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Abstract
We study means of geometric type of quasi-Toeplitz matrices, that are semi-infinite
matrices A = (ai, j )i, j=1,2,... of the form A = T (a)+E , where E represents a compact
operator, and T (a) is a semi-infinite Toeplitz matrix associated with the function a,
with Fourier series

∑∞
k=−∞ akeikt , in the sense that (T (a))i, j = a j−i . If a is real

valued and essentially bounded, then these matrices represent bounded self-adjoint
operators on �2. We prove that if a1, . . . , ap are continuous and positive functions, or
are in the Wiener algebra with some further conditions, then matrix geometric means,
such as the ALM, the NBMP and the weightedmean of quasi-Toeplitz positive definite
matrices associated with a1, . . . , ap, are quasi-Toeplitz matrices associated with the

function (a1 · · · ap)
1
p , which differ only by the compact correction. We introduce

numerical algorithms for their computation and show by numerical tests that these
operator means can be effectively approximated numerically.
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1 Introduction

In this paper, we examine the concept of matrix geometric mean applied to a set of
semi-infinite Toeplitz matrices, provide a theoretical analysis of the main properties,
and perform the design and analysis of numerical algorithms for the computation of
matrix geometric means like the ALM, the NBMP, and the weighted mean.

1.1 Matrix geometric means

The concept of matrix geometric mean of a set of positive definite matrices, together
with its analysis and computation, has received an increasing interest in the past years
due to its rich and elegant theoretical properties, the nontrivial algorithmic issues
related to its computation, and also the important role played in several applications.

A fruitful approach to get a matrix geometric mean has been to identify and impose
the right properties required by this function. These properties, known as Ando-Li-
Mathias axioms, are listed in the seminal work [1]. They are satisfied, in particular, by
the ALM mean [1], the NBMP mean, independently introduced in [11] and [35], and
by the Riemannian center of mass, the so-called Karcher mean, identified as a matrix
geometric mean in [33]. We refer the reader to the book [4] for an introduction to
matrix geometric means with historical remarks. These means have been generalized
in a natural way to the infinite dimensional case. The Karcher mean has been extended
to self-adjoint positive definite operators and to self-adjoint elements of aC∗-algebras
in [30] and [28], respectively. Another natural generalization relies on the concept of
weighted mean: a generalization of the NBMP mean is presented in [29].

Matrix geometric means have played an important role in several applications such
as radar detection [27, 44], image processing [38], elasticity [34].More recent applica-
tions includemachine learning [20, 42], brain-computer interface [45, 47], and network
analysis [15]. This has lead to the design and analysis of numerical methods for matrix
geometric means. See in particular [5, 6, 11, 19, 21, 23, 46], and the literature cited
therein. In certain applications, the matrices to be averaged have further structures
originated by the peculiar features of the physical model that they describe. In the
radar detection application, they are Toeplitz. A (possibly infinite) matrix T = (ti, j )
is said to be Toeplitz if ti, j = a j−i for some {ak}k∈Z ⊂ C. The sequence {ak}k∈Z
may arise as the set of Fourier coefficients of a function a defined on the unit circle
T = {z ∈ C : |z| = 1}, with Fourier series ∑∞

�=−∞ a�z�. The function a is said to be
the symbol associated with T = (ti, j ). In the case where i, j range in the set Z+ of
positive integers, T is semi-infinite and is denoted by T (a).

The problem of averaging finite-dimensional Toeplitz matrices has been treated in
some recent papers, see for instance [7, 22, 36, 37], with the aim to provide a definition
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of matrix geometric mean G = G(A1, . . . , Ap) which preserves the matrix structure
of the input matrices Ak , for k = 1, . . . , p.

1.2 Theoretical contributions

We consider the problem of analyzing the structure of the matrixG when Ak = T (ak),
for k = 1, . . . , p, is a self-adjoint positive definite Toeplitz matrix and G is either the
ALM,NBMP, and theweightedmean. These results can be complementedwith similar
results for the Karcher mean provided in [8] We start by considering the case where
the symbols ak(z), k = 1, . . . , p, are continuous real valued positive functions.

We show that if G is the ALM, NBMP, or a weighted mean of the self-adjoint
positive definite operators T (a1), . . . , T (ap), then, even though the Toeplitz structure
is lost in G, a hidden structure is preserved. In fact, we show that G is a quasi-Toeplitz
matrix, that is, it can be written as G = T (g) + KG , where KG is a self-adjoint
compact operator on the set �2 formed by infinite vectors v = (vi )i∈Z+ , vi ∈ C such

that ‖v‖2 := (
∑∞

i=1 |vi |2) 1
2 < ∞. An interesting feature is that the function g(z)

turns out to be (a1(z)a2(z) · · · ap(z))
1
p , as expected. These results are extended to the

more general case Ak = T (ak) + Kk , where Kk is a compact operator.
Among the side results that we have introduced to prove the main properties of the

geometric mean, it is interesting to point out Theorem 2.6 which states that for any
continuous real valued function a(z) and for any continuous function f (t) defined on
the spectrum of T (a), the difference f (T (a)) − T ( f (a)) is a compact operator.

Algebras of quasi-Toeplitz matrices are also known in the literature as Toeplitz
algebras. See for instance [14] where in Example 2.8 the case of continuous symbols is
considered, or in Section 7.3, where the smallest closed subalgebra ofB(�2) containing
the matrices of the type T (a), where a has an absolute convergent Fourier series, is
considered. Here, B(�2) denotes the set of bounded operators on the set �2.

After analyzing the case of continuous symbols, we identify additional regularity
assumptions on the functions a1(z), . . . , ap(z), such that the summation

∑+∞
�=−∞ |g�|

is finite, where
∑+∞

�=−∞ g�z� is the Fourier series of g(z) = (a1(z) · · · ap(z))
1
p . This

property is meaningful since it implies that T (ak) as well as G are bounded operators
on the set �∞ of infinite vectors with uniformly bounded components. We will apply
these ideas also in the casewhere thematrices A1, . . . , Ap, are of finite size n and show
that, for a sufficiently large value of n, the matrix G is numerically well approximated
by a Toeplitz matrix plus a matrix correction that is nonzero in the entries close to the
top-left corner and to the bottom-right corner of the matrix.

1.3 Algorithmic contributions

Regarding computational issues, we examine classical algorithms for computing the
square root and the pth root of amatrix asCyclicReduction andNewton’s iteration, and
analyze their convergence properties when applied to Toeplitz matrices given in terms
of the associated symbols. Thenwedealwith the problemof computingG for theALM,
NBMP, and the weighted geometric means. We introduce and analyze algorithms
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for computing the Toeplitz part T (g) and the correction part KG in a very efficient
way, both in the case of infinite and of finite Toeplitz matrices. A set of numerical
experiments shows that the geometric means of infinite quasi-Toeplitz matrices can
be easily and accurately computed by relying on simple MATLAB implementations,
based on the CQT-Toolbox of [10]. An extension of the CQT-Toolbox is provided by
introducing the functions qt_alm, qt_nbmp, and qt_karcher for computing the
corresponding means.

1.4 Paper organization

The paper is organized as follows: in the next section, after providing some prelimi-
nary results on Banach algebras and C∗-algebras, we recall the most common matrix
geometric means, introduce the class of quasi-Toeplitz matrices associated with a con-
tinuous symbol and study functions of matrices in this class. Moreover, we analyze
the case where the symbol of quasi-Toeplitz matrices is in theWiener class, that is, the
associated Fourier series is absolutely convergent. In Sect. 3 we prove that the most
common definitions of geometricmean of operators preserve the quasi-Toeplitzmatrix
structure, and that the symbol associated with the geometric mean is the geometric
mean of the symbols associated with the input matrices. In the same section, we give
regularity conditions on the symbols in order that the convergence of the sequence
of symbols generated by the ALM recursion holds in the Wiener norm, this implies
the convergence of the operator sequences in the infinity norm. In Sect. 4 we discuss
some algorithmic and numerical issues related to the computation of the pth root and
of the geometric mean of quasi-Toeplitz matrices, in Sect. 5 we describe the geometric
means of finite quasi-Toeplitz matrices, while in Sect. 6 we report the results of some
numerical experiments. Finally, Sect. 7 draws some conclusions and raises some open
problems.

2 Preliminaries and notations

Let i be the complex unit, and denote by T = {z ∈ C : |z| = 1} the unit circle in the
complex plane. Given a function f (z) : T → C the composition f̃ (t) = f (eit ) is a
2π -periodic function from R to C which can be restricted to [0, 2π ]. For the sake of
simplicity, we keep the notation f (t) to denote f̃ (t), where it should be understood
that the t variable is real and ranges in the set [0, 2π ], while the z variable is complex
and ranges in the set T.

For a given subsetS ⊂ R, and 1 ≤ p < ∞, we denote by L p(S) the set of functions

f (t) : S → C, such that ‖ f ‖p,S = (
∫
S | f (t)|pdt) 1

p < ∞. We denote L∞(S) the
set of measurable functions defined over S with finite essential supremum and we set
‖ f ‖∞,S = ess supt∈S | f (t)|. If the set S is clear from the context we write ‖ f ‖L p in
place of ‖ f ‖p,S for 1 ≤ p < ∞ and ‖ f ‖∞ instead of ‖ f ‖∞,S .

We denote by C(S) the set of continuous functions f : S → C. The subset of f ∈
C([0, 2π ]) such that f (0) = f (2π) is denoted by C2π , while L

p
2π = L p([0, 2π)).
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Recall that any linear operator A : �2 → �2 can be represented by a semi-infinite
matrix (ai, j )i, j∈Z+ , which we denote with the same symbol A. The set of bounded
operators on �2 is denoted by B(�2), or more simply by B. We recall that the set
K ⊂ B of compact operators is the closure in B of the set of bounded operators
with finite rank. Given the matrix (operator) A = (ai, j ), we define A∗ = (a j,i ) the
conjugate transpose of A, where x denotes the complex conjugate of x ∈ C. A matrix
(operator) A is Hermitian or self-adjoint if A = A∗, moreover, is positive if in addition
v∗Av = ∑

i vi (Av)i > 0 for any v ∈ C
n\{0} (v ∈ �2\{0}). We say that A ∈ �2 is

positive definite if there exists a constant γ > 0 such that v∗Av ≥ γ ‖v‖22 for any
v ∈ �2.

2.1 Banach algebras and C∗-algebras

A Banach algebra B is a Banach space with a product such that ‖ab‖ ≤ ‖a‖‖b‖, for
a, b ∈ B, where ‖ · ‖ is the norm of B. Examples of Banach algebras that we will
use are: the set of essentially bounded functions L∞(S), with S ⊂ R, with the norm
‖ f ‖∞,S and pointwise multiplication (as a special case we have L∞

2π ); the setC(K ) of
continuous functions in a compact K ⊂ C

n with pointwise multiplication; and B(�2)

with operator composition. If a(k) ∈ B is a sequence such that limk ‖a(k) − a‖ = 0
for some a ∈ B, we write a(k) →B a.

For two sequences {a(k)
1 }k, {a(k)

2 }k in a Banach algebra B, it can be easily shown

(see, for instance, [40, Remark 2.10]) that if a(k)
1 →B a1 and a(k)

2 →B a2, then

a(k)
1 a(k)

2 →B a1a2. An induction argument applied to the sequences {a(k)
i }k ⊂ B for

i = 1, . . . , p will provide the next Lemma.

Lemma 2.1 Let B be a Banach algebra and a1, . . . , ap ∈ B. If the sequences

{a(k)
i }k ⊂ B are such that a(k)

i →B ai for i = 1, . . . , p, then

a(k)
1 · · · a(k)

p →B a1 · · · ap.

The spectrum sp(A) of an element A of a Banach algebra is the set of λ ∈ C such
that A − λI fails to be invertible. The spectral radius ρ(A) is defined as ρ(A) =
supλ∈sp(A) |λ|.

A C∗-algebra is a Banach algebra B with an involution A → A∗ such that (aS +
bT )∗ = aS∗ + bT ∗; (ST )∗ = T ∗S∗, (T ∗)∗ = T and ‖T ∗T ‖ = ‖T 2‖, for T , S ∈ B
and a, b ∈ C. Two important examples of C∗-algebras are B(�2) with the adjoint
operation and C(K ), for K ⊂ R compact, with the pointwise conjugation. A C∗-
subalgebra F ⊂ B is a closed subalgebra that contains the identity and such that
A ∈ F implies A∗ ∈ F. An element A of a C∗-algebra is self-adjoint if A∗ = A,
normal if A∗A = AA∗. We need some additional results taken from Proposition
4.1.1, and Theorems 4.1.3 and 4.1.6 of [24].

Lemma 2.2 Let A be an element of a C∗-algebra B.

(i) If A is normal then ρ(A) = ‖A‖. Moreover, if A is self-adjoint, then the spectrum
sp(A) of A is a compact subset of R.
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(ii) If A is self-adjoint, then there exists a unique continuous mapping f → f (A) :
C(sp(A)) → B such that f (A) has its elementary meaning when f is a polyno-
mial. Moreover, f (A) is normal, while it is self-adjoint if and only if f takes real
values at the spectrum of A.

(iii) If A is self-adjoint and f ∈ C(sp(A)), then ‖ f (A)‖ = ‖ f ‖∞,sp(A) and
sp( f (A)) = f (sp(A)).

Lemma 2.2 implies the existence of a continuous functional calculus, that is to
define a function of a self-adjoint element A of a C∗-algebra when the function is
continuous at the spectrum of A.

2.2 Means of operators

The weighted geometric mean of two n × n matrices A and B, with weight t ∈ [0, 1],
is defined as A#t B = A

1
2 (A− 1

2 BA− 1
2 )t A

1
2 , while the geometric mean is G(A, B) :=

A#B := A#1/2B. Notice that, using continuous functional calculus, the same formula
makes sense also for bounded self-adjoint positive definite operators A, B ∈ B(�2).

For more than two matrices, several different definitions have been proposed. For
the ease of the reader, here we limit the treatment to three positive matrices of the
same size, while we refer to a later section for the case of more than three matrices.
The ALM mean, proposed by Ando, Li, and Mathias [1], has been introduced as the
common limit of the sequences

Ak+1 = Bk#Ck, Bk+1 = Ck#Ak, Ck+1 = Ak#Bk,

with A0 = A, B0 = B,C0 = C . A nice feature of this mean is that the sequences
converge with respect to the Thompson metric [41]

d(A, B) = logmax{ρ(A−1B), ρ(B−1A)}.

It is well known that convergence in the Thompson metric implies convergence in the
operator norm induced by the �2 norm, also in the infinite dimensional case. This fact
allows one to define the ALM mean of self-adjoint positive definite operators.

A variant of this construction, introduced independently by Bini,Meini, Poloni [11]
and Nakamura [35], named NBMP mean, relies on the sequences

Ak+1 = Ak#2/3(Bk#Ck), Bk+1 = Bk#2/3(Ck#Ak), Ck+1 = Ck#2/3(Ak#Bk),

with A0 = A, B0 = B,C0 = C . The sequences converge to a common limit, different
in general from the ALM mean, and with a faster rate than the ALM sequences. The
convergence of these sequences in the Thompson metric allows one to extend them to
operators. Weighted versions of the ALM and NBMP mean can be given (see Sect. 3
for more details).
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A well-recognized geometric mean of matrices is the unique positive definite solu-
tion of the matrix equation

log(X− 1
2 AX− 1

2 ) + log(X− 1
2 BX− 1

2 ) + log(X− 1
2CX− 1

2 ) = 0,

the so-called Karcher mean of A, B and C . This mean can be defined also for positive
definite self-adjoint bounded operators, proving that the equation above has a unique
positive definite self-adjoint solution [30]. Recently, the Karcher mean of positive
definite quasi-Toeplitzmatrices has been proved to be a positive definite quasi-Toeplitz
matrix in [8], where effective algorithms are introduced and analyzed.

2.3 Quasi-Toeplitz matrices with continuous symbols

A classical result states that T (a) represents a bounded operator on �2 if and only if
a ∈ L∞

2π [12, Theorem 1.1]. Moreover, if a is continuous, then ‖T (a)‖2 = ‖a‖∞.
Toeplitz matrices form a linear subspace of B(�2), closed by involution since

T (a)∗ = T (a), but not closed under multiplication, that is, by composition of opera-
tors in B(�2), so they are not a C∗-subalgebra of B(�2). Nevertheless, there is a nice
formula for the product of two Toeplitz matrices.

Proposition 2.3 [12, Propositions 1.10 and 1.11]. Let a, b ∈ L∞
2π ,

T (a)T (b) = T (ab) − H(a−)H(b+), (2.1)

where H(a−)i, j = (a−i− j+1)i, j∈Z+ and H(b+) = (bi+ j−1)i, j∈Z+ . Moreover, if a, b
are continuous functions then H(a−), H(b+) are compact operators on �2.

A nice feature of equation (2.1) is that it relates the symbol of the product to the
product of the symbols and if a, b ∈ C2π then T (a)T (b) − T (ab) belongs to the set
K of compact operators on �2 [12].

The smallest C∗-subalgebra of the C∗-algebra B(�2) containing all Toeplitz oper-
ators with continuous symbols is [14]

QT = {T (a) + K : a ∈ C2π , K ∈ K},

that we call the set of quasi-Toeplitz matrices and it is also known in the literature as
Toeplitz algebra. Notice that for A ∈ QT there exists unique a ∈ C2π and K ∈ K
such that A = T (a) + K , because the intersection between Toeplitz matrices with
continuous symbols and compact operators is the zero operator [12, Proposition 1.2].
To define aQT matrix, we will use often the notation A = T (a) + K ∈ QT , without
saying explicitly that a is a continuous and 2π -periodic function and K is a compact
operator.

The following lemma collects some known results from [12, Sections 1.4 and 1.5],
[14, Section 1.1] and from [17], which will be useful in the sequel. In particular, it
states properties of the spectrum sp(A) of A, of the essential spectrum spess(A) defined
by spess(A) = {λ ∈ C : A−λI is not Fredholm onB(�2)}, and on the numerical range
of A defined as W(A) = {x∗Ax : ‖x‖2 = 1}.
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Lemma 2.4 The following properties hold:

(i) T (a) represents a bounded operator on �2 if and only if a ∈ L∞
2π ; T (a) is self

adjoint if and only if a is real valued.

Moreover, if a ∈ C2π then:

(ii) ‖a‖∞ = ‖T (a)‖2 ≤ ‖T (a) + K‖2, for K ∈ K;
(iii) sp(T (a)) = a([0, 2π ])∪{λ ∈ C : wind(a−λ) �= 0} is compact, wherewind(a)

is the winding number of the curve a(T);
(iv) a([0, 2π ]) = spess(T (a)) = spess(T (a) + K ) ⊂ sp(T (a) + K ) for K ∈ K;
(v) sp(A) is contained in the closure ofW(A) for A ∈ B(�2).

It was proved in [12, Proposition 1.3] that a Toeplitz matrix T (a) is self-adjoint if
and only if a is real valued. We prove that if a quasi-Toeplitz matrix A = T (a) + E
is positive (definite), then a is nonnegative (strictly positive).

Lemma 2.5 Let A = T (a) + K ∈ QT . If A = A∗ then T (a) = T (a)∗ and K = K ∗.
If A is positive, then a is nonnegative. If in addition A is positive definite then a is
strictly positive.

Proof If A = A∗, then T (a) − T (a)∗ + K − K ∗ = 0, and by the uniqueness of the
decomposition of a quasi-Toeplitz matrix [12], we have that K = K ∗ and T (a) =
T (a)∗. If A is positive definite, there exists γ > 0 such that x∗Ax ≥ γ ‖x‖2 > 0 for
any x �= 0. That is, the numerical range W(A) of A is formed by real numbers greater
than or equal to γ so that its closure contains positive values. Since by Lemma 2.4,
part (v), the spectrum sp(A) is contained in the closure of W(A), we have that λ > 0
for any λ ∈ sp(A). From Lemma 2.4 part (iv), it follows that a(t) ∈ sp(A) so that
a(t) > 0. The case where A is positive is treated similarly since x∗Ax ≥ 0 for any
x ∈ �2 so that the closure of W(A) is formed by nonnegative numbers. �


The fact thatQT is a C∗-algebra allows one to use continuous functional calculus,
by Lemma 2.2. If A is a self-adjoint quasi-Toeplitz matrix and f is a function con-
tinuous on the spectrum of A, then one can define the normal quasi-Toeplitz matrix
f (A). In particular, the pth root of a self-adjoint positive definite quasi-Toeplitzmatrix
turns out to be a quasi-Toeplitz matrix. This fact implies that the sequences generated
by the ALM and the NBMP constructions, if the initial values are QT matrices, are
formed by entries belonging to QT . We will prove that also the limit G of these
sequences belongs to QT , and that it can be written as G = T (g) + KG , where g(t)
is the geometric mean of the symbols associated with the Toeplitz part of the given
matrices.

We now prove the following result, that is apparently new and which allows us to
define the function f (T (a)) for a self-adjoint Toeplitz matrix T (a) and a continuous
function f defined on the spectrum of T (a).

Theorem 2.6 Let a ∈ C2π be a real valued function and f a continuous function on
the spectrum of T (a), then

f (T (a)) = T ( f ◦ a) + K , (2.2)
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where K is a compact operator. If f takes real values on the spectrum of T (a), then
K is self-adjoint and sp( f (T (a))) = sp(T ( f ◦ a)).

Proof Since a is real valued, by Lemma 2.4 the operator T (a) is self-adjoint and since
a is continuous, its spectrum� is a compact set containing the range of a (see Lemma
2.4). Moreover, one can define f (T (a)), for any function f continuous on �, using
the continuous functional calculus and, since the function f is continuous in �, by
Lemma 2.2, we have ‖ f (T (a))‖2 = ‖ f ‖∞,� .

From Proposition 2.3 it follows that if f is a polynomial, then equation (2.2) holds.
By using an approximation argument, we prove that (2.2) still holds for any continuous
function f . Indeed, f can be approximated uniformly by a sequence of polynomials
pn such that ‖ f − pn‖∞,� tends to 0 (by the Weierstrass theorem) and there exist
compact operators Kk such that

pk(T (a)) = T (pk ◦ a) + Kk .

Since continuous functional calculus preserves C∗-algebras, f (T (a)) ∈ QT , that is
f (T (a)) = T (b) + K , what we need to prove is that b = f ◦ a.
To get the result, in view of the uniqueness of the decomposition of a quasi-Toeplitz

matrix, it is sufficient to prove that f (T (a)) − T ( f ◦ a) is a compact operator. We
have

‖ f (T (a)) − T ( f ◦ a) − Kk‖2
≤ ‖ f (T (a)) − pk(T (a))‖2 + ‖T ( f ◦ a) − T (pk ◦ a)‖2 ≤ 2‖ f − pk‖∞,�,

(2.3)

where the last inequality follows by functional calculus, since f − pk is continuous in
the spectrum � of T (a) and from the property ‖T (a)‖2 = ‖a‖∞ (compare Lemma
2.4). Whence we get

‖T ( f ◦ a − pk ◦ a)‖2 = ‖( f − pk) ◦ a‖∞,[0,2π ]
= ‖ f − pk‖∞,a([0,2π ]) ≤ ‖ f − pk‖∞,�.

Inequality (2.3) implies that Kk converges to f (T (a)) − T ( f ◦ a) in the operator
norm, and since K is closed, we may conclude that f (T (a)) − T ( f ◦ a) is a compact
operator, that is what we wanted to prove.

Regarding the last statement, by Lemma 2.2, part (ii) and Lemma 2.4, we know that
f (T (a)) and T ( f ◦ a) are self-adjoint and thus K is self-adjoint as well, by Lemma
2.2, part (iii), and Lemma 2.4, we get

sp( f (T (a))) = f (sp(T (a))) = f (a([0, 2π ])) = sp(T ( f ◦ a)).

�

By slightly modifying the above proof, we can easily arrive at the following gener-

alization, which shows that f (T (a)+ H) is well-defined if T (a)+ H is a self-adjoint
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quasi-Toeplitz matrix and f is a continuous function defined on the spectrum of
T (a) + H .

Theorem 2.7 Let a ∈ C2π be a real valued function, H a self-adjoint compact operator
and f a continuous function on the spectrum of T (a) + H, then f (T (a) + H) =
T ( f ◦ a) + K, where K is a compact operator. If f takes real values on the spectrum
of T (a), then K is self-adjoint.

As an immediate consequence of the above Theorem 2.7 in the following corollary
we provide new insight on the structure and the symbol of the weighted geometric
mean of quasi-Toeplitz matrices.

Corollary 2.8 Let A, B ∈ QT be positive definite operators associated with the
continuous symbols a, b, respectively. Then, a, b > 0 and for s ∈ [0, 1], we have
G = A#s B ∈ QT and the symbol g associated with G is such that g = a1−sbs .

Proof From Lemma 2.5 we deduce that if A is positive definite then a, b > 0.

By definition, A#s B = A
1
2 (A− 1

2 BA− 1
2 )s A

1
2 so that, by Theorem 2.7 one has

A
1
2 , (A− 1

2 BA− 1
2 )s ∈ QT , thus A#s B ∈ QT and g = a1−sbs . �


Since QT is a C∗-algebra, if a sequence {Ak}k ⊂ QT converges to A ∈ B(�2),
then it is easy to see that A ∈ QT . In the following lemma, we prove that the Toeplitz
part and the compact part of Ak converge to the Toeplitz part and the compact part of
A, respectively.

Lemma 2.9 Let {Ak}k be a sequence of quasi-Toeplitz matrices such that Ak =
T (ak) + Kk ∈ QT , where ak ∈ C2π , and Kk ∈ K, for k ∈ Z

+. Let A =
T (a) + K ∈ QT be such that limk ‖A − Ak‖2 = 0. Then limk ‖a − ak‖∞ = 0
and limk ‖K − Kk‖2 = 0.

Proof From the inequality ‖T (a)‖2 ≤ ‖A‖2 (see Lemma 2.4, part (ii)) and from
‖a‖∞ = ‖T (a)‖2, it follows that ‖a − ak‖∞ = ‖T (a − ak)‖2 ≤ ‖A − Ak‖2 tends to
0 and so does ‖K − Kk‖2. �


2.4 Quasi-Toeplitz matrices with symbols in theWiener algebra

If a(z) = ∑+∞
�=−∞ a�z� is a continuous function then limn |an| = 0, therefore, for an

error bound ε > 0 the cardinality of the set Sε = {n ∈ Z : |an| < ε} is finite. This fact
allows one to numerically approximate the function a(z) to any precision in a finite
number of operations.

Classical results of harmonic analysis relate the regularity of a(z) with the decay
of the Fourier coefficients to zero. A better regularity implies a faster convergence
to zero of {an}n and, in practice, this allows one to approximate a(z) by using fewer
coefficients.

We will consider Toeplitz matrices associated with functions having an analytic or
an absolutely convergent Fourier series. The former situation is ideal since it implies
an exponential decay to zero of {an}n .
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We point out that if the function a is just continuous then
∑+∞

i=−∞ |ai | is not nec-
essarily finite so that ‖T (a)‖∞ = ∑+∞

i=−∞ |ai | (compare [13, Theorem 1.14]) is not
bounded in general. This is a reason to determine conditions under which a function
f (a) for a ∈ C2π , as well as the geometric mean of ai ∈ C2π , i = 1, . . . , p, have
absolutely summable coefficients or are analytic.

Another important related issue is to find out under which conditions a sequence
of matrices Ak ∈ QT such that ‖Ak‖∞ < ∞ converges in the infinity norm to a limit
A ∈ QT such that ‖A‖∞ < ∞. In this section we provide tools to give an answer to
these questions.

The set of functions a ∈ L1
2π with absolutely convergent Fourier series, namely

W =
{

f ∈ L1
2π : f =

∑

k∈Z
ake

ikt ,
∑

k∈Z
|ak | < ∞

}

,

with the norm ‖ f ‖W := ∑
k∈Z |ak |, is a Banach algebra, also known as the Wiener

algebra [12]. A function a ∈ W is necessarily continuous, but it may fail to be
differentiable, or even Lipschitz continuous.

We consider the convergence of a sequence in three broad classes of functions
included in the Wiener algebra. The following introduction of the classes of functions
can be found in [2].

The first class is the set of α-Hölder continuous functions. A continuous function
ϕ : � → C, with � subset of Rn or Cn , is said to be α-Hölder continuous on �, with
0 < α ≤ 1, if

[ϕ]α := sup
x,y∈�

x �=y

|ϕ(x) − ϕ(y)|
|x − y|α

is finite. We denote byC0,α
2π the set of α-Hölder continuous functions onRwith period

2π , that is a Banach algebra with the norm

‖ϕ‖C0,α := ‖ϕ‖∞ + [ϕ]α.

The second class is the set of functions of bounded variation on [0, 2π ], that is
functions f : [0, 2π ] → C, such that

V ( f ) = sup
N=1,2,...

x0= 0≤x1≤···≤xN=2π

{N−1∑

i=0

| f (xi+1) − f (xi )|
}

is finite.
The last class is the set of absolutely continuous functions on C2π , that is functions

f : [0, 2π ] → R such that f (2π) = f (0) and for any ε > 0, there exists δ > 0 such
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that

n∑

i=1

| f (yi ) − f (xi )| < ε,

whenever {[xi , yi ] : i = 1, . . . , n} is a finite collection of mutually disjoint subinter-
vals of [0, 2π ] with ∑n

i=1(yi − xi ) < δ.
Relations betweenW and these three classes are stated in the following summary,

which except inequality (2.5) are collected from [3] and [25].

Proposition 2.10 Let a ∈ C2π , we have

(i) If a ∈ C0,α
2π , with α ∈ (1/2, 1], then a ∈ W . Moreover, there exists a constant γa

such that

‖a‖W ≤ γa‖a‖C0,α . (2.4)

(ii) If a ∈ C0,α
2π , with α ∈ (0, 1] and of bounded variation V (a) on [0, 2π ], then

a ∈ W and there exists a constant γb such that

‖a‖W ≤ γb
(|a0| + V (a)

1
2

∞∑

�=1

(π2−�)α/2). (2.5)

(iii) If a ∈ C2π is absolutely continuous on [0, 2π ] and a′ ∈ L2
2π , then a ∈ W and

there exists a constant γc such that

‖a‖W ≤ γc
(‖a‖L1 + ‖a′‖L2

)
. (2.6)

Proof Concerning part (i), the statement about α-Hölder continuous functions with
α ∈ (1/2, 1] is a classical result by Bernstein [3], while the complete proof when
0 < α < 1 can be found in [25, p. 33] and the case α = 1 can be proved analogously.

Concerning part (iii), the statement about the absolute continuous function with
derivative in L2

2π follows from [25, Theorem I.6.2].

It is left to prove part (ii). If a ∈ C0,α
2π with α ∈ (0, 1], and of bounded variation on

[0, 2π ], then by [25, Theorem I.6.4] (see also [48, p. 241]), it follows that a ∈ W . We
just need to prove the inequality (2.5).

Denote byω(δ) = ω(δ, a) = sup |a(t1)−a(t2)| for t1, t2 ∈ [0, 2π ] and |t1−t2| ≤ δ.
Applying the technique as in [48, p.241-242], we get

∞∑

k=1

|ak | ≤ 1

2

∞∑

�=1

(
ω(π2−�)

) 1
2 V (a)

1
2 ≤

√
γ1

2

∞∑

�=1

(π2−�)
α
2 V (a)

1
2 , (2.7)
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where the last inequality holds since ω(δ) ≤ r1δα for a constant r1 independent of δ

if a ∈ C0,α
2π . It can be proved analogously that

∞∑

k=1

|a−k | ≤
√

γ1

2

∞∑

�=1

(π2−�)α/2V (a)
1
2 .

The proof is completed by choosing γb = max{1,√γ1}. �

Note that, in particular, Proposition 2.10 implies that a Lipschitz continuous func-

tion with period 2π belongs toW .
We are interested in fractional powers andmeans of functions in theWiener algebra.

In the case of analytic functions there is an interesting result due to Lévy [32].

Proposition 2.11 Let a ∈ W and let f be a complex function, analytic in the range of
a, then f ◦ a ∈ W .

Clearly, if both functions a and f are analytic then f ◦ a is analytic. We prove the
following simpler result related to Hölder continuous functions f ◦ a.

Lemma 2.12 Let a : � → R be α-Hölder continuous and let f ∈ C1(I) where I is
a closed interval containing the range of a. Then f ◦ a is α-Hölder continuous and

[ f ◦ a]α ≤ ‖ f ′‖∞,I [a]α.

Moreover ‖ f ◦ a‖C0,α ≤ γ (‖ f ‖∞,I + ‖ f ′‖∞,I), where γ = max{[a]α, 1}.
Proof If x, y ∈ � are such that a(x) �= a(y), then, by the Mean Value Theorem,

| f (a(x)) − f (a(y))|
|x − y|α = | f (a(x)) − f (a(y))|

|a(x) − a(y)|
|a(x) − a(y)|

|x − y|α ≤ ‖ f ′‖∞,I [a]α.

The bound holds also when a(x) = a(y) and we have [ f ◦ a]α ≤ ‖ f ′‖∞,I [a]α .
The latter inequality follows from ‖ f ◦ a‖C0,α = ‖ f ◦ a‖∞ + [ f ◦ a]α . �

As a consequence we have the following.

Corollary 2.13 If a(t) ∈ W is such that a(t) > 0 then a(t)
1
p ∈ W . If in addition

a(t) ∈ C0,α
2π for some α > 0 then a

1
p ∈ C0,α

2π and [a 1
p ]α ≤ 1

p
[a]α

min a(t)
1− 1

p
.

Proof Since f (z) = z
1
p is analytic in the range of a, by Proposition 2.11, a

1
p ∈ W . Let

I = [min a(t),max a(t)] be a closed interval of positive numbers enclosing the range
of a, then f ∈ C1(I) and we can apply Lemma 2.12, using ‖ f ′‖∞,I = 1

pmin a(t)
1− 1

p
.

�

Similarly, we have the following result.

Lemma 2.14 Let a : [0, 2π ] → R be a real valued function and let f ∈ C1(I) where
I is a closed interval containing the range of a.
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(i) If a is absolutely continuous and a′ ∈ L2
2π , then f ◦ a is absolutely continuous

and with derivative in L2
2π . Moreover, ‖( f ◦ a)′‖L2 ≤ ‖ f ′‖∞,I‖a′‖L2 .

(ii) If a is of bounded variation on [0, 2π ], then f ◦ a is of bounded variation on
[0, 2π ] and, moreover, V ( f ◦ a) ≤ ‖ f ′‖∞,IV (a).

Proof Concerning part (i), it follows from [2, Theorem 5.10, part (d)] that f ◦ a is
absolutely continuous. Observe that ( f ◦ a)′ = ( f ′ ◦ a)a′ and

(∫ 2π

0
|( f ◦ a)′|2dt

) 1
2 ≤

(∫ 2π

0
‖ f ′ ◦ a‖2∞|a′|2dt

) 1
2 = ‖ f ′‖∞,I‖a′‖L2 < ∞,

which implies that ( f ◦ a)′ ∈ L2
2π and ‖( f ◦ a)′‖L2 ≤ ‖ f ′‖∞,I‖a′‖L2 .

Concerning part (ii), a direct consequence of [2, Theorem 5.10, part (e)] shows that
f ◦ a is of bounded variation.
Consider a partition x0 = 0 ≤ x1 ≤ . . . ≤ x� = 2π , we have

�−1∑

j=0

| f (a(x j+1)) − f (a(x j ))|

=
�−1∑

j=0
a(x j ) �=a(x j+1)

| f (a(x j+1)) − f (a(x j ))|
|a(x j+1) − a(x j )| |a(x j+1) − a(x j )|

≤ sup
x,y∈I
x �=y

| f (x) − f (y)|
|x − y|

�−1∑

j=0

|a(x j+1) − a(x j )| ≤ ‖ f ′‖∞,IV (a).

Taking the supremum over all partitions, we get the desired inequality. �


3 Geometric means ofQT matrices

We start this section by recalling a general construction of the ALM mean and the
NBMP mean of p (p ≥ 3) positive definite operators.

Denote by Gt (A, B), the weighted geometric mean A#t B, with weight t ∈ [0, 1].
Given the (p − 1)-tuple (s1, s2, . . . , sp−1) with si ∈ [0, 1] and positive definite oper-
ators A1, . . . , Ap, the sequences generated by

A(k+1)
i = A(k)

i #s1Gs2,...,sp−1(A
(k)
1 , . . . , A(k)

i−1, A
(k)
i+1, . . . , A

(k)
p ), i = 1, . . . , p,

(3.1)

with A(0)
i = Ai , can be recursively defined, and they converge to a common limit

Gs1,...,sp−1 [31].

With the choice (s1, . . . , sp−2, sp−1) = (1, . . . , 1, 1
2 ) one obtains the ALM mean

[1] and with the choice (s1, s2, . . . , sp−1) = ((p−1)/p, (p−2)/(p−1), . . . , 1
2 ) one
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obtains the NBMP mean. We call the corresponding iterations the ALM iteration and
the NBMP iteration, respectively. The latter construction for positive definite matrices
can be found in [11, 35], while for positive definite operators the convergence of the
sequences in Thompson metric was proved in [35].

A similar inductive construction has been introduced in [29]. Given a probability
vector w = (wi ) ∈ R

p, i.e., such that wi > 0 and
∑p

i=1 wi = 1, define the following
sequence

A(k+1)
i = A(k)

i #1−wi Gŵ(i) (A(k)
1 , . . . , A(k)

i−1, A
(k)
i+1, . . . , A

(k)
p ), i = 1, . . . , p,

(3.2)

where ŵ(i) = 1
1−wi

(w1, . . . , wi−1, wi+1, . . . , wp) is again a probability vector, and

Gw1,w2(A1, A2) = A1#w2 A2. If limk A
(k)
i exists and has the same value for every i ,

then we denote the common limit by Gw(A1, . . . , Ap) and refer to it as the weighted
mean. It is proved in [29] that this limit exists in the Thompson metric. Observe that
by choosingw = 1

p (1, 1, . . . , 1), the weighted mean coincides with the NBMPmean.
In this section, we show that the ALM mean, the NBMP mean and the weighted

mean of positive definite operators A1, . . . , Ap such that Ai = T (ai ) + Ei ∈ QT
are alsoQT matrices. In fact, we prove that the sequences {A(k)

i }k generated by (3.1)
converge to a common limit G ∈ QT with symbol g = (a1 . . . ap)

1
p and we have

limk ‖a(k)
i −g‖∞ = 0, where a(k)

i is the symbol of A(k)
i . In the case where the symbols

ai ∈ W , i = 1, . . . , p, we provide sufficient conditions under which a(k)
i converges

to g in the Wiener norm.

3.1 ALMmean

The ALM sequences {A(k)
i }∞k=0 generated by (3.1) with (s1, . . . , sp−2, sp−1) =

(1, . . . , 1, 1
2 ), converge to a common limitG in theThompsonmetric (see [31,Remarks

4.2 and 6.5 and Theorem 4.3]). This implies that limk ‖A(k)
i −G‖2 = 0 since the topol-

ogy of the Thompson metric agrees with the relative operator norm topology [41].
We will prove that if the positive definite matrices A1, . . . , Ap, p ≥ 3, belong to

QT then also the matrices A(k)
i of the ALM sequence generated by (3.1) as well as

their limit G belong to QT . Moreover, the symbol associated with the Toeplitz part
of G is the uniform limit of the symbols a(k)

i associated with the Toeplitz parts of

A(k)
i , which in turn are the functions obtained by applying the ALM construction to

the symbols ai associated with the Toeplitz parts of the matrices Ai .

Theorem 3.1 Let Ai = T (ai ) + Ei ∈ QT be positive definite, for i = 1, . . . , p, with
p ≥ 3. The matrices A(k)

i generated by (3.1) for the ALM iteration, and the ALMmean
G = G(A1, . . . , Ap) of A1, . . . , Ap, satisfy the following properties:

1. for any k ≥ 0 and for i = 1, . . . , p, there exist a(k)
i ∈ C2π and K (k)

i ∈ K(�2) such

that A(k)
i = T (a(k)

i ) + K (k)
i , that is A(k)

i ∈ QT ;
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2. there exist g ∈ C2π and KG ∈ K(�2) such that G = T (g)+KG, that is, G ∈ QT ;
3. limk ‖a(k)

i − g‖∞ = 0, limk ‖K (k)
i − KG‖2 = 0, for i = 1, . . . , p;

4. the equation a(k+1)
i = a(k)

i #s1Gs2,...,sp−1(a
(k)
1 , . . . , a(k)

i−1, a
(k)
i+1, . . . , a

(k)
p ), is satis-

fied for i = 1, . . . , p, and for any k.1

Proof It is known from [31] that the sequences {A(k)
i }∞k=0 converge toG in the Thomp-

son metric and that limk ‖A(k)
i − G‖2 = 0. We prove parts 1–4 by induction on p. If

p = 3, then

A(k+1)
1 = A(k)

1 #s1G(A(k)
2 , A(k)

3 ),

A(k+1)
2 = A(k)

2 #s1G(A(k)
3 , A(k)

1 ),

A(k+1)
3 = A(k)

3 #s1G(A(k)
1 , A(k)

2 ),

(3.3)

Recall that if A, B ∈ QT then the geometric mean G(A, B) ∈ QT , and the symbols
a, b, g associated with A, B and G(A, B), respectively, are such that g = G(a, b) in
view of Corollary 2.8.

Using an induction argument on k, we show part 1 of the theorem, i.e., A(k)
i ∈ QT

for i ∈ {1, 2, 3}. We have A(0)
i = Ai ∈ QT , and assuming A(k)

i ∈ QT , for i ∈
{1, 2, 3}, from (3.3) and Corollary 2.8, we deduce that A(k+1)

i ∈ QT , for i ∈ {1, 2, 3}.
Consequently, since limk ‖A(k)

i − G‖2 = 0, for G = G(A1, A2, A3), from Lemma
2.9 we deduce part 2, i.e., G ∈ QT and that the symbol associated with the Toeplitz
part of A(k)

i converges to g uniformly and that the compact part of A(k)
i converges to

the compact part of G in norm, i.e., part 3. Finally, since the symbol associated with
A(0)
i is ai (z), we find that the symbol associated with G(A(k)

i , A(k)
j ) is G(a(k)

i , a(k)
j )

by Corollary 2.8. Therefore, from (3.3) and Corollary 2.8 we find that a(k+1)
i =

a(k)
i #s1G(a(k)

i−1, a
(k)
i+1) with a

(k)
0 := a(k)

3 and a(k)
4 := a(k)

1 . That is, part 4.
For the inductive step on p, assume p > 3 and follow the same argument to prove

that if parts 1–4 hold for the sequence generated by (3.1) starting from p− 1 matrices
Ai ∈ QT , i = 1, . . . , p − 1, then they also hold for the sequence generated by (3.1)
starting from p matrices Ai ∈ QT , i = 1, . . . , p.

To this end, consider equation (3.1) and use induction on k to prove that A(k)
i ∈ QT

for i = 1, . . . , p. For k = 0, clearly A(0)
i = Ai ∈ QT by assumption. Con-

cerning the inductive step on k, assume that A(k)
i ∈ QT for i = 1, . . . , p,

and deduce that A(k+1)
i ∈ QT for i = 1, . . . , p. By the inductive hypothesis

on k we have A(k)
i ∈ QT so that by the inductive hypothesis on p, the matrix

Gs2,...,sp−1(A
(k)
1 , . . . , A(k)

i−1, A
(k)
i+1, . . . , A

(k)
p ) = G(A(k)

1 . . . , A(k)
i−1, A

(k)
i+1, . . . , A

(k)
p )

belongs to QT . Therefore, by Corollary 2.8 and from (3.1), the matrix A(k+1)
i is

in QT as well. That is part 1 of the theorem. Moreover, since limk ‖A(k)
i − G‖2 = 0

for G = G(A1, . . . , Ap), then from Lemma 2.9 we deduce that G ∈ QT and that the

1 Here and in the proof of the theorem, we have s1 = 1 and thus the notation could be simplified, but we
prefer to keep s1 because this makes the proof valid for the NBMP and weighted means.
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symbol associated with the Toeplitz part of A(k)
i uniformly converges to the symbol g

associated with the Toeplitz part of G, and that the compact part of A(k)
i converges to

the compact part of G in norm, i.e., parts 2 and 3 of the theorem.
Concerning part 4, we proceed by induction on p. We have already proved that

for p = 3 the property is satisfied. In order to prove the inductive step on p
we proceed by induction on k. For the initial step, i.e., for k = 0, by Corol-
lary 2.8 and by the inductive assumption on p, from (3.3) we find that, a(1)

i =
a(0)
i #s1Gs2,...,sp−1(a

(0)
1 , . . . , a(0)

i−1, a
(0)
i+1, . . . , a

(0)
p ). For the induction step on k, assume

that part 4 is satisfied for k and prove it for k + 1. By the inductive hypotheses valid
for p − 1 matrices, we know that

Gs2,...,sp−1(A
(k)
1 , . . . , A(k)

i−1, A
(k)
i+1, . . . , A

(k)
p ) ∈ QT

and that its symbol isGs2,...,sp−1(a
(k)
1 , . . . , a(k)

i−1, a
(k)
i+1, . . . , a

(k)
p ). Therefore, by Corol-

lary 2.8 and from (3.1), the symbol associated with the Toeplitz part of A(k+1)
i is

a(k+1)
i = a(k)

i #s1Gs2,...,sp−1(a
(k)
1 , . . . , a(k)

i−1, a
(k)
i+1, . . . , a

(k)
p ). �


As a consequence of the above theorem we will show that the symbol g associated

with the Toeplitz part of G is such that g(z) = (a1(z) . . . ap(z))
1
p , where the symbols

ai (z) take positive values in view of Lemma 2.5 since Ai are positive definite. In order
to prove this representation of g(z), consider the sequences a(k)

i (z) defined by the
ALM iteration, that is

a(k+1)
i = a(k)

i #s1Gs2,...,sp−1(a
(k)
1 , . . . , a(k)

i−1, a
(k)
i+1, . . . , a

(k)
p ),

a(0)
i (z) = ai (z),

(3.4)

for i = 1, . . . , p, k ≥ 0. It can be easily verified that

a(k+1)
i (z) =

( p∏

j=1, j �=i

a(k)
j (z)

) 1
p−1

, i = 1, . . . , p, k = 0, 1, . . . (3.5)

We have the following.

Lemma 3.2 Let a1(z), . . . , ap(z) be continuous nonnegative functions and let a
(k)
i , for

i = 1, . . . , p and k = 0, 1, . . ., be the sequences defined by the ALM iteration (3.4).
For k = 0, 1, . . . , we have

a(k)
i = ank−1

i

p∏

j=1, j �=i

ankj , i = 1, . . . , p,

where nk = 1
p

(
1 + (−1)k+1

(p−1)k
)
.
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Proof We proceed by induction on k. The case k = 0, follows from n0 = 0 and
n−1 = 1. For k > 0, from (3.5), we obtain for the sequences {nk}k the difference
equation (p−1)nk+1 = (p−2)nk +nk−1, with n0 = 0 and n−1 = 1, whose solution
is nk = 1

p (1 − (−(1/(p − 1))k)). �


Observe that limk nk = 1
p so that limk a

(k)
i (z) = (∏p

i=1 ai (z)
) 1
p pointwise as

expected. On the other hand, from Theorem 3.1 it follows that convergence is uniform.
We may conclude with the following.

Proposition 3.3 If Ai = T (ai ) + Ki ∈ QT , for i = 1, . . . , p, are positive definite
operators, then the symbol g(t) associated with G = G(A1, . . . , Ap) is such that

g(t) = (a1(t) · · · ap(t))
1
p .

Now, consider the case where A1, A2, . . . , Ap ∈ QT are such that their associated
symbols ai ∈ W and Ei ∈ K(�2) for i = 1, . . . , p. It is clear that the sequences
{A(k)

i } generated by the ALM iteration converge to a matrix G ∈ QT with symbol

g = (a1 · · · ap)
1
p . Since W is a Banach algebra, we have g = (a1 · · · ap)

1
p ∈ W .

Concerning the convergence of the symbols {a(k)
i } of the sequences {A(k)

i }, we know
that limk ‖a(k)

i − g‖∞ = 0, but uniform convergence does not imply that limk ‖a(k)
i −

g‖W = 0 (see [25, p. 34]).

Nowwe show that under some regularity conditions, the sequences {a(k)
i }k converge

to g in Wiener norm, i.e., limk ‖a(k)
i − g‖W = 0.

Proposition 3.4 Let a1, . . . , ap ∈ C2π be the symbols of the positive definite matrices

A1, . . . , Ap ∈ QT , and let a(k)
i , for i = 1, . . . , p and k = 0, 1, 2, . . . , be the sequence

obtained by the ALM iteration (3.4). If one of the conditions

(a) ai ∈ C0,α
2π , with α ∈ ( 12 , 1];

(b) ai ∈ C0,α
2π , with α ∈ (0, 1] and of bounded variation;

(c) ai absolutely continuous and with derivative in L2
2π ;

for i = 1, . . . , p, is fulfilled, then a(k)
i ∈ W , (a1 · · · ap)

1
p ∈ W and a(k)

i →W

(a1 · · · ap)
1
p .

Proof Observe that, in all three cases, Proposition 2.10 implies that a1, . . . , ap ∈ W ,

so that a(k)
i , a

1
p
i and (a1 · · · ap)

1
p belong toW by Proposition 2.11. To show a(k)

i →W

(a1 · · · ap)
1
p , we can see fromLemmas 2.1 and 3.2 that it suffices to show anki →W a

1
p
i ,

where nk is defined in Lemma 3.2 and limk nk = 1
p .

With the notation of Lemma 3.2, we have anki − a
1
p
i = fk ◦ ai , where

fk(x) := xnk − x
1
p = xnk (1 − x (−1/(p−1))k )
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is a sequence of analytic functions on (0,∞). Observe that ai , for i = 1, . . . , p,
is a strictly positive function by Lemma 2.5, let I be the set of the range of ai ,
then I ⊂ (0,∞) is a closed interval and the sequences { fk}k and { f ′

k}k converge to 0
uniformly on I by [26, Theorem 1.2]. We show that ‖anki −a

1
p
i ‖W = ‖ fk ◦ai‖W → 0

under the three cases.
In case (a), we can use Lemma 2.12 and Proposition 2.10 again to get

‖ fk ◦ ai‖W ≤ γa‖ fk ◦ ai‖C0,α ≤ γaγ (‖ fk‖∞,I + ‖ f ′
k‖∞,I) → 0.

In case (b), by Lemmas 12 and 14, fk ◦ ai ∈ C0,α
2π and is of bounded variation with

V ( fk ◦ ai ) ≤ ‖ f ′
k‖∞,IV (ai ) → 0.

Set ( fk ◦ai )(t) := hk(t) = ∑
j∈Z h(k)

j ei j t , then ‖hk‖∞ = ‖ fk‖∞,I → 0. Observe

that |h(k)
0 | ≤ 1

2π

∫ 2π
0 |hk(t)|dt ≤ ‖hk‖∞ so that h(k)

0 → 0 as k → ∞.
Together with Proposition 2.10 and (2.5), it yields

‖ fk ◦ ai‖W ≤ γb

(
|h(k)

0 | + V ( fk ◦ ai )
1
2

∞∑

v=1

(π2−v)
α
2

)
→ 0.

In case (c), we use part (i) of Lemma 2.14 and (2.6) to get

‖ fk ◦ ai‖W ≤ γc(‖ fk ◦ ai‖L1 + ‖( fk ◦ ai )
′‖L2)

≤ γc(‖ fk‖∞,I + ‖ f ′
k‖∞,I‖a′

i‖L2) → 0.

�


3.2 NBMPmean and weightedmean

The analysis performed in the previous section can be repeated here for the NBMP
mean. In fact, since the p sequences {A(k)

i }k=1,2,..., i = 1, . . . , p, generated by (3.1) for
the NBMP iteration converge to a common limit G in the Thompson metric [31], they
converge in the operator norm. Following an analysis similar to the one of Sect. 3.1,
one can see that the NBMP mean of positive definite QT matrices is a QT matrix.
Moreover, since the NBMP construction applied to scalars converges in just one step,
we have that for the symbols a(k)

i obtained this way it holds that a(k)
i (z) = g(z) for

k ≥ 1, i = 1, . . . , p. Wemay conclude with the following results which can be proved
by adapting the proof of Theorem 3.1.

Theorem 3.5 Let Ai = T (ai ) + Ei ∈ QT , for i = 1, . . . , p, p ≥ 3, be positive
definite. Then the matrices A(k)

i generated by (3.1) for the NBMP iteration, and the
NBMP mean G = G(A1, . . . , Ap) of A1, . . . , Ap, satisfy the following properties:

1. A(k)
i = T (g)+K (k)

i ∈ QT , i = 1, . . . , p, for any k ≥ 1, where g = (a1 · · · ap)
1
p ;

2. G = T (g) + KG ∈ QT ;
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3. limk ‖K (k)
i − KG‖2 = 0, for i = 1, . . . , p.

A similar argument can be used for the weighted mean: the p sequences
{A(k)

i }k=1,2,..., i = 1, . . . , p, generated by (3.2) converge to their limit G in the
Thompson metric [29], and thus then they converge in the operator norm, and
as before, the weighted mean of positive definite QT matrices is a QT matrix.
The symbols a(k)

i obtained with this procedure are such that, for k > 1, we have

a(k+1)
i (z) = a(k)

i #1−wi Gŵ(i) (a(k)
1 , . . . , a(k)

i−1, a
(k)
i+1, . . . , a

(k)
p ) for i = 1, . . . , p. We can

show that a(k)
i = aw1

1 aw2
2 · · · awp

p = Gw(a1, . . . , ap) for k ≥ 1 and get the following
results which can be proved again by adjusting the proof of Theorem 3.1.

Theorem 3.6 Let Ai = T (ai ) + Ei ∈ QT , for i = 1, . . . , p, p ≥ 3, be positive
definite. Let w = (wi ) ∈ R

p be a probability vector, and A(k)
i be the matrix sequences

generated by (3.2) for the weighted iteration. Finally, let G = Gw(A1, . . . , Ap) be
the weighted mean of A1, . . . , Ap. Then we have

1. A(k)
i = T (g) + K (k)

i ∈ QT , i = 1, . . . , p, for any k ≥ 1, where g =
aw1
1 aw2

2 · · · awp
p ;

2. G = T (g) + KG ∈ QT ;
3. limk ‖K (k)

i − KG‖2 = 0, for i = 1, . . . , p.

4 Numerical and computational issues

In this section we discuss some issues concerning the effective numerical computation
of the geometric mean of A1, . . . , Ap ∈ QT . We rely on the CQT-Toolbox [10] for
computations in the QT algebra but in order to compute geometric means, we need
to compute some fundamental functions of QT matrices, namely, the pth root and
in particular the square root, that we will discuss in the following. In this section,
without loss of generality, we assume that the matrix A = T (a) + EA ∈ QT is
such that 0 ≤ a(z) ≤ 1. This condition is satisfied in particular if A is positive and
‖A‖2 ≤ 1 since ‖a(z)‖∞ = ‖T (a)‖2 ≤ ‖A‖2.

4.1 Square root

The square root has been implemented in [10] in two different ways relying on the
Denman and Beavers algorithm, and on the Cyclic Reduction (CR) algorithm, respec-
tively. While the two algorithms are equivalent to Newton’s method for a matrix A
when the initial value commutes with A, in finite arithmetic their behavior differs (see
[16, Section 6.3]). In our numerical tests, the CR algorithm provided better numerical
results and thus it appears to be better suited for QT matrices.

The CR algorithm for the square root is defined as follows

Yk+1 = −Yk S
−1
k Yk, Y0 = I − A,

Sk+1 = Sk + 2Yk+1, S0 = 2(I + A),
(4.1)

123



BIT Numerical Mathematics (2023) 63: :20 Page 21 of 30 20

where we assume that all the matrices Sk are invertible. In the finite dimensional case
it follows that limk

1
4 Sk = A

1
2 , limk Yk = 0, where convergence holds in any operator

norm.
The sequences obtained by the CR algorithm are related to the sequences obtained

by the simplified Newton method

Xk+1 = 1

2
(Xk + AX−1

k ), X0 = 1

2
(I + A). (4.2)

Indeed, Sk = 4Xk and Yk = 2(Xk − Xk−1), with X−1 = A (see [18]).
We define the sequence {xk(x)}k of rational functions of the variable x , by means

of xk+1(x) = 1
2 (xk(x)+xx−1

k (x)), for k = 0, 1, . . ., with x0(x) = 1
2 (1+x). Since the

sequence xk(x) is obtained by applying the Newton method to the equation z2 = x ,
customary arguments show that for x ∈ [0, 1] the sequence {xk(x)}k=0,1,... is well-
defined and monotonically decreasing to

√
x . In view of Dini’s theorem we may

conclude that convergence is uniform on [0, 1].
From the identity Xk = xk(A) we deduce the following.

Corollary 4.1 Let A = T (a) + K ∈ QT be self-adjoint and such that a is real valued
and vT Av ≥ 0 for any v ∈ �2, ‖v‖ = 1. Then the sequences Sk and Yk generated by

(4.1) are such that limk ‖Yk‖2 = 0, limk ‖Sk − 4A
1
2 ‖2 = 0.

Proof By scaling A, we can assume that vT Av ≤ 1. The spectrum sp(A) of A is a
compact set contained in [0, 1], in fact it is contained in the closure of the numerical
range {vT Av : vT v = 1} and this closure is contained in [0, 1]. Let {Xk}k be the
sequence obtained by (4.2) and xk(x) the corresponding scalar sequence. The function
ϕk(x) := xk(x) − √

x is continuous in [0, 1] and by Lemma 2.2 we have

‖Xk − A
1
2 ‖2 = ‖ϕk(Xk)‖2 = ‖ϕk(x)‖∞,sp(A).

Since sp(A) ⊂ [0, 1], the latter tends to zero and we have that limk ‖Xk − A
1
2 ‖2 = 0

and using Sk = 4Xk and Yk = 2(Xk − Xk−1) we complete the proof. �

From the above results it follows that the symbols associated with the matrices

in (4.1) uniformly converge to the symbols of their limit. Moreover the compact
corrections associated with these matrix sequences converge in the B(�2) norm to the
compact corrections of their limit.

A better convergence of the symbols can be obtained under the assumption of more
regularity of a(z) in view of Propositions 2.10 and 2.11.

4.2 pth root

It iswell known that if A is ann×nHermitianmatrix,wheren is finite,with eigenvalues
in [0, 1] then the sequence generated by Newton’s iteration Yk+1 = 1

p Yk((p − 1)I +
Y−p
k A),Y0 = I , is such that limk Yk = A

1
p [16].However, this iterationmay encounter
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stability problems when implemented in floating point arithmetic. A stable version is
based on the following iteration

Yk+1 = Yk(
(p−1)I+Mk

p ), Y0 = I ,

Mk+1 = (
(p−1)I+Mk

p )−pMk, M0 = A.
(4.3)

We prove that the iteration (4.3) applied to aQT matrix converges in norm. To this end
we follow the same approach used for the square root. More precisely, we introduce
the functional sequences

yk+1(x) = yk(x)(
p−1+mk (x)

p ), y0(x) = 1,

mk+1(x) = (
p−1+mk (x)

p )−pmk(x), m0(x) = x .
(4.4)

so that we have Yk = yk(A), Mk = mk(A). Now we prove the following result.

Proposition 4.2 For any x ∈ [0, 1], for the sequences (4.4) we have
1. 0 ≤ mk(x) ≤ mk+1(x) ≤ 1,

2. x
1
p ≤ yk+1(x) ≤ yk(x),

3. limk ‖mk − 1‖∞ = 0, limk ‖yk − x
1
p ‖∞ = 0,

where inequalities are strict if x �= 0, 1.

Proof Concerning Part 1, we prove by induction that 0 ≤ mk(x) ≤ 1. Clearly, since
m0(x) = x we have 0 ≤ m0(x) ≤ 1. For the inductive step, we observe that the
function f (t) = t( p−1+t

p )−p such that mk+1(x) = f (mk(x)), maps monotonically
the interval [0, 1] into itself, so that 0 ≤ mk(x) ≤ 1 implies 0 ≤ mk+1(x) ≤ 1.
Similarly, for the inequality mk(x) ≤ mk+1(x) we have m0(x) ≤ m1(x) and the
monotonicity of f (t) implies by induction that mk(x) ≤ mk+1(x). Part 2 follows
since (

p−1+mk (x)
p ) < 1 under the assumption 0 ≤ mk(x) ≤ 1, and we know that the

limit of the sequence is x
1
p . Finally, Part 3 is proved by applying Dini’s theorem. �


From the identities Yk = yk(A) and Mk = mk(A) we deduce the following.

Corollary 4.3 Let A = T (a)+EA ∈ QT be self-adjoint and such that a is real valued
and vT Av ≥ 0 for any v ∈ �2, v �= 0. Then the sequences Yk and Mk generated by

(4.3) are such that limk ‖Mk − I‖2 = 0, limk ‖Yk − A
1
p ‖2 = 0.

As in the square root case, the symbols associated with the matrices in (4.3) uni-
formly converge to the symbols of their limit and the compact corrections associated
with these matrix sequences converge in the B(�2) norm to the compact corrections
of their limit.

Remark 4.4 Note that the proofs of Corollaries 4.1 and 4.3 rely uniquely on the fact
that the spectrum of a self-adjoint operator is contained in the closure of the numerical
range and thus they can be stated on the milder hypothesis that A is a self-adjoint
operator in B(�2).
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4.3 Computing the symbol g(z)

Observe that both the symbol of the ALM mean and the NBMP mean is g(z) =
(a1(z) . . . ap(z))

1
p . The application of the iterations of Sect. 3 in the arithmetic of quasi-

Toeplitz matrices, provides as a result both the values of g(z) and of the correction K
such that G = T (g) + K is the sought geometric mean. However, if only the symbol
part of G is needed, then it might be more convenient to compute the coefficients of
g(z) by means of the evaluation/interpolation technique.

In this section, when the symbols are such that ai ∈ W , i = 1, . . . , p, based on the
evaluation/interpolation at the roots of unity, we provide an algorithm for computing
the approximation g̃ j , j = −n+1, . . . , n, to the Fourier coefficients g j of the symbol

g(z) = (a1(z) · · · ap(z))
1
p .

Let n > 0 be an integer, setm = 2n and letwm = cos 2π
m + i sin 2π

m be the principal
mth root of 1. There is always a unique Laurent polynomial g̃(z) = ∑n

−n+1 g̃ j z j such
that g(w�

m) = g̃(w�
m), that is, g̃(z) interpolates g(z) at w�

m , � = −n + 1, . . . , n.
The computation of the approximation g̃ j , j = −n + 1, . . . , n, to the coefficients

g j of g(z) can proceed by first selecting a positive integer n and evaluating g(w�
m),

� = −n+1, . . . , n; and then interpolating g(z) atw�
m , � = −n+1, . . . , n, bymeans of

the FFT, obtaining the coefficients g̃ j of g̃(z) = ∑n
j=−n+1 g̃ j z j . We stop the process

if g̃(z) is close enough to g(z), otherwise we continue this process by doubling the
value of n.

Concerning the accuracy of the approximation, we recall the following result from
[9, Theorem 3.8]

g̃i = gi +
∞∑

k=1

(gi+kn + gi−kn). (4.5)

If g ∈ W then limn
∑

| j |≥n |g j | = 0 so that, for a given ε > 0 there exists a sufficiently
large n such that

∑
| j |≥n |g j | ≤ ε. Thus, from (4.5)we deduce that |̃gi−gi | ≤ ε. Under

additional assumptions on g(t), a guaranteedway for determining n such that the above
bound is satisfied, canbe easily determined (see [9, p. 57] for further details). In general,
we may adopt the following heuristic criterion, to halt the evaluation/interpolation
procedure (see also [39]) where the iteration is terminated if

∑

| j |>� n
2 �

|̃g j | <

n∑

j=−n+1

|̃g j | · ε. (4.6)

We summarize the procedure for computing the coefficients g̃ j , j = −n+1, . . . , n,
as Algorithm 1. The overall computational cost of this algorithm is O(n log n) arith-
metic operations.

Observe that if ai > 0 for i = 1, . . . , p, has only real coefficients, then ai (w�
m) =

ai (w−�
m ) for � = −n + 1, . . . , n and i = 1, . . . , p, then Step 2 of Algorithm 1

can proceed by computing ai (w�
m) for � = 0, . . . , n and setting r� = r−� for � =

−1, . . . ,−n + 1.
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Algorithm 1 Approximation of g(z)
Require: The coefficients of ai (z), i = 1, . . . , p, and a tolerance ε > 0.
Ensure: Approximations g̃ j , j = −n+1, . . . , n, to the coefficients g j of g(z) such that

∑
| j |>� n2 � |̃g j | <

∑n
j=−n+1 |̃g j | · ε.

1: Set n = 4, m = 2n and wm = cos 2π
m + i sin 2π

m . Evaluate ai (z) at z = w�
m for � = −n + 1, . . . , n and

for i = 1, . . . , p;
2: For � = −n + 1, . . . , n, compute the pth root r� of (a1(z) · · · ap(z)) at z = w�

m ;
3: Interpolate the values r�, � = −n + 1, . . . , n, by means of FFT and obtain the coefficients g̃i of the

Laurent polynomial g̃(z) = ∑n
j=−n+1 g̃ j z

j such that g(w�
m ) = g̃(w�

m ), � = −n + 1, . . . , n;

4: Compute δm = ∑
| j |>� n2 � |̃g j | and κm = |̃g0| + ∑n

j=−n+1 |̃g j |;
5: If δm < κmε then exit, else set n = 2n and compute from Step 2.

5 Geometric means of finiteQT matrices

The representation and the arithmetic for QT matrices, up to a certain extent, can be
adapted for handling finite dimensional matrices. Accordingly, we show that iteration
(3.1) for computing the mean G can be applied to finite dimensional matrices that can
be written as a sum of a Toeplitz matrix and a low-rank matrix correction.

Given a symbol a(z) and m ∈ Z
+, we denote by Tm(a), Hm(a−) and Hm(a+) the

m × m leading principal submatrices of T (a), H(a−) and H(a+), respectively. The
following theorem can be seen a finite dimensional version of Proposition 2.3, which
implies that our algorithms for geometric means of QT matrices can be applied also
for finite size matrices.

Proposition 5.1 [43] If a, b ∈ L∞, then

Tm(a)Tm(b) = Tm(ab) − Hm(a−)Hm(b+) − J Hm(a+)Hm(b−)J ,

where J is the m×m flip matrix having ones on the anti-diagonal and zeros elsewhere.

If we focus on finite size Toeplitz matrices, whose symbols are Laurent polynomials
of the kind

∑r
j=−r a j z j , where the degree r is small compared to the matrix size m,

say, r ≤ m/4, then Proposition 5.1 shows that the product of matrices of this kind
can be represented as the sum of a finite Toeplitz matrix and two low-rank matrix
corrections with nonzero entries (the support of the correction) located in the upper
leftmost and in the lower rightmost corners, respectively. Observe also that if the
matrices are Hermitian, then a− = a+ and b− = b+ so that the compact correction
obtained in the infinite case provides both the corrections in the upper leftmost and
the lower rightmost corner.

A similar property holds if the matrices can be written as the sum of a band Toeplitz
matrix associated with a Laurent polynomial of degree at most r , and a correction with
support located in the two opposite corners, provided that the values of r and of the size
s of the support are suitably smaller than m, say, r , s ≤ m/4. Moreover, comparing
Proposition 5.1 with Proposition 2.3 one can see that the Toeplitz part Tm(ab) and the
correction Hm(a−)Hm(b+) coincide with the m × m leading principal submatrices
of the infinite matrices T (ab) and H(a−)H(b+), respectively, so that the infinite
QT arithmetic provides the corresponding result of the finite QT arithmetic. This
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property holds even in the case where there is an overlap of the supports in the two
corners of the corrections, or if the bandwidth r takes large values. In this situation,
the implementation of the arithmetic is still possible [10], but it is not efficient from
the computational point of view.

This allows us to implement the computation of the sequences A(k)
i of m × m

matrices generated by (3.1) relying on the computation of their infinite counterparts.
This implementation leads to an effective computation if the numerical degree of the
symbols as well as the size (the maximum between rows and columns) of the supports
of the corrections of the matrices A(k)

i remain bounded from above by a constant
smaller than or equal to m/4.

6 Numerical experiments

In order to apply the theoretical results of the previous sections, we show by some
tests the effectiveness of computing the ALM and the NBMP means of three matrices
A1, A2, A3 ∈ QT , and the convenience of computing the associated symbol g with
the evaluation/interpolation method.

The algorithms of Sect. 4 have been implemented in MATLAB by following the
lines of the corresponding implementations for finite positive definite matrices of the
Matrix Means Toolbox (http://bezout.dm.unipi.it/software/mmtoolbox/). They rely
on the package CQT-Toolbox of [10] for the storage and arithmetic of QT matrices.
The software can be provided by the authors upon request.

The tests have been run on a cluster with 128GB of RAM and 24 cores. The internal
precision of the CQT toolbox has been set to threshold = 1.e-15, while the
value of ε = 10 ∗ threshold = 1.e − 14 has been used to truncate the values
of the symbol and of the correction. That is, only the values gi , i = 0, . . . , k are
computed, where k is such that |g j | ≤ ε‖g‖∞ for j > k. Similarly, for the correction
EG , written in the form EG = UV T , whereU and V are thin matrices, we computed
only the values ui, j , i = 1, . . . ,m and vi, j , i = 1, . . . , n, where m, n are such that
|ui, j | < εmaxi |ui, j | for any i > m and j and |vi, j | < εmaxi |vi, j | for any i > n
and j , respectively.

The test examples have been constructed by relying on trigonometric symbols in
the class f (t) = f0 + 2 f1 cos(t)+ 2 f2 cos(2t), for different values of the coefficients
f0, f1, f2. A Toeplitz matrix associated with a symbol of this type turns out to be
pentadiagonal.

With the choices of ( f0, f1, f2) in the set {(2, 1, 0), (3, 2, 1), (9, 4, 4)}, the symbol
f (t) takes values in the intervals [0, 4], [0, 9], [0, 25], respectively, and 0 belongs to
the image of the symbol in all three cases. By perturbing the value of f0 into f0 + ϑ

where ϑ > 0, we are able to tune the ratio maxt f (t)/mint f (t) which for finite
matrices is related to the condition number of the associated Toeplitz matrix. More
specifically, with the choices ϑ = 1, 0.1, 0.01 we have three sets of matrices with
increasing condition numbers.

In Table 1, for each value of ϑ we report the numerical length of the symbol
g(z) together with the CPU time needed by the evaluation/interpolation technique
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Table 1 Length of the symbol,
number of interpolation points
and CPU time in seconds for
computing the coefficients of
g(z)

ϑ Length n CPU

1 110 512 1.7 · 10−4

0.1 317 2048 4.2 · 10−4

0.01 926 4096 6.3 · 10−4

Table 2 Number of iterations, CPU time in seconds, size and rank of the correction in the computation of
the ALM and the NBMP mean

ALM NBMP

ϑ iter CPU Size Rank iter CPU Size Rank

1 43 2.5 · 101 95 17 3 4.5 · 100 108 16

0.1 43 1.2 · 102 290 30 3 3.2 · 101 345 28

0.01 43 1.8 · 103 1220 44 3 9.4 · 102 2506 46

to compute the coefficients of g(z). The CPU time needed for this computation is
quite negligible and the numerical length of the symbol, as well as the number of
interpolationpoints, growas the ratiomint g(t)/maxt g(t)gets closer to 0, as expected.

In Table 2, for each value of ϑ we report the number of iterations and the CPU time
needed to compute the ALMmean GALM and the NBMPmean GNBMP, together with
the numerical size and the numerical rank of the compact correction.

We may observe that the NBMP iteration arrives at numerical convergence in just
3 steps, while the ALM iteration requires 43 steps independently of the condition
number of the matrices. This fact reflects the different aysmptotic convergence order
of the two iterations for finite size matrices: while the ALM converges linearly, the
NBMP converges cubically [11].

As for the symbol, the size and the rank of the correction grows when the matrices
to be averaged get more ill conditioned. For this computation, the CPU time needed is
much larger than the time needed to compute just the symbol g(t). A closer analysis,
performed by using the MATLAB profiler, shows that the most part of time is spent
to perform compression operations in the CQT-Toolbox. By compressing a matrix E
with respect to a threshold value ε, we mean to find a matrix Ẽ of the lowest rank such
that ‖E − Ẽ‖ ≤ ε.

In order to give an idea of the structure of the geometric mean, for ϑ = 1, in Fig. 1
we show in logarithmic scale the graph of the symbol g(t), i.e., the plot of the pairs
( j, log10 |g j |) for j ≥ 0, and of the compact corrections E = (ei, j ), i.e., the plot of the
triples (i, j, log10 |ei, j |) forGALM.While in Fig. 2we show the graph of the correction
of GNBMP together with the modulus of componentwise difference GALM − GNBMP.

Wemay see that the geometric mean, even though is an infinite dimensional matrix,
can be effectively approximated by afinite number of parameters once it is decomposed
into its Toeplitz part and its compact correction. From the graphs in Figs. 1 and 2 we
may appreciate some rounding errors in the compact corrections. For the ALMmean,
errors are located in the components of modulus less than 10−20, while for the NBMP
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Fig. 1 Absolute value of the symbol and of the correction of the ALM mean in log scale

Fig. 2 Absolute value of the symbol of the NBMP mean (left) and of the difference between the ALM and
the NBMP mean (right) in log scale

Table 3 CPU time in seconds,
needed to compute the ALM and
the NBMP means in the case of
finite matrices whose size is 3
times the size of the
corresponding compact
correction. For comparison, the
CPU time needed in the infinite
case is written between bracket

ϑ ALM NBMP

1 1.3 · 101 [2.5 · 101] 2.5 · 100 [4.5 · 100]
0.1 1.2 · 102 [1.2 · 102] 3.2 · 101 [3.2 · 101]
0.01 5.5 · 103 [1.8 · 103] 9.1 · 103 [9.4 · 102]

mean the affected components have modulus less than 10−18 along an edge of the
domain.

Since the ALM and the NBMP means differ only in the compact correction, an
interesting remark is that this difference has values of modulus less than 10−5, see
Fig. 2. This reflects also in the infinite dimensional case, the relatively small difference
that has been usually observed between the two mean in the finite dimensional case
[5].

Finally, we have compared the CPU time needed by the ALM and NBMP iterations
applied toQT matrices and to their finite truncation to size n. The value of n is chosen
equal to 3 times the size of the compact correction. This choice is motivated by the
goal to keep well separated the compact correction in the top leftmost corner from
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that in the bottom rightmost corner of the finite size matrix. The CPU time is reported
in Table 3. Observe that, while in the case ϑ = 1 of well conditioned matrices, the
application of the ALM and NBMP iterations is faster for finite size matrices than for
QT matrices, in the slightly more ill conditioned cases the time needed for finite size
matrices gets larger than the time taken for QT matrices. In particular, for ϑ = 0.01
the speed-up reached by the computation based on the quasi-Toeplitz technology is
roughly 3 for the ALM mean and 9.7 for the NBMP mean.

7 Conclusions and open problems

Some commondefinitions of geometricmeans of positive definitematrices, namely the
ALM, NBMP and weighted mean, have been extended to the case of infinite matrices
which are the sum of a Toeplitz matrix, associated with a continuous symbol, and a
compact correction. We have shown that these means still keep the same structure
of the input matrices, i.e., they can be written as the sum of a Toeplitz matrix and
a compact correction. Moreover, the symbol associated with the Toeplitz part of the
mean is the mean of the symbols associated with the averaged matrices. We have
given, moreover, conditions under which the geometric mean belongs to B(�∞) and
under which the ALM sequence of the symbols converges in Wiener norm.

Numerical computations show that theALMand theNBMPmeans canbe computed
also for infinite matrices in theQT class and that these means can be represented with
good precision in terms of a finite number of parameters. Perhaps surprising, these
ideas can be useful also when computing means of finite matrices.

An open issue,whichwewould like to investigate further, is exploiting the availabil-
ity of the symbol g(t) of the geometric mean G in order to accelerate the computation
of the compact correction. In fact, even though g(t) can be computed separately at a
much lower cost, our current implementations of the ALM and NBMP iterations do
not take advantage of the availability of g(t) and compute simultaneously approxi-
mation to the symbol and to the compact correction of the mean. Moreover, the large
CPU time needed for computing the correction is mainly spent for low-rank approxi-
mations of large matrices. We believe that this part can be much improved by means
of randomized techniques both for the task of computing general matrix functions and
for computing the geometric mean.
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