y>Xz,T SO,

n—>+0

we obtain that d e A, r(y) and  lim (d,,y,) x , =({d,)) y ;- We note that the measurability condition is not
n—>+o0 I o

imposed on A.

Here, (-,-) x, :X:)T x X r — Ris a pairing in X:,T x X r; it coincides with the scalar product in L, (7,7; H) on

T
Ly(v,T; H)x X r, ie., T
Vuely(r,T;H), VveX, 1 <”»V>X, , =I(u(t),v(t))dt.

T
Note also [2; Theorem IV.1.17] that the embedding W 7 < C([7,T]; H )is continuous and dense and we have

T )
Vu,veW, r (M(T),V(T))—(M(T),V(T))=I [u" (@), v(@ )y + V' (), u(@)) y dr.

The statement formulated below directly follows from the definition of the derivative in the sense of D([7,T7]; v* )
and equality (3).
LEMMA 1. Each weak solution u € X, 7 of differential-operator inclusion (1) on an interval [7,T] belongs to the

space W, r and, moreover, we have

u'tA, v (u)> frr- (6)

On the contrary, if u €W, r satisfies inclusion (6), then u is a weak solution of inclusion (1) on [7,T].
The existence of a weak solution to Cauchy problem (1) with the initial condition

V@)= yr ()

on the interval [7,T] for an arbitrary y, € H is guaranteed by condition (1), conditions (a)—(c), and also the results of
[15, Ch. 5]. Thus, the following result takes place.

LEMMA 2. For any 7 <7, y, €H, Cauchy problem (1), (7) has a weak solution on the interval [7,7]. Moreover,
each weak solution u € X; 7 of Cauchy problem (1), (7) on the interval [7,7]belongs to W, r < C([7,T]; H) and satisfies
inclusion (6).

Comment 2. Since W, r < C([7,T]; H), initial condition (7) makes sense by virtue of Lemma 1 for each weak

solution of problem (1).

For fixed 7 <7, we introduce the following denotation: Dy 7 (u; )=1{u(-)|u is a weak solution to inclusion (1) on
[z.T],u(t)=u, }, u, €H.

It follows from Lemma 2 that D, r(u; )#Q and Dy r(u; )Wy VT <T, u; € H.
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Let us prove that a translation and a concatenation of weak solutions are also weak solutions.
LEMMA 3. If 1 <T, u; €H, and u(-) €D, 1 (uy ), then v(- )=u(-+s)e D, r_ (uy ) Vs If 1<t <T, u; €H,

u(-)eDy 4(u; ), and v(-)e D, r (u(t)), then
! ! Z(S):{u(s), selr,t],

v(s), selt,T],
belongs to D 7 (ug ).
Proof follows from the definition of a solution to equality (3), Lemma 1, and the fact that z € W, ;- as soon as
veW, ,,ueW,r, and v(t)=u(t). In proving the latter fact, one can use the definition of the derivative in the sense of
D([t,T];V*), formula (5), and Lemma IV.1.12 from [2] on the density of Cl([tl,tz];V) in th,tz when ¢ <t¢,.

3. ADDITIONAL PROPERTIES OF SOLUTIONS

The proof of the existence of compact global and trajectory attractors of evolutionary inclusions and, in particular,
inclusions of type (1) is based on properties of a collection of weak solutions to problem (1) that are connected with the
absorbableness of a generated m-semiflow of solutions and its asymptotic compactness (see [5—8] and their references). The
following lemmas on a priori estimates of solutions and theorem on the dependence of solutions on initial data play the key
role in investigating the dynamics of all weak solutions to problem (1) as ¢ — +oo.

LEMMA 4. There are c4,c5,cq,c7 >0 such that, for any finite time interval [z,T], each weak solution u(-) to
problem (1) on [7,T] satisfies the following estimates: V¢ >s, ¢,5 €[7,7T],

: (8)
(Ol + 4 [ IENILdE <[[u(s)I[, +e5 (1+ 1 A5, )i =s),

(O, <@, e+ e A+ 1112,). ©)

Proof. The proof standardly follows from the conditions imposed on the parameters of problem (1) and the
Gronwall-Bellman lemma.

THEOREM 1. Let 7 <T, an let {u, },5; be an arbitrary sequence of solutions to problem (1) on [7,77] that are weak
and such that u,(r) —>#n weakly in H. Then there are {unk b1 © {up by and u(-) € Dy 7 (n) such that

Vee(0,7-7t) max ||u, (£)-u(t)||y =0, k—+o. (10)
te[t+e,T] k

Proof. We assume that the conditions of Theorem 1 are satisfied. Then, by virtue of Lemma 1, for any n > 1, we have
u,(-)eWy r < C([z,T]; H). Moreover, from Lemma 4, condition (4), and relationship (6), we obtain

Vnzl 3d, eﬂT,T(u,,):u'n(t)-i-dn(t):f for a.a. te(z,T), (1D

AC>0: V2l luglly, , + ey My +unlleqerim+lidally: <C (12)

As a result, from the continuity of the embedding W, r < C([7,T]; H) [2; Theorem IV.1.17], conditions (2) and (a),
compactness of the embedding W, r < L, (7,T; H) [4; Theorem 1.5.1], and also the reflexivity of the space W, r with
derivative chart norm (4), we obtain that, up to a subsequence {unk ,d n bes1 < {u,,d,, },>1, the following convergences
take place for some u €W, r and d eXT*,T:

u,, —>u weakly in X7, u,

n, —> 4 weakly in XT*’T, d, —d weakly in X:’T,

Up, U weakly in C([r,T]; H), Up, U in Ly(z,T;H),

wp, (1) > u(t) in H for a.a. t e(r,T), k—+wo. (13)
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We will complete the proof of the theorem in several steps.
Step 1. Let us prove that
Vie@T] u, (1)—>u(t) in H,k— +o. (14)

Lemma 4 implies that Vk>1, V¢ >s, t,s €[7,T],
2 2 2 2
1y, (Ol —es A+ 1l e <[luy, (I —es A+ Sy ds. (15)
From convergences (13) we obtain that, for a.a. se(7,7) and for a.a. ¢t €(s,7), we have
2 .. 2\« 2 .. 2
(O —es A+ [ A1 e <[lu(s)lly, —es A+ f1l; ds.

Since ueW, r <C([t,T1;H), Vit zs, t,s€[r,T], we have

(I, —es A+ A1, e <[|u()| 2, =cs A+ A7, s (16)

Therefore, the functions
T (@) =ty (D17, —es A+ A117, ), (17)
J(@) =[], —es (| A1[7, e (18)

are continuous and monotonically nonincreasing on [z7,7].
Since Up, (t)>u(t) in H for aa. t €(r,T), we have

Jp(t)—>J(t), k—>+w for aa. te(r,T) (19)
Let us show that
lim J, (1)<J(t) Yie(r,T]. (20)
k—+0

It follows from convergence (19) that V¢ e(z7,T], Ve>031 e(z,1): |J(1)-J(¢)|<e and that lim J, (£)=J(t).
k—+0
Therefore, V k>1, we have

T (O)=J(O) T (=T ()< () =T O+ [T ()= (D] <e+ [T (1)=J (1)}

Thus, we obtain o
Vte(r,T], Ve>0 lim J,(#)<J(t)+e,
k—+0

which implies inequalities (20) and, in particular, the inequality

lim [[u, (> <|lu(®)|]? Vte(r,T].
k_mo\l ne (Ol <Mu()]1; (r.7]

The weak convergence of Up, (¢) to u(t) in H as k >+ Vte[r,T], inequality (20), and the result of [2;
Theorem 1.5.12] implies convergence (14).
Step 2. Let us show that
u'=frr—d. 21

By virtue of Lemma 1, for any k>1and & eCy ([t,T];V), the following relationship is true:

—(E ) x, By, = o B, (22)

Passing to limit in relationship (22) as k — +oo, we obtain

VEeCy (. TEV)—E w x, , +({d.E) x , =(frr.8).
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Thus, using properties of the Bochner integral, V¢ eCy ([7,T]), VY h eV, we have

T T T T
—[ [uts)p (s)ds, h] =—[ (hu(s) ' (s)ds=[ (f=d(s).hyy p(s)ds = < [ Lz 7 (9)=d()lp(s)ds, h>

T Vv

Relationship (21) directly follows from the definition of the derivative of an element u e X, r in the sense of
D ([r,T; V7).
Step 3. We fix an arbitrary ¢ € (0,7 —7)and, using the pseudo-monotonicity of A, , 7 on W, r, show that
d(t)e A(u(t)) for a.a. te(r+e,T). (23)

Let us consider restrictions up, (+),dp (), u(-), and d( - ) to the interval [T+ ¢&,T]. For simplicity, we denote them
by the same symbols Up, (), dnk (-), u(-), and d(-), respectively. From convergences (13) and (14), we have

. . *
Up, —>u weakly in W .7, dnk —>d weakly in X, 7,

Vtelt+e,T) Up, (t)>u(t) in H, k — +oo. (24)
Let us show that
kgr:-lw<dnk JUp, —U) Xover =0 (25)
In fact, we have r r r
Yk 21 [ (d,, (5).tty (8)=u(s)yds= [ (fuuy (8)=u()ds— [ ) ()., ()=u(s))y ds (26)
T+E T+E T+E

It follows from convergence (24) that T

j( foity, (9)=1u(s))ds =0, k =+, (27)
From statements (5) and (24) we obtain
T T
[ Gl (), u(s) =y (N ds= [y (5),u(s)y —%(Hunk (DI, =+, )

(! (28)
> [ ©Lu)y — (@I o)l =0, k>

T+¢€

Passing to limit in statement (26) as k — + oo, we obtain statement (25) from statements (27) and (28).

Thus, we obtain relation (23) from statements (11), (24), and (25) and the pseudo-monotonicity of A, 7 on
Wt+ e, T+

Step 4. The arbitrariness of ¢ € (0,7 —7), convergences (13), relation (23), and definition of A 7 imply u(-)e D, r(17).

Step 5. We prove convergence (10) by contradiction. Let us assume that 3¢ >0,3L >0, and 3 {u k; i1 © {unk Y1

such that

Vil max |ug (£)—u(O)||g = |[ug (¢;)—u(t;)llg = L.
te[t+e, 7] 4

Without loss of generality, we can consider that 7 ; — ¢y €[t +¢,T], j — +o. Hence, by virtue of the continuity of
w: [t,T]— H, we have

lim [fuy (2;)=u(to)lly 2L (29)
J—>+o ’
At the same time, let us show that
ug, (t;)>u(ty) in H, j—>+o. (30)
Step 5.1. We first prove that
U, (t;)—>ulty) weakly in H, j—+o. (31)
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For a fixed % €V, it follows from convergences (13) that the sequence of real functions (unk (-),h)[t,T]>Ris
uniformly bounded and equipotentionally continuous. Taking into account inequality (12) and the density of the embedding
V < H, we obtain that u n, (1) = u(t)weakly in H and uniformly on [7,7], k — + o, which implies convergence (31).

Step 5.2. We prove that

Tim [l ()l <l G2
J—>+o

Let us consider the continuous monotonically nonincreasing functions J ; and J, j>1, defined as functions (17)
and (18). We fix an arbitrary &; >0. It follows from convergence (19) and the continuity of J that

HEE(T,I‘O )I lim Jk(f)=J(f), |J(E)—J(t0)|<€1.
jo+o
Then, for sufficiently large j>1, we have
i, (6))=J (1) <V (D)= D)+ 1 (D)= (1)< g, (D)= D)+ 1.

Hence, we have lim Jk/_ (t;)<J(ty)+&y. From the arbitrariness of &; >0 and since tj —ty and j — +o0, we obtain
jo+o

inequality (32).

Step 5.3. Convergence (31), inequality (32), and [2; Theorem I .5.12] directly imply convergence (30).

Step 5.4. To complete the proof of the theorem, we note that convergence (30) contradicts inequality (29).

The theorem is proved.

COROLLARY 1. Lett <T, let {u,, },> be an arbitrary sequence of weak solutions to problem (1) on[7,7], and let
the sequence be such that u, () —>n in H, n —+oo. Then there are u(-)e D, r(n) and {unk bis1 < {uy, $,>1 such that
ad in C([t,T;H), k—>+x.

Proof. The unique vital difference from the proof of Theorem 1 consists of checking the inequality

lim ka (t;)sJ(tg)when tg =7,1; > 1o, j—>+oo,and {¢;};5; <[7,T] (see step 5.2 of the proof of Theorem 1). In this
joto ’

uﬂ

case, Vj=1,J;, (t;)-J(t)<J} (r)-J(t). Since u, (t) > u(r)in H, n > + oo, we have J, () > J (1), j = + . Hence,
kit kj k;

we obtain  lim Ji (t;)<J(tg).
jo+ oo

4. GLOBAL ATTRACTORS

Let us consider constructions introduced in [7]. We denote by P(H ) (B(H )) the collection of all nonempty (nonempty
bounded) subsets of the space H. We recall that an m-semiflow is understood to be a multivalued mapping G:Rx H — P(H)
for which

e G(0,- )=1d (identity mapping);

e G(t+s,x)cG(t,G(s,x)) VxeH, t,seR;
an m-semiflow is strict if G(¢+s,x)=G(¢,G(s,x)) VxeH, t,seR_.

It follows from Lemmas 3 and 4 that any weak solution can be extended to a global solution defined on [0,+ «). Let,
for an arbitrary yy € H, D(y, )be a collection of all weak solutions (defined on [0,+ o)) to problem (1) with the initial data
¥(0)=yg.

We define the m-semiflow G as follows: G(z, ) ={»()| y(-)e D(yo )}.

LEMMA 5. The m-semiflow G is strict.

Proof. Let y e G(t+5,y0 ). Then y =u(t+s), where u(- ) € D(y, ). Lemma 3 implies that v(- ) =u(s+- ) € D(u(s)).
Hence, we have y=v(t)eG(¢t,u(s))c G(¢,G(s,¥p))-

Conversely, if yeG(t,G(s,yg)), then Ju(-)eD(yy), v(-)eD(u(s)): y=v(t) Let us define the following
mapping:

6 :{ u@),  Eef0s)
v(&-s), &els,t+s]
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It follows from Lemma 3 that z(-)eD(y,). Hence, y=z(t+s)eG(t+s,yq).
We recall that a set A is called a global attractor of G if
e A is negatively semiinvariant (i.e., A < G(¢,:A) Vit >0);
e A is an attracting set, i.c.,
dist (G(¢,B), A)—>0, t >+ VB eB(H), (33)

where dist (C,D)=sup irelf llc=d||, is the Hausdorff hemimetric;
ceC
e for any closed set Y — H satisfying property (33), we have A cY (minimality).
A global attractor is called invariant if A=G(t, A) V¢=>0.
Let us prove the existence of an invariant compact global attractor.
THEOREM 2. An m-semiflow G possesses an invariant global attractor ‘A compact in the phase space H.
Proof. It follows from Lemma 4 that

IR, @>0: Y yg eH.y(-)eD(yg): 120 [ MOl <l yollf; ¢ +R (34

Thus, a sphere By ={u e H |||u ||y <~/R+1} is an absorbing set, i.e., VB e B(H)3IT(B)>0: Vt>T(B) G(t,B) < B,.
In particular, inequality (34) implies that the set U,5(G(¢,B) is bounded in H VB e B(H).

We also note that, by Theorem 1, a mapping G(¢,- ): H — B(H ) assumes compact values and is compact when ¢ > 0in
the sense that it translates bounded sets into precompact sets.

Let us prove that the mapping uy — G(¢,u ) is upper semicontinuous [9; Definition 1.4.1]. To this end, it suffices to
show [10; p. 48] that V u, €eH,Ve>030(ugp,e)>0: YueBs(uy)G(t,u)c B, (G(t,ugp ) =1{z € H |dist (z,G(¢,ug ) <&}
If this is not the case, then there are ug € H, £ >0, {0, },>1 < (0,+ %), and {u, },>; < H such that Vn>1u, €Bs (u),
G(t,u, )z B, (G(t,ug)), and 6,, >0, n—>+oc. Then we have Vn>13v,(-)eD(u, ): v,(t)& B, (G(t,uy)). Since
u, >uy in H, n —>+o, Theorem 1 implies that v, (¢) > w(t) eG(t,up ) in H, n -+ oo, for some v(-)eD(uy ). This
contradicts the fact that Vn2>1 ||v,(t)—v(?)||y 2&.

Thus, the existence of a global attractor with required properties directly follows from [7; Proposition 2, Theorem 3,
and Remark 8].

The theorem is proved.

5. TRAJECTORY ATTRACTORS

Let us consider the family K, =y yoet D(yo) of all weak solutions to inclusion (1) that are defined on [0,+ ).
Note that K, is translationally invariant, i.e., Vu(-)eK,, Vh=20u,(-)eK,, where u, (s)=u(h+s), s 20. We specify
a semigroup of translations {T'(%)};>0, T(h)u(-)=u, (- ), h =20, u € K, on K, . By virtue of the translational invariance of
K, , we conclude that T'(h)K, < K, when h>0.

We construct an attractor of the translational semigroup {I'(%)};( acting on K, . On K, we consider the topology
induced from the Frechet space C'°°(R, ;H). Note that

L) f() in C°R,HY < VM >0 Ty, £, () > Ty () in C0,MLH),

where I1,, is the restriction operator on an interval [0,M] [6; p. 18]. We denote by I, the restriction operator on
[0,+00).

We recall that a set P C'*° (Ry;H)NL, (R, ;H) is called attracting for the space of trajectories K, of
inclusion (1) in the topology of C loc (R, ; H)1if, for any set 8 < K, bounded in L, (R, ; H)and an arbitrary number M >0,

the following relationship is satisfied:

diStC([O’M];H)(HMT(I)B,HMP)—)0, t —> +o0. (35)
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A set U <K, is called a trajectory attractor in the space of trajectories K, with respect to the topology of
C'°°(R, ;H) [6; Definition 1.2] if

e U is compact in C'°°(R, ;H) and is bounded in L, (R, ;H);

e U is strictly invariant with respect to {I'(h)}>g, 1.€., T(WYU=U VY h=0;

e U is an attracting set for the space of trajectories K, in the topology of cloe R, H).

Let us consider inclusion (1) on the entire number axis. By analogy with the space cloe (R, ;H), the space
cloe (R; H) is supplied with the topology of local uniform convergence on every interval [-M,M]c R [6; p. 198].
A function u e C'*° (R; H)NL,, (R; H)is called a complete trajectory of inclusion (1) if VA e RI1, u; (- )e K, [6;p. 198].
Let K be the totality of all complete trajectories of inclusion (1). We note that

VheR, Vu(-)eK u,(-)ek. (36)

LEMMA 6. The set K is nonempty, is compact in C'°° (R; /), and is bounded in L, (R; /) ; moreover, we have
Vy(-)eK,VteR y(t)eA, 37

where A is the global attractor from Theorem 2.

Proof. Step 1. Let us show that K = . It may be noted that [15] and also conditions (1) and (3)—(5) imply that
Ivel: A(v)s f. We put u(t)=v VteR. Then ue K= J.

Step 2. Let us prove statement (37). For any y e K3d >0: || y(¢)||y Sd Vit eR Weput B=uU,g {¥(t) € B(H).
Note that, VzeR, VieR, yT)=y,_,()eCG(t,y,_,(0))cG(t,B). It follows from Theorem 2 and convergence (33)

that Ve>037>0: V7 eR dist(y(1),A) <dist(G(T, B), A) < e. Therefore, taking into account the compactness of A in H,
for any u(-)eKX and 7 €R, we have u(r)e A

Step 3. The boundedness of K in L, (R, ; H)follows from statement (37) and the boundedness of A in H.

Step 4. We check the compactness of K in C loc (R; H). To this end, is suffices to check its precompactness and
closedness.

Step 4.1. We check the precompactness of K in C loc (R; H). If this is not the case, then, by virtue of statement (36),
IM >0:1I1,,% is not a precompact set in C([0,M]; H). Hence, there is a sequence {v, },> < I1,,% that does not have
a subsequence converging in C([0,M]; H). At the same time, we have v, =I1,,u,, where u, € K, v, (0)=u, (0)e A,
n=1. Since A is a compact set in H (see Theorem 2), by virtue of Corollary 1, 3{v, ji> < {vn}y1, 3N €M,
Iv(-)eDyp ()i vy (0)—>n in H and v, — v in C([0,T];H), k —+c. We arrive at a contradiction.

Step 4.2. We check the closedness of K in C!°°(R; H). Let {v, },5 = K, veC(R; H): v, - v in C'°°(R; H),

n — +o. The boundedness of K in L, (R;H) implies ve L, (R; H). From Corollary 1 we obtain that, V M >0, the
restriction v( - ) to an interval [-M,M] belongs to D_,, ps (v(-T)). Hence, v(-) is a complete trajectory of inclusion (1).
Thus, ve K.

LEMMA 7. Let A be the global attractor from Theorem 2. Then

VyoeA Iy(-)eK: »(0)=yp. (38)

Proof. Let y, € A, and let u(- ) e D(y, ). From inequality (9) and convergence (33) we obtain V¢ R y(t)eA.
Theorem 2 implies that G(1, A)=A. Therefore, we have

VneA FEeA, Jp,(-)eDy(§): ¢, (H)=1.

For any ¢ e R, we put u(t), teR,
t)=
n) 0 ke ((+K), 1 e[kk+1), keN,

We note that y ecloe (R;H)and y(t)e AVteR (hence, ye L, (R;H)) and, by virtue of Lemma 3, y € K and, at the
same time, »(0)=yq.
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THEOREM 3. Let A be the global attractor from Theorem 2. Then there is a trajectory attractor £ < K, in the

space K, . In this case, we have
P=II,K=II,{yeK |yt)eA VteR} (39)

Proof. It follows from Lemma 6 and the continuity of the operator I1, : C'° (R; H)— C'*°(R, ; H) that the set
I1, K is nonempty, is compact in C loc (R, ;H), and is bounded in L,, (R ; H). Moreover, the second equality in formula
(39) is fulfilled. The strict invariance of I1, K follows from the autonomy of inclusion (1).

Let us prove that [T, K is an attracting set for the space of trajectories K, in the topology of C loc (R, ;H). Let

B c K, be a bounded set in L, (R, ;H), and let M >0. Let us check the fulfillment of relationship (35). If it is not
fulfilled, then there are sequences ¢, —+ ®, v, (- )€ B such that

Vnzl dist crory,m)yMavy(t, +- ), K)ze. (40)
At the same time, the boundedness of B in L, (R, ;H) implies that IR >0: Vv(-)eB, VteR, |[v(?)||yg <R. Thus,
IN>L Vn=N v,(t,)eG(t,,v,(0)cG1,G(t, —1,v,(0)c G(1,Bg ), where Bp ={ucH||ully <R}

Hence, taking into account convergence (33) and the compactness of the mapping G(1,- ):H — B(H ) (see the proof
of Theorem 2), we obtain 3{v, (¢, N>t <{v,; (1, N1, 3z€A v, (1, )>z in H, k—>+co. Next, Vi1, we put
Pr(t)=vy (t, +1t), 1€[0,M]. Note that, Vk=1, ¢, (-)eDy Vi, (2, ) Then, from Corollary 1, we obtain

a subsequence {Sok/}jzl C Pk k=1 and an element ¢(-)e Dy 5 (2),
Pk, > ¢ in C([OM];H), j—+ (41)

In this case, taking into account the invariance of A (see Theorem 2), V¢ €[0,M] ¢(t) e A By Lemma 7, there are
v(+),v(-)eK such that y(0)=z and v(0)=¢(M). For any 7 € R, we put

»(1), t<0,

Y()=4 (1), 1€[0,M],
v(t—-M), t>M.

By Lemma 3, (-)e K. Hence, from statement (40), we obtain

Vi1 |[Hypv, (2, +-) =Ty C)lleqo,mpm) =10k =elleqo,mym) 26

contrary to convergence (41).
Thus, the set # in the construction of attractor (39) is a trajectory attractor in the space of trajectories K, with respect
to the topology of C!°°(R, ;H).

The theorem is proved.

EXAMPLES

We consider the class of nonlinear boundary problems in which the dynamics of solutions can be investigated as
t -+ o, making no pretense to the generality of the presentation.

We assume thatn >2, m>1, p>2,1<¢g<2, 1 + 1 =1,and Q c R" is a bounded domain with a sufficiently smooth
P q

boundary I' =0Q . We denote by N (respectively, by N,) the number of derivations of order <m—1 (respectively, of order
=m) with respect to x. Let also 4, (x,7;&) be a family of real functions ( |a|< m) defined in Qx RV x RV2 and satisfying
the conditions

(a) for a.a. xe€Q, a function (9,§)—> A, (x,n,§) is continuous in RVix RNZ;

(b) V(n,é‘)eRN'x R™2, a function x— A, (x,1,8) is measurable in €
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(c) there are ¢; 20 and k; €L, (Q) such that, for a.a. xeQ, V(n,&)eRle RNZ, we have

| A o EN< e [P+ 18P ky (0]

(d) there are ¢, >0 and k, €L;(Q2) such that, for a.a. xeQ, V(n,é)eRle RNZ, we have

D Aq @ E) g 2 e |EP —ky (x);

lal=m
(e) for a.a. xeQ, Vy ERN‘, VE,E*G ]RNZ, and ’:;'—)5*, we have

> (g (0. E)=Ag (& NE ~E2)>0.
la|=m
We introduce the denotations D¥u ={Dﬂu, |Bl=k} and Su=1{u,Du,..., D" u} [4; p.194].
We investigate the dynamics of all weak (generalized) solutions defined on [0,+ o) for an arbitrary fixed external

force fel,(Q) as t >+ o in the following problem:

oy(x,t) N
ot

3 (=)D (A, (xr,090x, 1), D" y(x,1))) = f(x) in Qx (04 0), (42)

lot|l<m
D% y(x,t)=0 on T'x (04 ), |a|<m—1. (43)

We introduce the following denotations [4; p. 195]: H=L, (Q)),V = Wom P (Q) is the Sobolev space of real-valued

functions, and
a(u,0)= Y, I Ay, (x,0u(x), D" u(x))D*w(x)dx, u,weV.
laf<m ¢
Condition (2) takes place according to the Sobolev theorem on the compactness of embedding. Taking into account
conditions (a)-(e) and the reasoning from [4; pp. 192-199], the operator A: V— V" defined by the formula
(A(u),wyy =a(u,w) Y u,w €V satisfies conditions (3)—(5). Hence, it is possible to pass from problem (42), (43) to the
corresponding problem in “generalized” statement (1). We note that

A=Y (-1)*D% (4, (x,0u,D™u)) Y ueC§ Q)

ot |<m

Thus, for weak (generalized) solutions of problem (42), (43), all the statements from the previous sections, in
particular, Theorems 1-3 and Lemmas 1-7 are fulfilled.

Comment 3. New classes of problems can also be considered as applications such as problems with degeneration,
problems on manifolds with boundary and without boundary, problems with delay, stochastic partial differential equations, and
other problems with differential operators of pseudomonotone type with the corresponding choice of phase spaces [4, 11-13].

CONCLUSIONS

It follows from the results of Secs. 4 and 5 that an m-semiflow G constructed over all weak solutions to problem (1)
has a compact invariant global attractor A . For all weak solutions to problem (1) that are defined on [0,+ ), there is a
trajectory attractor . At the same time, we have A=P(0)={y(0)|y e K}, P=I1, K, where K is the totality of all
complete trajectories of differential-operator inclusion (1) in C loc (R;H)N L, (R; H). Thus, the equality of global attractors
is proved both in the sense of [7; Definition 6] and in the sense of [6; Definition 2.2]. The questions of connectedness and
dimensionality of the constructed attractors remain open in the general case. We note that the approaches proposed in [6, 7]
are based on properties of solutions of evolutionary objects, in particular, in this work, on properties of the interaction
function 4 from problem (1) and properties of phase spaces.
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Analyzing the proofs of the presented results, the following weaker condition imposed on the mapping A4 :V° jV* can

be considered instead of condition (5): since u,, - u weakly inV, d, € A(u,)Vn=1,d, — d weakly in V*, n — + oo, and
lim (d, ,u, —u)y =0, we have d € A(u).

For the class of autonomous differential-operator inclusions with a pseudomonotone nonlinear dependence between
key problem parameters, the dynamics of all global weak solutions defined on [0,+ ) is investigated as ¢t — + o. The
existence of a global compact attractor and a compact trajectory attractor is proved, their structures are studied, and the
equality of global attractors is checked both in the sense of Definitions 6 from [7] and in the sense of Definition 2.2 from [6].
The obtained results allow one to investigate the dynamics of solutions of new classes of evolutionary inclusions from
nonlinear mathematical models of geophysical and sociotechnical processes and fields with a pseudomonotone interaction
function satisfying the condition of no more than polynomial growth and standard sign condition.
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