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Abstract A theoretical approach suggests that the surface heterogeneity on a scale of tens
of kilometres can generate mesoscale motions that are not in a quasi-stationary state. The
starting point of the theoretical approach is the equations of horizontal velocity and potential
temperature that are low-pass filtered with a mesoscale cut-off wavelength. The transition
of the generated mesoscale motions from a quasi-stationary state to a non-stationary state
occurs when horizontal advection is strong enough to level out the potential temperature
gradient on the surface heterogeneity scale. Large-eddy simulations (LES) suggest that the
convective boundary layer (CBL) changes to a non-stationary state when forced by a surface
heat-flux variation of amplitude of 100 W m−2 or higher and a wavelength of the order of
10 km. Spectral analysis of the LES reveals that when the mesoscale motions are in a quasi-
stationary state, the energy provided by the surface heat-flux variation remains in organized
mesoscale motions on the scale of the surface variation itself. However, in a non-stationary
state, the energy cascades to smaller scales, with the cascade extending down into the tur-
bulence scale when the wavelength of the surface heat-flux variation is on a scale smaller
than 100 times the CBL height. The energy transfer from the generated mesoscale motions
to the CBL turbulence results in the absence of a spectral gap between the two scales. The
absence of an obvious spectral gap between the generated mesoscale motions and the turbu-
lence raises questions about the applicability of mesoscale models for studies on the effect
of high-amplitude surface heterogeneity on a scale of tens of kilometres.
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1 Introduction

The earth’s surface, which is heterogeneous on all space and time scales, significantly influ-
ences weather and climate systems. To understand the effect of the surface heterogene-
ity on the atmosphere, numerous studies have been performed (for a literature review, see
Pielke 2001). The most well-known phenomenon associated with surface heterogeneity is
the sea-breeze circulation, and it is also well-known that contrasting one-dimensional sur-
face heterogeneity on land, such as between irrigation/non-irrigation areas, bare/vegetated
ground, and urban/rural regions, can generate sea-breeze-like circulations. The generated
mesoscale motions are known by various names, including the “inland breeze” suggested by
Mahrt et al. (1994a).

Analytical studies (e.g., Dal et al. 1991; Dalu and Pielke 1993) using a linearized equation
set have suggested that the optimum heterogeneity scale needed to generate a well-organized
inland breeze circulation is the local Rossby radius of deformation. The Rossby deforma-
tion radius is estimated to be a few hundred kilometres for typical mid-latitude atmospheric
conditions (Pielke 2001). Many studies that have investigated the effect of surface heteroge-
neity on scales of a few hundred kilometres or larger have used numerical mesoscale models
(MM), and given that the effective resolution of a grid model is about 4–7� (where � is the
grid spacing: Lele 1992; Bryan et al. 2003; Skamarock 2004), organized mesoscale motions
on a scale of a few hundred kilometres can be fully resolved with a grid spacing of tens of
kilometres.

However, the features of atmospheric boundary-layer (ABL) structures modified by hete-
rogeneity on a smaller scale of tens of kilometres may be different from those suggested
by previous MM-based studies. For example, Chen and Avissar (1994) and Weaver (2004)
suggested that mesoscale fluxes (i.e., the vertical transport of mesoscale scalar fluctuations
by mesoscale vertical velocities) become comparable to or more significant than the turbu-
lence fluxes, although observations of significant mesoscale fluxes are rare in the ABL over
surface heterogeneity on a scale of tens of kilometres. The rareness of significant mesoscale
fluxes is likely associated with smaller mesoscale vertical velocities than the observed turbu-
lent vertical velocities (e.g., Mahrt et al. 1994a,b; LeMone and Coauthors 2002; Kang et al.
2007).1

As already mentioned, in order to explicitly resolve mesoscale motions on the surface hete-
rogeneity scale of tens of kilometres or smaller, the grid spacing of a mesoscale model can
be set at l/� ∼ 1 (where l is the scale of the energy-containing turbulence). The numerical
region of l/� ∼ 1 has been named the “Terra Incognita” by Wyngaard (2004), though typical
mesoscale models have not been designed to run within this “Terra Incognita”. Mesoscale
models assume the presence of a spectral gap between mesoscale and turbulent fluctuations,
which justifies the application of ABL parameterization without considering the direct down-
scale cascade from mesoscale to turbulent fluctuations. Thus, large-eddy simulation (LES),
which can explicitly resolve both mesoscale fluctuations and the energy-containing turbulent
eddies in the convective boundary layer (CBL), is a more appropriate tool to investigate the
CBL forced by surface heterogeneity on a scale of tens of kilometres.

LES has been successfully applied to the horizontally homogeneous CBL over the last
40 years since Deardorff (1970), and more recently, the application of LES has expanded to
the ABL over a heterogeneous surface (e.g., Hadfield et al. 1991, 1992; Shen and Leclerc
1995; Avissar and Schmidt 1998; Letzel and Raasch 2003; Patton et al. 2005; Esau 2007;

1 Typically, mesoscale vertical velocities are associated with horizontal convergence and divergence and
turbulent vertical velocities are associated with static stability.
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Kang and Davis 2008). Initially, these LES-based studies focused on surface heterogeneity
on a scale comparable to the typical CBL height of 1 km (e.g., Hadfield et al. 1991, 1992;
Shen and Leclerc 1995). With increasing computer resources, studies have increased the
heterogeneity scale to more than ten times the CBL height (e.g., Avissar and Schmidt 1998;
Letzel and Raasch 2003; Patton et al. 2005; Esau 2007; Kang and Davis 2008), finding that the
surface heterogeneity on a scale of tens of kilometres generates mesoscale motions that can
significantly modify CBL structures. Avissar and Schmidt (1998) assumed that the mesoscale
motions generated by one-dimensional surface heat-flux variations are in a quasi-stationary
state, but recent studies have found that the generated mesoscale motions may change to a
non-stationary state (Letzel and Raasch 2003; Esau 2007; Kang and Davis 2008). Letzel and
Raasch (2003) first found that the CBL forced by high-amplitude surface-heat flux variations
may trigger temporal oscillations in thermally-induced mesoscale motions. They developed
a conceptual hypothesis for the mechanism of temporally oscillating, thermally-induced
mesoscale circulations: the circulation induced by the horizontal temperature gradient must
be strong enough to level out part of the horizontal gradient and this effectively cuts off
its own forcing. When the generated mesoscale circulation is weak enough, however, the
horizontal gradient is rebuilt by the continuing surface heat-flux variation and the same cycle
repeats. Letzel and Raasch (2003), however, focused more on the oscillation onset itself by
using LES results rather than exploring the oscillation onset mechanism and the regimes
where the oscillations occur. In addition, the temporal variation of the generated mesoscale
motions found by Letzel and Raasch (2003) was not a pure but a damped oscillation, because
the period and amplitude of the temporal variation change with time. However, the term
‘temporal oscillation’ from Letzel and Raasch (2003) will be used to denote the generated
mesoscale motions in a non-stationary state.

Given that the onset of the temporal oscillation may considerably change CBL structures
(Kang and Davis 2008), an in-depth explanation of the onset mechanism of the temporal
oscillation is necessary. In Sect. 2, we establish that the temporal oscillation is a physically
plausible phenomenon in the CBL forced by a one-dimensional, contrasting surface heat-flux
distribution. The equations for potential temperature and horizontal velocity are scaled with a
low-pass mesoscale filter. Then, in Sect. 3, the CBL is simulated using LES for a one-dimen-
sional surface heat-flux variation. The comparison of the LES results with the theoretical
explanation provides further insight into the transition of the generated mesoscale motions
from a quasi-stationary state to a non-stationary state in the CBL forced by mesoscale surface
heterogeneity on a scale of tens of kilometres.

2 Theoretical Approach

2.1 Surface Heat-Flux Variation and Variable Decomposition

An atmospheric variable φ is decomposed into a domain average 〈φ〉 and the perturbation
from the domain average φ′, which will be referred as the total fluctuation, viz.

φ(x1, x2; z, t) = 〈φ〉(z, t) + φ′(x1, x2; z, t). (1)

In the horizontally homogeneous CBL, the total fluctuations are assumed to arise from
small-scale turbulence. However, we prescribe a one-dimensional, mesoscale surface heat-
flux variation that is sinusoidal with mean value 〈Fs f c〉, amplitude AF , and mesoscale wave-
length λF :
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Fs f c(x1) = 〈Fs f c〉 + AF sin

(
2π

λF
x1

)
. (2)

In the CBL above this mesoscale surface heat-flux variation, the total fluctuation is assumed to
have two components, a mesoscale fluctuation φM and a microscale (turbulence) fluctuation
φ′′.

φ′(x1, x2; z, t) = φM (x1; z, t) + φ′′(x1, x2; z, t). (3)

where the mesoscale mean is defined as

[φ](x1; z, t) = 〈φ〉(z, t) + φM (x1; z, t). (4)

Thus, the bracket denotes a low-pass filtered variable with a sharp cut-off filter in Fourier
space (e.g., Moeng and Wyngaard 1988; Kim et al. 2002).

Using Eqs. 1, 3, and 4, the atmospheric variable φ in the horizontally heterogeneous CBL
can be decomposed as

φ(x1, x2; z, t) = [φ](x1; z, t) + φ′′(x1, x2; z, t). (5)

2.2 [u]-Momentum and [θ ] Equations

The filtered Navier–Stokes equation in a dry atmosphere, neglecting the Coriolis force and
molecular viscosity terms, is written as

∂ui

∂t
+ u j

∂ui

∂x j
= − 1

ρ0

∂p

∂xi
− ρ′

ρ0
gδ3i + 1

ρ0

∂τi j

∂x j
, (6)

where p is the perturbation pressure, ρ0(z) is the base-state density satisfying hydrostatic
balance, ρ′ is the perturbation from the hydrostatic reference state, δ is the Kronecker delta,
and τi j are the subgrid-scale fluxes produced by LES spatial filtering. In Eq. 6, ui (i = 1, 2, 3)

are the filtered velocity components in the xi direction, which are also denoted by u, v, and
w, respectively.

The mesoscale flows appear to be generated only in the x1 direction because the mesoscale
surface heat-flux variation Eq. 2 is prescribed only in this direction and the Coriolis force
is ignored. In order to derive scaling factors, by using Eq. 5 with the assumptions of [v]≈0
and [w]≈0, the u-momentum equation is decomposed into

∂[u]
∂t

+ ∂u′′

∂t
+ [u]∂[u]

∂x
+ [u]∂u′′

∂x
+ u′′

j
∂[u]
∂x j

+ u′′
j
∂u′′

∂x j

= − 1

ρ0

∂[p]
∂x

− 1

ρ0

∂p′′

∂t
+ 1

ρ0

∂[τ1 j ]
∂x j

+ 1

ρ0

∂τ ′′
1 j

∂x j
. (7)

After refiltering Eq. 7 with Eq. 5 and using [φ′′] = 0, [[φ]φ′′] = 0, [[φ][φ]] = [φ][φ] (the
second and third relations are proved in the Appendix) and the commutative property of
spatial averaging ([∂φ/∂t] = ∂[φ]/∂t), the [u]-momentum equation becomes

∂[u]
∂t

+ [u]∂[u]
∂x

+ ∂

∂x j

[
u′′

j u
′′ − τ1 j

ρ0

]
= − 1

ρ0

∂ [p]

∂x
. (8)

Here, the direction of the surface heat-flux variation is defined as x1 (or x) direction. Thus,
the spatial gradients in Eq. 8 are defined along the direction the surface heterogeneity of Eq. 2
is prescribed. Also the zero-divergence assumption is used to obtain the third term on the
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left-hand side of Eq. 8, an assumption that is valid when the vertical displacement is small
compared to the density scale height (which is on the order of 10 km).

By using Eq. 5 also with the assumptions [v] ≈ 0 and [w] ≈ 0, the filtered potential
temperature equation, neglecting the molecular diffusion term, is reduced to

∂[θ ]
∂t

+ ∂θ ′′

∂t
+ [u]∂[θ ]

∂x
+ [u]∂θ ′′

∂x
+ u′′

j
∂[θ ]
∂x j

+ u′′
j
∂θ ′′

∂x j
+ ∂

[
f j

]
∂x j

+ ∂ f ′′
j

∂x j
= 0, (9)

where fi is the subgrid-scale flux of potential temperature. Refiltering Eq. 9 with Eq. 5 yields

∂ [θ ]

∂t
+ [u]∂[θ ]

∂x
+ ∂

∂x j

[
u′′

jθ
′′ + f j

]
= 0, (10)

where it should be noted that the simplified Eqs. 8 and 10 are written only for deriving scaling
parameters in this section, and not for the numerical model used in Sect. 3.

2.3 Mesoscale Potential Temperature Gradient

In Fig. 1, the sub-domain (0 ≤ x < λF/2) where the surface heat flux is above the domain
average (Fs fc ≥ 〈Fs f c〉) is defined as the warmer region and the sub-domain (λF/2 ≤ x <

λF ) where the surface heat flux is below the domain average (Fs fc ≤ 〈Fs fc〉) is the cooler
region. It is hypothesized that the driving force for the surface-heterogeneity-induced hori-
zontal flows in the lower CBL is the potential temperature gradient at a given scale of surface
heat-flux variation, namely the potential temperature gradient between the warmer and cooler
regions.

To estimate the potential temperature gradient, we assume horizontal homogeneity in
the warmer and cooler regions. In the warmer region, by using the horizontal homogeneity
assumption, Eq. 10 can be written as

∂θ
W

∂t
≈ −∂ F

W

∂z
, (11)

where φ
W

represents the spatial average of φ over the warmer region and F ≡ w′′θ ′′ + f3.
By integrating Eq. 11 vertically through the well-mixed CBL in the warmer region, one can

obtain the local time evolution of the vertically-averaged mixed-layer potential temperature,

∂θ
W
M L

∂t
≈ Fs f c

W − Fzi

W

zi
W

≈ (1 − α)
Fs f c

W

zi
W

, (12)

where θ
W
M L indicates a mixed-layer average potential temperature and zi

W is the CBL height
averaged over the warmer region. In Eq. 12, it is assumed that the heat flux at zi

W is expressed

as a constant fraction of the value at the surface (α = Fzi

W
/Fs f c

W
; Stull 1988). After apply-

ing the horizontal homogeneity assumption to the cooler region, the mixed-layer potential
temperature gradient between the warmer and cooler regions can be approximated as

δθM L ≡ θ̄W
M L − θ̄C

M L ≈ α′ AF

〈zi 〉 t, (13)

where α′ ≡ 1.27(1−α), and 1.27 is the difference of the means of the sine function between

0 − π and π − 2π . In Eq. 13, AF = Fs f c
W − Fs f c

C
is used and 〈zi 〉 = 0.5(zi

W + zi
C ) is

assumed, as illustrated in Fig. 1.
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Fig. 1 Schematic diagram of the ABL over a one-dimensional sinusoidal surface heat-flux variation. Top:
vertical cross-section, where thin solid contours are isotherms. Bottom: surface heat flux, Fs f c; 〈Fs f c〉, AF ,

and λF represent mean, amplitude, wavelength of the surface heat-flux variation, respectively. Fs f c
W

and

θM L
W

are local-mean surface heat flux and mixed-layer potential temperature averaged over the warmer

region. Fs f c
C

and θM L
C

are averaged over the cooler region. V represents the magnitude of the surface-
heterogeneity-induced horizontal velocity and zi the ABL height

The growth of the potential temperature gradient between the warmer and cooler regions
aids the development of a horizontal pressure gradient. As Fig. 1 depicts, there are two mid-
dle regions: (1) λF/4 ≤ x < 3λF/4, (2) x ≤ λF/4 or x > 3λF/4. The middle region
is defined as the sub-domain composed of half of the warmer region and half of the cooler
region. According to Eq. 8, this pressure gradient generates horizontal velocities, specifically
horizontal flows across the middle regions. In the following, to simplify the discussion, only
the middle region λF/4 ≤ x < 3λF/4 will be considered with the assumption of similarity
between the two middle regions.

As the generated mesoscale horizontal flow increases, the temperature advection by the
generated mesoscale flows (the second term in the left-hand side of Eq. 10) may not be
negligible. Because the mesoscale horizontal flow is from the cooler region to the warmer
region (Fig. 1), there is cold advection in the lower CBL. This cold advection acts to reduce
the potential temperature gradient.

It is hypothesized that a balanced state between the growth of the temperature gradient
by differential surface heating and the decay of the gradient by temperature advection is
reached, and express this balance as

− 〈Fzi 〉 − 〈Fs f c〉
〈zi 〉 ≈ V

δθM L

(λF/2)
, (14)

where V represents the magnitude of the generated horizontal velocity and λF is a given
heterogeneity scale. Making use of Eqs. 13 and 14, one can estimate the time required for
the temperature advection to become large enough to balance the vertical flux divergence,
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τb ≈ 〈Fs f c〉
1.27AF

λF

2V
= 0.8γ τv, (15)

where γ ≡ 〈Fs f c〉/AF is the ratio of the domain-averaged surface heat flux to the amplitude
of the surface heat-flux variation, and τv is the time required for the generated mesoscale
horizontal flow to travel over the middle region (i.e., the advection time scale; τv ≡ λF/2V ).
Based on Eq. 15, one concludes that for higher amplitude surface heat-flux variation (larger
AF ), the time τb required to reach equilibrium between temperature advection and vertical
flux divergence is smaller.

One can also hypothesize that horizontal advection could go beyond a point of equilibrium,
reducing the potential temperature gradient and weakening the horizontal flow at a given hete-
rogeneity scale. The potential temperature advection would then decrease, and eventually the
potential temperature gradient would again intensify through the time-invariant surface dif-
ferential heating described by Eq. 2. This would result in an oscillatory mesoscale flow, as
first found by Letzel and Raasch (2003).

2.4 Critical Velocity Scale Vc

In this section, we attempt to obtain an estimate of the critical scale of the generated meso-
scale horizontal velocity (V ) that initiates a temporally-oscillating mesoscale flow. First, in
terms of scaling variables, the [u]-momentum equation (Eq. 8) is written as

V

τe
+ V

V

L
+ u2

t

l
= 1

ρo

P

L
(16)

where τe is the Eulerian time scale, ut and l are the velocity and length scales of energy-
containing turbulent eddies, P is the characteristic pressure scale, and L is the characteristic
horizontal scale, here 0.5λF .

Figure 2 illustrates the time evolution of the magnitude of the mesoscale horizontal velocity
generated by a surface heat-flux variation strong enough to initiate the temporal oscillation.
At the oscillation onset, assuming that the Eulerian time scale τe and the advection time scale
τv ≡ λF/2V are the same order of magnitude, one can write that

V

τe
= V

λF/2V
. (17)

Before the oscillation onset, at a given wavelength and amplitude of the surface heat- flux
variation, τv becomes smaller with time due to the growth of V , but τe seems not to change
with time given the similar growth rates of V and the pressure gradient force in

τe ≈ V

(
1

ρ0

P

L

)−1

. (18)

At an earlier time when V is smaller, the advection time scale (τv) is larger than the Eulerian
time scale (τe); in other words, the advection terms, the second terms on the left-hand side of
both Eqs. 8 and 10, are still negligible. A linear approach ignoring the advection term or using
a constant horizontal velocity for the advection term (e.g., Rotunno 1983; Dal et al. 1991,
1996, 2000; Wang et al. 1996; Baldi et al. 2008) may be appropriate if the amplitude (AF )
of the surface heat-flux variation is not large enough for V to grow to the point where Eq. 17
is satisfied (Vc in Fig. 2). When τv becomes smaller than τe, the advection terms cannot be
ignored. As discussed in the previous section, the horizontal temperature advection reduces
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Fig. 2 Illustration for the critical velocity scale Vc , a threshold for the onset of the temporal oscillation in
the surface-heterogeneity-induced horizontal flows. The τe represents the Eulerian time scale and the τv the
advection time scale. The thick solid line represents the generated horizontal velocity that is in a quasi-statio-
nary state and the thick dotted line represents the horizontal velocity that is temporally oscillatory. Before the
temporal oscillation onset, there exists a spectral gap between a given heterogeneity scale and the turbulence
scale, which is demonstrated in Fig. 6a

the temperature gradient between the warmer and cooler regions, a necessary condition for
the onset of the temporal oscillation in the generated horizontal flows.

Next we hypothesize that when the advection term is equal to the smaller-scale flow
term, this defines a critical velocity, Vc that must be attained in order to initiate temporally-
oscillating horizontal flows. From Eq. 16,

2V 2
c

λF
= u2

t

l
. (19)

In Eq. 19, the smaller-scale fluctuations are assumed to be characterized with a typical size
(l) and velocity (ut ) of energy-containing turbulent eddies, which are scaled to the mixed-
layer depth (zi ) and the convective velocity scale (w∗), respectively. In other words, for the
microscale (turbulent) fluctuations in the horizontally heterogeneous CBL, characteristics of
mixed-layer similarity (Lenschow et al. 1980) are assumed to be retained until the point of
τe = τv (Fig. 2). Thus, using l ≈ czzi and ut ≈ cuw∗, where cz and cu are coefficients to be
determined, Eq. 18 can be rewritten as

Vc ≈ c
√

λF/ziw∗, (20)

where c ≡ cu/
√

2cz . Lenschow et al. (1980) demonstrate that cu = 0.4 and Kaimal et al.
(1976) that cz = 1.5. Thus, the coefficient c in Eq. 20 is estimated at 0.2. If the mesoscale
velocity that is generated by the surface heat-flux variation exceeds the critical velocity scale,
the oscillatory horizontal flows that are as significant in magnitude as turbulent flows can be
initiated. This hypothesis is evaluated using numerical simulations in the next section.

3 Numerical Experiment and Results

3.1 Simulated CBL

The Bryan–Fritsch model (Bryan and Fritsch 2002) is used with the one-dimensional single
scale surface heat-flux variation of Eq. 2. The surface heat-flux variation is represented by a
sinusoidal function with amplitudes (AF ) in the range from 50 to 200 W m−2 and wavelengths
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Table 1 Parameters
characerizing the set of all cases

AF and λF represent the
amplitude and wavelength of the
surface heat-flux variation (2)
respectively. The Dx1 and Dx2
are the horizontal dimensions of
the model domain in the x1 and
x2 directions respectively. The
mean surface flux 〈Fs f c〉 is

240 W m−2

Case AF λF Dx1 × Dx2 Forecast time (h)

(W m−2) (km) (km2)

A200L128 200 128 128×5 12

A200L64 200 64 64×5 6

A200L32 200 32 32×5 6

A200L16 200 16 32×5 6

A200L08 200 8 32×5 6

A125L128 125 128 128×5 12

A125L64 125 64 64×5 12

A125L32 125 32 32×5 6

A125L16 125 16 32×5 6

A125L08 125 8 32×5 6

A050L128 50 128 128×5 12

A050L64 50 64 64×5 12

A050L32 50 32 32×5 12

A050L16 50 16 32×5 12

A050L08 50 8 32×5 12

A000L00 0 0 32×5 6

(λF ) from 8 to 128 km. The Bryan–Fritsch model was developed as a cloud-resolving model
using LES techniques (Bryan et al. 2003) and it has been used to solve a range of nonlinear
problems (e.g., Bannon et al. 2006; Bryan and Rotunno 2008). The model has examined
the impact of mesoscale surface heterogeneity on the mesoscale and microscale (turbulence)
structure of the CBL (Kang and Davis 2008).

The domain-average value 〈Fs f c〉 of the surface heat flux is set at 240 W m−2, and the
various amplitudes AF and wavelengths λF of the surface heat-flux variation prescribed for
simulating the horizontally heterogeneous CBL are summarized in Table 1.

Since our study addresses the onset of the temporal oscillation, which considerably
changes the CBL structure according to Kang and Davis (2008), the numerical set-up is sim-
ilar to Kang and Davis (2008). In order to identify the temporal oscillation onset, the model
integration time is as long as 12 h. The horizontal grid spacing is 100 m, and the vertical grid
spacing is 10 m up to 100 m above the ground, linearly increases from 10 to 40 m between
100 and 1,900 m, and then remains constant at 40 m up to the model top of 3,500 m. The
model domain varies from 32 to 128 km in the x1 (or x) direction and is 5 km in the x2 (or y)
direction. The surface flux variation is prescribed only in the x1 direction, and at the initial
time, random perturbations of 0.1 K that initiate development of three-dimensional turbulent
flows are superimposed on the potential temperature at the lowest atmospheric level. In both
horizontal directions, the lateral boundary conditions are periodic.

The upper boundary is a flat, rigid wall with a Rayleigh damping layer (Durran and Klemp
1983) occupying 1 km beneath the model top. The lower boundary is also a flat, rigid surface.
Unlike the prescribed surface heat flux, the surface momentum flux is derived from a simple
surface-drag parameterization (Stull 1988).

Soundings of potential temperature and water vapour mixing ratio are obtained from the
rawinsonde released at the Homestead site (36.55◦N, 100.6◦W) at about 1130 LST on 25
May 2002. The initial potential temperature is constant (296 K) at altitudes less than 626 m,

123



68 S.-L. Kang

Fig. 3 The time evolution of a the potential temperature gradient at 95 m agl between the warmer and cooler
regions, and b the magnitude of the generated horizontal velocity at 95 m agl for cases with the variation
amplitudes of 50 (A050L32), 125 (A125L32), and 200 (A200L32) W m−2 at the variation wavelength of
32 km. The thin lines in a indicate the estimates of the potential temperature gradient by using Eq. 13

and increases at the rate of 34.8 K km−1 between 626 and 806 m. Above 806 m, the potential
temperature increases at the rate of 3.8 K km−1. The initial CBL height is 716 m.

3.2 Parameters of the Oscillation Onset

For cases with different amplitudes of 50, 125, and 200 W m−2 at λF = 32 km, the potential
temperature gradients between the warmer and cooler regions at 95 m above the ground
level (agl) are presented in Fig. 3a. Figure 3a also shows the linear estimate (Eq. 13) of the
potential temperature gradient, which ignores the temperature advection. The deviation of
the LES temperature gradients from the linear estimate of Eq. 13 implies that the temperature
advection becomes too significant to be negligible.

In Fig. 3a, the potential temperature gradient for a higher amplitude variation case more
rapidly decreases from the peaks of the time series, compared with that for a lower amplitude
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variation case. Figure 3b presents the generated horizontal wind speed averaged over the
middle region. The temporal oscillation of horizontal wind speed has a time lag of 40–70 min
from the oscillation of potential temperature gradient. In this study, the point at which the
generated horizontal wind speed starts to decrease is defined as the temporal oscillation
onset. If the time of the oscillation onset is used as a reference time, the rate of wind speed
fluctuation is likely comparable between different cases.

For cases with wavelengths from 8 to 128 km at AF = 200 W m−2 the generated horizontal
wind speeds at 95 m that are averaged over the middle region are shown in Fig. 4a, where it is
demonstrated that the surface heat-flux variation with the high amplitude of 200 W m−2 gen-
erates the temporal oscillation in the horizontal flows. With a shorter wavelength variation,
the oscillation onset is earlier, the amplitude of the oscillation is smaller, and the periodicity
and lifetime of the oscillation are shorter. This is in agreement with Letzel and Raasch (2003),
who came to the same conclusion based on the oscillation of perturbation energy (Figs. 6
and 8 therein) for wavelengths between 5 and 30 km. Figure 4b demonstrates that the surface
heat-flux variation with the low amplitude of 50 W m−2 generates no temporal oscillation in
the horizontal flows within the 12-h integration period except for the case with the shortest
wavelength of 8 km in our numerical experiment.

Both Avissar and Schmidt (1998) and Patton et al. (2005) suggested that a well-organized
inland breeze circulation is basically in a quasi-stationary state. Avissar and Schmidt (1998)
found that surface heat-flux variations with a relatively long wavelength of 20–40 km gener-
ate well-organized circulations. In contrast, Patton et al. (2005) suggested that the relatively
short wavelength of 5–15 km generates the well-organized circulations in their numerical
simulations.

Figures 3 and 4 demonstrate that the results of Avissar and Schmidt (1998) and Patton
et al. (2005) are partially consistent with our result. Figure 3b demonstrates that the horizontal
wind speed generated by the surface heat-flux variation with the wavelength of 32 km and the
amplitudes of 50–200 W m−2 steadily grows until 2 h 40 min after the introduction of the sur-
face forcing. Before the oscillation onset, at about 3 h, the highest amplitude of 200 W m−2 of
the surface heat-flux variation at the wavelength of 32 km generates the strongest horizontal
wind speed of 2.0 m s−1 (Fig. 3b).

Avissar and Schmidt (1998) analyzed their results averaged over 1.5–2.5 h after the surface
forcing activation, and found that the highest amplitude of 250 W m−2 at the wavelength of
40 km generates the strongest horizontal wind speed of 2–4 m s−1 in their numerical exper-
iment (Fig. 3 of Avissar and Schmidt 1998). In our case (Fig. 4a), the highest amplitude of
200 W m−2 at a shorter wavelength of the surface heat-flux variation initiates the temporal
oscillation for their averaged period of 1.5–2.5 h. Thus, the slightly different averaging period
changes the optimum wavelength for generating the well-organized mesoscale circulation.

Patton et al. (2005), however, indirectly prescribed the surface heat-flux variation with the
low amplitude of 40 W m−2 in their LES. Figure 4b shows that the horizontal wind speeds
generated by the surface heat-flux variation with the amplitude of 50 W m−2 increases at least
until 8 h after the surface forcing activation. Thus, the mesoscale circulation in Patton et al.
(2005) is likely in a quasi-stationary state up to 8 h as well as in their averaging period of
1–3 h.

In order to determine the time and the intensity of the oscillation onset of the generated
horizontal flows, the model has been run until the oscillation onset within the 12-h integration
period for all the cases. The horizontal wind speed at the oscillation onset of the generated hor-
izontal flows at 95 m agl is presented in Fig. 5a. We use the critical velocity scale of Eq. 20 to
provide guidance for the oscillation onset. In computing the critical velocity scale, we use the
values of =736 m and =0.77 m s−1 from the horizontally homogeneous CBL case (A000L00).
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Fig. 4 The time evolution of the generated horizontal velocity at 95 m agl for cases with the variation wave-
lengths of 8, 16, 64, and 128 km at the variation amplitudes of a 200 W m−2 and b 50 W m−2

For all the cases that initiate the temporal oscillation within the 12-h period, the generated
horizontal wind speeds at their oscillation onsets are larger than the critical velocity scales
(Fig. 5a). Also, the horizontal wind speed at the oscillation onset increases as λF increases.
Thus, at the oscillation onset, the two hypotheses used to determine the critical velocity scale
(Eq. 20) seem to be valid: (1) the Eulerian time scale is comparable to the advection time
scale, and (2) the microscale (turbulence) fluctuations in the horizontally heterogeneous CBL
is still characterized using the turbulence statistics from the homogenous CBL.

The time taken for the generated horizontal flows at 95 m agl to initiate the temporal
oscillation in presented in Fig. 5b. The horizontal flows generated by a shorter-wavelength
and higher-amplitude surface heat-flux variation initiate the temporal oscillation at an ear-
lier time, as already demonstrated in Figs. 3b and 4a. Given the time scale of the Coriolis
parameter, the assumption of no Coriolis force used in this study is valid up to 4 h at mid-
dle latitudes. The LES results presented in Fig. 5b suggest that within the time limit of 4 h,
for the horizontal flows to be oscillatory, the wavelength of the surface heat-flux variation
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Fig. 5 a The magnitude of the generated horizontal velocity at 95 m agl at the oscillation onset and b the
time when the onset of the temporal oscillation occurs for every case. The solid line a represents the critical
velocity scale as a function of the wavelength of the surface heat-flux variation

should be shorter than 50 km at a variation amplitude higher than 100 W m−2. However, if
the variation amplitude is lower than 50 W m−2, or the variation wavelength is longer than
50 km, the generated horizontal flows seem to be in a quasi-stationary state within the time
period of 4 h.

3.3 Spectral Analysis

In the previous section, the potential temperature at 95 m averaged over the warmer and
cooler regions is used to evaluate the horizontal potential temperature gradient, and the
horizontal wind speed at 95 m averaged over the middle region is used for the generated
horizontal wind speed. In spectral space, however, the averaged values of potential tem-
perature and horizontal velocity may contain multiple scale fluctuations; in other words,
although the surface heat-flux variation is described by a Fourier series with non-zero ampli-
tude only at a given heterogeneity scale as shown in Eq. 2, the atmospheric fluctuations
forced by the mesoscale surface heterogeneity should be expressed by a Fourier series
with non-zero amplitudes at multiple scales. It is hypothesized that the atmospheric fluc-
tuations at a given surface heterogeneity scale cascade to smaller scales at the oscillation
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Fig. 6 a One-dimensional horizontal velocity spectra at 95 m above ground level at times of 70, 115, 160,
205, 250, and 295 min and b potential temperature spectra at times of 55, 110, 165, 220, 275 min for case
A200L32. The temporal oscillation onset occurs at 160 min

onset, which is defined as the point at which the generated horizontal wind speed starts to
decrease.

At times of 70, 115, 160, 205, 250, and 295 min for case A200L32, the normalized spectra
of horizontal velocity at 95 m agl are presented in Fig. 6a. These one-dimensional spectra
are obtained by integrating two-dimensional spectral densities along the x2 direction at the
specified times, which are around the onset of the temporal oscillation. Note that times of 70
and 115 min occur before the oscillation onset, the time of 160 min is at the oscillation onset,
and the times of 205, 250, and 295 min. occur after the oscillation onset (Fig. 3b).

Before the oscillation onset, the spectral gap between the mesoscale and microscale fluc-
tuations is obvious at λ/λF = 0.4. Figure 6a shows that the horizontal velocity spectra have
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two significant spectral density peaks: one at the heterogeneity scale of λ/λF = 1, and the
second at the turbulence scale of λ/λF = 0.05, which is about 1.5zi . However, after the oscil-
lation onset, the spectral densities at 0.5 ≤ λ/λF ≤ 1 significantly increase and the spectral
gap between the mesoscale and microscale (turbulent) fluctuations becomes ambiguous.

At later times after the oscillation onset, the spectral densities between 0.5 ≤ λ/λF ≤ 1
are small again and the spectral densities at λ/λF = 1(i.e., the given heterogeneity scale)
are also smaller than before. In other words, the reduction of the horizontal velocity fluctua-
tions occurs both at the given heterogeneity scale λF/λ = 1 and in the scale range between
0.5 ≤ λ/λF ≤ 1. In contrast, the spectral densities in the turbulence scale range are some-
what larger compared with values at earlier times (but after the oscillation onset). Kang et al.
(2007) suggested that cold advection in the lower CBL and warm advection in the upper
CBL result in somewhat statistically stable structures in the domain-averaged vertical pro-
files of potential temperature over heterogeneous surfaces (Fig. 3 therein). Thus, from the
perspective of the domain-averaged statistics, the heterogeneous CBL reduces buoyancy and
decreases the intensity of turbulence throughout the model domain (Kang and Davis 2008).
The spectra in Fig. 6 demonstrate that after the oscillation onset horizontal wind fluctua-
tions are reduced, and turbulence is increased. The increased turbulence is associated with
the increased stability, resulting from the lower-level cold advection and upper-level warm
advection (for details, see Sect. 4b of Kang and Davis (2008)).

The spectra of potential temperature in Fig. 6b show that, at the time of the highest
potential temperature gradient at λ/λF = 1, specifically at 110 min, the mesoscale fluctua-
tions at 0.5 ≤ λ/λF ≤ 1 are less significant than is the case at later times when the potential
temperature gradients at λ/λF = 1 are lower. At 165 min, the mesoscale fluctuations at
0.5 ≤ λ/λF ≤ 1 are the most significant whereas the fluctuations at λ/λF = 1 are lower
compared with the spectra at the earlier time. Thus, at the oscillation onset (namely 160 min)
and at the given heterogeneity scale the transfer of the fluctuations to smaller scales is likely
the most significant for both potential temperature and horizontal velocity. However, unlike
the horizontal velocity spectra, the spectral gap between the mesoscale and microscale fluctu-
ations is found at 0.5 ≤ λ/λF ≤ 1 even after the oscillation onset in the potential temperature
spectra.

The atmospheric disturbance due to the surface heterogeneity on a scale of the order of
10 km seems to directly extend to the microscale (turbulent) fluctuations. For cases with the
variation wavelengths of 8, 16, 32, 64, and 128 km at the variation amplitude of 200 W m−2,
the horizontal velocity spectra at the oscillation onset times are exhibited in Fig. 7. Except
for the longest wavelength case (A200L128), which exhibits a somewhat obvious spectral
gap around 0.03 ≤ λ/λF ≤ 0.1 (about 4–13 km), the horizontal velocity spectra have no
significant spectral gap between the mesoscale and microscale (turbulent) fluctuations. In
other words, only the spectrum from A200L128, which has the surface heterogeneity on a
scale of the order of 100 km, has two clearly separated spectral peaks. For the other cases
with a shorter wavelength with surface heat-flux variation, there are no obvious spectral
gaps.

Using LES with the surface heat-flux variation for wavelengths of 16 and 32 km and
various amplitudes, Kang and Davis (2008) showed that the microscale (turbulence) struc-
ture of the heterogeneous CBL in quasi-steady horizontal flows retains characteristics of
mixed-layer similarity. For the CBL with high amplitude variation, mixed-layer similarity is
violated even when mesoscale fluctuations are filtered out. Their conclusion that non-station-
ary characteristics of mesoscale fluctuations may directly influence the microscale fluctuation
characteristics is consistent with our results for the case with a variation wavelength of 64 km
or shorter.
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Fig. 7 One-dimensional horizontal velocity spectra at 95 m above ground level at the oscillation onset for the
cases with the variation wavelengths of 128, 64, 32, 16, 8 km at the variation amplitude of 200 W m−2. The
short thick line represents the κ−2/3 spectrum

3.4 Spectral Decomposition

In order to isolate the mesoscale fluctuations, the LES results are transformed into Fourier
spectral space. Two cut-off wavelengths are used: (1) one half of a given heterogeneity scale
(λH ), and (2) λT for the turbulence scale: λT = 4 km is selected, as in the observational studies
on the horizontally heterogeneous CBL (e.g., Mahrt and Gibson 1992; Mahrt et al. 1994a,b,
Finkele et al. 1994; LeMone et al. 2007; Kang et al. 2007).

θ M and vM
1 from a non-oscillatory case with AF = 50 W m−2 and λF = 128 km (Fig. 8) are

compared with those from an oscillatory case in which AF = 200 W m−2 and λF = 128 km
(Fig. 9). In order to define the mesoscale fluctuations at the given heterogeneity scale
λF = 128 km and for the scale range between the given heterogeneity scale and the turbu-
lence scale, two cut-off wavelengths are used: (1) λH = 64 km (contoured), and (2) λT = 4 km
(shaded). For both non-oscillatory and oscillatory cases, the horizontal gradients of θ M low-
pass filtered with λH (θH ) decrease after approximately 300 min. However, compared with
the non-oscillatory case (A050L128), the gradient of θH reduces much more rapidly for the
oscillatory case (A200L128). For the non-oscillatory case (A050L128), vM

1 low-pass filtered
with λH (vH ) continuously increases, whereas for the oscillatory case (A200L128) the vH

increases until 520 min but decreases after that time.
For the non-oscillatory case (A050L128), θ M and vM

1 low-pass filtered with λT appear
as random fluctuations superimposed on the mesoscale fluctuations at the given heteroge-
neity scale (Fig. 8). However, for the oscillatory case (A200L128), for the fields of θ M and
vM

1 with λT , a strong potential temperature gradient and its associated significant horizontal
convergence exist at the centre of the warmer region, x1 =−32 km, from a time of about
360 min (Fig. 9).

In order to see in detail processes related to the strong potential temperature gradient
and horizontal velocity convergence at the mesoscale smaller than the given heterogeneity
scale, θ M and vM

1 with λT are compared with those with λH at 280, 400, 520, and 640 min
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Fig. 8 Time series of a the mesoscale fluctuations of potential temperature θ M at 95 m agl that are low-pass
filtered with the cut-off wavelength of λH = 64 km (contoured) or λT = 4 km (shaded). The contour intervals
are: −0.70, −0.56, −0.42, −0.28, −0.14, 0, 0.14, 0.28, 0.42, 0.56, and 0.70 K; b the mesoscale fluctuations
of horizontal velocity vM

1 at 95 m agl that are low-pass filtered with the cut-off wavelength of λH = 64 km

(contoured) or λT = 4 km (shaded). The contour intervals are: −0.8, −0.4, 0, 0.4, 0.8,m s−1 for A050L128

in Fig. 10. In Fig. 10a, the comparison of θ M using λH or λT demonstrates more cooling
around the edge of the warmer region and more warming at the centre of the warmer region.
Figure 10b shows that there is a strong horizontal convergence at the centre of the warmer
region (x1 =−32 km) in vM

1 with λT between 400 and 520 min. The strong convergence is
associated with a significant vertical velocity at x1 =−32 km (Fig. 11a), which is absent in
the non-oscillatory case (Fig. 11b).

4 Conclusions

The transition of the CBL from a quasi-stationary state to a non-stationary state over meso-
scale surface heat-flux variations has been theoretically analyzed. We took as the starting
point the equations of horizontal velocity and potential temperature that were low-pass fil-
tered with a mesoscale cut-off wavelength. The non-stationary state begins with the onset
of a temporal oscillation of the mesoscale motions generated by the surface heterogeneity.
The oscillation, as defined by the first maximum in V , occurs at the time when horizontal
advection is strong enough to decrease the potential temperature gradient at the heterogeneity
scale. Thus, at the oscillation onset, the Eulerian time scale is equal to the advection time
scale in the equations of horizontal velocity and potential temperature.

We suggest the horizontal velocity scale that must be attained to initiate temporally oscil-
lating flows, and estimate the critical value to be proportional to the square root of the
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Fig. 9 Time series of a the mesoscale fluctuations of potential temperature low-pass filtered with the cut-off
wavelength of λH = 64 km (contoured) and λT = 4 km (shaded). The contour intervals are: −2.8, −2.0, −1.2,
−0.4, 0.4, 1.2, 2.0, 2.8 K; b the mesoscale fluctuations of horizontal velocity vM

1 low-pass filtered with the
cutoff wavelength of λH = 64 km (contoured) and λT = 4 km (shaded). The contour intervals are: −5, −4, −3,
−2, −1, 0, 1, 2, 3, 4, 5 m s−1 for A200L128

wavelength of the surface heat-flux variation normalized with the CBL height. The critical
velocity scale hypothesizes two conditions at the oscillation onset: (1) the Eulerian time
scale is comparable to the advection time scale, and (2) the characteristic size and velocity
of the energy-containing turbulent eddies are comparable with those found typically in a
horizontally homogeneous CBL. The second hypothesis is associated with the fact that at
the oscillation onset the total fluctuations in the CBL forced by mesoscale surface hetero-
geneity can be decomposed into, (i) a mesoscale fluctuation at a given heterogeneity scale
and, (ii) a microscale fluctuations that is characterized with the turbulence statistics from the
homogeneous CBL.

Large-eddy simulations were performed with surface heat flux varying sinusoidally in
the x-direction with an average value of 240 W m−2 and amplitudes that ranged from 50
to 200 W m−2, and wavelengths from 8 to 120 km. The LES results demonstrate that at the
oscillation onset the magnitude of the generated horizontal velocity is larger than the critical
velocity scale. The generated horizontal wind speed at the oscillation onset increases with
variation wavelength at a rate similar to the critical velocity scale. The agreement of the LES
results with the theoretical critical velocity scale suggests that the two hypotheses used in
the theory are likely valid at least at the oscillation onset.

LES spectra demonstrate that the decrease of horizontal velocity magnitude at the heter-
ogeneity scale is associated with a momentum cascade to smaller scales. In particular, in all
cases with a given heterogeneity scale smaller than 100 km (about 100zi ), the atmospheric
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Fig. 10 Mesoscale fluctuations
of a potential temperature θ M

and b horizontal velocity vM
1 at

95 m above ground level in the
warmer region at 280, 400, 520,
and 640 min for case A200L128.
The thick lines are obtained using
the cut-off wavelength λT = 4 km
and the thin lines are using the
cut-off wavelength of
λH = 64 km. The temporal
oscillation occurs at 520 min

fluctuations forced by mesoscale surface heterogeneity seem to cascade down to the micro-
scale (turbulent) fluctuations without any significant spectral gap between the mesoscale and
microscale (turbulent) fluctuations. In the LES results, a generation of fluctuations on a scale
smaller than the surface heterogeneity scale is evident at the centre of the warmer region at
the oscillation onset, with a significant gradient of potential temperature, a sharp change of
horizontal velocity and direction, considerable vertical velocity associated with horizontal
convergence, and a substantial change in the CBL height.

The oscillation onset is likely the start of a break-up process of atmospheric fluctuations
at the heterogeneity scale into smaller-scale fluctuations. In the CBL forced by the surface
heat-flux variation on a scale of the order of 10 km, and with an amplitude of 100 W m−2

or higher, the mesoscale fluctuations at a given surface heterogeneity scale are continuously
transferred down to the small-scale turbulence. In other words, any significant spectral gap
between the mesoscale and microscale (turbulent) fluctuations is absent in the CBL forced by
the mesoscale surface heterogeneity. The basic strategy of mesoscale modelling is to explic-
itly compute mesoscale fluctuations but to parameterize microscale (turbulent) fluctuations.
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Fig. 11 Time series of the mesoscale fluctuations of vertical velocity wM at 95 m that are low-pass filtered
with the cut-off wavelength of λH = 64 km (contoured) or λT = 4 km (colour shaded) for cases a A200L128
and b A050L128. The contour intervals are: −0.03, −0.02, −0.01, 0, 0.01, 0.02, 0.03 m s−1

Thus, before the oscillation onset, the strategy of mesoscale modelling is likely to work.
However, after the oscillation onset the strategy is not sufficient to describe adequately the
CBL forced by mesoscale surface heterogeneity.

Therefore, this result raises a question about the applicability of mesoscale models to
investigate the effect of mesoscale surface heterogeneity on the atmosphere. However, the
conclusions from the simulated CBL with simple, idealized surface and atmospheric condi-
tions (temporally constant with a one-dimensional variation of surface heat flux, cyclic lateral
boundary conditions, and flat terrain) are insufficient to generally question the applicabil-
ity of ABL parameterization in a mesoscale model in the presence of surface heterogeneity
effects. Thus, the temporal oscillation onset and its resultant energy cascade process need to
be investigated further with more realistic surface and atmospheric conditions.
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Appendix

Proofs of [[ f (x)] f ′′(x)] = 0 and [[ f (x)] f (x)] = [[ f (x)] f (x)] used in Sect. 2

First, we represent a function f (x) as a complex Fourier series, f (x) = ∑N
n=1 f̂ (κn)eiκnx ,

where f̂ (κn) are coefficients that are complex numbers. This function can be decomposed
into low-pass filtered components [ f (x)] = ∑c

n=1 f̂ (κn) eiκnx , (where c is a cut-off wave-
length) and high-pass filtered components f ′′(x) = ∑N

n=c+1 f̂ (κn)eiκnx , by the wave cut-off
filter [ ]. The product of these low- and high-pass parts can be written as

[ f (x)] f ′′(x) = f̂ (κ1) f̂ (κc+1)e
i(κ1+κc+1)x + · · · + f̂ (κc) f̂ (κN )ei(κc+κN )x . (21)

Applying the wave cut-off filter to this product yields

[[ f (x)]] f ′′(x) =
[

f̂ (κ1) f̂ (κc+1)e
i(κ1+κc+1)x + · · · + f̂ (κc) f̂ (κN )ei(κc+κN )x

]
. (22)

In (22), if κ1 + κc+1 > κc then [[ f (x)] f ′′(x)] = 0. The condition κ1 + κc+1 > κc is always
true because κc+1 > κc and κ1 > 0.

Second, the product of two low-pass filtered components of the function f (x) can be
written as

[ f (x)][ f (x)] = f̂ (κ1) f̂ (κ1)e
i(κ1+κ1)x + · · · + f̂ (κc) f̂ (κN )ei(κc+κc)x , (23)

and applying the wave cut-off filter to this product yields

[ f (x)][ f (x)] = [ f̂ (κ1) f̂ (κ1)e
i(κ1+κ1)x + · · · + f̂ (κc) f̂ (κN )ei(κc+κc)x ]

= [ f (x)][ f (x)] (24)
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