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Abstract
In this paper, we propose and analyze a new structure-preserving finite elementmethod
for the stationarymagnetohydrodynamic equationswithmagnetic-current formulation
on Lipschitz domains. Using amixed finite element approach, we discretize the hydro-
dynamic unknowns by inf-sup stable velocity-pressure finite element pairs, and the
current density, the induced electric field and themagnetic field byusing the edge-edge-
face elements from a discrete de-Rham complex pair. To deal with the divergence-free
condition of themagnetic field, we introduce an augmented term to the discrete scheme
rather than a Lagrange multiplier in the existing schemes. Thanks to discrete differ-
ential forms and finite element exterior calculus, the proposed scheme preserves the
divergence-free property exactly for the magnetic induction on the discrete level. The
well-posedness of the discrete problem is further proved under the small data condi-
tion. Under weak regularity assumptions, we rigorously establish the error estimates of
the finite element schemes. Numerical results are provided to illustrate the theoretical
results and demonstrate the efficiency of the proposed method.
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1 Introduction

Magnetohydrodynamic (MHD) system describes the dynamic behaviors of an elec-
trically conducting fluid under the influence of an external magnetic field. There are
many related applications in industrial such as metallurgical engineering, electromag-
netic pumping, stirring of liquid metals and controlled thermonuclear fusion [6, 8, 10,
11]. The model often couples the Navier–Stokes equations for hydrodynamics and
Maxwell’s equations for electromagnetism via the Lorentz force and Ohm’s law. We
refer to [7, 12, 13, 15, 28, 31] and the references therein for the extensive theoretical
and numerical studies including the modeling and PDE analysis of the MHD system.

LetΩ be a simply connected bounded domain with Lipschitz-continuous boundary
Γ :=∂Ω in R

d (d = 2, 3). In this paper, we consider numerical approximation of the
following incompressible MHD equations:

ρu · ∇u − ηΔu + ∇ p − J × B = f in Ω, (1.1a)

∇ × E = 0, J − ∇ × H = 0 in Ω, (1.1b)

∇ · u = 0, ∇ · B = 0 in Ω, (1.1c)

where ρ is the density of fluid, u is the velocity of fluid, p is the pressure, H is
the magnetic field, B is the magnetic induction, J is the current density, and E is the
electric field. To close the equations in (1.1), we supply with the following constitutive
equation and Ohm’s law

B = μH, J = σ (E + u × B) in Ω. (1.2)

The physical parameters are the dynamic viscosity η, the magnetic permeability μ

and the electric conductivity σ . In this paper, we consider the following boundary
conditions,

u = 0, B · n = 0, E × n = 0 on Γ , (1.3)

where n is the unit outer normal vector on Γ .
There have been extensive discussions on numericalmethods for the incompressible

MHD equations [6, 8, 12, 26, 28, 31]. However, due to the nonlinear coupling and rich
structures of MHD systems, the numerical simulation still remains a challenging and
active research area. Recently, exactly divergence-free discretizations on the magnetic
field B drawmore attentions. Physically, the divergence-free condition of B is a precise
physical law in electromagnetics which implies that there is no monopole of magnet.
Moreover, it has been shown that the violation of the divergence-free condition on the
discrete level will introduce a strong non-physical force and small perturbations to
this condition can lead to large errors in numerical simulation, in [4, 5, 30]. Thus, it is
vital to preserve this constraint on the discrete level. We also refer to [21] for further
arguments for the importance of this divergence-free condition.
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In most of the existing methods, the divergence-free constraint condition for B is
relaxed by adding a Lagrange multiplier r ∈ H1 [7, 26, 28, 32] or grad-div augmented
term −∇∇ · B [12, 13, 33] to numerical formulations. With these treatments, the
discrete magnetic induction Bh is only weakly divergence-free. In, Hiptmair et al. [15]
proposed a fully divergence-free method for the unsteadyMHD system by introducing
a new vector potential formulation, B = ∇ × A. In this way, the constraint condition
for B is kept exactly by the definition, Bh :=curlAh . Later, this idea is further studied
the stationary incompressible MHD equations in [21, 22]. Different from the previous
approach, Hu et al. [16] proposed a magnetic-electric based unsteady MHD model
where the electric field E was kept and regarded as an independent variable. By
doing so, divBh = 0 is ensured exactly and directly by using mixed finite element
methods together with techniques from finite element exterior calculus. Indeed, in
their discretization, the Gauss’s law is automatically satisfied since Faraday’s law still
holds exactly on the discrete level. Later in, Ma et al. [23] presented the error estimates
for the structure-preserving finite element scheme in [16]. In, Qiu et al. [27] revised
the structure-preserving finite element method and proved optimal convergence in the
energy norm for solutions with low regularity. Motivated by the energy law, Hu et al.
[17] extended this idea to the magnetic-current based unsteady MHD model, where
the magnetic induction B and current density J are taken as electromagnetic variables
instead of retaining the electric field E explicitly as a variable. However, Faraday’s law
in the stationary case reads∇×E = 0, which is no longer related to themagnetic field.
Consequently, such discretizations for the time-dependent systems can not be directly
generalized to the steady systems. To address this, Hu et al. [18] treated Gauss’s law as
an independent equation in the whole system of magnetic-current based formulation
and introduced a Lagrange multiplier to appropriately enforce this law on the discrete
level. Furthermore, they showed the existence of solutions to the finite element scheme
and established the convergence of Picard iterations and finite element scheme under
some conditions.

The purpose of this paper is to propose and analyze a new structure-preserving
finite element method for the incompressible MHD equations with magnetic-current
formulation on Lipschitz domains. Using a mixed finite element approach, inf-sup sta-
ble velocity-pressure space pairs are used to approximate the hydrodynamic variables,
and the edge-edge-face elements from a discrete de-Rham complex pair are employed
to approximate the current density, the induced electric field and the magnetic field.
An augmented term is added to the discrete scheme for dealing with the divergence-
free condition of the magnetic field. Thanks to discrete differential forms and finite
element exterior calculus, the proposed scheme preserves the divergence-free property
exactly for the magnetic induction on the discrete without using magnetic Lagrange
multipliers. Using the fixed point theorem, the well-posedness of the discrete problem
is proved under the small data condition. In terms of the well-designed projection
operators, we further rigorously establish the error estimates of the finite element
schemes under weak regularity assumptions. Finally, some numerical experiments are
presented to verify the theoretical results and the performance of the finite element
scheme.

It is remarkable that while the scheme and analysis are somewhat similar to the
ones in [18], there are some distinct different points in the following four aspects,
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(i) The schemes are essentially different from in treating with the divergence-free
condition of themagnetic field. The paper used the Lagrangianmultipliermethod
to introduce a magnetic Lagrange multiplier, while we employ the augmented
method to a magnetic augmented term. Thanks to the structure-preserving prop-
erties of the discrete de-Rham complex, the resulting schemes are equivalent
and the magnetic Gauss’s law is precisely preserved. From this perspective, our
scheme is more efficient.

(ii) The paper only studied the convergence of the Picard iteration by contraction
under the small data condition. In this paper, we use the fixed point theorem to
give the well-posedness of the discrete problem. The argument is quite different
from that therein.

(iii) In deriving the error estimate, the paper used the routine approach to deal with the
reduced form of the finite element scheme, then recover the error estimates for
other variables. Since the discrete adjoint operator only defines for finite element
functions, some related consistency terms come into the error analysis. This
treatment makes the analysis exclude the lowest order Raviart-Thomas element
and the singular solution. Herein, we prove the convergence of the original finite
element scheme by using the projection method directly. Thanks to the new
strategy, our analysis includes the lowest-order Raviart-Thomas element and
only needs to assume weak regularity of the solutions. This demonstrates the
convergence of the finite element schemes for singular solutions.

(iv) Nonumerical resultswere given therein, butwegive somenumerical experiments
to verify the theoretical results and the performance of the proposed scheme in
this paper.

The paper is organized as follows. In Sect. 2, we introduce some notations and
present the stability estimate for the MHD equations. In Sect. 3, we propose a new
finite element method for the MHD equations. In Sect. 4, the well-posedness of the
discrete problem is provided. In Sect. 5, we deduce the error estimates for the proposed
scheme. In Sect. 6, we present some numerical experiments to validate the theoretical
results. In Sect. 7, we conclude with a few remarks.

2 Preliminaries

We start by introducing some notations and spaces. As usual, the inner product and
norm in L2(Ω) are denoted by (·, ·) and ‖·‖, respectively. Let Wm,p(Ω) stand for
the standard Sobolev spaces equipped with the standard Sobolev norms ‖·‖m,p. For
p = 2, we write Hm(Ω) for Wm,2(Ω) and its corresponding norm is ‖·‖m . We will
use the following notations for some spaces,

V :=H1
0 (Ω) =

{
v ∈ H1 (Ω) , v|Γ = 0

}
, Q:=L20 (Ω) =

{
q ∈ L2 (Ω) , (q, 1) = 0

}
,

W :=H0 (curl,Ω) =
{
M ∈ L2 (Ω) , ∇ × M ∈ L2 (Ω) , n × M|Γ = 0

}
,

D:=H0 (div, Ω)

=
{
C ∈ L2 (Ω) ,∇ · C ∈ L2 (Ω) , n · C|Γ = 0

}
, D0:= {C ∈ D, ∇ · C = 0} .
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In the following, H−1 is the dual space of H1
0(Ω), the duality pair between them

is denoted by 〈·, ·〉, and ‖ · ‖−1 is the standard norm in H−1,

‖ f ‖−1 = sup
v∈H1

0(Ω)

〈 f , v〉
‖∇v‖ .

Here and what follows, we use C to denote generic positive constants independent of
the discretization parameters, which may take different values at different places.

Eliminating E and H but keeping J , we obtain the incompressibleMHD equations
with magnetic-current formulation,

ρu · ∇u − ηΔu + ∇ p − J × B = f in Ω, (2.1a)

σ−1∇ × J − ∇ × (u × B) = 0 in Ω, (2.1b)

J − μ−1∇ × B = 0 in Ω, (2.1c)

∇ · u = 0, ∇ · B = 0 in Ω. (2.1d)

Let L, t0, B0, u0 = L/t0 be characteristic quantities of length, time, magnetic induc-
tion, and fluid velocity, respectively. We introduce the dimensionless variables as
follows

x ← x/L, u ← u/u0, p ← p/
(
ρu20

)
, B ← B/B0, J ← J/ (σu0B0) ,

f ← f t0/ (ρu0) .

Then, the MHD system (2.1) can be written in a dimensionless form,

u · ∇u − R−1
e Δu + ∇ p − S J × B = f in Ω, (2.2a)

∇ × J − ∇ × (u × B) = 0 in Ω, (2.2b)

J − R−1
m ∇ × B = 0 in Ω, (2.2c)

∇ · u = 0, ∇ · B = 0 in Ω, (2.2d)

where Re = ρLu0/η is the Reynolds number, Rm = μσ Lu0 is themagnetic Reynolds
number and S = σ LB2

0/ (ρu0) is the coupling number between the fluid and the
magnetic field.

To deal with the issue that the curl operator cannot act on the nonlinear coupling
term u× B directly on the discrete level, we introduce a new variable, σ = u× B, as
in [17, 18] to accommodate for the evaluation of the discrete curl operator. Physically,
σ is a part of J , known as the induced electric field. Thus, the following model is
considered,

u · ∇u − R−1
e Δu + ∇ p − S J × B = f in Ω, (2.3a)

∇ × J − ∇ × σ = 0 in Ω, (2.3b)

σ − u × B = 0 in Ω, (2.3c)
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J − R−1
m ∇ × B = 0 in Ω, (2.3d)

∇ · u = 0, ∇ · B = 0 in Ω. (2.3e)

According to (1.2) and (1.3), the boundary conditions for this system read

u = 0, B · n = 0, J × n = 0, σ × n = 0 on Γ . (2.4)

Thewell-posedness of the continuous formulation has been discussed in [18]. Here,
we only give the basic stability estimate for themodel (2.3). By taking the inner product
of (2.3a) with u, using (u · ∇u, u) = 0 and (2.3e), we get

R−1
e ‖∇u‖2 = S (J × B, u) + 〈 f , u〉 .

By taking the inner product of (2.3b) with SR−1
m B, integrating by parts and using

(2.3c) and (2.3d), we have

S ‖J‖2 − S (u × B, J) = 0.

Adding both ensuing equations, we obtain the law of energy dissipation that reads

R−1
e ‖∇u‖2 + S ‖J‖2 = 〈 f , u〉 . (2.5)

Applying the Cauchy–Schwarz inequality and the Young inequality, we estimate the
right-hand side of (2.5) as

〈 f , u〉 ≤ ‖ f ‖−1 ‖∇u‖ ≤ R−1
e

2
‖∇u‖2 + Re

2
‖ f ‖2−1 . (2.6)

Plugging (2.6) into (2.5), we get

R−1
e

2
‖∇u‖2 + S ‖J‖2 ≤ Re

2
‖ f ‖2−1 . (2.7)

This stability estimate is basic but important in the design and analysis of numerical
methods.

3 Finite element approximation

This section is devoted to giving the mixed finite element method for the MHD equa-
tions. For the sake of presenting convenience, we focus on the numerical solving of
the MHD system in three dimensional case (d = 3). The corresponding results in two
dimensional case (d = 2) are listed in subsequent remarks.

Let Th be a quasi-uniform and shape-regular tetrahedral mesh of Ω . As usual,
we introduce the local mesh size hK = diam (K ) and the global mesh size h :=
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maxK∈Th hK . For any integer k ≥ 0, let Pk(K ) be the space of polynomials of degree
k on element K and define Pk(K ) = Pk(K )3.

To approximate the velocity and pressure (u, p), we use the conforming finite
element pair (V h × Qh) ⊂ (V × Q), which satisfies the discrete inf-sup condition,

inf
0 �=qh∈Qh

sup
0 �=vh∈V h

(qh, divvh)

‖∇vh‖ ‖qh‖ ≥ βs, (3.1)

where βs is a positive constant independent of mesh size h. To approximate the mag-
netic field B, we employ the conformingfinite element space Dh ⊂ D. To approximate
the current density J and induced electric field σ , we adopt the conforming finite ele-
ment spaceWh ⊂ W . In addition, the electromagnetic pair should meet the following
de-Rham sequence,

H1
0 (Ω)

grad−−−−→ W
curl−−−−→ D

div−−−−→ L2
0(Ω)⏐⏐�Π

grad
h

⏐⏐�Πcurl
h

⏐⏐�Πdiv
h

⏐⏐�Π0
h

Vh
grad−−−−→ Wh

curl−−−−→ Dh
div−−−−→ Sh

, (3.2)

where Vh ⊂ H1
0 (Ω) and Sh ⊂ L2

0(Ω) are conforming finite element spaces, Π
grad
h ,

Πcurl
h ,Πdiv

h andΠ0
h are the corresponding standard interpolation operators.We assume

that the finite element spaces possess the following approximation properties ulteriorly.
There exists an integer k ≥ 1 such that the following standard approximation properties
hold for k ≥ 1,

inf
vh∈V h

(‖u − vh‖ + h ‖∇ (u − vh)‖) ≤ Chk+1 ‖u‖k+1 , inf
qh∈Qh

‖p − qh‖ ≤ Chk ‖p‖k ,

(3.3)

inf
Ch∈Dh

(‖B − Ch‖ + ‖div (B − Ch)‖) ≤ Chk
(‖B‖k + ‖divB‖k

)
, (3.4)

inf
Mh∈Wh

(‖J − Mh‖ + ‖curl (J − Mh)‖) ≤ Chk
(‖J‖k + ‖curlJ‖k

)
. (3.5)

Many existing pairs of stable finite element pairs can be available in present setting
[3, 9, 19].

We also introduce the discrete curl operator on the discrete level. For any B ∈
L2(Ω), define ∇h × B ∈ Wh as follows,

(∇h × B, Mh) = (B,∇ × Mh), ∀Mh ∈ Wh .

For any J ∈ L2(Ω), we also define ΠW : L2(Ω) → Wh to be the L2-projection
such that ΠW J ∈ Wh and satisfies

(ΠW J, Mh) = (J, Mh), ∀Mh ∈ Wh . (3.6)
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For convenience, we define the discrete kernel space of the divergence operator on
V h by

V 0
h = {vh ∈ V h, (divvh, qh) = 0, ∀qh ∈ Qh} .

Similarly, we introduce the exactly solenoidal function space on Dh by

D0
h = {Ch ∈ Dh, divCh = 0} .

From [17, 18], we have the following estimates,

‖Bh‖ ≤ Ĉd ‖∇h × Bh‖ , ‖Bh‖0,3 ≤ Cd ‖∇h × Bh‖ , ∀Bh ∈ D0
h .

(3.7)

The following Poincaré type inequalities are well-known, which will be frequently
used in our proof [9],

‖v‖0,6 ≤ Cp‖∇v‖, ‖v‖20,4 ≤ λ2‖∇v‖2, ∀v ∈ V . (3.8)

where the positive constants Cp and λ2 only depend on Ω . In order to deal with the
convection term in (1.1a), we define the following trilinear form

O (u, v,w) = 1

2
((u · ∇v,w) − (u · ∇w, v)) ∀u, v,w ∈ V .

It is easy to see that the trilinear formO(·, ·, ·) is a skew-symmetric with respect to its
last two arguments,

O(u, v,w) = −O(u,w, v), ∀u, v,w ∈ V , (3.9)

and

O(u, v, v) = 0 ∀u, v ∈ V . (3.10)

Now we are ready to present our new finite element discretization for the MHD
system (2.3). It reads: find (uh, ph, Bh, Jh, σ h) ∈ V h × Qh × Dh ×Wh ×Wh , such
that for any (vh, qh,Ch, τ h, Mh) ∈ V h × Qh × Dh × Wh × Wh ,

R−1
e (∇uh,∇vh) + O (uh, uh, vh) − (ph,∇ · vh) − S (Jh × Bh, vh) = 〈 f , vh〉 ,

(3.11a)

(∇ · uh, qh) = 0,
(3.11b)

(∇ × Jh,Ch) − (∇ × σ h,Ch) + R−1
m (∇ · Bh,∇ · Ch) = 0,

(3.11c)
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(σ h, τ h) − (uh × Bh, τ h) = 0,
(3.11d)

(Jh, Mh) − R−1
m (Bh,∇ × Mh) = 0. (3.11e)

Before further discussions, we present some comments on the above scheme.
Although the velocity field uh is smooth, the H(div)-conformality of the magnetic
field Bh cannot guarantee uh × Bh ∈ H(curl,Ω). Thus, an additional variable σ h

is introduced to address this issue in the above scheme. From (3.11d) and (3.11e), we
have

σ h = ΠW (uh × Bh) , Jh = R−1
m ∇h × Bh . (3.12)

Thus, using the above identities and the definition of the discrete curl operator ∇h×,
we formally eliminate σ h and Jh to get a reduced problem with the unknowns
(uh, ph, Bh) ∈ V h × Qh × Dh ,

R−1
e (∇uh, ∇vh) + O (uh, uh, vh) − (ph, ∇ · vh) − SR−1

m (∇h × Bh × Bh, vh) = 〈 f , vh〉 ,

(3.13a)

(∇ · uh, qh) = 0, (3.13b)

R−1
m (∇h × Bh, ∇h × Ch) + R−1

m (∇ · Bh, ∇ · Ch) − (uh × Bh, ∇h × Ch) = 0, (3.13c)

for all (vh, qh,Ch) ∈ V h × Qh × Dh . It is easy to see these two discrete problems
(3.11) and (3.13) are equivalent. Namely, we note that if (uh, ph, Bh, Jh, σ h) ∈
V h × Qh × Dh × Wh × Wh solves the problem (3.11), then (uh, ph, Bh) ∈ V h ×
Qh × Dh solves the problem (3.13) with the same data. Conversely, if (uh, ph, Bh) ∈
V h × Qh × Dh is the solution the problem (3.13), we can use (3.12) to reconstruct
(uh, ph, Bh, Jh, σ h) ∈ V h × Qh × Dh ×Wh ×Wh which solves the problem (3.11)
with the same data.

Clearly, formally eliminating σ h and Jh yields a form that uses only Bh as the
variable of the electromagnetic field. Compared with the B-based schemes in [12,
13, 27, 28], we find that the reduced system (3.13) takes a similar form formally.
Specifically, the magnetic field B is discretized in H1 space with the nodal finite
elements in [12, 13] and H(curl) space with the edge elements in [27, 28]. With
these discretizations, the curl operator can act on B straightway. Different from them,
we discretize B in H(div) space with the face elements in this paper. Thus, the curl
operator∇× can act on B directly and it is replaced by the discrete curl operator∇h×.
This revision leads to a new mixed formulation and makes the analysis essentially
different from [12, 13, 27, 28].

What calls for special attention is that the scheme in [18] introduce a Lagrange
multiplier to enforce the divergence-free condition of B, while we deal with this con-
straint by adding an augmented term R−1

m (∇ · Bh,∇ · Ch) in the discrete variational
formulation. Thanks to the structure-preserving properties of the discrete de-Rham
complex, we can design a finite element scheme for stationary MHD problems with-
out using Lagrange multipliers. The resulting scheme is equivalent to the scheme with
using the Lagrange multiplier and the magnetic Gauss’s law is precisely preserved.
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4 Well-posedness

In this section, we present the well-posedness of the discrete problem. First, we estab-
lish some stability estimates for the solution to (3.11), which will be helpful in the
subsequent analysis.

Theorem 4.1 The discrete solution (uh, ph, Bh, Jh, σ h) satisfies

R−1
e ‖∇uh‖2 + S ‖Jh‖2 = 〈 f , uh〉 . (4.1)

Consequently, we have

R−1
e

2
‖∇uh‖2 + S ‖Jh‖2 ≤ Re

2
‖ f ‖2−1 . (4.2)

In addition, the magnetic field is exactly divergence-free,

∇ · Bh = 0. (4.3)

Proof Taking (vh, qh,Ch, τ h, Mh) = (uh, ph, SR−1
m Bh, S Jh, S Jh) in (3.11) and

adding the five equations together, we obtain

R−1
e ‖∇uh‖2 + S ‖Jh‖2 + S(σ h, Jh) − SR−1

m (∇ × σ h, Bh) = 〈 f , uh〉 .

(4.4)

To deal with the last two terms on the left-hand side of (4.4), we take Mh = Sσ h in
(3.11e) to get

S(Jh, σ h) − SR−1
m (Bh,∇ × σ h) = 0. (4.5)

Plugging (4.5) into (4.4), we complete the proof of (4.1). For the proof of (4.2), we use
the Cauchy–Schwarz inequality and the Young inequality to estimate the right-hand
side of (4.4) as

〈 f , uh〉 ≤ ‖ f ‖−1 ‖∇uh‖ ≤ R−1
e

2
‖∇uh‖2 + Re

2
‖ f ‖2−1 . (4.6)

Thus, we get (4.2).
For the second part, using the de-Rham sequence (3.2), we obtain ∇ × Wh ⊂

Dh . Taking Ch = ∇ × Jh − ∇ × σ h in (3.11c) and applying the vector identity,
∇ · (∇ × a) = 0, we have

‖∇ × Jh − ∇ × σ h‖2 = 0,

which means that

∇ × Jh − ∇ × σ h = 0. (4.7)
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Plugging (4.7) into (3.11c), we get

R−1
m (∇ · Bh,∇ · Ch) = 0, ∀Ch ∈ Dh . (4.8)

Thus, the estimate (4.3) is deduced by taking Ch = Bh in the above equation. ��
Indeed, the current density is weakly divergence-free in the sense that

(Jh,∇vh) = 0 ∀vh ∈ Vh,

where Vh ⊂ H1
0 (Ω) is defined in (3.2). The argument is using the fact ∇Vh ⊂ Wh in

(3.2) to take Mh = ∇vh in (3.11e). Furthermore, inspired by the Ohm’s law (1.2), we
define the discrete electric field as Eh :=Jh −σ h . Using (4.7), we get the electric field
is exactly curl-free, which means that Faraday’s law also holds exactly on the discrete
level.

Next, we discuss the well-posedness of the discrete problem (3.11). Here and in
what follows, we define the energy norms on the product space V h × Dh by

‖(uh, Bh)‖1 =
(
R−1
e ‖∇uh‖2 + SR−2

m ‖∇h × Bh‖2
)1/2

. (4.9)

Furthermore, we define the discrete kernel space of V h × Dh , Υh = V 0
h × D0

h . For
the sake of convenience, we deal with the well-posedness for the reduced form of the
finite element scheme (3.13), then the well-posedness of the primary finite element
scheme (3.11) follows by using the equivalence.

Theorem 4.2 For f ∈ H−1(Ω), suppose

μ:=√
2max

{
λ2R

2
e ,CpCd ReRm

}
‖ f ‖−1 < 1, (4.10)

then the discrete problem (3.11) is well-posed.

Proof We will first define a mapping S : Υh → Υh , then show that the mapping
is a contraction on a subset of Υh and apply the Banach fixed point theorem for the
existence and uniqueness of the solution. The proof consists of two steps.

Step 1: The mappingS . We start with defining the mappingS . Given (ūh, B̄h) ∈
Υh , we takeS (ūh, B̄h) to be the component (uh, Bh) of the solution (uh, ph, Bh) ∈
V h × Qh × Dh to the following problem

R−1
e (∇uh,∇vh) + O (ūh, uh, vh) − (ph,∇ · vh) − SR−1

m

(∇h × Bh × B̄h, vh
) = 〈 f , vh〉 ,

(4.11a)

(∇ · uh, qh) = 0,
(4.11b)

R−1
m (∇h × Bh,∇h × Ch) + R−1

m (∇ · Bh,∇ · Ch) − (
uh × B̄h,∇h × Ch

) = 0,
(4.11c)
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for all (vh, qh,Ch) ∈ V h × Qh × Dh . From the saddle theory in [9], it is easy to
prove that the considered problem (4.11) has a unique solution. In particular, similar
to the second part of Theorem 4.1, we deduce that the discrete magnetic field is
exactly divergence-free. Using the definition of the discrete curl operator and the fact
∇ × Wh ⊂ Dh , we introduce σ h :=ΠW

(
uh × B̄h

) ∈ Wh and Jh :=R−1
m ∇h × Bh ∈

Wh to recast the equation (4.11c) as

(∇ × Jh,Ch) + R−1
m (∇ · Bh,∇ · Ch) − (σ h,∇h × Ch) = 0,

for all Ch ∈ Dh . Then, similar to the second part of Theorem 4.1, we can easily get
Bh ∈ D0

h . Furthermore, setting (vh, qh,Ch) = (uh, ph, SR−1
m Bh) and adding the

resulting equations together, we have that

R−1
e ‖∇uh‖2 + SR−2

m ‖∇h × Bh‖2 = 〈 f , uh〉 . (4.12)

Using (4.9), we further get

‖(uh, Bh)‖21 ≤ ‖ f ‖−1 ‖∇uh‖ ≤ √
Re ‖ f ‖−1 ‖(uh, Bh)‖1 ,

which yields that

‖(uh, Bh)‖1 ≤ √
Re ‖ f ‖−1 . (4.13)

Inspired by this, we define a subset of Υh by setting

BR = {(vh,Ch) ∈ Υh : ‖(uh, Bh)‖1 ≤ R} ,

where R:=√
Re ‖ f ‖−1. Thus, we consider a map on BR ,

S : BR → BR, (ūh, B̄h) �→ (u, B).

Obviously, the mapping S is well defined.

Step 2: The operator S is a contraction on BR . To prove this, let (ūih, B̄
i
h) ∈ BR

and (uih, B
i
h) = S (ūih, B̄

i
h), i = 1, 2. By definition, there exist pih such that (ū

i
h, B̄

i
h)

and (uih, p
i , Bi

h) satisfy

R−1
e

(
∇uih,∇vh

)
+ O

(
ūih, u

i
h, vh

)
−

(
pih,∇ · vh

)
− SR−1

m

(
∇h × Bi

h × B̄
i
h, vh

)

= 〈 f , vh〉 , (4.14a)(
∇ · uih, qh

)
= 0, (4.14b)

R−1
m

(
∇h × Bi

h,∇h × Ch

)
+ R−1

m

(
∇ · Bi

h,∇ · Ch

)

−
(
uih × B̄

i
h,∇h × Ch

)
= 0, (4.14c)
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for all (vh, qh,Ch) ∈ V h × Qh × Dh . We set δξ :=ξ1h − ξ2h , ξ = u, ū, p, B, B̄.
Subtracting (4.14) as i = 2 from (4.14) as i = 1, we have

R−1
e (∇δu,∇vh) + O

(
ū1h, u

1
h, vh

)
− O

(
ū2h, u

2
h, vh

)

− (
δp,∇ · vh

) − SR−1
m

(
∇h × B1

h × B̄
1
h, vh

)
+ SR−1

m

(
∇h × B2

h × B̄
2
h, vh

)
= 0,

(4.15a)

(∇ · δu, qh) = 0, (4.15b)

R−1
m (∇h × δB,∇h × Ch) + R−1

m (∇ · δB,∇ · Ch)

−
(
u1h × B̄

1
h,∇h × Ch

)
+

(
u2h × B̄

2
h,∇h × Ch

)
= 0, (4.15c)

for all (vh, qh,Ch) ∈ V h × Qh × Dh . Taking (vh, qh,Ch) = (δu, δp, SR−1
m δB),

adding the resulting equations together and using the fact that Bi
h ∈ D0

h, i = 1, 2, we
deduce that

R−1
e ‖∇δu‖2 + SR−2

m ‖∇h × δB‖2

= O
(
ū2h, u

2
h, δu

)
− O

(
ū1h, u

1
h, δu

)

+ SR−1
m

(
∇h × B1

h × B̄
1
h, δu

)
− SR−1

m

(
∇h × B2

h × B̄
2
h, δu

)

+ SR−1
m

(
u1h × B̄

1
h,∇h × δB

)
− SR−1

m

(
u2h × B̄

2
h,∇h × δB

)

= Iu + IB . (4.16)

For the term Iu, using Hölder inequality, (3.10) and (3.8), we bound it as follows,

Iu = O
(
ū2h, u

2
h, δu

)
− O

(
ū1h, u

2
h, δu

)

+ O
(
ū1h, u

2
h, δu

)
− O

(
ū1h, u

1
h, δu

)

= −O
(
δū, u2h, δu

)
− O

(
ū1h, δu, δu

)

= −O
(
δū, u2h, δu

)

≤ 1

2
‖δū‖0,4

∥∥∥∇u2h

∥∥∥ ‖δu‖0,4 + 1

2
‖δū‖0,4 ‖∇δu‖

∥∥∥u2h
∥∥∥
0,4

≤ λ2

∥∥∥∇u2h

∥∥∥ ‖∇δū‖ ‖∇δu‖ . (4.17)

For the term IB , we rearrange them as follows:

IB = SR−1
m

(
∇h × B1

h × B̄
1
h, δu

)
− SR−1

m

(
∇h × B2

h × B̄
1
h, δu

)

+ SR−1
m

(
∇h × B2

h × B̄
1
h, δu

)
− SR−1

m

(
∇h × B2

h × B̄
2
h, δu

)
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+ SR−1
m

(
u1h × B̄

1
h,∇h × δB

)
− SR−1

m

(
u2h × B̄

1
h,∇h × δB

)

+ SR−1
m

(
u2h × B̄

1
h,∇h × δB

)
− SR−1

m

(
u2h × B̄

2
h,∇h × δB

)

= SR−1
m

(
∇h × δB × B̄

1
h, δu

)
+ SR−1

m

(
∇h × B2

h × δB̄, δu

)

+ SR−1
m

(
δu × B̄

1
h,∇h × δB

)
+ SR−1

m

(
u2h × δB̄,∇h × δB

)

= SR−1
m

(
∇h × B2

h × δB̄, δu

)
+ SR−1

m

(
u2h × δB̄,∇h × δB

)
,

where we have used the fact (a × b, c) + (c × b, a) = 0 to cancel the first and third
terms out in last equality. Using Hölder inequality, (3.7), (3.8) and Young inequality,
we get

IB ≤ SR−1
m

∥∥∥∇h × B2
h

∥∥∥ ∥∥δB̄

∥∥
0,3 ‖δu‖0,6

+ SR−1
m

∥∥∥u2h
∥∥∥
0,6

∥∥δB̄

∥∥
0,3 ‖∇h × δB‖

≤ CpCd SR
−1
m

∥∥∥∇h × B2
h

∥∥∥ ∥∥∇h × δB̄

∥∥ ‖∇δu‖
+ CpCd SR

−1
m

∥∥∥∇u2h

∥∥∥ ∥∥∇h × δB̄

∥∥ ‖∇h × δB‖
= CpCd

√
SRe

∥∥∇h × δB̄

∥∥
(√

SR−1
e R−1

m

∥∥∥∇h × B2
h

∥∥∥ ‖∇δu‖ +
√
SR−1

e R−1
m

∥∥∥∇u2h

∥∥∥ ‖∇h × δB‖
)

≤ CpCd

√
SRe

∥∥∇h × δB̄

∥∥ ∥∥∥(u2h, B
2
h)

∥∥∥
1
‖(δu, δB)‖1 . (4.18)

Combining (4.17) and (4.18) with (4.16), (4.13) and (4.9), we derive that

‖(δu, δB)‖21 ≤ λ2
∥∥∇u2h

∥∥ ‖∇δū‖ ‖∇δu‖ + CpCd

√
SRe

∥∥∇h × δB̄

∥∥ ∥∥(u2h, B
2
h)

∥∥
1 ‖(δu, δB)‖1

≤ max

{
λ2R

3
2
e ,CpCd

√
ReRm

} ∥∥(δū, δB̄)
∥∥
1

(
R−2
e

∥∥∇u2h
∥∥2 ‖∇δu‖2 + ∥∥(u2h, B

2
h)

∥∥2
1 ‖(δu, δB)‖21

) 1
2

≤ √
2max

{
λ2R

3
2
e ,CpCd

√
ReRm

} ∥∥(u2h, B
2
h)

∥∥
1

∥∥(δū, δB̄)
∥∥
1 ‖(δu, δB)‖1

≤ √
2max

{
λ2R

2
e ,CpCd ReRm

} ‖ f ‖−1

∥∥(δū, δB̄)
∥∥
1 ‖(δu, δB)‖1 .

Thus, we have the estimates for the mapping S ,

∥∥∥S
(
ū1h, B̄

1
h

)
− S

(
ū2h, B̄

2
h

)∥∥∥
1

= ‖(δu, δB)‖1 ≤ μ
∥∥(δū, δB̄)

∥∥
1 .

By virtue of (4.10), the operatorS is a contraction. As a consequence, an application
of the Banach fixed point theorem shows thatS has a fixed point in BR , which is the
solution of problem (3.11). ��
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Note that we present the existence and uniqueness of the nonlinear scheme (3.13)
under the small data condition (4.10) that only contains Re and Rm , but not S. However,
the comparable results obtained in [12, 28, 34] depend on the coupling number. More
specifically, S can not be arbitrarily small therein, which seems to be contrary to the
physical intuition. The reason why we get such good results is that the energy norm of
physical parameter weighting is used (4.10). Under this weighted norm, the paper [18]
directly proved the convergence of the Picard iterations by contraction. Although they
only studied the convergence of Picard iterations and the argument was quite different
from that herein, the small data conditions are almost the same. Following this idea,
one can derive similar improved results for the schemes in [12, 28, 34].

5 Error analysis

In this section, we first gather the necessary tools for the error estimates and then carry
out a rigorous error analysis for the finite element scheme (3.11). First, we present the
classical and discrete Sobolev inequalities needed for the error estimates in the next
subsection [9, 18, 27].

Lemma 5.1 For u ∈ H1+s(Ω) with s > 1
2 , we have

‖u‖0,∞ ≤ C∞ ‖u‖1+s , ‖∇u‖0,3 ≤ Ce ‖u‖1+s .

For J ∈ Hs(Ω) with s > 1
2 , we have

‖J‖0,3 ≤ Cm ‖J‖s .

Next, we define some projections of the unknowns and gather their approximation
properties. For the fluid pair (u, p), we define the Stokes projection (ΠV u,ΠQ p) ∈
V h × Qh such that for all (vh, qh) ∈ V h × Qh ,

R−1
e (∇ΠV u,∇vh) − (ΠQ p,∇ · vh) = R−1

e (∇u,∇vh) − (p,∇ · vh), (5.1a)

(∇ · ΠV u, qh) = (∇ · u, qh). (5.1b)

For the current density J and the induced electromotive force σ , we utilize L2-
projection defined in (3.6). For themagnetic field B, notice that Bh ∈ D0

h and B ∈ D0.
We define the L2-projection ΠD : L2(Ω) → D0

h such that ΠDB ∈ D0
h satisfies,

(ΠDB,Ch) = (B,Ch) ∀Ch ∈ D0
h . (5.2)

From [9, 27], we have the following approximation property results for the projections.

Lemma 5.2 Under the regularity assumption (5.5), the above projection satisfies

‖∇ (u − ΠV u)‖ + ∥∥p − ΠQ p
∥∥ ≤ Chβ

(‖u‖1+β + ‖p‖β

)
,

‖u − ΠV u‖ ≤ Chβ+min{1,β} (‖u‖1+β + ‖p‖β

)
,
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‖B − ΠDB‖ ≤ Chβ
(‖B‖β + ‖divB‖β

)
,

‖J − ΠD J‖ + ‖curl (J − ΠD J)‖ ≤ Chβ
(‖J‖β + ‖curlJ‖β

)
,

‖σ − ΠDσ‖ + ‖curl (σ − ΠDσ )‖ ≤ Chβ
(‖σ‖β + ‖curlσ‖β

)
,

with β = min {s, k}. Moreover, we have

∇h × (ΠDB) = ∇h × B = ΠW (∇ × B) . (5.3)

Proof Here we only establish the last identity since others have been proved in the
references [9, 27]. By using the definitions of ∇h× and ΠD , we can derive that, for
any Mh ∈ Wh

(∇h × (ΠDB) , Mh) = (ΠDB,∇ × Mh) = (B,∇ × Mh) = (∇h × B, Mh) .

Since ∇h × B,∇h × (ΠDB) ∈ Wh , we get ∇h × (ΠDB) = ∇h × B. Similarly, from
the definitions of ∇h×, ΠD and ΠW , we have for any Mh ∈ Wh

(ΠW (∇ × B) , Mh) = (∇ × B, Mh) = (B,∇ × Mh) = (∇h × B, Mh) ,

which finishes the proof by using ∇h × B,ΠW (∇ × B) ∈ Wh . ��
Now we are in the position to derive error estimates for the finite element scheme

for the MHD equations. In order to facilitate the subsequent error estimates, we define
the following notations here and hereafter

eu = u − uh, ep = p − ph, eB = B − Bh, eJ = J − Jh, eσ = σ − σ h .

As usual, the errors are further decomposed into approximation errors and discretiza-
tion errors

eζ = θζ + ηζ , ζ = u, p, B, J, σ . (5.4)

The splittings are performed with the previous projections,

θu = u − ΠV u,

θp = p − ΠQ p, θB = B − ΠDB, θJ = J − ΠW J,

θσ = σ − ΠWσ ,

ηu = ΠV u − uh,

ηp = ΠQ p − ph, ηB = ΠDB − Bh,

ηJ = ΠW J − Jh, ησ = ΠWσ − σ h .

By invoking with J = R−1
m ∇ × B, (3.12) and (5.3), we have ηJ = R−1

m ∇h × ηB .

123



BIT Numerical Mathematics (2023) 63 :55 Page 17 of 34 55

After the above preparation, we are now in a position to prove the error estimates.
For this end, we assume that the exact solution of MHD system (1.1) uniquely exists
and the unknowns have the following regularity property:

u ∈ H1+s(Ω), p ∈ Hs(Ω), B ∈ Hs(Ω), J,∇ × J ∈ Hs(Ω),

σ ,∇ × σ ∈ Hs(Ω), (5.5)

where s > 1
2 . Under this assumption, ourmain error estimate result can be summarized

as follows.

Theorem 5.1 Let (u, p, B, J) and (uh, ph, Bh, Jh) be the solution of the continu-
ous problem (2.3) and discrete problem (3.11), respectively. Suppose the regularity
assumption (5.5) holds. Then we have the following error estimates

R−1
e ‖∇u − ∇uh‖ + S ‖J − Jh‖ + ‖B − Bh‖ ≤ Chβ, (5.6)

‖p − ph‖ + ‖σ − σ h‖ ≤ Chβ, (5.7)

with β = min{s, k}.
Proof First of all, subtracting the numerical system (3.11) from the above system (2.3)
and using the definitions of projections (5.1) and (5.2), we can obtain the following
error equations for all (vh, qh,Ch, τ h, Mh) ∈ V h × Qh × Dh × Wh × Wh ,

R−1
e (∇ηu,∇vh) − (ηp,∇ · vh) = C (vh) + M1(vh), (5.8a)

(∇ · ηnu, q) = 0, (5.8b)

(∇ × ηJ ,Ch) − (∇ × ησ ,Ch) = M2(Ch), (5.8c)

(ησ , τ h) = M3(τ h), (5.8d)

(ηJ , Mh) − R−1
m (ηB,∇ × Mh) = M4(Mh), (5.8e)

where the abbreviated terms are gathered as

C (vh) = O (uh, uh, vh) − O (u, u, vh) ,

M1(vh) = S(J × B, vh) − S(Jh × Bh, vh),

M2(Ch) = −(∇ × θJ ,Ch) − (∇ × θσ ,Ch),

M3(τ h) = (u × B, τ h) − (uh × Bh, τ h),

M4(Mh) = R−1
m (θB,∇ × Mh) .

Taking (vh, qh,Ch, τ h, Mh) = (ηu, ηp, SR−1
m ηB, SηJ , SηJ ) in (5.8) and adding

the five equations together, we obtain

R−1
e ‖∇ηu‖2 + S ‖ηJ‖2 + S(ησ , ηJ ) − SR−1

m (∇ × ησ , ηB)

= C (ηu) + M1(ηu) + SM3(ηJ ) + SR−1
m M2(ηB) + SM4(ηJ ). (5.9)
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To deal with the last two terms on the left-hand side of (5.9), we take Mh = Sησ in
(5.8e) to get

S(ηJ , ησ ) − SR−1
m (ηB,∇ × ησ ) = SM4(ησ ). (5.10)

Plugging (5.10) into (5.9) yields

R−1
e ‖∇ηu‖2 + S ‖ηJ‖2

= C (ηu) + M1(ηu) + SM3(ηJ ) + SR−1
m M2(ηB)

+ SM4(ηJ ) − SM4(ησ ). (5.11)

We next bound the terms on the right-hand side of the above identity one by one. For
the first term on the right-hand side of (5.11), we bound it as follows,

C (ηu) = O (uh, uh, ηu) − O (uh, u, ηu) + O (uh, u, ηu) − O (u, u, ηu)

= −O (eu, u, ηu) − O (uh, eu, ηu)

= −O (θu, u, ηu) − O (ηu, u, ηu) − O (uh, θu, ηu) .

The terms in the last step can be bounded using Hölder inequality, ε-Young inequality,
(2.7), (4.2), Sobolev inequalities in Lemma 5.1 and the approximation properties of
the projections in Lemma 5.2 as,

C (ηu) ≤ 1

2
‖θu‖0,4 ‖∇u‖ ‖ηu‖0,4 + 1

2
‖θu‖0,4 ‖∇ηu‖ ‖u‖0,4

+ 1

2
‖ηu‖0,4 ‖∇u‖ ‖ηu‖0,4 + 1

2
‖ηu‖0,4 ‖∇ηu‖ ‖u‖0,4

+ 1

2
‖uh‖0,4 ‖∇θu‖ ‖ηu‖0,4 + 1

2
‖uh‖0,4 ‖∇ηu‖ ‖θu‖0,4

≤ λ2 ‖∇θu‖ ‖∇u‖ ‖∇ηu‖ + λ2 ‖∇u‖ ‖∇ηu‖2
+ λ2 ‖∇uh‖ ‖∇θu‖ ‖∇ηu‖

≤
(
λ2 ‖∇u‖ + εR−1

e

)
‖∇ηu‖2 + Cε−1 ‖∇θu‖2

≤
(
λ2 ‖∇u‖ + εR−1

e

)
‖∇ηu‖2 + Cε−1h2β,

where the parameter ε > 0 will be specified later.
For the second and third terms on the right-hand side of (5.11), we rearrange them

as follows:

M1(ηu) + SM3(ηJ ) = S((J − Jh) × Bh, ηu) + S(J × (B − Bh), ηu)

+ S((u − uh) × Bh, ηJ ) + S(u × (B − Bh), ηJ )

= M1 + M2 + M3 + M4.
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Next we will estimate M1 + M3 and M2 + M4 separately. For the terms M1 + M3, we
have

M1 + M3 = S((θJ + ηJ ) × Bh, ηu) + S((θu + ηu) × Bh, ηJ )

=S(θJ×Bh, ηu)+S(θu×Bh, ηJ )+S(ηJ × Bh, ηu) + S(ηu × Bh, ηJ )

= S(θJ × Bh, ηu) + S(θu × Bh, ηJ ),

where we have used the fact (a × b, c) + (c × b, a) = 0 to cancel the last two terms
out in the last equality. Using Hölder inequality, Young inequality, (3.8), (3.12), (3.7)
and (4.2), we get

M1 + M3 = S(θJ × Bh, ηu) + S(θu × Bh, ηJ )

≤ S ‖θJ‖ ‖Bh‖0,3 ‖ηu‖0,6 + S ‖θu‖0,6 ‖Bh‖0,3 ‖ηJ‖
≤ CpSCd ‖θJ‖ ‖∇h × Bh‖ ‖∇ηu‖ + CpSCd ‖∇θu‖ ‖∇h × Bh‖ ‖ηJ‖
≤ CpSRmCd ‖θJ‖ ‖Jh‖ ‖∇ηu‖ + CpSRmCd ‖∇θu‖ ‖Jh‖ ‖ηJ‖

≤ εR−1
e

2
‖∇ηu‖2 + εS

2
‖ηJ‖2 + Cε−1 ‖θJ‖2 + Cε−1 ‖∇θu‖2

≤ εR−1
e

2
‖∇ηu‖2 + εS

2
‖ηJ‖2 + Cε−1h2β.

For the terms M2 + M4, we have

M2 + M4 = S(J × (B − Bh), ηu) + S(u × (B − Bh), ηJ )

= S (J × θB, ηu) + S (u × θB, ηJ )

+ S (J × ηB, ηu) + S (u × ηB, ηJ ) .

Applying Hölder inequality, Young inequality, (3.8), Lemma 5.1 and Lemma 5.2, we
have

M2 + M4 ≤ S ‖J‖0,3 ‖θB‖ ‖ηu‖0,6 + S ‖J‖ ‖ηB‖0,3 ‖ηu‖0,6
+ S ‖u‖0,∞ ‖θB‖ ‖ηJ‖ + S ‖u‖0,6 ‖ηB‖0,3 ‖ηJ‖

≤ CmCpS ‖J‖s ‖θB‖ ‖∇ηu‖ + CpSCd ‖J‖ ‖∇h × ηB‖ ‖∇ηu‖
+ C∞S ‖u‖1+s ‖θB‖ ‖ηJ‖ + CpSCd ‖∇u‖ ‖∇h × ηB‖ ‖ηJ‖

≤ CmCpS ‖J‖s ‖θB‖ ‖∇ηu‖ + CpSCd Rm ‖J‖ ‖ηJ‖ ‖∇ηu‖
+ C∞S ‖u‖1+s ‖θB‖ ‖ηJ‖ + CpSCd Rm ‖∇u‖ ‖ηJ‖2

≤ εR−1
e

2
‖∇ηu‖2 + εS

2
‖ηJ‖2 + CpSCd Rm ‖J‖ ‖ηJ‖ ‖∇ηu‖

+ CpSCd Rm ‖∇u‖ ‖ηJ‖2 + Cε−1 ‖θB‖2

≤ εR−1
e

2
‖∇ηu‖2 + εS

2
‖ηJ‖2 + CpSCd Rm ‖∇u‖ ‖ηJ‖2

+ CpCd Rm
√
SRe

2
‖J‖

(
R−1
e ‖∇ηu‖2 + S ‖ηJ‖2

)
+ Cε−1h2β.
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Hence, we derive that

M1(ηu) + SM3(ηJ ) ≤ εR−1
e ‖∇ηu‖2 + εS ‖ηJ‖2 + CpSCd Rm ‖∇u‖ ‖ηJ‖2

+ CpCd Rm
√
SRe

2
‖J‖

(
R−1
e ‖∇ηu‖2 + S ‖ηJ‖2

)

+ Cε−1h2β.

For the fourth term on the right-hand side of (5.11), we use the Cauchy-Schwarz
inequality, Young inequality and Lemma 5.2 to estimate it as

SR−1
m M2(ηB) = −SR−1

m (∇ × θJ , ηB) − SR−1
m (∇ × θσ , ηB)

≤ SR−1
m ‖∇ × θJ‖ ‖ηB‖ + SR−1

m ‖∇ × θσ ‖ ‖ηB‖
≤ SR−1

m Ĉd ‖∇ × θJ‖ ‖∇h × ηB‖ + SR−1
m Ĉd ‖∇ × θσ ‖ ‖∇h × ηB‖

= SĈd ‖∇ × θJ‖ ‖ηJ‖ + SĈd ‖∇ × θσ ‖ ‖ηJ‖
≤ εS ‖ηJ‖2 + Cε−1 ‖∇ × θJ‖2 + Cε−1 ‖∇ × θσ ‖2
≤ εS ‖ηJ‖2 + Cε−1h2β.

For the last two terms on the right-hand side of (5.11), we invoke with the fact that
∇h × θB = 0 to get

SM4(ηJ ) − SM4(ησ ) = SR−1
m (θB,∇ × (ηJ − ησ ))

= SR−1
m (∇h × θB, ηJ − ησ ) = 0.

Combining all the above and using the Cauchy-Schwarz inequality, we arrive at

R−1
e

∥∥∇ηnu

∥∥2 + S
∥∥ηnJ

∥∥2

≤
(
λ2 ‖∇u‖ + 2εR−1

e

)
‖∇ηu‖2 + 2εS ‖ηJ‖2 + CpSCd Rm ‖∇u‖ ‖ηJ‖2

+ CpCd Rm
√
SRe

2
‖J‖

(
R−1
e ‖∇ηu‖2 + S ‖ηJ‖2

)
+ Cε−1h2β

≤ (
max

{
λ2Re,CpCd Rm

} ‖∇u‖ + 2ε
) (

R−1
e ‖∇ηu‖2 + S ‖ηJ‖2

)

+ CpCd Rm
√
SRe

2
‖J‖

(
R−1
e ‖∇ηu‖2 + S ‖ηJ‖2

)
+ Cε−1h2β,

for any ε > 0. Using (4.10) and (4.12), for ε being small enough, we derive

R−1
e

∥∥∇ηnu

∥∥2 + S
∥∥ηnJ

∥∥2 ≤ Ch2β. (5.12)

We complete the proof of H1-norm estimate for the velocity and L2-norm estimate
for the current density in (5.6) by applying the triangle inequality, the approximation
properties of the projections Lemma 5.2 together with the above estimates.
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Then, we give the proof of L2-norm estimate for the magnetic field in (5.6). Using
(3.7), we have

‖ηB‖ ≤ Ĉd ‖∇h × ηB‖ ≤ Ch2β. (5.13)

Thus, the desired estimate follows the triangle inequality, (5.13) and the approximation
properties of the projections Lemma 5.2.

Next, we turn to deduce the L2-norm estimate for the induced electric field in (5.7).
With the above estimates for u, B and J , we take τ h = ησ in (5.8d) to get the following
equation for σ ,

‖ησ ‖2 = (u × eB, ησ ) + (eu × Bh, ησ )

≤ ‖u‖0,∞ ‖eB‖ ‖ησ ‖ + ‖eu‖0,6 ‖Bh‖0,3 ‖ησ ‖
≤ C∞ ‖u‖1+s ‖eB‖ ‖ησ ‖ + CpCd ‖∇eu‖ ‖∇h × Bh‖ ‖ησ ‖
≤ C∞ ‖u‖1+s ‖eB‖ ‖ησ ‖ + CpCd Rm ‖∇eu‖ ‖Jh‖ ‖ησ ‖ .

Here in the last inequality, we invoke with the Hölder inequality, Sobolev inequality
in Lemma 5.1, (3.7) and (3.12). Thus, using the stability of the solution and the error
estimates for the velocity and magnetic field (5.13), we have

‖ησ ‖ ≤ C ‖eB‖ + C ‖∇eu‖ .

This completes the proof for the L2-norm estimate for the induced electric field in (5.7)
with a simple triangle inequality and the approximation properties of the projections
Lemma 5.2.

Finally, we give the error estimate for the pressure. From the error equation (5.8a),
we have

(ηp,∇ · vh) = R−1
e (∇ηu,∇vh) − C (vh) − M1(vh).

Using Cauchy-Schwarz inequality, Hölder inequality, Lemma 5.1, (3.7), (3.12) and
(4.2), we obtain

(ηp,∇ · vh) ≤R−1
e ‖∇ηu‖ ‖∇vh‖ + λ2 ‖∇eu‖ ‖∇u‖ ‖∇vh‖

+ λ2 ‖∇uh‖ ‖∇eu‖ ‖∇vh‖ + S ‖eJ‖ ‖Bh‖0,3 ‖vh‖0,6
+ S ‖J‖0,3 ‖eB‖ ‖vh‖0,6

≤R−1
e ‖∇ηu‖ ‖∇vh‖ + λ2 ‖∇eu‖ ‖∇u‖ ‖∇vh‖

+ λ2 ‖∇uh‖ ‖∇eu‖ ‖∇vh‖ + SRmCd ‖eJ‖ ‖Jh‖ ‖vh‖0,6
+ SCm ‖J‖s ‖eB‖ ‖vh‖0,6

≤C (‖∇eu‖ + ‖eJ‖ + ‖eB‖) ‖∇vh‖ .

Invoking with the inf-sup condition (3.1), the triangle inequality, the approximation
properties of the projections Lemma 5.2, and the error estimates for the velocity,
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current density and magnetic field in (5.13), we get

‖p − ph‖ ≤ ∥∥ηp
∥∥ + ∥∥θp

∥∥ ≤ C
(‖∇eu‖ + ‖eJ‖ + ‖eB‖ + ∥∥θp

∥∥) ≤ Chβ,

which gives the estimate for the pressure in (5.7). Thus, the proof is complete. ��
Remark 5.1 As a result, from (2.3d), (3.12) and (5.6), it can be inferred that

R−1
m ‖∇ × B − ∇h × Bh‖ = ‖eJ‖ ≤ Chβ.

Remark 5.2 In this paper, we prove the convergence of the original finite element
scheme by using the projection method directly. Thanks to the new strategy, our anal-
ysis includes the lowest-order Raviart-Thomas element and only needs to assumeweak
regularity of the solutions. This demonstrates the convergence of the finite element
schemes for singular solutions. While the paper [18] used the routine approach to deal
with the reduced form of the finite element scheme, then recovered the error estimates
for other variables. Since the discrete adjoint operator only is defined for finite element
functions, some related consistency terms come into the error analysis. This treatment
makes the analysis exclude the lowest-order Raviart-Thomas element and the singular
solution.

Remark 5.3 The scheme and results are still applicable to the two dimensional case
(d = 2). Specifically, when d = 2, the induced electric field σ and the current density
J are scalar fields in 2D. To replace the space W in 3D, we defineW :=H1

0 (Ω) which
can be identified with the scalar valued space H0(curl). Similarly, the finite element
space pair (Wh, Dh) are chosen from the de-Rham complex in 2D,

W
curl−−−−→ D

div−−−−→ L2
0(Ω)⏐⏐�Πcurl

h

⏐⏐�Πdiv
h

⏐⏐�Π0
h

Wh
curl−−−−→ Dh

div−−−−→ Sh

. (5.14)

In this paper, we employ the linear Lagrange finite element space to define Wh . With
these minor modifications, it is easy to see that the presentation in this section is
applicable to 2D.

6 Numerical experiments

In this section, we present a series of numerical examples to verify the theoretical
results of the proposed schemes. The first example is to verify the rates of conver-
gence for our scheme. The second example is to verify the rates of convergence for
the Hartmann flow. The third example is to illustrate the performance by comput-
ing the benchmark problem—the lid-driven cavity flow. The finite element method is
implemented on the finite element software FreeFEM developed by Hecht et al. [14].
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To solve the discrete system (3.11), we employ the fixed point iterative algorithm for
solving such a nonlinear system, see (4.11). It can be described as follows,

Fixed point iteration

For given
(
un−1
h , Bn−1

h

)
∈ V 0

h × D0
h , find

(
unh, p

n
h , B

n
h, J

n
h, σ

n
h

) ∈ V h × Qh ×
Dh ×Wh ×Wh such that for all (vh, qh,Ch, τ h, Mh) ∈ V h ×Qh × Dh ×Wh ×Wh ,

R−1
e

(∇unh,∇vh
) + O

(
un−1
h , unh, vh

)
− (

pnh , ∇ · vh
) − S

(
Jnh × Bn−1

h , vh

)
= 〈 f , vh〉 ,

(6.1a)(∇ · unh, qh
) = 0, (6.1b)

(∇ × Jnh,Ch
) − (∇ × σ n

h,Ch
) + R−1

m

(∇ · Bn
h, ∇ · Ch

) = 0, (6.1c)
(
σ n
h, τ h

) −
(
unh × Bn−1

h , τ h

)
= 0, (6.1d)

(
Jnh, Mh

) − R−1
m

(
Bn
h,∇ × Mh

) = 0, (6.1e)

for n = 1, 2, ...., until
∥∥∥unh − un−1

h

∥∥∥ +
∥∥∥Bn

h − Bn−1
h

∥∥∥ ≤ ε0. Here, the initial value(
u0h, B

0
h

) ∈ V 0
h × D0

h is defined by

R−1
e

(
∇u0h,∇vh

)
−

(
p0h,∇ · vh

)
= 〈 f , vh〉 , (6.2a)

(
∇ · u0h, qh

)
= 0, (6.2b)

(
∇ × J0h,Ch

)
+ R−1

m

(
∇ · B0

h,∇ · Ch

)
= 0, (6.2c)

(
J0h, Mh

)
− R−1

m

(
B0
h,∇ × Mh

)
= 0, (6.2d)

for all (vh, qh,Ch, Mh) ∈ V h × Qh × Dh × Wh .
The iterative tolerance ε0 = 10−6 is used in all examples.

For comparison, we also consider the finite element scheme given in [18]. Recall
that Sh is the finite element introduced in (3.2), then we have the following inf-sup
condition holds,

inf
0 �=sh∈Sh

sup
0 �=Ch∈Dh

(sh, divCh)

‖Ch‖div ‖sh‖ ≥ βm, (6.3)

where βm is a positive constant independent of mesh size h. Hence, the finite element
schemewith the Lagrangemultiplier reads as follows: find (uh, ph, Bh, Jh, σ h, rh) ∈
V h × Qh × Dh × Wh × Wh × Sh , such that for any (vh, qh,Ch, τ h, Mh, sh) ∈
V h × Qh × Dh × Wh × Wh × Sh ,

R−1
e (∇uh,∇vh) + O (uh, uh, vh) − (ph,∇ · vh) − S (Jh × Bh, vh) = 〈 f , vh〉 ,

(6.4a)

(∇ · uh, qh) = 0, (6.4b)

(∇ × Jh,Ch) − (∇ × σ h,Ch) + (rh,∇ · Ch) = 0, (6.4c)
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(σ h, τ h) − (uh × Bh, τ h) = 0, (6.4d)

(Jh, Mh) − R−1
m (Bh,∇ × Mh) = 0, (6.4e)

(∇ · Bh, sh) = 0. (6.4f)

Using the fact that ∇ · Dh = Sh , we take sh = ∇ · Bh in (6.4f) to deduce that
∇ · Bh = 0. Furthermore, the fixed point iteration is used to solve the above nonlinear
system. Since the formulation is much similar to (6.1), we omit the details.

In the numerical experiments, we choose the Mini-element to discrete the velocity
and pressure, the lowest order Raviart-Thomas face element for the magnetic field and
the lowest order Nédélec edge element for the current density and induced electric
field. To be specific,

V h :=
{
vh ∈ V : vh |K ∈ P1,b(K ), ∀K ∈ Th

}
,

Qh :=
{
qh ∈ H1 (Ω) : qh |K ∈ P1(K ), ∀K ∈ Th

}
∩ Q,

Dh := {Ch ∈ D : Ch |K ∈ P0(K ) + xP0(K ), ∀K ∈ Th} ,

Wh := {Mh ∈ W : Mh |K ∈ P0(K ) + x × P0(K ), ∀K ∈ Th} ,

where P1,b(K ) is the set of linear polynomials plus a bubble, P1,b(K ) = P1(K ) �

{λ1λ2λ3λ4}, λi , i = 1, 2, 3, 4 is the barycentric coordinate functions on K . In partic-
ular, for the choice of the lowest order Raviart-Thomas face element for the magnetic
field, we use the piecewise constant finite element space to approximate the magnetic
Lagrange multiplier r ,

Sh =
{
ψh ∈ L2

0(Ω) : ψh |K ∈ P0(K ), ∀K ∈ Th

}
.

Example 6.1 (Convergence rates) This example is to verify the convergence rates of
finite element scheme. The computational domain is taken as Ω = (0, 1)d and the
parameters are set by Re = Rm = S = 1. The right-hand sides and the boundary
conditions are chosen so that the exact solutions are given by for d = 2,

u = (cos(y), 0), p = cos(y), B = (0, cos(x)), J = cos(x) cos(y) + 1,

σ = cos(x) cos(y),

and for d = 3,

u = (cos(z), 0, cos(x)), p = cos(x), B = (z, 0, cos(x)),

J=(2x, 2y − cos(x) cos(z)+z cos(x), 2z), σ=(0,− cos(x) cos(z) + z cos(x), 0).

It is noted that the right-hand sides are non-zero and Dirichlet boundary conditions
are non-homogeneous in this test.
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Table 1 Errors and convergence rates for the finite element scheme (3.11) in 2D (Example 6.1)

h Dofs ‖u − uh‖ ‖∇u − ∇uh‖ ‖p − ph‖
1/2 60 1.93e−02(—) 1.16e−01(—) 7.07e−02(—)

1/4 188 4.82e−03(2.00) 5.73e−02(1.02) 2.04e−02(1.80)

1/8 660 1.20e−03(2.00) 2.85e−02(1.01) 5.99e−03(1.77)

1/16 2468 3.00e−04(2.00) 1.42e−02(1.00) 1.81e−03(1.72)

1/32 9540 7.51e−05(2.00) 7.10e−03(1.00) 5.72e−04(1.66)

h ‖B − Bh‖ ‖J − Jh‖ ‖σ − σ h‖ ‖∇ · Bh‖ CPU(s)

1/2 7.46e−02(—) 2.72e−02(—) 2.72e−02(—) 1.04e−15 0.027

1/4 3.76e−02(0.99) 6.48e−03(2.07) 6.48e−03(2.07) 1.93e−15 0.057

1/8 1.88e−02(1.00) 1.56e−03(2.05) 1.56e−03(2.05) 3.66e−15 0.196

1/16 9.42e−03(1.00) 3.83e−04(2.03) 3.83e−04(2.03) 7.77e−15 0.774

1/32 4.71e−03(1.00) 9.47e−05(2.02) 9.47e−05(2.02) 4.27e−14 3.584

Table 2 Errors and convergence rates for the finite element scheme (3.11) in 3D (Example 6.1)

h Dofs ‖u − uh‖ ‖∇u − ∇uh‖ ‖p − ph‖
1/2 418 2.75e−02(—) 1.72e−01(—) 9.26e−02(—)

1/4 2706 6.87e−03(2.00) 8.55e−02(1.01) 2.57e−02(1.85)

1/8 19426 1.72e−03(2.00) 4.27e−02(1.00) 7.43e−03(1.79)

1/16 147138 4.29e−04(2.00) 2.13e−02(1.00) 2.15e−03(1.79)

h ‖B − Bh‖ ‖J − Jh‖ ‖σ − σ h‖ ‖∇ · Bh‖ CPU(s)

1/2 1.31e−01(—) 6.32e−01(—) 1.88e−01(—) 3.12e−15 0.513

1/4 6.54e−02(1.00) 3.17e−01(1.00) 9.50e−02(0.99) 4.33e−15 5.911

1/8 3.27e−02(1.00) 1.58e−01(1.00) 4.76e−02(1.00) 7.24e−15 60.081

1/16 1.63e−02(1.00) 7.92e−02(1.00) 2.38e−02(1.00) 1.52e−14 407.982

We display the degrees of freedom (Dofs), computational time (CPU), the errors
and the convergence orders of the proposed scheme in Table 1 for d = 2 andTable 2 for
d = 3. From these tables,we observe that the errors of all variables become smaller and
smaller as the mesh is refined, and the expected orders for all variables are obtained.
This verifies our theoretical analysis in Theorem 5.1. Note that since we approximate
the current density J and induced magnetic field σ by using the linear Lagrange finite
element in 2D and the lowest-order Nédélec edge element in 3D, the convergence
rate of the L2-norm is second-order in 2D and becomes first-order in 3D. Specifically,
the approximate solutions yield ‖∇ · Bh‖ in the order of 10−15 ∼ 10−14, which is
almost divergence-free. However, the discrete magnetic field is exactly divergence-
free according to Theorem 4.1. We think this is mainly due to the numerical integral
errors and rounding errors.

For comparison, we repeat the numerical tests by using the finite element scheme
(6.4) with r = 0 and list the results in Tables 3–4. As we can see, the results are
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Table 3 Errors and convergence rates for the finite element scheme (6.4) in 2D (Example 6.1)

h Dofs ‖u − uh‖ ‖∇u − ∇uh‖ ‖p − ph‖ ‖r − rh‖
1/2 68 1.93e−02(—) 1.16e−01(—) 7.07e−02(—) 3.75401e−16

1/4 220 4.82e−03(2.00) 5.73e−02(1.02) 2.04e−02(1.80) 1.62706e−15

1/8 788 1.20e−03(2.00) 2.85e−02(1.01) 5.99e−03(1.77) 2.42608e−15

1/16 2980 3.00e−04(2.00) 1.42e−02(1.00) 1.81e−03(1.72) 1.49863e−15

1/32 11588 7.51e−05(2.00) 7.10e−03(1.00) 5.72e−04(1.66) 2.77329e−15

h ‖B − Bh‖ ‖J − Jh‖ ‖σ − σ h‖ ‖∇ · Bh‖ CPU(s)

1/2 7.46e−02(—) 2.72e−02(—) 2.72e−02(—) 5.66e−16 0.019

1/4 3.76e−02(0.99) 6.48e−03(2.07) 6.48e−03(2.07) 6.94e−15 0.054

1/8 1.88e−02(1.00) 1.56e−03(2.05) 1.56e−03(2.05) 3.71e−14 0.225

1/16 9.42e−03(1.00) 3.83e−04(2.03) 3.83e−04(2.03) 3.35e−14 0.888

1/32 4.71e−03(1.00) 9.47e−05(2.02) 9.47e−05(2.02) 7.02e−14 3.992

Table 4 Errors and convergence rates for the finite element scheme (6.4) in 3D (Example 6.1)

h Dofs ‖u − uh‖ ‖∇u − ∇uh‖ ‖p − ph‖ ‖r − rh‖
1/2 418 2.75e−02(—) 1.72e−01(—) 9.26e−02(—) 7.73e−15

1/4 2706 6.87e−03(2.00) 8.55e−02(1.01) 2.57e−02(1.85) 2.45e−14

1/8 19426 1.72e−03(2.00) 4.27e−02(1.00) 7.43e−03(1.79) 1.38e−13

1/16 147138 4.29e−04(2.00) 2.13e−02(1.00) 2.15e−03(1.79) 2.67e−13

h ‖B − Bh‖ ‖J − Jh‖ ‖σ − σ h‖ ‖∇ · Bh‖ CPU(s)

1/2 1.31e−01(—) 6.32e−01(—) 1.88e−01(—) 2.83e−13 0.682

1/4 6.54e−02(1.00) 3.17e−01(1.00) 9.50e−02(0.99) 4.00e−12 6.437

1/8 3.27e−02(1.00) 1.58e−01(1.00) 4.76e−02(1.00) 8.73e−12 65.432

1/16 1.63e−02(1.00) 7.92e−02(1.00) 2.38e−02(1.00) 7.46e−12 440.747

almost the same as the previous ones, but the finite element scheme (6.4) requires
more degrees of freedom and thus cost much computational time than our scheme in
most cases. Thus, our scheme has a little upper hand in saving the computational time.

Example 6.2 (Hartmann flow) This example is to verify the convergence rate of the
Hartmann flow. This problem is the MHD version of the classical Poiseuille flow,
which describes the flow of a conducting fluid through a channel in the presence of
a transverse magnetic field. Herein, we consider the channel Ω = (−1/2, 1/2)2 and
the transverse field Bd = (1, 0). With appropriate boundary conditions and f = 0,
this problem has the explicit analytic solution [1, 8, 16, 20, 25],

u = (u1(y), 0), B = (B1(y), 1), p = −Gx − S

2
B2
1 (y),
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where

Ha =√
SRe, G = 2Ha sinh(Ha/2)

Re(cosh(Ha/2) − 1)
,

u1(y) = GRe

2Ha tanh(Ha/2)

(
1 − cosh(yHa)

cosh(Ha/2)

)
,

B1(y) = G

2S

(
sinh(yHa)

sinh(Ha/2)
− 2y

)
.

The analytical solutions for the current density and induced electric field are computed
by using (2.3d) and (2.3c). In the test, we impose inhomogeneous Dirichlet boundary
conditions from the exact solution. Note that the parameter Ha = √

SRe = LB0
√

σ/η

is the well-known Hartmann number, and there are some typos about this physical
parameter in [16]. The physical parameters are taken as Re = Rm = S = 1.

The numerical results for our scheme are given in Table 5.We find that the predicted
convergence rates are achieved asymptotically for all variables. In addition, the current
density J and induced magnetic field σ are of second-order accuracy again due to the
usage of using the linear Lagrange finite element. The quantity ‖∇ · Bh‖ is observed
in the order of 10−16 ∼ 10−14, which verifies the structure-preserving property of our
scheme.

Similar to the previous example, we rerun the numerical test by using the finite
element scheme (6.4) with r = 0 and display the results in Table 6. As we can see,
the results are almost the same as the previous ones, but the finite element scheme
(6.4) requires more degrees of freedom and thus cost much computational time than
our scheme in most cases. Thus, our scheme has a little upper hand in saving the
computational time.

In Fig. 1,we plot the velocity, themagnetic field and the current density of numerical
solutions with the mesh size h = 1/100. To characterize the numerical solution in a
quantitativeway,we further display the corresponding errors in Fig. 2. It is obvious that
the numerical solution is quite close to the analytical solution. Based on the results, we
can conclude that our scheme is good enough to simulate the Hartmann flow problem.

Example 6.3 (Driven Cavity Flow) In this example, we consider a well-known bench-
mark problem in fluid dynamics, known as driven cavity flow. It is a model of the
flow in a cavity with the lid moving in one direction under the external magnetic field.
When the external magnetic field is zero, the problem becomes the classical hydro-
dynamic lid-driven cavity problem. For this end, we set the computational domain by
Ω = (0, 1)d and the right-hand side by f = 0. The remaining setting will be specified
later.

We first consider the two-dimensional lid-driven cavity problem, namely, d = 2,
see Fig. 3. The mesh size is set by h = 1/100 and the coupling number is chosen as
S = 1. Let Bb = (1, 0), ub = (v, 0) where v ∈ C1(Ω̄) and satisfies

v(x, 1) = 1 and v(x, y) = 0 ∀y ∈ [0, 1 − h],
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Table 5 Errors and convergence rates for the finite element scheme (3.11) in 2D (Example 6.2)

h Dofs ‖u − uh‖ ‖∇u − ∇uh‖ ‖p − ph‖
1/2 60 5.66e−02(—) 3.40e−01(—) 2.07e−01(—)

1/4 188 1.42e−02(2.00) 1.68e−01(1.01) 6.10e−02(1.76)

1/8 660 3.54e−03(2.00) 8.38e−02(1.01) 1.82e−02(1.74)

1/16 2468 8.83e−04(2.00) 4.18e−02(1.00) 5.51e−03(1.72)

1/32 9540 2.21e−04(2.00) 2.09e−02(1.00) 1.73e−03(1.67)

h ‖B − Bh‖ ‖J − Jh‖ ‖σ − σ h‖ ‖∇ · Bh‖ CPU(s)

1/2 1.07e−02(—) 5.92e−02(—) 5.92e−02(—) 7.85e−16 0.020

1/4 6.34e−03(0.76) 1.47e−02(2.01) 1.47e−02(2.01) 1.75e−15 0.036

1/8 3.27e−03(0.96) 3.63e−03(2.01) 3.63e−03(2.01) 4.33e−15 0.142

1/16 1.64e−03(0.99) 9.03e−04(2.01) 9.03e−04(2.01) 9.76e−15 0.508

1/32 8.23e−04(1.00) 2.25e−04(2.01) 2.25e−04(2.01) 3.07e−14 2.449

Table 6 Errors and convergence rates for the finite element scheme (6.4) in 2D (Example 6.2)

h Dofs ‖u − uh‖ ‖∇u − ∇uh‖ ‖p − ph‖ ‖r − rh‖
1/2 68 5.66e−02(—) 3.40e−01(—) 2.07e−01(—) 4.68e−17

1/4 220 1.42e−02(2.00) 1.68e−01(1.01) 6.10e−02(1.76) 1.81e−15

1/8 788 3.54e−03(2.00) 8.38e−02(1.01) 1.82e−02(1.74) 2.91e−14

1/16 2980 8.83e−04(2.00) 4.18e−02(1.00) 5.51e−03(1.72) 1.36e−13

1/32 11588 2.21e−04(2.00) 2.09e−02(1.00) 1.73e−03(1.67) 2.11e−13

h ‖B − Bh‖ ‖J − Jh‖ ‖σ − σ h‖ ‖∇ · Bh‖ CPU(s)

1/2 1.07e−02(—) 5.92e−02(—) 5.92e−02(—) 8.46e−16 0.021

1/4 6.34e−03(0.76) 1.47e−02(2.01) 1.47e−02(2.01) 8.38e−15 0.039

1/8 3.27e−03(0.96) 3.63e−03(2.01) 3.63e−03(2.01) 4.24e−13 0.154

1/16 1.64e−03(0.99) 9.03e−04(2.01) 9.03e−04(2.01) 1.51e−13 0.604

1/32 8.23e−04(1.00) 2.25e−04(2.01) 2.25e−04(2.01) 1.12e−13 2.832

the boundary conditions are set by

u = ub, B · n = Bb · n, J × n = 0, σ × n = 0 on Γ .

We perform numerical tests of fixed magnetic Reynolds number Rm = 1 and different
Reynolds numbers Re = 1, 500, 5000. Figure4 plots the streamlines of the velocity.
We can see that as the Reynolds number increases, the large primary vortex moves
upwards due to the increased Lorentz force and the new eddies with a certain aspect
ratio emerge on the lower cavity wall and they may also detach from the lower wall
depending on their aspect ratio. Finally, the multiple high-aspect-ratio cellular struc-
tures form within the cavity. Therefore, we conclude that as the Reynolds number
increases, the fluid yields more thin eddies and tends to be stratified.
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Fig. 1 Numerical results of |uh |, |Bh | and Jh with h = 1/100. (Example 6.2)

Fig. 2 Numerical results of |u − uh |, |B − Bh | and J − Jh with h = 1/100. (Example 6.2)

Fig. 3 Geometry of lid driven
cavity in 2D

To study further the braking effect of the magnetic field, we rerun with the fixed
Reynolds number Re = 1000, Reynolds number Rm = 1 and different coupling
numbers S = 1, 2, 4, 8, 16, 32. The corresponding streamlines of the velocity are
plotted in Fig. 5. From the obtained results, we can see that the coupling number has a
great influence on the flow structure. Similar to the previous tests, the number of cells
increaseswith the increase in the coupling number. Hence, the expectant braking effect
of the magnetic field on the flow is demonstrated. The obtained results qualitatively
coincide with the results discussed in [2, 24, 29].

Next, we turn to study the braking effect of the magnetic field for the three-
dimensional lid-driven cavity problem, namely, d = 3, see Fig. 6. Similar to the
two-dimensional case, let Bb = (1, 0, 0), ub = (v, 0, 0) where v ∈ C1(Ω̄) and
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Fig. 4 Streamlines for the velocity with Re = 1, 500, 5000 for the lid-driven cavity problem in 2D

Fig. 5 Streamlines for the velocity with Re = 1000, Rm = 1 and different coupling numbers for the
lid-driven cavity problem in 2D

satisfies

v(x, y, 1) = 1 and v(x, y, z) = 0 ∀z ∈ [0, 1 − h],

the boundary conditions are set by

u = ub, B · n = Bb · n, J × n = 0, σ × n = 0 on Γ .

In the computation, we set the mesh size by h = 1/32, fix the Reynolds number as
Re = 100 and the magnetic Reynolds number as Rm = 1, and vary the coupling
number gradually. In Fig. 7, we show the streamlines of velocity on the cross-section
y = 0.5. From these figures, we can see again that as the coupling number increases,
the fluid yields more thin eddies and tends to be stratified. Thus, the effects of the
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Fig. 6 Geometry of lid driven
cavity in 3D

coupling number on the flow structure for the three-dimensional problem are similar
to the two-dimensional problem in our model. To deliver more details of the discrete
solutions, we plot the isosurfaces for the magnetic field, current density and induced
magnetic field with S = 40 in Fig. 8. From these figures, we can see how the fluid
influences the electromagnetic fields.

7 Concluding remarks

In this paper, we propose and analyze a new structure-preserving finite element
scheme for the stationary MHD system with magnetic-current formulation on general
Lipschitz domains. In mixed finite element approximation, we discretize the hydrody-
namic unknowns by inf-sup stable velocity-pressure finite element pairs and discretize
the current density, the induced electric field and the magnetic field by using the
edge-edge-face elements from a discrete de-Rham complex pair. Thanks to discrete
differential forms and finite element exterior calculus, the proposed scheme preserves
the divergence-free property exactly for the magnetic induction on the discrete level.
Furthermore, we rigorously establish the well-posedness of the discrete problem and
prove the error estimates of the finite element scheme under weak regularity assump-
tions. Numerical results illustrate the theoretical results and demonstrate the efficiency
of the proposed method. In the future, we will consider efficient iterative methods and
fast solvers for the MHD equations.
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Fig. 7 Streamlines for the velocity with Re = 100, Rm = 1 and different coupling numbers for the
lid-driven cavity problem in 3D

Fig. 8 Isosurfaces for the magnetic field, current density and induced electric field with S = 40 for the
lid-driven cavity problem in 3D
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