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Abstract This study focuses on the behaviour of the turbulent Prandtl number, Pr,,
in the stable atmospheric boundary layer (SBL) based on measurements made during
the Surface Heat Budget of the Arctic Ocean experiment (SHEBA). It is found that
Pr, increases with increasing stability if Pr; is plotted vs. gradient Richardson number,
Ri; but at the same time, Pr; decreases with increasing stability if Pr; is plotted vs. flux
Richardson number, Rf, or vs. ¢ = z/L. This paradoxical behaviour of the turbulent
Prandtl number in the SBL derives from the fact that plots of Pr; vs. Ri (as well as
vs. Rf and ¢) for individual 1-h observations and conventional bin-averaged values
of the individual quantities have built-in correlation (or self-correlation) because of
the shared variables. For independent estimates of how Pr; behaves in very stable
stratification, Pr; is plotted against the bulk Richardson number; such plots have no
built-in correlation. These plots based on the SHEBA data show that, on the average,
Pr; decreases with increasing stability and Pr; < 1 in the very stable case. For specific
heights and stabilities, though, the turbulent Prandtl number has more complicated
behaviour in the SBL.
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1 Introduction

One major uncertainty in the atmospheric stable boundary layer (SBL) is associated
with the stability dependence of the turbulent Prandtl number defined by

Pr, — kim B (u'w') ?Tz _ on (1)
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thermal diffusivity (—(u/'w’) is the downwind stress component and (w’T”) is the tem-
perature flux). The turbulent Prandtl number (1) describes the difference in turbulent
transfer between momentum and sensible heat. Turbulent momentum transfer is more
efficient than turbulent heat transfer when Pr; > 1 and vice versa. If the turbulent
Prandtl number is not unity, Eq. 1 also demonstrates a difference between the sta-
bility profile functions of momentum, ¢, and sensible heat, ¢j. These functions are
defined as non-dimensional vertical gradients of mean wind speed, U, and potential
temperature, 6:

where k,, = _élul//‘;gz is the turbulent viscosity, and k;, = —
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where u, = /—(u'w’) is the friction velocity, Ty = —(W'T")/u, is the temperature
scale, and « is the von Kdrmdan constant. The turbulent Prandtl number is an impor-
tant characteristic of momentum and heat turbulent mixing for calibrating turbulence
models and other applications (e.g., Sukoriansky et al. 2006).

In spite of progress in understanding SBL physics, a unified picture on the stability
dependence of Pr; does not exist. First, we survey the experimental results. Kondo
et al. (1978), Ueda et al. (1981), Kim and Mahrt (1992), Ohya (2001), Strang and
Fernando (2001), and Monti et al. (2002) found that the turbulent Prandtl number
increases with increasing stability on plotting Pr; (or 1/Pr;) vs. the gradient Richardson
number, Ri. In plots of Pr; vs. the stability parameter ¢ = z/L (L is the Obukhov
length and z is the measurement height), on the other hand, Howell and Sun (1999)
found that Pr; estimates are generally scattered around unity and do not strongly
depend on stability. However, for the very stable regime (¢ > 1), their estimates
of the turbulent Prandtl number tended to be less than unity (their Fig. 9). Yagiie
et al. (2001) reported a mixed result. According to their Fig. 10a, Pr; increases (or
1/Pr; decreases) with increasing Ri; but they found no clear dependence of Pr, on
¢ (their Fig. 10b). Grachev et al. (2003, 2007) found Pr; to decrease with increasing
¢. This finding is directly related to the different behaviours of ¢, and ¢y, Egs. 2a
and 2b, in the limit of very strong stability. According to Grachev et al. (2005, 2007),
¢m increases with increasing stability, whereas ¢y, initially increases with increasing ¢,
reaches a maximum at ¢ ~ 10, and then tends to level off with further increasing ¢.
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Theoretical studies by Zilitinkevich and Calanca (2000), Zilitinkevich (2002), and
Sukoriansky et al. (2006) and Beljaars and Holtslag’s (1991) parameterization argue
in favour of an increasing turbulent Prandtl number with increasing stability. Like-
wise, when Andreas (2002) reviewed seven different formulations for ¢, — ¢, pairs
in stable stratification, he found five predicted Pr; = 1 in very stable stratification and
two predicted that Pr; increased with increasing ¢. None predicted that Pr; decreased.
The result Pr; > 1 is usually associated with the presence of the internal gravity waves
in the SBL. They are presumed to enhance the momentum transfer through pressure
terms in the Navier-Stokes equations, whereas gravity waves do not affect the sensible
heat flux (e.g., Monin and Yaglom 1971). However, the result Pr, < 1 was obtained in
recent large-eddy simulation (LES) studies of the SBL. Beare et al. (2006) plotted the
turbulent viscosity and the turbulent thermal diffusivity as a function of z. According
to their Fig. 14, k,, is clearly less than kj, corresponding to Pr; < 1 (note different
scales on the horizontal axes for &, and ky, in their Fig. 14). Also Basu and Porté-Agel
(2006) reported Pr; < 1 from their LES simulations (p. 2082).

The purpose of this study is to examine how the turbulent Prandtl number depends
on different stability parameters to shed light on the behaviour of Pr; in the SBL.

2 Turbulent Prandtl number vs. different stability parameters

One may notice that authors who found the turbulent Prandtl number to increase
with stability, i.e., Pr;, > 1, ( Kondo et al. 1978; Ueda et al. 1981; Kim and Mahrt 1992;
Ohya 2001; Strang and Fernando 2001; Yagiie et al. 2001; Monti et al. 2002) plotted
Pr; (or 1/Pry) solely vs. the gradient Richardson number, defined by

. g doy/dz  len

1= 772 == T’ (3)
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where 0, is the virtual potential temperature of air and g is the acceleration due

to gravity. On the other hand, those who reported Pr; < 1 (Howell and Sun 1999;

Grachev et al. 2003, 2007) plotted Pr; against the Monin-Obukhov stability parameter

¢ defined by

= Zo_ zkgw'Ty)
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In this context, the result obtained by Yagiie et al. (2001) is remarkable. As men-
tioned above, they found that Pr; increased with increasing stability if Eq. 1 was
plotted against Eq. 3; but the same data showed no clear stability dependence in Pr;
when Eq. 1 was plotted against Eq. 4. In the light of this result, it makes sense to
use the same dataset to explore in detail how Pr; depends on different indicators of
stability.

Another widely used stability parameter, along with Eqs. 3 and 4, is the flux Rich-
ardson number defined by

Ri_ S __WTh) ¢
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Near the surface, when surface temperature is available, it is convenient also to use a
bulk Richardson number:

gz (A0 +0.616,Aq)
Rip — 82127 T OIAG) 6
B=", U2 : ©

where A9 and Agq are differences in the potential temperature and the specific humid-
ity, respectively, between the surface and reference level z.

In this study, measurements of atmospheric turbulence made during the Surface
Heat Budget of the Arctic Ocean experiment (SHEBA) are used to examine the
turbulent Prandtl number, Eq. 1, as a function of four different stability parameters,
given by Eqs. 3-6. Turbulent fluxes and mean meteorological data were continuously
measured at five levels, nominally 2.2, 3.2, 5.1, 8.9 and 18.2 m (or 14 m during most of
the winter), on the 20-m main SHEBA tower. This stood on sea ice in the Beaufort
Gyre from October 1997 through September 1998 and yielded 11 months of data.

Each level on the main tower had a Viisdlda HMP-235 temperature and relative
humidity probe and an Applied Technologies, Inc. (ATI) three-axis sonic anemom-
eter/thermometer, which sampled at 10 Hz. The surface temperature (necessary for
computing Rig) was obtained from down-looking and up-looking Eppley broadband,
hemispherical radiometers (model PIR). Turbulent covariance values and appropri-
ate variances at each level are based on 1-h averaging and derived through frequency
integration of the cospectra and spectra. Observations with a temperature differ-
ence between the air and the snow surface less than 0.5°C and wind speed smaller
than 1ms~! have been excluded from our analysis to avoid the large uncertainty in
determining the turbulent fluxes. Other relevant information on flux and profile mea-
surements and calculations including quality-control criteria, can be found in Persson
et al. (2002), Grachev et al. (2005, 2007), and Andreas et al. (2006).

Figure 1 shows the turbulent Prandtl number as a function of the stability param-
eters (3)—(5) for the same SHEBA dataset. The averaged points in Fig. 1 based on
the conventional bin-averaging of the individual 1-h data for Pr; and proper stabil-
ity parameters are indicated by different symbols for each measurement level. The
individual 1-h-averaged data based on the median fluxes and other medians (heights,
temperatures, etc.) for the five levels are also shown in Fig. 1 as background x-symbols.
These points give an estimate of the available data at all levels and the typical scatter
of the data. In the case when data at all five levels are available, the medians represent
the level 3 data.

The results presented in Fig. 1, though, are contradictory. The turbulent Prandtl
number increases with increasing stability if Pr; is plotted vs. Ri (Fig. 1a); but at the
same time, Pr; decreases with increasing stability if Pr; is plotted vs. Rf (Fig. 1b) or vs.
¢ (Fig. 1c).

Vertical gradients of the mean wind speed, potential temperature and specific
humidity appeared in Pr;, Ri, and Rf (Egs. 1, 3, and 5) in Fig. 1 and were obtained
by fitting a second-order polynomial through the 1-h profiles followed by evaluating
the derivative with respect to z for levels 1-5 (Grachev et al. 2005, their Eq. 8). In
Fig. 2, the vertical gradients at levels n = 2—4 that appear in Pr;, Ri, and Rf are based
on linear interpolations of mean wind speed and potential temperature derived from
the two adjoining levels n — 1 and n + 1. Figure 2 confirms the results in Fig. 1 and,
therefore, shows that the results in Fig. 1 are not sensitive to how we evaluated the
wind speed and temperature gradients.
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Fig. 1 Plots of the bin-averaged turbulent Prandtl number (bin medians) as functions of (a) Ri,
(b) Rf, and (¢) zn/Ly (bin means) during the 11 months of the SHEBA measurements. The vertical
dashed lines correspond to the critical Richardson number 0.2. Individual 1-h averaged data based on
the median fluxes for the five levels are shown as background crosses

Thus we have a contradictory picture. On the one hand, according to Figs. 1a and
2a, the SHEBA data suggest that Pr;, > 1 in the SBL, and this result agrees with
findings reported by Kondo et al. (1978), Ueda et al. (1981), Kim and Mahrt (1992),
Ohya (2001), Strang and Fernando (2001), and Monti et al. (2002). On the other hand,
the SHEBA data also support the opposite opinion, Pr; < 1 (Figs. 1b, c, 2b, ).

3 Self-correlation

The above contradiction is likely associated with self-correlation. The problem is that
the two quantities—for example, ¢,; and ¢ or Pr; and Ri—between which a functional
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Fig. 2 Plots of the bin-averaged turbulent Prandtl number (bin medians) as functions of (a) Ri, (b)
Rf, and (¢) z, /Ly, (bin means) during the 11 months of the SHEBA measurements for level nn = 2—4.
Vertical gradients that appear in Pry, Ri, and Rf are based on the linear interpolation of mean wind
speed and potential temperature derived from the two adjoining levels n — 1 and n + 1. For example,
the gradients at level 2 are based on the temperature and wind speed differences between levels 3
and 1

relationship is sought have built-in correlation because of their shared variables (e.g.,
Hicks 1978; Mahrt et al. 1998; Andreas and Hicks 2002; Klipp and Mahrt 2004; Lange
et al. 2004; Baas et al. 2006 and references therein). Self-correlation is also referred
to as artificial, fictitious or spurious correlation. As an illustration, note that the tur-
bulent Prandtl number is correlated to the gradient and flux Richardson numbers
because Pr; = Ri/Rf (see Eqgs. 1, 3, and 5); that is, Pr; varies proportionally with Ri
but inversely with Rf (cf. Fig. 1a, b).

Usually, the self-correlation problem is discussed for plots of ¢, ¢;,, and variances
vs. ¢ primarily because of the shared friction velocity (e.g., Andreas and Hicks 2002;
Baas et al. 2006). But self-correlation arises in several other atmospheric surface-layer
applications (e.g., Andreas et al. 2006). In our particular application, self-correlation
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occurs in plots of Pr; vs. Ri (Figs. 1a, 2a) because of the shared vertical gradients of
mean wind speed and potential temperature. Furthermore, random variability in both
shared variables leads to increasing Pr; with increasing Ri. According to Egs. 1 and 3,
increasing df/dz leads to increases in both Pr; and Ri; and increasing dU /dz leads to
decreases in both Pr; and Ri. Therefore, the self-correlation associated with variations
in both d6/dz and dU/dz leads to the tendency for Pr, to increase with increasing Ri,
as demonstrated in Figs. 1a and 2a.

Similarly, in plots of Pr; vs. ¢, random variability in the shared variables u, and
(W'T’) leads to decreasing Pr, with increasing ¢, and vice versa (see Egs. 1 and 3).
Plots of Pr; vs. Rf have three shared variables: (u'w'), (w'T’), and dU/dz (see Egs. 1
and 5). Random variability in two of them, (u'w’) and (w'T’), leads to decreasing Pr;
with increasing Rf, and vice versa; while variability in dU/dz gives the opposite result:
that is, increasing Pr; with increasing Rf, and vice versa.

However, not all self-correlations are serious. The degree of self-correlation is
related to the variation in the shared variables compared to those of the other (non-
shared) variables, and it is described by the coefficient of variation V, = ¢,/X (e.g.,
Klipp and Mahrt 2004), where the standard deviation, oy, and the mean value, X, are
the statistics for the whole dataset. According to the SHEBA data, a typical coefficient
V, (computed for median values) may be as much as V, ~ 1.2 for (u'w’), Vy ~ 0.8 for
W'T",Vy~0.3fordU/dz,and V, ~ 1.1 for d9/dz. Thus, more serious self-correlation
for SHEBA data is associated with variations in both (u'w’) and d6/dz.

Another sign of the self-correlation in Figs. 1 and 2 is associated with the behav-
iour of Pr, for weakly stable conditions. According to Figs. 1 and 2, Pr; decreases as
Ri— 0and Pr; ~ 0.1 at Ri ~ 0.001 (Figs. 1a and 2a); while Pr, increases as Rf — 0 and
Pr,~ 10 at Rf ~0.001 (Figs. 1b and 2b). Yagiie et al. (2001, their Fig. 10a) found a simi-
lar discrepancy for small Ri in plots of 1/Pr; vs. Ri. Obviously, this experimental result
contradicts the canonical limit that Pr; ~ 1 for neutral conditions. Thus, self-correla-
tion severely influences functional dependencies between Pr, and different stability
parameters in Figs. 1 and 2.

To obtain a more reliable and independent picture of how the turbulent Prandtl
number behaves over a wide range of stable conditions, we plot Pr; vs. Rip, Eq. 6,
in Fig. 3. Obviously, these plots have no built-in correlation. Vertical gradients that
appear in Pr; in Fig. 3 are based on fitting a second-order polynomial through the 1-h
profiles similarly to Fig. 1. The bulk Richardson number in the upper panel (Fig. 3a)
is based on the wind speed at reference level z,, (n = 1 — 5) and differences in the
potential temperature and the specific humidity between the surface and the level z,,.

Whereas, the bulk Richardson number in the bottom panel (Fig. 3b) is based on the
wind speed at median level z,, and differences between the surface and the level z,,,
i.e., Pryatalevel z, (n = 1 —5) is plotted vs. the bulk Richardson number with fixed z.
Thus plotting Pr; vs. Rip ,, in Fig. 3b provides information on the height dependence
of the turbulent Prandtl number. According to the SHEBA data in Fig. 3, the Pr; data
are scattered around 1 for weakly stable conditions (around 0.01). The greater scatter
of points in Fig. 3 for Rig < 0.01 results from the relatively small sensible heat flux
and unreliable temperature gradient measurements in near-neutral conditions.

With increasing stability, Pr; decreases on the average, although Pr; at different lev-
els behaves variously. Figure 3b shows that in the range 0.01 < Rig ,;, < 0.03, the turbu-
lent Prandtl number decreases with increasing height for fixed Rig ,,, 1.e.,d Pr; /dz <O.
Furthermore Pr; at two lower levels is above 1: Pri(z5) < Pri(z4) < Pri(z3) ~ 1<
Pr;(z2) < Prs(z1). However, with further increasing stability, Pr; at all levels tends to
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Fig. 3 Plots of the bin-averaged turbulent Prandtl (bin medians) number as functions of the bulk
Richardson number (bin means) which is based on the (a) differences between the surface and ref-
erence level z,; (Rig) and (b) differences between the surface and median level z;; (Rig ,,) during
the 11 months of the SHEBA measurements. The vertical dashed lines correspond to the critical
Richardson number, Rig = 0.2. Individual 1-h averaged data based on the median fluxes for the five
levels are shown as background crosses

be less than 1 in the subcritical regime, Rig < 0.2 (see more discussion in the next
Section). Thus Fig. 3 supports the conclusion that Pr; on the average decreases with
increasing stability for the SHEBA data. It seems that the trend in the Pr,—Ri data in
the SHEBA set (Figs. 1a and 2a) results strictly from self-correlation.

We suspect that self-correlation also influenced the conclusion, reported by others,
that Pr; increases with increasing Ri. Another notable example of self-correlation is
the suggestion that the von Karman constant depends on the roughness Reynolds
number. Andreas et al. (2006) found recently that artificial correlation seems to
explain the tendency for the von Kdrmén constant to decrease with increasing rough-
ness Reynolds number in the atmospheric surface layer (i.e., Frenzen and Vogel 1995a,
b; Oncley et al. 1996). According to Andreas et al. (2006) the von Kdrmén constant
is, indeed, constant at 0.38-0.39.
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In any event, analyzing self-correlation should be central for estimating how Pr;
behaves in the stable boundary layer because built-in correlation is unavoidable in the
relations between Pr; and the stability parameters Ri, Rf, and ¢. Ultimately, we must
separate the effects of self-correlation and the physics on the dependency between
Pr; and the stability parameters.

4 Case Study

Although plots of averaged turbulent Prandtl number vs. different stability parame-
ters are useful for qualitative analyses, additional detailed information can be obtained
from time series of the turbulent Prandtl number and other relevant variables plotted
for different conditions. Note that such plots by definition contain no built-in corre-
lation. Typical time series of hourly averaged Pr;, z,,/L,,, and Rig for moderately and
very stable conditions during the dark period at SHEBA are shown in Figs. 4 and 5,
respectively. Note that for data presented in Fig. 4, wind speed, wind direction, air
temperature, and turbulent fluxes at each level (not shown) are approximately con-
stant during 1997 YD (Year Day) 344.1-345.3 which lasts longer than 1 day. Therefore,
Zn/ Ly, and Rip (Fig. 4b, c) are also approximately constant for this period. At high
latitudes, especially during the polar night, stable conditions are long lasting and can
reach quasi-stationary states (e.g., Fig. 4) compared to measurements in the traditional
nocturnal boundary layer in mid-latitudes. Such long-lived SBLs eventually can reach
very stable states (e.g., Fig. 5).

Three-day’s evolution of the turbulent Prandtl number, z,/L,,, and the bulk Rich-
ardson for moderately stable conditions is shown in Fig. 4. It is particularly remarkable
that the turbulent Prandtl number decreases with increasing height (Fig. 4a). In addi-
tion, Pr; at levels 4 and 5 is systematically less than 1, whereas Pr; at the two lower
levels tends to be above 1 (Pr; at level 3 is basically scattered around 1). Similar
behaviour of Pr, during SHEBA also has been observed at other times, for example,
during 1998, YD 13-15, 52-53, 65-67, 181.5-182.5, 201-203.

Figure 4a supports the result dPr, /dz < 0 for 0.01 < Rip,, < 0.03 presented in
Fig. 3b. This finding is also in good agreement with Howell and Sun (1999) measure-
ments and LES simulations by Basu and Porté-Agel (2006). Howell and Sun (1999)
found on average that Pr; estimates at the 3-m level are higher than at the 10-m level.
According to Basu and Porté-Agel’s (2006) study, Pr; ~ 0.7 inside the boundary layer
(up to 150 m), but values of Pr; increase to ~ 1 in the surface layer (Ibid. p. 2082).
The result dPr; /dz < 0 indicates that, for the stability range 0.01 < Rig,; < 0.03,
turbulent momentum transfer is relatively more efficient near the surface. It should
be mentioned that measurements at two lower levels may be influenced by a surface
flux footprint effect or a blowing snow effect (see Fig. 6 and relevant discussion in
Grachev et al. 2007).

Figure 5 shows a typical 1-day time series of Pry, z,/L,, and Rip for the very stable
conditions observed during December 27-28, 1997 (YD 361-363). The data are based
on 1-h averaging. Time series of the basic meteorological variables and turbulent
fluxes for YD 361.8-363 (Fig. 5) can be found in Grachev et al. (2003, their Fig. 1).
According to Fig. 5a, the turbulent Prandtl number for the very stable conditions
tends mainly to be less than 1 at all levels. Similar time series of Pr, for the very stable
conditions observed during SHEBA also can be found on 1998 YD 56, 64-65, and
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Fig. 4 Time series of the (a) the turbulent Prandtl number, (b) z,/Ly, and (¢) the bulk Richardson
number measured at the five levels during moderately stable conditions, 1997 year days 343-346
(December 9-12, 1997 UTC). The data are based on 1-h averaging. The horizontal dashed line in the
bottom panel correspond, to the critical Richardson number, Rig = 0.2

142-143 among others [see also Fig. 2 in Grachev et al (2003) for YD 142-143 time
series].

Although on average the turbulent Prandtl number decreases with increasing sta-
bility and Pr; < 1 in the very stable case (Fig. 3a), our study does not find that Pr; < 1
is a general result for the SBL. One may speculate that Pr; generally does not have
a universal behaviour in the stable atmospheric boundary layer in the framework of
the Monin—Obukhov similarity. As mentioned above, Pr; describes the difference in
turbulent transfers of momentum and sensible heat. Similarity in the turbulent mixing
of momentum and heat suggests that Pr; ~ 1. However, physical processes overlooked
in Monin-Obukhov similarity theory (e.g., internal gravity waves, Kelvin—Helmholtz
billows, an upside-down boundary layer, radiative flux divergence, etc.) may increase
only the momentum flux (Pr; > 1), only the heat flux (Pr; < 1), or may produce a
mixed effect and therefore violate similarity.

Eleven months of multi-level measurements during SHEBA cover a wide range
of stability conditions and can shed light on the discrepancy of Pr; measurements
in the literature (see Sect. 1). In addition to the self-correlation problem discussed
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Fig. 5 Same as Fig. 4 but for data obtained during very stable conditions, 1997 year days 361-362
(December 27-28, 1997 UTC)

in Sect. 3, use of the limited datasets may be responsible for the discrepancy. For
example, measurements only at heights less than 4 m (levels 1 and 2) for the limited
stability range Rip,; < 0.03 result in Pr; > 1 (see Figs. 3b and 4). At the same time,
Pr; is systematically less than 1 for measurements at heights higher than 4 m (levels
3-5). As mentioned earlier, the whole SHEBA dataset on the average suggests that
the turbulent Prandtl number decreases with increasing stability and Pr; < 1 in the
very stable regime for all levels.

5 Conclusions

The turbulent Prandtl number in the SBL is discussed based on measurements made
during SHEBA. Plots of Pr; vs. Ri (as well as vs. Rf and ¢) for individual 1-h obser-
vations and relevant conventional bin-averaged values of the individual quantities
suffer severely from self-correlation because of the shared variables. As a result, such
analyses conceal any real physical correlation. For example, plots of Pr; vs. different
stability parameters for the same dataset give conflicting dependencies (Figs. 1 and
2). The turbulent Prandtl number increases with increasing stability if Pr; is plotted
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vs. Ri; but at the same time, Pr; decreases with increasing stability if Pr; is plotted vs.
Rf or vs. ¢ = z/L. In addition, the data fail to agree with the canonical value Pr; ~ 1
for weakly stable conditions (Figs. 1a, b, 2a, b).

In contrast, plots of Pr; vs. the bulk Richardson number, which have no built-in
correlation, show that on the average, at least for the SHEBA data, Pr, decreases with
increasing stability and Pr, < 1 for all levels in the very stable cases (Fig. 3). How-
ever, the turbulent Prandtl number has more intricate behaviour for specific stability
ranges and heights (Figs. 4 and 5). It is conceivable that the turbulent Prandtl number
does not have a universal behaviour and Pr; < 1 is not a general result in the stable
atmospheric boundary layer.
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