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Abstract How the spatial perturbations of the first and second moments of the velocity
and pressure fields differ for flow over a train of gentle hills covered by either sparse or dense
vegetation is explored using large-eddy simulation (LES). Two simulations are investigated
where the canopy is composed of uniformly arrayed rods each with a height that is com-
parable to the hill height. In the first simulation, the rod density is chosen so that much of
the momentum is absorbed within the canopy volume yet the canopy is not dense enough
to induce separation on the lee side of the hill. In the second simulation, the rod density is
large enough to induce recirculation inside the canopy on the lee side of the hill. For this
separating flow case, zones of intense shear stress originating near the canopy-atmosphere
interface persist all the way up to the middle layer, ‘contaminating’ much of the middle
and outer layers with shear stress gradients. The implications of these persistent shear-stress
gradients on rapid distortion theory and phase relationships between higher order velocity
statistics and hill-induced mean velocity perturbations (�u) are discussed. Within the inner
layer, these intense shear zones improve predictions of the spatial perturbation by K -theory,
especially for the phase relationships between the shear stress (∼ ∂�u/∂z) and the velocity
variances, where z is the height. For the upper canopy layers, wake production increases with
increasing leaf area density resulting in a vertical velocity variance more in phase with �u
than with ∂�u/∂z. However, background turbulence and inactive eddies may have dampened
this effect for the longitudinal velocity variance. The increase in leaf area density does not
significantly affect the phase relationship between mean surface pressure and topography for
the two simulations, though the LES results here confirm earlier findings that the minimum
mean pressure shifts downstream from the hill crest. The increase in leaf area density and
associated flow separation simply stretches this difference further downstream. This shift
increases the pressure drag, the dominant term in the overall drag on the hill surface, by some

E. G. Patton (B)
National Center for Atmospheric Research, P.O. Box 3000, Boulder, CO 80307-3000, USA
e-mail: patton@ucar.edu

G. G. Katul
Nicholas School of the Environment & Department of Civil and Environmental Engineering,
Duke University, Durham, NC 27708-0328, USA

123



190 E. G. Patton, G. G. Katul

15%. With regards to the normalized pressure variance, increasing leaf area density increases
σp/u2∗ near the canopy top, where u∗ is the longitudinally averaged friction velocity at the
canopy top and σp is the standard deviation of the pressure fluctuations. This increase is
shown to be consistent with a primitive scaling argument on the leading term describing the
mean-flow turbulent interaction. This scaling argument also predicts the spatial variations in
σp above the canopy reasonably well for both simulations, but not inside the canopy.

Keywords Canopy turbulence · Flow over hills · Large-eddy simulation ·
Rapid distortion theory · Reversed flow · Turbulent pressure

1 Introduction

The problem of how gentle hills perturb the mean flow and the pressure field far from a rough
surface has been extensively studied (Jackson and Hunt 1975; Hunt et al. 1988; Gong and
Ibbetson 1989; Ying and Canuto 1996; Gong et al. 1996; Kim et al. 1997; Belcher and Hunt
1998; Taylor 1998; Henn and Sykes 1999; Wood 2000; Brown et al. 2001; Athanassiadou
and Castro 2001; Ayotte and Hughes 2004; Wagner et al. 2007; Poggi et al. 2007). In com-
parison, how gentle hills perturb the bulk flow within the canopy sublayer has received much
less attention. Recent theoretical progress (Finnigan and Belcher 2004; Poggi et al. 2008),
hereafter referred to as FB04, flume experiments (Poggi and Katul 2007a,b,c, 2008), hereaf-
ter referred to collectively as PK07, first-order closure modelling (Ross and Vosper 2005),
hereafter referred to as RV05, and large-eddy simulations (LES) (Tamura et al. 2007; Ross
2008; Dupont et al. 2008) are beginning to fill some of this knowledge gap. The motiva-
tion for exploring the latter problem are numerous and are often linked to: (1) quantifying
biosphere-atmosphere exchange of trace-gas fluxes and other scalars from tall vegetation sit-
uated on complex terrain, including footprint determination (Raupach et al. 1992; Raupach
and Finnigan 1997; Grace and Malhi 2002; Schmid 2002; Aubinet et al. 2003; Feigenwinter
et al. 2004; Staebler and Fitzjarrald 2004; Aubinet et al. 2005; Katul et al. 2006); (2) mod-
elling heavy-particle dispersion (e.g. seed and pollen) when exploring the re-colonization
of disturbed areas within forests (Nathan et al. 2002; Katul et al. 2005; Nathan and Katul
2005), control of pests, gene flow and its implications for both ecosystem composition or
designs of biocontainment zones (Williams et al. 2006); (3) assessing how the presence of a
tall canopy affects siting choices for wind turbines on hills for optimal energy capture; (4)
deriving wind loads on buildings (Bitsuamlak et al. 2004, 2006); (5) the need to represent the
combined effect of the vegetation-hill system via an effective roughness or drag coefficient
in mesoscale and numerical weather prediction models (Xu and Taylor 1995; Belcher and
Wood 1996; Belcher and Hunt 1998; Salvetti et al. 2001; Beljaars et al. 2004; Vosper and
Brown 2007), to name a few. However, much of these applications cannot be addressed by
only tracking how hills perturb the mean flow properties; they require knowledge of how
the combined canopy-hill system alters higher order statistics such as velocity variances,
turbulent stresses, and in some cases pressure variances.

The original framework of Jackson and Hunt (1975) for dividing the flow above the hill
into different layers (e.g. outer versus inner layers) and the revisions proposed by FB04
thereafter to include a canopy sublayer provide some clues about the mechanisms governing
the variability in turbulent intensities, at least in terms of phase relationships relative to the
hill surface. Rapid distortion theory (RDT) provides an organizing framework to analyze
the higher-order flow statistics in the outer layer (Britter et al. 1981; Hunt and Carruthers
1990; Belcher and Hunt 1998; Athanassiadou and Castro 2001), while K -theory, with the

123



Flow Over Hills and Canopy Density 191

appropriate choice of mixing length scales, provides an organizing framework for analyz-
ing these phase relationships in the inner layer (as in FB04). How the canopy modifies this
emerging picture for second-order statistics (including pressure variance) and their phase rela-
tionship to the hill surface was not explored in FB04. Understanding the response of first-
and second-order moments to variations in canopy density is an essential step toward the
interpretation of observations taken in this regime and in the development of simpler models
attempting to represent the impact of varying canopy types on turbulent exchange in larger-
scale models that are unable to resolve the vegetation, the orography, or their interaction.

Hence, our study analyzes two LES experiments simulating turbulence over a train of
gentle hills mimicking the cosine hill surface in the flume experiments described by PK07.
The hill surface in both calculations is covered with a canopy composed of uniformly arrayed
rods, where the rod height is comparable to the hill height. In the first simulation, the rod
density is chosen so that much of the momentum is absorbed within the canopy volume yet
not too dense to induce recirculation on the lee side of the hill (hereafter referred to as the
non-separating case). In the second simulation, the rod density is sufficiently large to induce
recirculation within the canopy volume (here after referred to as the separating case). These
two runs, identical in all respects except for the canopy density, are likely to produce different
interaction regimes between the flow in the outer layer (that dictates surface pressure gradi-
ents) and topography. Phase shifts and asymmetry between the topography and the ground
pressure, which can be modified by the recirculation zone, further affects these phase rela-
tionships between the second-order flow statistics and the hill surface as well as the overall
drag acting on the hill surface.

2 Scaling Analysis and Dynamical Regions

2.1 Background States

For flow over gentle hills, the mean velocity Ū is expressed as

Ū (x, z) = Ub(z) + �u(x, z), (1)

where the background state Ub is often defined as the upstream velocity far from an isolated
hill, and �u(x, z) is the hill-induced perturbation from this background state. In FB04, the
background states are expressed as:

Ub(z) = u∗,b

kv

log

(
z − d

zo

)
, z ≥ hc (2a)

Ub(z) = Uh,b exp

(
β

l
(z − hc)

)
, z < hc, (2b)

where hc is the canopy height, kv = 0.4 is the von Karman constant, u∗ is the friction veloc-
ity, d is the zero-plane displacement, zo is the aerodynamic roughness length of the canopy,
Uh,b is the mean background velocity at z = hc, β = u∗,b/Uh,b, l = 2β3Lc is a constant
effective mixing length inside the canopy, Lc = (Cda)−1 is the adjustment length scale that
varies with the canopy drag (Cd ) and the leaf area density (a). To ensure continuity of the
mean velocity profile at z = hc, d = hc − l/kv and zo = d e−kv/β .

When considering flows over a train of gentle hills instead of an isolated hill, the back-
ground state may not be well represented by the upstream mean velocity profile (Ayotte
1997). The upstream velocity prior to the nth hill is different from the upstream velocity
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colliding with the (nth − 1) hill. Hence, for a train of gentle hills, it is convenient to define
a different ‘background’ state. Following similar arguments as those discussed in PK07, the
longitudinal average along the hill wavelength is selected. Hereafter, the subscript b indi-
cates this background state. This definition is especially useful for the simulations presented
here because periodic boundary conditions are used (a convenient method to obtain turbulent
inflow conditions) implying that the computationally generated flow resembles that which
has encountered an infinitely repeating train of hills. Comparisons between the background
states predicted by Eq. 2 and estimated from longitudinal averaging of the LES results are
discussed later.

2.2 Scaling Regimes

Early analysis of boundary-layer flows over gentle hills decomposed the boundary layer into
two distinct layers known as the outer and inner layers after Jackson and Hunt (1975), here-
after referred to as JH75. These two layers emerged from time-scale arguments associated
with the relative adjustment of the mean and turbulent flows to topographic perturbations. In
particular, the mean distortion and Lagrangian integral time scales (TD and TL , respectively)
are commonly employed to explore how the mean flow and turbulence adjust to topographic
variations within these two regions. TD characterizes the distortion of turbulent eddies due
to the straining motion associated with the spatial variability in the mean flow caused by the
hill. It represents the characteristic time that the mean flow field needs to stretch and destroy
large eddies through work done by advection against the mean spatial velocity gradients.

An estimate of TD can be obtained from (Belcher and Hunt 1998),

TD = L

Ū
= L

Ub + �u
= L

Ub

(
1 + �u

Ub

)−1

≈ L

Ub

(
1 − �u

Ub

)
. (3)

TL characterizes the time scale of classical turbulent stretching (or relaxation) of large eddies
due to the action of a local mean velocity gradient. Stated differently, TL is the time that
turbulent fluctuations need to come to equilibrium with the local mean velocity gradient, and
this can be estimated from

TL = u2∗
ε

= u2∗
−u′w′(∂Ū/∂z)

= u2∗
(u3∗/kvz)

= kvz

u∗
= kvz

u∗b (1 + (�u∗/u∗b))
, (4)

where ε is the mean turbulent kinetic energy dissipation rate (assumed to balance shear
production only for scaling purposes). Hence, to first order,

TL ≈ kvz

u∗b

(
1 − �u∗

u∗b

)
≈ kvz

u∗b

(
1 +

(
Kt,b

u∗b

)
∂�u

∂z

)
, (5)

where Kt is the turbulent diffusivity.
These arguments suggest that TD scales with �u, while TL scales with ∂�u/∂z. The ratio

TD/TL can be used to separate the outer from the inner layer, as briefly discussed below.
A thorough review of these arguments can be found elsewhere (Belcher and Hunt 1998).
Figure 1 summarizes the key terms in the mean momentum balance and the scaling argu-
ments (velocity or time scales) for each of the layers across the hill, discussed next.

2.3 Outer Layer

In the layer where TD/TL � 1, the local stretching of large eddies is much slower than the
distortion due to advection. This layer is called the rapid-distortion layer or the outer layer
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Fig. 1 Schematic diagram defining the length scales, layers and regions. For each layer, the key terms in the
mean momentum balance above the hill surface and the scaling variables for velocity or time are depicted.
RDT scaling (i.e. �u) is expected to hold in the outer (inviscid) and middle (inviscid but rotational) layers,
where the mean distortion time scale (TD) is much smaller than the Lagrangian time scale (TL ). The K -theory
and shear-stress scaling (i.e. ∂�u/∂z) are expected to hold in the inner layer where TD > TL . The quantities
on the left represent the scaling variables for velocity or time. The emergence of �u as a velocity scale inside
the canopy is not connected to RDT and is presumed to originate from wake production

and is characterized by flow dynamics governed by the balance between advection and the
pressure gradient terms, with turbulent stresses playing a minor role. That is, in the outer
layer, the mean momentum balance is given as

Ū
∂Ū

∂x
+ W̄

∂Ū

∂z
≈ −∂ P̄

∂x
. (6)

The turbulent flow is rapidly distorted and a direct proportionality between the hill shape and
the flow statistics can be assumed. These assumptions form the basis of the so-called rapid
distortion theory (RDT). Spatially, the outer layer is defined for z − d > hm , where hm is
known as the middle-layer depth estimated by solving

hm

L
∼

[
ln

(
hm

zo

)]1/2

. (7)

The statistics in this layer are expected to scale with the local velocity perturbation �u/Ub

as predicted from RDT (given that TD is the appropriate time scale). In the outer layer, the
linearized RDT predicts a reduction in σu and a concomitant increase in σw, given by (Britter
et al. 1981; Belcher and Hunt 1998; Athanassiadou and Castro 2001)
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σ 2
u (x, z)

σ 2
u,b(z)

= 1 − 4

5

�u(x, z)

Ub(z)
, (8)

σ 2
w(x, z)

σ 2
w,b(z)

= 1 +
(

6

5
− 2R

5

)
�u(x, z)

Ub(z)
. (9)

Here, R = σ 2
u,b/σ

2
w,b which represents the degree of anisotropy existing in the background

state (R = 1 for an isotropic flow). These reductions and increases occur because the vortex
line, and hence the vorticity of the energy-containing eddies (ωx , ωy , and ωz), are distorted
by anisotropic straining induced by the mean flow. In particular, over the top of the hill,
�ωx ∝ �u while �ωz ∝ (Ub + �u)−1. Hence, with increasing �u,�ωx increases while
�ωz decreases. Immediate consequences of the linearized RDT equations is that in the outer
layer σu and σw are in phase with �u (Belcher and Hunt 1998).

2.4 Inner Layer

As the inner layer is approached, the turbulence effects become significant, modifying the
mean momentum balance via

Ū
∂Ū

∂x
+ W̄

∂Ū

∂z
= −∂ P̄

∂x
− ∂

∂z
u′w′ − ∂

∂x
u′u′. (10)

Because TD/TL > 1 in this layer, the local stretching of large eddies is fast enough to com-
pete with the distortion due to mean flow advection. This layer is called the local-equilibrium
layer or inner layer because the local eddies relax to equilibrium with the local mean velocity
gradient before spatial advection can transport and stretch them. Because of this equilibrium
in the inner layer, K -theory can be used to predict perturbations in the turbulent stresses or
�u∗ even if K -theory may fail to describe the background state. Spatially, the inner layer is
defined for z − d < hi , where hi is known as the inner layer depth estimated by solving

hi

L
� 2k2

v

ln (hi/z0)
. (11)

In this layer, the longitudinal variations of the local statistics are expected to scale with
�u2∗ = −Kt ∂�u/∂z.

Using K -theory, the second-order statistics in the inner layer are given by

σ 2
u = 1

3
σ 2 − Kt

(
∂Ū

∂x
+ ∂W̄

∂z

)
, (12)

σ 2
w = 1

3
σ 2 − Kt

(
∂W̄

∂x
+ ∂Ū

∂z

)
, (13)

where σ 2 is the total turbulent kinetic energy (TKE). For an incompressible flow, this approx-
imation leads to normalized variances given by

σ 2
u (x, z)

σ 2
u,b(z)

≈ 1 + 1

3

�σ 2

σ 2
u,b

(14)

σ 2
w(x, z)

σ 2
w,b(z)

≈ 1 + 1

3

�σ 2

σ 2
w,b

− Kt∂ (�u) /∂z

σ 2
w,b

. (15)

Unlike the outer layer scaling, where σ 2
w increases with increasing �u, σ 2

w here tends to
decrease with increasing ∂�u/∂z. The so-called middle layer, situated between the inner
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and outer regions, is generally assumed to be inviscid but rotational. In this layer, the mean
flow undergoes transition from its equilibrium state in the inner layer to being rapidly distorted
by advection in the outer layer.

2.5 Canopy Layer

The presence of a canopy sublayer modifies the inner layer arguments in JH75 by, (1) alter-
ing the no-slip lower boundary condition, and (2) by introducing the drag term in the mean
momentum budget equation so that

Ū
∂Ū

∂x
+ W̄

∂Ū

∂z
≈ −∂ P̄

∂x
− ∂

∂z
u′w′ − ∂

∂x
u′u′ − CdaŪ 2. (16)

Hence, the canopy layer adds two new length scales to the mean momentum balance: Lc and
hc. Here, the second-order statistics (and the velocity component spectra in particular) are
complicated by numerous factors (e.g. wake production and short-circuiting of the energy
cascade) that prevent an a priori velocity scale from being defined strictly based on mean flow
(or shear stress) considerations. In other words, within the canopy layer, w′u′(x, z) may no
longer be the only leading term for turbulent production because of other mechanisms such

as wake production (Wp). Wake production by the mean flow scales as Wp ∼ U
3
(x, z)/Lc

(Finnigan 2000; Poggi et al. 2004a; Poggi and Katul 2006, 2008; Cava and Katul 2008),
which can exceed the shear production w′u′(x, z) dŪ/dz in some layers of the canopy even
over flat terrain.

One possible consequence of the dominance of Wp inside the canopy is that σ 2
w (and to a

lesser extent σ 2
u ) may become in phase with �u though this phase alignment is not connected

with RDT (Poggi and Katul 2008). The rationale for this speculation is due to the fact that
the linearized wake production, given by

Wp,l(x, z) ≈ Ū 3

Lc
= U 3

b (1 + (�u/Ub))
3

Lc
≈ U 3

b

Lc

(
1 + 3

�u

Ub

)
(17)

is in phase with �u (for small �u/Ub). On the other hand, shear production, which is the
other main source of turbulent energy inside the canopy, scales with (∂�u/∂z)2. If wake
production becomes the dominant source of turbulent kinetic energy (as may be anticipated
for σ 2

w and to a lesser extent σ 2
u inside canopies), its action may be to re-align velocity vari-

ances to be in phase with �u in those layers, a mechanism completely absent for a rough
bare surface case (Poggi and Katul 2008).

There are two more practical aspects that need to be addressed when dealing with tall-
canopy flows over hills: the effect of the canopy on the inner layer depth, and the interplay
between the canopy and the hill on the generation of an effective drag at the hill surface. With
regards to the first point, it is well established that as zo increases, hi gradually increases
(roughly, hi ∼ (L0.9/8) z0.1

o ). To illustrate this using a numerical example, consider a cosine
hill having a half-length L = 100 m and a height H = 10 m. Increasing zo from 0.1 m to
1 m leads to a corresponding increase in hi from 7.5 m to 12.5 m, though this increase is
hardly sufficient to ensure a well-developed inner layer not affected by the canopy sublayer.
If hc ≈ H (and zo ∼ 0.1 hc), then the entire inner layer depth may be immersed within the
so-called roughness sublayer often defined as the layer between the ground and 2hc (Raupach
and Thom 1981; Finnigan 2000).
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With regards to the second point, the total surface force (per unit area per unit fluid density)
on the hill is modified from the bare surface case by Fc and given by

FT = Fp + Fτ + Fc, (18)

where Fp, Fτ , and Fc are the pressure force, the surface turbulent shear stress, and the canopy
drag force, respectively, given by

Fp = 1

4L

2L∫
−2L

p(0, x)
∂zs

∂x
dx, (19)

Fτ = 1

4L

2L∫
−2L

−�u′w′(x, 0)dx, (20)

Fc = 1

4L

2L∫
−2L

⎛
⎝

hc∫
0

�(u|u|)
Lc

dz

⎞
⎠ dx . (21)

In dense canopies, where hc/Lc > 1, Fτ � Fc and can be neglected. In fact, based on the
background state defined here, it is identical to zero. With regards to Fp , the presence of a
canopy is likely to complicate the phase relationships between p(x, 0) and local topographic
gradients. In particular, PK07 have shown that if a recirculation zone on the lee side of the
hill in the deeper layers of the canopy occurs, it can modify the pressure field significantly.
PK07 reported surface pressure measurements that are asymmetric because of the recircula-
tion zone and require, at minimum, three Fourier modes to describe their overall shape for
a train of cosine hills. The implication of this asymmetry on the pressure drag has not been
fully explored, except via scaling arguments. These arguments call into question whether
an effective roughness length (or drag coefficient) for the combined hill-canopy system is
even an appropriate concept. The LES runs chosen here, with one experiment producing
recirculation while the other does not, provide a comparative framework to assess the role
of recirculation on pressure modulations and concomitant effects on higher-order moments.

2.6 Pressure Variance

Much of the discussion up to this point considers the effects of the hill-canopy system on
the velocity variances with no regards to variations in the pressure variance (σ 2

p), perhaps the
least understood term in second-order flow statistics. In this section, scaling arguments as to
how σp is perturbed by the hill are explored. The instantaneous turbulent pressure fluctuation
p at a point is given by,

∂2 p

∂xi∂xi
= − ∂

∂xi∂x j

⎛
⎜⎝(

ui Ū j + u j Ūi
)

︸ ︷︷ ︸
T1

+ (
ui u j − ui u j

)
︸ ︷︷ ︸

T2

⎞
⎟⎠, (22)

where the first term on the right-hand side is the mean flow-turbulent interaction (hereafter
referred to as T1) and the second term on the right-hand side is the turbulent-turbulent inter-
action (hereafter referred to as T2). It is not the intent here to derive a formal equation for σp

from the above instantaneous equation; rather, it is employed for scaling purposes as follows:
by noting that ∂ui/∂xi = ∂Ūi/∂xi = 0, the above equation reduces to
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∂2 p

∂xi∂xi
= −2

∂Ūi

∂x j

∂u j

∂xi
+ . . . . (23)

In a first-order analysis of boundary-layer flow over hills, the largest mean flow gradient is
∂Ū (x, z)/∂z (i.e. i = 1, j = 3) and is a logical candidate to be the leading term in T1. Hence,
the instantaneous pressure is given by

∂2 p

∂xi∂xi
= −2

∂Ū

∂z

∂w

∂x
+ . . . . (24)

To employ Eq. 24 for scaling purposes, it is assumed that the local root-mean-squared ampli-
tudes represent the mean amplitudes of the turbulent fluctuations so that the relevant fluctu-
ations scale as follows: p ∼ σp, w ∼ σw, and all derivatives have a canonical length scale l
(Tennekes and Lumley 1972). When employing such a scaling argument,

σp

l2 ∼ 2
∂Ū

∂z

σw

l
+ . . . , (25)

and leads to

σp(x, z) ∼ 2 σw(x, z) l(x, z)
∂Ū (x, z)

∂z
. . . . (26)

Hence, based on the leading term of the mean-flow turbulent interaction component, σp must
be in phase with the product of the above three quantities. Because the mixing length is
commensurate with the length scales at which Ū changes, it is a natural choice for gradient
estimates and results in

σp(x, z) ∼ 2 σw(x, z)
√

−u′w′(x, z) (27)

when l = lm .
In the inner and middle layers, ‘in-phase’ relationships between σp , the turbulent stresses,

and σw are expected. These scaling arguments, along with how the canopy modifies them,
are explored via the LES runs here (subject to the usual subgrid approximations and other
LES constraints).

3 The Large-Eddy Simulations (LES)

3.1 Designing the LES Experiments

According to FB04, separation occurs inside the canopy for the layer experiencing an adverse
pressure gradient when

Zs

hc
= 1

2βhc
ln

(
U 2

o

U 2
h

H

2
k2 Lc

)
< 1, (28)

where Zs is the depth at which the onset of separation occurs into the canopy, and Uo is the
outer layer velocity. For a hill-canopy set-up with L = 80 m, u∗ = 0.33 m s−1 at the canopy
top, H = 8 m, hc = 10 m, Cd = 0.3, and β = 0.33 results in Zs/hc > 1 for 10 rods m−2

and Zs/hc < 1 for 100 rods m−2 (see Fig. 2). Hence, based on FB04, it is anticipated that
when a = 10 rods m−2, no recirculation occurs, and conversely when a = 100 rods m−2.
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rod density (m-2)

Z
s

/h
c

101 102
10-1

100

101

Fig. 2 The variation of the FB04 computed depth (solid line) at which the onset of separation occurs into
the canopy (Zs ) normalized by the canopy height (hc) as a function of the rod density (a). If Zs/hc > 1, no
separation occurs. The two dash-dot vertical lines represent the rod densities chosen for the LES runs. For
reference, the Zs/hc = 1 is shown (dashed horizontal line)

These are the two rod densities chosen for the LES runs here. Although not significant for
the analysis presented, it is useful to note that the sparse (non-separating) case falls outside
the regime of validity for FB04’s analytic theory (Fig. 3). Moreover, the dense canopy (sep-
arating) case falls in a regime in which the pressure is non-interactive (or fixed)—and the
vertical-velocity-induced perturbations by the hill are insufficient to significantly modify the
outer-layer pressure field (as assumed in FB04).

3.2 Numerical Implementation

The fundamental details of the LES code utilized in these two experiments have been pre-
viously documented (Sullivan et al. 2008) and its capability to reproduce turbulent flow
over rough hills was previously demonstrated through a comparison with wind-tunnel mea-
surements (Patton et al. 2006). Therefore, only a basic description of the LES and modi-
fications made to the code are discussed here. The LES solves a set of filtered, unsteady,
three-dimensional, incompressible Boussinesq equations. A conformal mapping is utilized
to transform the grid from the physical domain into a Cartesian computational domain.
Subfilter-scale momentum fluxes that arise from the filtering are parameterized using a
simple eddy viscosity model following Deardorff’s turbulence kinetic energy formulation
(Deardorff 1980). Buoyancy and Coriolis forces are neglected. A mixed finite-difference
pseudo-spectral scheme is employed to calculate derivatives, and to avoid aliasing errors,
the top one-third wavenumbers are explicitly filtered in the x and y directions. Hence, the
characteristic length scale defining the separation between the resolved- and subfilter-scale
motions is � f = ( 3

2�x × 3
2�y × �z)

1/3. Periodic boundary conditions are used in the hor-
izontal directions (x and y), and in the vertical direction (z) the upper boundary is specified
as a frictionless rigid lid, and the bottom boundary assumes a drag-law formulation from the
first grid point down to the ground with zo = 1 × 10−4 m. The flow is driven by a specified
longitudinal pressure gradient equal to 1.13 × 10−5 m s−2.
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Fig. 3 Length scale regimes imposed by hill geometry and canopy morphology classifying hills as nar-
row or long, and the canopies as deep or shallow (following Poggi et al. 2008). The envelope hc/Lc =
2(H/L)(L/Lc)

2 delineates regions in which the mean vertical velocity inside the canopy is expected to be
large enough to affect the outer-layer pressure; flow regimes above this envelope are referred to as ‘interactive’
pressure regimes, and flow regimes below this envelope are referred to as ‘fixed’ pressure regimes. Finnigan
and Belcher’s (2004) analytic theory is valid in the shaded area (Regime 1). The cases discussed here are
marked and can be classified as residing in Regime 5 for the sparse (non-separating) case and in Regime 1 for
the dense (separating) case

The undulating bottom boundary, f (x), does not vary laterally or in time, and is specified
as:

f (x) = H

2
cos

(πx

2L
+ π

)
, (29)

which is a function of horizontal location x (see Table 1). The domain is 640 m×320 m×256 m
resolved by 640 × 320 × 128 grid points (in the Nx , Ny , and Nz directions). In the compu-
tational space, the horizontal spacing is 1 m for all x and y directions and a constant vertical
spacing (= 0.5 m) is used for the first twenty grid points resolving the canopy. Above the
canopy, algebraic grid stretching with a factor of 1.02 is used to resolve the rest of the vertical
domain. In the physical domain, the canopy is resolved by 16 to 24 grid points because the
horizontal grid lines follow the terrain and are more tightly spaced at the top of the hills
than at the bottom. Towards the bottom of the domain, the vertical grid lines in the physical
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Table 1 Hill properties, canopy attributes, and canonical length scales for the two LES runs

No separation With separation

Hill properties

Hill shape f (x) = H
2 cos

(
πx
2L + π

)
Half length (L), [m] 80 80

Height (H ), [m] 8 8

Canopy properties (rods)

Number of rods per unit area (nr ), [m−2] 10 100

Rod diameter (dr ), [m] 0.004 0.004

Rod height (hc ), [m] 10 10

Frontal area index (a = nr × dr ), [m−1] 0.04 0.4

Canopy drag coefficient (Cd ) 0.3 0.3

Porosity (n p = 1 − (π/4) a dr ) ∼1 0.999

Mean momentum absorption (β) 0.25 0.40

Computed length scales (m)

Middle-layer depth (hm ) 30 47

Inner-layer depth (hi ) 10 15

Adjustment length (Lc) 83 8.3

Zero-plane displacement (d) 3.5 7.3

Aerodynamic roughness length (zo) 0.7 2.7

Separation depth (Zs ) 30 (>hc) 3.2 (<hc)

domain also curve so that they are perpendicular to the horizontal grid lines and the hill
surface.

Explicit filtering of the Boussinesq equations in the presence of vegetation produces terms
in the equations representing both the viscous and pressure drag imparted by the vegetation
on the flow (Raupach and Shaw 1982; Finnigan and Shaw 2008). Here, the term represent-
ing the viscous drag is neglected based upon a scale analysis of the relative importance
of the pressure drag to the viscous drag (Shaw and Patton 2003), and the pressure drag
imparted by the canopy is parameterized as a three-dimensional unsteady drag law formula-
tion, e.g.:

Fd,i (x, y, z, t) = |U (x, y, z, t)|ui (x, y, z, t)/Lc, (30)

where ui is the instantaneous local wind velocity and |U| is the local scalar wind speed. In
the physical domain, the canopy density distribution is constant vertically. It is assumed that
the work performed by the canopy drag force converts energy from the resolved-scale flow
to subfilter-scale kinetic energy at a scale small enough that it is immediately dissipated to
heat. On the other hand, all wake-generated motions larger than � f are explicitly resolved
(Dwyer et al. 1997; Shaw and Patton 2003). Table 1 provides all the relevant length scales
for each simulation.
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4 Results and Discussion

The bulk flow statistics and the background states computed from the LES are discussed
first followed by an analysis of how the phase relationships are affected by the presence
or absence of a recirculation zone inside the canopy. In particular, the phase relationships
to be studied include whether σ 2

u (x, z)/σ 2
u,b(z) and σ 2

w(x, z)/σ 2
w,b(z) remain in phase with

�u in the outer layer and with the local turbulent stresses in the inner layer. Next, the
impact of canopy density variations on these phase relationships through wake production
is explored in two regions of the canopy: upper and lower. The upper canopy layer may still
be affected by inner-layer dynamics (in FB04 this impact was ‘communicated’ via a match-
ing function), while the lower canopy layer is less likely to be affected by the inner-layer
dynamics.

The phase relationship between σp(x, z)/σp,b(z) and �u or ∂�u(x, z)/∂z, rarely evalu-
ated in analytical models or experiments, is also explored across the various layers above the
hill surface. Finally, canopy-induced modifications to Fp and Fc and thus the effective drag
parameterizations will be discussed in light of cases with separation versus no separation.

4.1 Mean Flow Properties

Figure 4 compares the LES derived spatial variation of the first and second moments of the
flow field for the non-separating and separating cases. In agreement with predictions by FB04
(see Fig. 2), the LES results for the mean flow confirm the absence of a layer of reversed
flow for a = 10 rods m−2 and the presence of a layer of reversed flow for a = 100 rods m−2

(depicted by the pink region within the canopy in the lee of the hill in the upper right panel
of Fig. 4). For the non-separating case, the spatial patterns in mean velocity and turbulent
stress also follow predictions from FB04. Inside the canopy, the mean velocity increases
for upwind conditions up to the hill summit and then decreases on the lee-side face.
The magnitude of the turbulent stresses is reduced (less negative) at the upwind side but
is increased (in magnitude) on the lee side.

Near the canopy top and just above the canopy (within the inner layer), there is a zone
of intense turbulent stresses on the lee side of the hill, and conversely on the upwind side.
These intense shear zones appear to advect longitudinally, diffusing upward into the middle
layer (more so for the separating case), but partially dissipated in the outer layer for z ∼ L
(as expected from RDT).

The spatial patterns are qualitatively similar for σu and σw already hinting that they are
approximately in phase with turbulent stresses in the inner and canopy layers (for the non-
separating case). Also evident from Fig. 4 is the fact that the intense σu zones originating in
the inner layer are dissipated faster as the middle layer is approached when compared to σw,
qualitatively consistent with RDT predictions for the middle layer, though the precise phase
relationships are not (as we show later).

4.2 Background States

The profiles of the background states are presented in Fig. 5. These profiles are consistent
with expectations from ‘flat-world’ canopy flows and other studies (Besio et al. 2001). The
normalized mean velocity increases inside the canopy with increasing height near-exponen-
tially and then near-logarithmically above the canopy thereafter. The LES computed mean
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Fig. 4 The spatial variation of the first and second moments of the flow statistics for the non-separating (left
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momentum absorption at the canopy top were about 0.3 and 0.4 for the non-separating and
separating cases, respectively. These values are not too different from the 0.33 reported for
dense canopies on flat terrain (Raupach 1994; Raupach et al. 1996; Massman 1997; Poggi et
al. 2004b).

The background turbulent shear stress rapidly decays inside the canopy because of momen-
tum absorption, but is approximately linear for much of the inner and middle regions. Using
regression analysis, it was confirmed that the linear increase in background turbulent shear
stress is the same for the separating and non-separating cases (as expected, given that the
two LES runs are forced by the same mean pressure gradient). Note from Fig. 5 that the peak
magnitude of the background shear stress for the separating run is displaced upwards just
above the canopy; this shift and increase are likely induced by some asymmetry in P(x, z)
and u′w′(x, z) produced by the hill-canopy system.
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Fig. 6 Comparisons between the longitudinally-averaged mean velocity from the LES (solid line) and the
background velocity from the flat-terrain formulation (dashed line) for the non-separating (left) and separating
(right) cases

The normalized root-mean-squared velocity components are attenuated inside the canopy
with decreasing z as expected for ‘flat-world’ canopy flows, and their peak values near the
canopy top are comparable to what was generally reported for a near-neutral atmospheric
surface layer (ASL) (i.e. σu/u∗ ≈ 2.3, and σw/u∗ ≈ 1.25). Canopy density variations do
not significantly affect these values near the canopy top.

Likewise, for the non-separating case, the normalized root-mean-squared static pressure
fluctuations near the canopy top σp/u2∗ ≈ 3.3 is surprisingly similar to that reported for
near-neutral ASL flows (Katul et al. 1996). This value falls to about σp/u2∗ ≈ 2.2 deep inside
the canopy, which is consistent with ground pressure measurements reported elsewhere for
a hardwood canopy (Katul et al. 1996). For the separating case, σp/u2∗ ≈ 4.1, which is
significantly higher than the non-separating case. This finding is consistent with Eq. 27 and
the zones of intense shear reported in Fig. 4 for the case with the denser canopy (noting that
σw did not appreciably change with leaf area density above the canopy).

Upon regressing background σp/u2∗ on background u′w′/u2∗ for the above-canopy layers,
the regression slopes are −2.2 and −2.3 and coefficients of determination (r2) were 0.70
and 0.88 for the non-separating and separating cases, respectively. Again, the near-equality
in these regression slopes is consistent with Eq. 27 given that the background σw/u∗ profile
does not vary appreciably with leaf area density above the canopy.

The Ub determined from Eq. 2 are also compared to the longitudinally-averaged LES
velocity in Fig. 6. Inside the canopy, good agreement is noted between LES computed and
modelled Ub when using a constant l, but above the canopy, the two results diverge. Equa-
tion 2 overestimates the background velocity for the non-separating case and underestimates
the background velocity for the separating case. Because of these disagreements, the back-
ground state determined from longitudinal averaging of the LES results is used throughout
to define the hill-induced perturbations in the flow statistics.

These disagreements are connected with the non-linear vertical variation in the mixing
lengths (not shown). Moreover, when computing the vertical mixing length inside the canopy
for the two LES runs, the values are not constant. A layer of enhanced mixing length is evident
in the lower canopy layers followed by a layer of reduced mixing length in the upper canopy
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separating (right) cases. The dashed lines indicate the canopy top, the inner layer and middle layer depths.
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layers, consistent with LES results reported elsewhere (Ross 2008) and flume experiments
(PK07). However, the agreement between LES and modelled background velocity appears
robust to this variation in mixing length inside the canopy.

4.3 Over-speeding Ratio

Using the LES computed U , the over-speeding ratio above the canopy, given by

�S(x, z) = U (x, z) − Ub(z)

Ub(z)
, (31)

is presented in Fig. 7, with Ub(z) given from the LES results in Fig. 5. Naturally, the highest
and lowest over-speeding ratios are inside the canopy. FB04 demonstrated that, due to the
presence of a canopy, the maximum over-speeding location is near the summit but is shifted
upwards from hi/3 to hi and appears reduced by some 20% when compared to flow over a
bare-surface hill with equal zo. For the LES case presented here, the maximum �S = 0.18
occurs near the top of the inner layer consistent with FB04. A number of laboratory measure-
ments have reported a higher �S = 0.28 → 0.30 for flows over an isolated hill and train of
hills without tall canopies (Britter et al. 1981; Athanassiadou and Castro 2001). However, it is
important to note that this difference in maximum �S cannot be divorced from the definition
of Ub adopted here (vis-à-vis the isolated hill cases).

Further inspection of Figs. 4 and 7 suggests that variations in �S are correlated with
shear-stress variations. In fact, for hc < z < hm , when regressing �S upon �u′w′(z, x),

123



206 E. G. Patton, G. G. Katul

x / L

p
s

/u
∗,

b2

z s
/L

0 1 2 3 4 5 6 7 8

-3

-2

-1

0

1

2

3

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

Fig. 8 The variation of the normalized mean surface pressure (ps/u2∗,b) along the hill surface for the non-
separating (thin solid line) and separating (thin dashed line) cases. The normalized hill shape function (zs/L)
is also shown (heavy solid line) to illustrate phase relationships between topographic variations and the mean
ground pressure. The longitudinal distance (x) and hill-shape function (zs ) are normalized by the hill half-
length (L) and the mean surface pressure is normalized by the squared background friction velocity (u∗,b)

a significant proportion (∼70%) of the variability in �S(x, z) is explained by variations in
�u′w′(z, x), as expected in the inner layer.

4.4 Mean Pressure Perturbations

For the two LES cases, pressure perturbations are well correlated with topography but not
precisely out-of-phase with topography (Fig. 8). This finding is in agreement with closure
modelling in RV05 and detailed measurements in PK07, where the minimum pressure per-
turbation was shifted beyond the hill summit. For the separating case, this shift increases
up to L/2. However, as anticipated from Fig. 3, the recirculation zone and vertical velocity
excursions are not expected to dramatically affect pressure perturbations in the outer layer,
and this explains why the pressure remains approximately (but not precisely) out-of-phase
with the topography.

The importance of these minor shifts to the overall drag on the hill is considered next.
The calculations discussed here suggest that the overall drag on the hill surface is dominated
by Fp , which is at least one order of magnitude larger than the canopy drag contribution (or
ground shear stress). The values of Fp/u2∗,b are 5.2 and 6.2, respectively for the non-sepa-
rating and separating LES cases. Hence, the effects of mean re-circulation and concomitant
shifts in the location of the minimum pressure with respect to the hill summit enhanced the
pressure drag by 15% above the non-separating case. This is not a minor adjustment given
that the LES runs were identical in all respects except for the number of rods.

4.5 Velocity Perturbations

Figure 9 presents the hill-induced spatial variation of the normalized mean velocity,
�u(x, z)/u∗, turbulent stresses, �u′w′/u2∗, and velocity variances, �σ 2

u (x, z)/σ 2
u,b(z) and

�σ 2
w(x, z)/σ 2

w,b(z). For a closer inspection of the phase relationships, four reference levels
are considered and shown in this figure. In the outer layer, the reference level is selected as
z = hm + d; for the inner layer, the reference level is set to z = d + hi/2; for the upper

123



Flow Over Hills and Canopy Density 207

canopy layer, the reference level is set to z = 0.8 hc; and for the lower canopy layer, the
reference level is set to z = 0.2 hc.

4.5.1 Outer-Layer Scaling

Figure 10 shows the longitudinal variations of �u(x, z)/Ub(z), σ 2
u (x, z)/σ 2

u,b(z),

σ 2
w(x, z)/σ 2

w,b(z) at the outer-layer reference level along with RDT predictions for the iso-
tropic case (R = 1). The calculations were repeated for the anisotropic case with R defined
using the anisotropy ratio of the background state (not shown). We find that the isotro-
pic state better captures the amplitude variability range, and this scenario is adopted in the
subsequent discussion. From this figure, the maximum �u(x, z)/Ub(z) is nearly in phase
with topography, though the minimum values are not. Lagged correlation analysis between
�u(x, z)/Ub(z), σ 2

u (x, z)/σ 2
u,b(z) and σ 2

w(x, z)/σ 2
w,b(z) demonstrated that �u(x, z)/Ub(z)

explains much of the variation in the normalized variances with maximum lagged correlation
coefficient r = 0.8 for the non-separating case, but lower correlations for the separating case
are noted with |r | < 0.6. Given the similarities in the upper boundary conditions across the
two runs, this difference between the two runs suggests that the middle-to-outer layer flow
field is partially affected by the canopy. Moreover, the phase relationships for both runs are
not correctly predicted by RDT.

Cross-correlation analysis clearly shows how the canopy density affects the phase rela-
tionships. For the non-separating case, the phase differences between σ 2

u (x, z)/σ 2
u,b and

σ 2
w(x, z)/σ 2

w,b(z) with �u(x, z)/Ub(z) were small. However, these phase relationships are
more distorted with increasing canopy density.

Figure 9 offers more hints as to why RDT may not fully explain the phase relation-
ships between �u(x, z)/Ub(z), σ 2

u (x, z)/σ 2
u,b(z) and σ 2

w(x, z)/σ 2
w,b(z). The shear-stress per-

turbations (and their vertical gradients) are not entirely ‘dissipated’ above hm and they retain
some coherent longitudinal structure. Hence, the momentum balance in the middle to outer
layer may be ‘contaminated’ by ∂u′w′/∂z. One plausible explanation is that this ‘contami-
nation’ may originate from the imposed upper boundary condition on the LES, but this upper
boundary condition was the same for both LES experiments, and its effects are to induce a
‘de-correlation’ between u′ and w′ (frictionless lid).

Lagged correlation analysis between �u(x, z)/Ub(z) and σp(x, z) demonstrates that
�u(x, z)/Ub(z) can explain much of the longitudinal variation in the turbulent pressure
(maximum r = 0.9) for the non-separating case. For the separating case, this maximum cor-
relation remains significant but substantially lower than 0.9. Moreover, σp(x, z) lags behind
�u(x, z)/Ub(z). The lagged correlation analysis between �u(x, z)/Ub(z) and σp(x, z) is
similar to that of �u(x, z)/Ub(z) and σ 2

u (x, z)/σ 2
u,b(z) in terms of phase relationships—again

suggestive that the longitudinally unconstrained larger-scale eddies affect both pressure and
longitudinal velocity across the hill in a similar way. This finding is consistent with the inac-
tive eddy hypothesis and low-frequency spectral similarity laws between u and p reported
by others (Katul et al. 1996) given that these eddies do not transport much momentum in this
part of the boundary layer.

4.5.2 Inner-Layer Scaling

Figure 11 shows the longitudinal variations of �uw(x, z)/u′w′
b(z), σ 2

u (x, z)/σ 2
u,b(z), and

σ 2
w(x, z)/σ 2

w,b(z) at the inner-layer reference level. The longitudinal variations of both vari-

ances are well explained by �uw(x, z)/u′w′
b(z) (maximum ρ > 0.8) as expected from
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inner-layer scaling. In fact, longitudinal variations in σ 2
w(x, z)/σ 2

w,b(z) are almost perfectly

correlated with �uw(x, z)/u′w′
b(z) for both experiments. In the non-separating case, the

maximum negative correlation between �uw(x, z)/u′w′
b(z) and σ 2

w(x, z)/σ 2
w,b(z) is shifted

slightly upwind of the hill crest with σ 2
u (x, z)/σ 2

u,b(z) shifted nearly an equal amount down-

wind of the crest. This is in contrast to the separating case where �uw(x, z)/u′w′
b(z) and

σ 2
w(x, z)/σ 2

w,b(z) are almost perfectly anti-correlated with each other at the hill crest.

Recall that K -theory predicts that σ 2
w(x, z)/σ 2

w,b(z) is affected by Kt (∂�u/∂z), which

is absent from the σ 2
u (x, z)/σ 2

u,b(z) expression (compare Eqs. 14, 15). Hence, this term

primarily increases the maximum correlation coefficient between σ 2
w(x, z)/σ 2

w,b(z) and

�uw(x, z)/u′w′
b(z) and further aligns them together thereby enhancing their in-phase rela-

tionships (compared to σ 2
u (x, z)/σ 2

u,b(z)).

With regards to the lagged correlation analysis between �uw(x, z)/u′w′
b(z) and σp , the

outcome is almost the same as for σ 2
u (x, z)/σ 2

u,b(z), which is similar to the outer-layer finding
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Fig. 11 Same as in Fig. 10 with two changes: (1) this figure presents �uw instead of �u, and (2) this figure
depicts results for the inner layer instead of the middle layer

in Fig. 10, that σp and σ 2
u (x, z)/σ 2

u,b(z) are largely in phase. In short, the phase analysis here
is clearly suggestive that the hill-induced vertical velocity standard deviation fluctuations do
scale with the local shear stress in the inner-layer, consistent with the flume experiments in
PK07. In the PK07 experiments, the within-canopy and inner-layer profiles collapsed rea-
sonably well when the vertical velocity was normalized with the local u∗. Whether for the
LES or the flume experiments, this collapse is suggestive that the so-called moving equilib-
rium hypothesis (Yaglom 1979) may be applicable to modelling σw from u∗. This hypothesis
argues that if u∗ varies slowly in the plane parallel to the surface, then u∗ can be consid-
ered as a local velocity scale (for inner-layer scaling here), and the forest-hill system can be
decomposed into quasi-homogeneous patches with each patch characterized by its own local
velocity. The implications of this hypothesis to modelling scalar dispersion on gentle hills
covered with a canopy cannot be over-stated given that these models generally require σw as
input.

On the other hand, both the LES and the flume experiments demonstrate that variability
in σu is not entirely explained by variability in u∗. One plausible explanation, consistent
with the earlier findings here about the phase relationships in the outer layer, is that σu is
affected by inactive eddies whose length scale permits them to sample a larger portion of
the topographic disturbances. Since these eddies do not contribute much to the local shear
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Fig. 12 Same as in Fig. 10 but for �uw (solid thin line, top panel) instead of �u (also shown as a dotted line,
top panel) and for the upper canopy instead of the middle layer. The �u variations are included here because
they are in phase with the wake production

stress, some de-coupling between σu and u∗ variations occurs and u∗ no longer becomes the
appropriate local velocity (as stipulated by the moving equilibrium hypothesis).

4.5.3 Upper Canopy Layer Scaling

Figure 12 shows the longitudinal variations of �u(x, z)/Ub(z) (thin dashed line, top panel),
�uw(x, z)/u′w′

b(z) (thin solid line, top panel), σ 2
u (x, z)/σ 2

u,b(z) (thin solid line, middle

panel), and σ 2
w(x, z)/σ 2

w,b(z) (thin dashed line, middle panel) at the upper canopy layer

reference level. For the non-separating case, �uw(x, z)/u′w′
b(z), σ 2

u (x, z)/σ 2
u,b(z) and

σ 2
w(x, z)/σ 2

w,b(z) are almost in phase, and the shear-stress perturbations explain almost 100%
of the longitudinal variability in the variances.

For the separating case, wake production Pwake is expected to become significant in the
upper canopy (not shown here). The influence of Pwake appears minor on σ 2

u (x, z)/σ 2
u,b(z),

which remains primarily in phase with �u′w′. However σ 2
w(x, z)/σ 2

w,b(z) shifts such that
it is comparatively more aligned with �u, which is consistent with the effects produced by
the linearized wake production (see discussion in Section 2.5). It should be noted that this
mechanism is entirely absent in rough-wall boundary layers on hills without canopies (Poggi
and Katul 2008).
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Why Pwake affects σ 2
w(x, z)/σ 2

w,b(z) more than σ 2
u (x, z)/σ 2

u,b(z) is possibly connected
to the relative contributions of inactive eddy motion and background turbulence to the two
velocity variances. A number of studies have already shown that wake production becomes
a dominant source of energy in the vertical direction (Poggi et al. 2004a,b; Poggi and Katul
2006; Launiainen et al. 2007; Cava and Katul 2008) with inactive eddies and background
turbulence playing a minor role (Poggi and Katul 2008). In the case of σu , shear production
is the largest source of energy input, followed by inactive eddies and background turbulence,
with wake production being only a minor source. Hence, inactive eddies may ‘dilute’ any
effects of wake production on the phase relationships between σu and �u.

When comparing the cross-correlation between �uw(x, z)/u′w′
b(z) and σp and

�uw(x, z)/u′w′
b(z) and σ 2

u (x, z)/σ 2
u,b(z) for the non-separating case, there is an anom-

alous shift between �uw(x, z)/u′w′
b(z) and σp not detected in the inner or outer layer

analysis, and is even more exaggerated in the separating LES run. This is perhaps suggestive
that recirculation does not modify only the mean pressure gradient, but σp as well inside the
canopy. This topic will be explored in a later section.

4.5.4 Lower Canopy Layer Scaling

Figure 13 shows the longitudinal variations of �u(x, z)/Ub(z),�uw(x, z)/u′w′
b(z),

σ 2
u (x, z)/σ 2

u,b(z), and σ 2
w(x, z)/σ 2

w,b(z) at the lower canopy layer reference level.

For the non-separating case, �uw(x, z)/u′w′
b(z), σ 2

u (x, z)/σ 2
u,b(z) and σ 2

w(x, z)/σ 2
w,b(z)

are almost in phase, and the shear-stress perturbations again explain almost 100% of the lon-
gitudinal variability in the two velocity variances.

For the separating case, �uw(x, z)/u′w′
b(z) explains much of the variability in

σ 2
w(x, z)/σ 2

w,b(z). For the deeper canopy layers, wake production is small due to the small
mean velocity, and shear production remains the main source of energy input for σw

(with background turbulence and inactive eddies still playing a minor role). For σu , the
relative importance of inactive eddies and shear production become comparable thereby
inducing some de-correlation between the spatial variations in �uw(x, z)/u′w′

b(z) and
σ 2

u (x, z)/σ 2
u,b(z). Hence, unlike the vertical velocity variance, there is no single scaling var-

iable that explains the horizontal variations of both the longitudinal velocity and pressure
variances.

4.6 Scaling Arguments for Pressure Variance

Figure 14 compares measured and modelled σp using Eq. 26 at all positions across the hill.
This simplified scaling analysis correctly captures the order of magnitude of σp above the
canopy but significantly underestimates its magnitude inside the canopy for both separating
and non-separating runs. Again, Eq. 27 was not intended as a model to be validated in a
one-to-one comparison. It only considered a primitive scaling argument for one of the source
terms: the mean flow turbulent/interactions in the vertical. Hence, the fact that such a model
provided a reasonable estimate of σp is rather encouraging and indicative that σp may be
dominated by such mean-flow/turbulent interaction effects.

Interestingly, for the non-separating case, a quasi-linear relationship between measured
and modelled σp still emerges inside the canopy. The intercept of such a linear relation-
ship suggests that σp is finite inside the canopy even when the model (taken as a surrogate
for the mean-flow turbulent interaction contribution) predicts a near-zero value. For the
separating case, the relationship between measured and modelled σp inside the canopy is
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Fig. 13 Same as Fig. 12 but for the lower canopy instead of the upper canopy layer
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clearly non-linear though the intercept appears comparable to the non-separating case. Hence,
this analysis appears to suggest that the intercept is not very sensitive to leaf area density
variation.

5 Summary and Conclusions

The impact of leaf area density variations on second-order statistics of the flow above a train
of gentle hills covered with a tall canopy is explored via two LES runs. The hill surface
in these LES runs is sufficiently gentle with a hill height comparable to the canopy height;
two leaf area densities that differ by a factor of 10 are used. The analysis in FB04 regarding
a critical leaf area density that induces recirculation is consistent with findings from these
two LES runs. For a small leaf area density, no recirculation zone was predicted to occur
by FB04, while for a dense canopy, a layer of reversed flow inside the canopy on the lee
side of the hill was predicted. Both predictions agree with the two LES runs here and flume
experiments reported by PK07. The emerging picture from this analysis regarding the effects
of increasing leaf area density on the second-order flow statistics above a train of hills are as
follows:

(1) Within the middle layer, zones of intense shear stress near the canopy-atmosphere sys-
tem persist even further up than the predicted middle-layer level, which ‘contaminates’
some of the middle and outer layers with shear-stress gradients. The implications of
these persistent shear-stress gradients is that RDT performs rather poorly for the dense
canopy case when compared to its sparse-canopy counterpart, at least in reproducing
the phase relationships between hill-induced perturbations in velocity variances and
�u. Some of these gradients are the result of the frictionless lid imposed on the LES
runs at the top of the boundary layer.

(2) Within the inner layer, the phase relationships between the hill-induced spatial vari-
ations in the two velocity variances and the momentum flux is better reproduced by
K -theory (at least when compared to the non-separating canopy run). This finding sug-
gests that K -theory can be used to predict hill-induced perturbations (not absolute flow
quantities) within the inner layer of a dense canopy.

(3) Within the canopy layer, the magnitude of wake production increases with increasing
leaf area. This increase results in σw being more in phase with �u than with the shear
stress. However, background turbulence and inactive eddies may dampen the effect of
wake production on producing such phase relationships between σu and �u. It should
be noted that this mechanism is entirely absent in rough-wall boundary layers above
gentle hills. The increase in leaf area density weakens the strong phase relationships
between σu and σw and the local shear stress observed for the low leaf area density
case (for both upper and lower canopy levels).

An order-of-magnitude increase in leaf area density does not significantly affect the phase
relationship between mean surface pressure and topography, though these LES results con-
firm that the minimum mean pressure is shifted downstream from the maximum topographic
surface (see PK07 and RV05). The increase in leaf area density simply stretches this differ-
ence further downstream. The implications of this shift is to increase the pressure drag, the
dominant term in the overall drag on the hill surface, by about 15%. With regards to pressure
variance, it was shown that increasing leaf area density increases σp/u2∗ near the canopy top,
consistent with a primitive scaling argument on the leading term describing the mean-flow
turbulent interaction. It is shown that this scaling argument leads to an order-of-magnitude
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estimate of σp ∼ 2σw

√
−u′w′ above the canopy. Because topographic variability produces

zones of intense shear stress in the dense canopy case, these zones are responsible for the
increased σp near the canopy top. Inside the canopy, other processes are at play, and the
proposed scaling argument here significantly underestimates σp .

The findings presented here shed light on the impact of canopy density varia-
tions on vegetation-orography flow interactions and subsequently on phase relation-
ships of mean and turbulent statistics within the four key scaling regimes and with
respect to the hill. It is anticipated that this understanding will aid in the develop-
ment of simpler models representing this important feature of land-atmosphere inter-
actions and will help guide measurement interpretation in this complex regime.
Applications that can take advantage of these findings include (i) pressure-induced fluc-
tuations in gas transfer from the soil pores to the forest floor (where σp is a key
input), (ii) footprint models used to interpret micrometeorological flux and concentra-
tion measurements on complex terrain (where σw is a key input), (iii) three-dimen-
sional Lagrangian trajectory models for scalars or particles (where the entire stress
tensor and mean flow are needed), (iv) applications such as positioning wind tur-
bines on complex terrain (where the entire stress tensor and mean flow are needed),
and (iv) effective drag representation of the hill-canopy system in climate or other
large-scale models (where phase shifts between topography and pressure is a key
input).
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