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Abstract Nocturnal evolution of radon concentration and the height of a box model, which
is determined from radon concentration and local radon flux at the ground, are used as indica-
tors of nocturnal atmospheric stability in single-height observations. However, quantitative
relationships between these indicators andmeteorological conditions, including the turbulent
diffusion coefficient, have not yet been well established. Here, we construct a simple model
based on the heat exchange process of the lower atmosphere to relate these parameters. The
model neglects radiative flux divergence and assumes a uniform constant radon flux, mak-
ing it most applicable to low wind conditions at sites well-removed from coastal influences,
when advective effects are minimal. The model shows that the box height (equivalent mixing
height) can be determined from near-surface parameters including sensible heat flux and
the decrease in potential temperature after sunset. For these parameters, static stability and
mechanical mixing components are incorporated. In addition, the constructed equations sug-
gest the equivalent mixing height is proportional to the inversion layer height with a slope that
depends on the vertical profile of potential temperature. The equivalent mixing height can be
also related to the turbulent diffusion intensity. We demonstrate that radon observations at a
single height are useful for monitoring nocturnal atmospheric stability.

Keywords Equivalent mixing height · Inversion layer · Radon · Sensible heat flux ·
Turbulent diffusion

1 Introduction

Radon-222 (radon) is a radionuclide that has been widely used for investigating vertical
mixing in the atmospheric boundary layer (e.g. Jacobi and André 1963; Liu et al. 1984;
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Butterweck et al. 1994; Desideri et al. 2006; Williams et al. 2011), because its half-life
(3.8 days) is long compared to typical turbulent time scales (1h or less) in the atmospheric
boundary layer and production and removal processes are simple. Radon is a radioactive noble
gas produced fromRa-226, which is abundant in rocks and soils. Radon flux from unsaturated
land surfaces is so much larger than the flux from the ocean surface that its source is regarded
as solely continental (Wilkening and Clements 1975; Schery and Wasiolek 1998). Once
exhaled into the atmosphere, radon is transported by turbulent diffusion without chemical
reaction or deposition, and it is unlikely to be washed out by rainfall. Consequently, it is
eliminated predominantly by the radioactive decay process (Porstendörfer 1994; Zahorowski
et al. 2004).

Several studies have related vertical radon profiles to the strength of atmospheric stability
or turbulent diffusion based onmulti-height observations (e.g.Moses et al. 1960;Hosler 1969;
Liu et al. 1984; Williams et al. 2011, 2013; Chambers et al. 2011; Kondo et al. 2014; Vargas
et al. 2015). On the other hand, the nocturnal evolution of radon (i.e. radon gradient) in time
series obtained at a near-surface single level is also a good indicator of vertical mixing (e.g.
Perrino et al. 2001; Chambers et al. 2015a, b). Chambers et al. (2015a, b) showed that trends in
air pollutant concentrations were separated more clearly using atmospheric stability based on
the radon gradient than the Pasquill–Gifford stability classification. Another indicator is the
height of a box model that is related to the radon gradient (e.g. Fontan et al. 1979; Guedalia
et al. 1980; Fujinami and Esaka 1988; Allegrini et al. 1994; Kataoka et al. 1998; Sesana
et al. 1998; Galmarini 2006; Griffiths et al. 2013; Chambers et al. 2015b). For investigating
nocturnal atmospheric stability, Guedalia et al. (1980) introduced the following simplified
equation,

he (t) = E

C(t) − C(0)
t, (1)

where E is the local radon flux at the earth’s surface, t is the collapse time from initiation of
radon accumulation, andC(t) andC(0) are radon concentrations at time t and the initial time,
respectively. The box height he(t), which is called the equivalent mixing height, is several
tens of m in magnitude in the stable nocturnal boundary layer (e.g. Fontan et al. 1979; Sesana
et al. 1998, 2003, 2006; Chambers et al. 2015b). However, it has not been clarified how both
the radon gradient and he are related to meteorological conditions. In addition, although he
agrees well with the mixing depth in the convective boundary layer during daytime (Fujinami
and Esaka 1988; Kataoka et al. 1998), a definitive relationship between he and the inversion
layer height hi at night has yet to be established.

In the present paper, we provide approximate means for relating the radon gradient and
he to (1) meteorological conditions, (2) inversion layer height, and (3) turbulent diffusion
using single-height observations for estimating nocturnal atmospheric stability.

2 Nocturnal Evolution of Radon Concentrations with Inversion Layer
Development

Around late afternoon, the surface heat flux becomes negative (from the surface upward), and
a nocturnal inversion layer, which has a positive potential temperature gradient, gradually
forms from the surface upward (Stull 1988). The sensible heat flux H(t) is expressed by

H(t) = −ρCpKH(z, t)
∂θ(z, t)

∂z
, (2)
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where KH(z, t) is the turbulent diffusion coefficient for heat, θ(z, t) is the potential tempera-
ture, ρ is the air density, Cp is the specific heat of air, and z is the height (Li 1974; Stull 1988;
Arya 2001). When, at the inversion layer height, the potential temperature is equal to that
at ground level at the initial time and its gradient is zero (Fig. 1), the inversion layer height
hi(t) is determined from

hi(t) = Hav(t)

αρCp [θ(0, t) − θ(0, 0)]
t, (3)

where, Hav(t) is the average sensible heat flux from time 0 to t , andα is a constant that depends
on the vertical distribution of potential temperature (for a linear distribution, α = 0.5) (Stull
1988; Betts 2006).

Under weakly stable to very stable nocturnal conditions, there is a well-defined evolution
of radon concentration near the surface due to the suppression of radon dispersion and
continuous radon emission (Moses et al. 1960; Porstendörfer 1994; Dueñas et al. 1996;
Omori et al. 2009). The radon flux E(t) follows Fick’s law and is given by

E(t) = −KR(z, t)
∂C(z, t)

∂z
, (4)

where KR(z, t) is the turbulent diffusion coefficient of radon andC(z, t) is the radon concen-
tration (Li 1974; Fleischer 1980; Dueñas et al. 1997). Combining Eq. 2 with Eq. 4, we can
relate the variation of the radon concentration to thermodynamic processes in the atmosphere.
When KH(z, t) = KR(z, t) is considered (e.g. Anquetin et al. 1999; VinodKumar et al. 1999;
Olivié et al. 2004), then

∂C(z, t)

∂z
= ρCpE(t)

H(t)

∂θ(z, t)

∂z
, (5)

and integration of Eq. 5 from the surface to altitude z at time t gives

C(z, t) − C(0, t) = ρCpE(t)

H(t)
[θ(z, t) − θ(0, t)] . (6)

Equation 6 implies that the vertical distribution of radon is characterized by that of potential
temperature and the turbulent heat flux (see also Li 1974). It is worthwhile noting that a
similar relation can also be obtained via dimensional analysis using the Buckingham Pi
theorem (Buckingham 1914, see Appendix 1).

The relationship in Eq. 6 can be transformed into a relationship between a time series
of radon concentrations and potential temperature at the surface (even though this is an
impractical height at which to observe radon). In the following discussion, the radioactive
decay of radon is ignored at the nocturnal time scale (e.g. Allegrini et al. 1994; Betts 2006;
Chambers et al. 2011;Williams et al. 2013). Let us consider a situationwhen heat flux changes
from positive to negative and atmospheric stability is neutral at time t = 0. According to
Eq. 6, since θ(z, 0) = θ(0, 0) (Fig. 1), the vertical distribution of radon concentration is
also constant: C(z, 0) = C(0, 0). Next, we consider the situation when atmospheric cooling
proceeds and the inversion layer reaches z = hi at t . The potential temperature at hi is equal
to that at z = 0 and t = 0, i.e. θ(hi, t) = θ(0, 0) (Fig. 1), which leads to C(hi, t) = C(0, 0).
Then, based on these relationships, Eq. 6 can be transformed as follows,

C(0, 0) − C(0, t) = ρCpE(t)

H(t)
[θ(0, 0) − θ(0, t)] . (7)

Equation 7 indicates that the nocturnal radon gradient in a time series is quantified by the
radon and sensible heat fluxes and the decrease in potential temperature. It is also shown
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Fig. 1 Schematic representation of vertical profiles of potential temperature in the atmospheric boundary
layer. This figure is drawn for a linear profile of potential temperature, i.e. α = 0.5 in Eq. 3. Grey broken and
black solid linesmean the vertical profile under neutral and stabilized conditions, respectively. The symbol hi
is the inversion layer height and ts is the collapse time after sunset (t = 0)

that the local radon flux can be determined from the radon concentration and meteorological
data.

The strength of atmospheric stability is related to the vertical temperature gradient and
the wind-speed gradient (Stull 1988; Chambers et al. 2011; Williams et al. 2013). In Eq. 7,
the static stability and the mechanical mixing components are incorporated into the potential
temperature change and sensible heat flux, respectively. This is the reason why the radon
gradient in a time series or equivalent mixing height can be regarded as a good indicator of
nocturnal atmospheric stability.

3 Relationship Between Radon, Equivalent Mixing Height, Inversion
Layer Height, and Turbulent Diffusion

The indicator of atmospheric stability he evaluated from radon concentrations can be con-
nected to hi since both radon concentrations and hi follow the change of near-surface potential
temperature. Combining Eq. 1 with Eq. 3 through Eq. 7, we obtain the following equation
that shows a linear relationship between he and hi,

he(t) = αH(t)

Hav(t)
hi(t), (8)

which reveals that the slope of he against hi depends on the nocturnal evolution of the sensible
heat flux and the vertical distribution of the potential temperature. Under clear-sky conditions,
the sensible heat flux tends to fluctuate less during the nocturnal period (e.g. Hicks 1981;
Edwards et al. 2006), and therefore, H(t) ≈ Hav(t) is assumed. Under this condition, Eq. 8
can be approximately written as

he(t) ≈ αhi(t), (9)
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and indicating that the slope depends slightly on the heat flux, but primarily onα, the structure
constant of the potential temperature profile.

This finding may be supported by the he and hi data described in Allegrini et al. (1994),
who calculated he from radon concentrations and inferred hi from radiosonde data in Milan,
Italy under weakly stable (summer) and moderately to strongly stable (winter) conditions,
when horizontal advection can be ignored. Here, it should be noted that the urban mixing
height used in Allegrini et al. (1994) is equivalent to hi during a nocturnal period. They
found that he is positively correlated with hi. In addition, although the authors themselves
considered that themagnitude of the slopewas not statistically determined, the slope appeared
to be about 0.5. Moreover, the slope was nearly constant regardless of the season, summer or
winter. These findings imply that Eq. 8 (or its approximation Eq. 9) is useful for estimating
he.

We now discuss the relationship between equivalent mixing height and turbulent diffusion
intensity. According to Eqs. 2, 3, 8, and 9 assuming KH = KR = K , the relationship is
satisfied, with

h2e(t) = αH(t)

Hav(t)
Kt ≈ αKt, (10)

or, as a function of hi,

h2i (t) = Hav(t)

αH(t)
Kt ≈ K

α
t. (11)

The form of Eq. 10 is similar to that in Fontan et al. (1979), but the coefficient α in our
equation is smaller (α = 0.8 in Fontan et al. (1979)). This might be due to the difference in
the derivation process, i.e., the former is derived mainly from thermodynamics (Eqs. 2, 3),
while the latter is derived from Eqs. 1 and 4 with simplifications for he and the radon flux.

The turbulent diffusion coefficient typically has values∼10−2–10 m2 s−1 in the stabilized
atmosphere as noted in Jacob (1999). In several previous studies using vertical radon profiles,
Hosler (1969) obtained bulk turbulent diffusion coefficients ranging from 0.6 to 4.8 m2 s−1

within a height of 90 m in nearly neutral to moderately stable conditions, while Chambers
et al. (2011) estimated the bulk turbulent diffusion coefficients to be 0.12–0.44m2 s−1 within
a height of 50m in relatively stable conditions. InKondo et al. (2014) andVargas et al. (2015),
the turbulent diffusion coefficient within a height of 100mwas at most 0.13± 0.05 m2 s−1 in
strongly stable conditions and 0.2–1.2 m2 s−1 at lower wind speeds (< 5 m s−1). Based on
Eqs. 1 and 10 used in the present study and time series of near-surface radon concentrations
and radon flux presented in Kondo et al. (2014) and Vargas et al. (2015), the diffusion coeffi-
cient and equivalent mixing height are estimated to be 0.09–0.20 m2 s−1 and 30–60 m (radon
gradient: 2.2–2.5 Bq m−3, collapse time: 5–10 h), respectively, for Kondo et al. (2014), with
the corresponding values of 0.2–1.5 m2 s−1 and 30–50 m (radon gradient: 1.3–4.7 Bq m−3,
collapse time: 5–10 h) for Vargas et al. (2015). The estimated diffusion is very close to the
observed values. In particular, a high similarity was obtained evenwhen radiative coolingwas
not negligible (Kondo et al. 2014). The equivalent mixing height was also comparable to that
reported in Chambers et al. (2015b) for moderately to strongly stable conditions (30–50 m).
However, our estimations (K : 0.8–0.9 m2 s−1, he: 120 m) do not match the radon data (radon
gradient: 2.0–2.4 Bq m−3, collapse time: 8–10 h) reported in Chambers et al. (2011). This
may be due to the topographic characteristic of the measurement site, which was located atop
a broad ridge with significant slopes.

Finally, we now discuss the conditions under which the constructed equations can be
applied. Time scales for absolute radon concentrations are composed of short (diurnal) and
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long time scales (≥synoptic), with the advective (long time scale) contribution depending on
the airmass fetchhistory over the past twoweeks (e.g.Chambers et al. 2011, 2015b).However,
in the model, radon is sourced locally, i.e. advective contribution is ignored throughout the
course of a night. This assumption is thought to be valid since during stable nights, when
wind speeds are low, most observed radon is contributed to for fetches within a radius of
approximately several tens of km (Sakashita et al. 1996; Chambers et al. 2011). In addition,
the model is not, in principle, applicable to coastal regions due to the presence of large
differences in radon flux between onshore and offshore areas. In the absence of rainfall,
which leads to an increase in soil moisture and subsequent reduction in radon flux (e.g.
Stranden et al. 1984; Hosoda et al. 2007), the radon flux is considered to be nearly constant
throughout a night. In addition, for the formulation, meteorological conditions such as the
presence of clear skies and the absence of radiative cooling are idealized. Nocturnal cloud
cover affects net longwave radiation and, if winds are weak, the radiative flux divergence
is not negligible. When the radiative flux divergence is dominant, the potential temperature
profile has a negative curvature without affecting radon concentrations (e.g. André andMahrt
1982; Duynkerke 1999; Ha and Mahrt 2003), and a linear profile of potential temperature
can no longer be assumed. With regard to these limitations, however, it is noted that valid
estimates were obtained for observations of a coastal site as shown in Vargas et al. (2015)
and under conditions where radiative cooling was not negligible, as reported by Kondo et al.
(2014). Available radon and meteorological data are limited and should be the subject of
future work.

4 Conclusions

We have provided a simple model to show that nocturnal radon evolution and equivalent
mixing height (box height) are good indicators of atmospheric stability. Under conditions
of constant local radon flux, air density, and heat capacity of air and ignoring advective
contributions to changes in radon concentration and radiative cooling, the nocturnal evolution
of radon concentrations can be expressed as a function of only two variables, sensible heat
flux and decrease in potential temperature (≈ air temperature) near the surface. Based on our
model, the equivalent mixing height has a linear relationship with the inversion layer height,
with a slope that depends primarily on the vertical distribution of potential temperature under
the condition of small variations in sensible heat flux. In addition, the equivalent mixing
height can be related to the turbulent diffusion coefficient. These results indicate that radon
observations at a single height are useful for monitoring nocturnal atmospheric stability.
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Appendix 1

Dimension analysis using the Pi theorem (Buckingham1914) is applied to a systemgoverning
the variation of radon concentration through heat exchange in a layer. An air layer with two
parallel surfaces at a distance of �z is considered where the lower and the upper surfaces
correspond to the ground and inversion layer height in the environment, respectively. The
whole layer is characterized by the density ρ and the specific heatCp of air. In addition, radon
and heat are supplied to the layer only at the lower surface and their rates are expressed as
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Table 1 List of physical quantities with dimensions governing the variation of radon concentration through
heat exchange in a system

Physical quantity Symbol Dimension (M, L , S, V, T, K )

Thickness of a layer �z (0, 1, 0, 0, 0, 0)

Vertical gradient of
radon concentration

�C(�z, t)/�z (0, −1, 0, −1, −1, 0)

(�C(�z, t) = C(�z, t) − C(0, t))

Radon flux E(t) (0, 0, −1, 0, −2, 0)

Vertical gradient of air
temperature

�θ(�z, t)/�z (0, −1, 0, 0, 0, 1)

(�θ(�z, t) = θ(�z, t) − θ(0, t))

Sensible heat flux H(t) (1, 0, 0, 0, −3, 0)

Air density ρ (1, 0, 0, −1, 0, 0)

Specific heat of air Cp (0, 0, 1, 0, −2, −1)

E(t) and H(t), respectively. Under these conditions, we investigate the relationship between
vertical gradients of radon concentration �C(�z, t)/�z(�C(�z, t) = C(�z, t)−C(0, t))
and potential temperature �θ(�z, t)/�z(�θ(�z, t) = θ(�z, t) − θ(0, t)). Table 1 lists the
fundamental dimensions of seven physical quantities in the considered system. In this study,
we identify six fundamental dimensions: mass (M), length (L), area (S), volume (V ), time
(T ), and temperature (K ), although area and volume scales may be converted into the length
dimension in ordinary studies. Based on these quantities, we may construct the functional
relation in dimensional form: f (�C(�z, t)/�z,�θ(�z, t)/�z, E(t), H(t), ρ,Cp,�z) =
0. Based on the Pi theorem, only one dimensionless product is determined and, therefore, the
following dimensionless expression is given as

φ

(
H(t)�C(�z,t)

�z �z

ρCpE(t)�θ(�z,t)
�z �z

)
= 0, (12)

or

H(t)�C(�z, t)

ρCpE(t)�θ(�z, t)
= A, (13)

where A is a constant. We assume from the discussions in Sect. 2 that the dimensionless
constant A represents the ratio of the turbulent diffusion coefficient of heat (KH) to the
turbulent diffusion coefficient of radon (KR). For A = 1, the linear relationship between
radon concentration and potential temperature is obtained in a form similar to Eq. 6.
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