BIT Numerical Mathematics (2021) 61:829-857
https://doi.org/10.1007/s10543-021-00852-5 BIT

®

Check for
updates

Strong approximation of time-changed stochastic
differential equations involving drifts with random and
non-random integrators

Sixian Jin'® - Kei Kobayashi'

Received: 24 June 2020 / Accepted: 4 February 2021 / Published online: 19 March 2021
© The Author(s), under exclusive licence to Springer Nature B.V. 2021

Abstract

The rates of strong convergence for various approximation schemes are investigated
for a class of stochastic differential equations (SDEs) which involve a random time
change given by an inverse subordinator. SDEs to be considered are unique in two
different aspects: (i) they contain two drift terms, one driven by the random time
change and the other driven by a regular, non-random time variable; (ii) the standard
Lipschitz assumption is replaced by that with a time-varying Lipschitz bound. The
difficulty imposed by the first aspect is overcome via an approach that is significantly
different from a well-known method based on the so-called duality principle. On the
other hand, the second aspect requires the establishment of a criterion for the existence
of exponential moments of functions of the random time change.

Keywords Stochastic differential equation - Numerical approximation - Rate of
convergence - Inverse subordinator - Random time change - Time-changed Brownian

motion

Mathematics Subject Classification 65C30 - 60H10

1 Introduction

Let B = (B;);>0 be a standard Brownian motion and £ = (E;);>0 be a stochas-
tic process defined by the inverse of a stable subordinator D = (D;);>0 withindex

Communicated by David Cohen.

Kei Kobayashi’s research was partially supported by a Faculty Fellowship at Fordham University.

B Kei Kobayashi
kkobayashi5 @fordham.edu

Sixian Jin

sjin27 @fordham.edu

1 Department of Mathematics, Fordham University, 113 West 60th Street, New York, NY 10023, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10543-021-00852-5&domain=pdf
https://orcid.org/0000-0002-6938-4079
http://orcid.org/0000-0002-4913-7185

830 S.Jin, K. Kobayashi

B € (0, 1), independent of B. The composition process B o E = (BE,);>0, called a
time-changed Brownian motion, and its various generalizations have been widely used
to model “subdiffusions” arising in many different areas of science; see e.g. Chapter
1 of [27]. There are a number of characteristics of the time-changed Brownian motion
which make it fundamentally different from the regular Brownian motion. For exam-
ple, B o E is non-Markovian and its variance is I[-E[B2 1 = cr? for some ¢ > 0, which
shows that in large time scales particles represented by B o E diffuse more slowly
than the regular Brownian particles. Moreover, each of these subdiffusive particles
frequently gets trapped and becomes immobile for some time. Further, the densities of
B o E satisfy the time-fractional heat equation 8,’S u(t,x) = (1/2)Au(t, x), where 8,’3
denotes the Caputo fractional derivative of order 8. Various extensions of B o E and
their associated fractional order partial differential equations have been investigated,
including time-changed fractional Brownian motions (see [5,6,18]).
This paper investigates stochastic differential equations (SDEs) of the form

dX; - H(Et, Xt)dt + F(Et, Xt) dEt + G(Et, Xt)dBE[ Wlth XO = X0. (11)

One of the main difficulties of handing this SDE is the simultaneous presence of the
two drift coefficients H and F, with the former driven by the regular, non-random
time variable and the latter driven by the random time change. Detailed analysis of
the “time-changed SDE” (1.1) with Lévy noise terms added first appeared in [13],
and since then, the time-changed SDE (1.1) and its extensions have drawn more and
more attention. For example, Nane and Ni [21,22] and Wu [28] established stability
in various senses of solutions of time-changed SDEs; to overcome the difficulty of the
simultaneous presence of the two drifts, they utilized extensions of the time-changed
1t6 formula derived in [13]. On the other hand, the main contribution of this paper
is to establish the rates of convergence for numerical approximation schemes for the
time-changed SDE (1.1) with H(E;, X;) = H(E;), which is extremely important
both theoretically and practically.

Let us suppose for the moment that H = 0. Then the time-changed SDE can be
effectively analyzed via the so-called duality principle in Theorem 4.2 of [13], which
connects (1.1) with H = 0 with the classical It6 SDE

dY, = F(t,Y,)dt + G(t, Y,) dB, with Yy = xo (1.2)

in the following manner: if Y; solves (1.2), then X; := Y, solves (1.1), while if
X; solves (1.1), then ¥; := Xp, solves (1.2), where D is the original subordinator.
Indeed, Hahn et al. [7] employed this one-to-one correspondence to establish a time-
fractional pseudo-differential equation associated with a time-changed SDE involving
jumps. The duality principle was also used in [10] to discuss Euler—Maruyama-type
approximation for SDE (1.1) with H = 0 under the standard Lipschitz assumption on
the coefficients. The same approach was also employed in the more recent paper [3]
for semi-implicit Euler-Maruyama-type approximation for SDEs with superlinearly
growing coefficients.

Letus now assume H # 0. This paper derives extensions of the strong convergence
result in [10] while investigating the following non-trivial question:
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(A) If H # 0 and the coefficients F, G and H satisfy the Lipschitz assumption with a
time-varying Lipschitz bound (as in Assumption 7 in Sect. 3), can we still obtain
a convergence result similar to the one derived in [10]?

Let us emphasize that the duality principle becomes powerless in the simultaneous
presence of the two drifts H and F, even with the standard Lipschitz assumption. This
is because the corresponding classical SDE (1.2) would involve a term driven by D,
and hence, Y would depend on E, making the discussions provided in the above-cited
papers [3,7,10] no longer valid.

To overcome the difficulty, this paper utilizes a Gronwall-type inequality with a
stochastic driver to control the moments of the error processes, which is intrinsically
different from the approach taken in the above-mentioned papers [21,22,28] in han-
dling the simultaneous presence of the two drifts. Our method builds upon and extends
the ideas presented in [9] in dealing with a different type of time-changed SDEs of the
formdX; = F(t, X;)dE; + G(t, X;) dBE,. However, to answer Question (A) on the
time-changed SDE (1.1), we must appropriately modify that approach in order to deal
with (i) the simultaneous presence of the two drifts H and F and (ii) the generalized
Lipschitz assumption. To handle (ii), we derive a useful criterion for the existence of
the exponential moments of functions of E; in Theorem 2.1. The criterion generalizes
Theorem 1 of [9] and may be of independent interest to some readers.

We further investigate the following question:

(B) Can we improve the rate of convergence for the time-changed SDE (1.1) using an
It6-Taylor-type approximation scheme?

Even though we give a positive answer to this question only in the one-dimensional
case and under the assumption that H = 0, it is still a non-trivial generalization of
the result established in [10]. Indeed, Remark 3.2(4) of [10] points out that a simple
modification of their argument by using the duality principle together with the It6—
Taylor scheme would not lead to any improvement of the rate of convergence. It turns
out that the approach taken for Question (A), which completely avoids the use of the
duality principle, enables us to tackle Question (B) effectively.

The rest of the paper is organized as follows. Section 2 defines the wide class of
random time changes to be considered in this paper and derives criteria for the exis-
tence and non-existence of various moments of the time changes. Section 3 discusses
the meaning of the time-changed SDE (1.1) and derives sufficient conditions for the
existence of moments of the SDE solution. Using these results, Sects. 4 and 5 estab-
lish the main theorems which answer Questions (A) and (B). Section 6 is devoted to
numerical examples which verify the statements derived in Sect. 4.

2 Inverse subordinators and their moments

Throughout the paper, (§2, F,P) denotes a complete probability space, [E denotes
the expectation under PP, and all stochastic processes are defined on (£2, F, P). Let
D = (D;);>0 be a subordinator starting at O with Laplace exponent ¢ with killing
rate 0, drift 0, and Lévy measure v; i.e. D is a one-dimensional nondecreasing Lévy
process with cadlag paths starting at 0 with Laplace transform E[e*P1] = ¢7/V(),
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Fig.1 Sample paths of a 0.9-stable subordinator D and the corresponding inverse E

where Y (s) = fooo(l — e ) v(dy) with the condition fooo(y A v(dy) < oo.
We focus on the case when the Lévy measure v is infinite (i.e. v(0, 00) = 00). Let
E = (E;);>0 be the inverse (or hitting time process) of D defined by

E, . =inf{u >0; D, >t}, t >0.

We call E an inverse subordinator. If the subordinator D is stable withindex 8 € (0, 1),
then ¥/ (s) = s# and E is called an inverse B-stable subordinator. The assumption that
v(0, 00) = oo implies that D has strictly increasing paths with infinitely many jumps
(see e.g. [25]), and therefore, E has continuous, nondecreasing paths starting at 0.
Also, the inverse relation between D and E implies {E; > x} = {D, < t} for all
t, x > 0;seeFig. 1. Note that the jumps of D correspond to the (random) time intervals
on which E is constant, and during those constant periods, any time-changed process
of the form X o E = (Xg,);>0 also remains constant. If B is a standard Brownian
motion independent of D, we can regard particles represented by the time-changed
Brownian motion B o E as being trapped and immobile during the constant periods;
see Fig. 2. Note that even though B o D is a Lévy process, B o E is not even a Markov
process (see [19,20]).

To describe the wide class of inverse subordinators E to be discussed in this paper, let
us introduce the notion of regularly varying and slowly varying functions. A function
f 1 (0,00) — (0, 00) is said to be regularly varying at oo with index p € R if
limg_, o0 f(cs)/ f(s) = c? for any ¢ > 0. Let RV, (00) denote the class of regularly
varying functions at oo with index p. A function £ : (0, oo) — (0, 00) is said to be
slowly varying at oo if £ € RVy(o0) (i.e. £ € RV,(00) with p = 0). Every f €
RV ,(00) is represented as f(s) = sP£(s) with £ € RV((00). Note that the following
two Laplace exponents are regularly varying at oo with index 8 € (0, 1): ¥ (s) = s#,
which corresponds to a stable subordinator with index 8, and ¥ (s) = (s+k)?f —«? with
k > 0, which corresponds to an exponentially tempered (or tilted) stable subordinator
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Fig. 2 Sample paths of an inverse 0.8-stable subordinator E (dash-dotted) and the corresponding time-
changed Brownian motion B o E (solid), compared to the sample path of the underlying Brownian motion
B (dotted)

with index 8 and tempering factor . On the other hand, ¥ (s) = log(1 + s), which
corresponds to a Gamma subordinator, is slowly varying at oco.

For the reader’s convenience, we list some properties of regularly varying functions
that are used throughout this paper (see Propositions 1.5.1 and 1.5.7 of [1]). Let
f(0) :=limg_¢ f(s) and f(c0) := lims_, f(s) for a given function f defined on
(0, 00).

Lemma2.1 (i) Given f € RV ,(c0), f(00) = 00 if p > 0, and f(o0) = 0if p < 0.
(i) If fi € RV, (00) fori = 1,2 and f2(00) = 00, then f1 o fa € RV p, ,(00).
(iii) If f; € RV, (00) fori = 1,2, then fi - fo € RV, 1, (00).

In Proposition 2.1 and Theorem 2.1 below, we provide important criteria for the
existence and non-existence of various moments concerning inverse subordinators,
which play key roles in the proofs of the statements to be established in Sects. 3-5.
Proposition 2.1 states that any inverse subordinator with the underlying Lévy measure
being infinite has exponential moment; for proofs, see [10,17].

Proposition 2.1 Let E be the inverse of a subordinator with infinite Lévy measure.
Then E[e*] < oo for any & > 0 and t > 0. Consequently, if f : (0,00) —
(0, 00) is a measurable function regularly varying at oo with index p > 0 such that
SUps <, f(s) < 0o forany so < 0o, then E[ f (E;)] < oo foranyt > 0.

Even though E, has exponential moment, its power E/ with p > 1 may or may
not have exponential moment. For instance, if E is an inverse -stable subordinator,
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then ]E[e)‘Etz] existsif 1/2 < f < 1 whileitdoesnotif 0 < 8 < 1/2. When 8 = 1/2,
whether the expectation exists or not depends on the relationship between A and ¢. For
details, see Remark 6(2) of [9]. The following theorem generalizes Theorem 1 of [9].

Theorem 2.1 Let E be the inverse of a subordinator D whose Laplace exponent
is regularly varying at oo with index B € [0,1). If B = 0, assume further that
Y (00) = oo and V' is regularly varying at oo with index —1. Suppose f : (0, c0) —
(0, 00) is a measurable function regularly varying at oo with index p > 0 such that
sup <, S (s) < 00 forany0 < sp < o0o. Fixt > 0.

() If p < 1/(1 = B), or equivalenily, B > (p — 1)/ p, then E[e/ V] < oc.
(i) If p > 1/(1 — B), or equivalently, B < (p — 1)/ p, then E[e/ E)] = oo.

Proof For any fixed M > 0, fOM el W PE; € du) < ePusm ) < o0 by assump-
tion. Hence, for large enough M > 0, the integrability of E[ef (E')] coincides with
that of [, e/ W P(E, € du).

If p < 1/(1 — B), then there exist ¢ € (p, 1/(1 — B)) and M; > 0 such that
fw) < u? for all u > M. Indeed, for ¢ > p, since f(u)u=? € RV,_,(c0), it
follows from Lemma 2.1(i) that f(u)u~¢ — 0 as u — oco. Then f;lol e/ WP,
du) < f;;; e P(E, € du) < E[eE?], which is finite due to Theorem 1(1) of [9], so
E[e/E)] < co. On the other hand, if p > 1/(1 — B), then again by Lemma 2.1(i),
there exist ¢ € (1/(1 — B), p) and M, > O such that f(u) > u? for all u > M>.
Since E[e£7 ] = oo due to Theorem 1(2) of [9], it follows that Jor, ¢! W P(E, € du) >
Jor, € P(E; € du) = oo. Thus, E[e/ V] = oo. a]

Theorem 2.2 below concerning the moments of negative orders of E; (i.e. E[1/E ,p ]
for p > 0) can be regarded as a counterpart of Proposition 2.1 and Theorem 2.1. To
state the theorem in a more general setting, note that a function f : (0, co) — (0, co)
is called regularly varying at 0 with index p € R if limg o f(cs)/ f(s) = c? for any
¢ > 0, which is equivalent to the statement that f € RV_,(o0) with f (x) :== f(1/x).
The proof is based on the small ball probability of E; that is established in [14] or
obtained immediately from a result in [24]. Note that for any # > 0 and f : (0, c0) —
(0, 00), it follows that f(E;) is well-defined and positive a.s. since E; > 0 a.s. (or
otherwise, the underlying subordinator D would not start at 0).

Theorem 2.2 Let E be the inverse of a subordinator with infinite Lévy measure v.
Suppose [ : (0, 00) — (0, 00) is a measurable function regularly varying at 0 with
index p > 0 such that infs~;, f(s) > 0 forany 0 < sop < oo. Fixt > 0.

) If p < 1, then E[1/f(E;)] < oo.
(Gi) If p > 1 and v[t, 00) > O, then E[1/ f (E;)] = o0.

Proof We first prove the statement in the special case when f(u) = u? foru > 0.
Observe that E [1 JE? ] can be expressed as

00 1 00 Y o ;
P{—5 >x)dx= P(E;, <x /P)dx = pu P7'P(E; < u)du,
0 E 0 0

t
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where we used the fact that the function u — P(E; < u) is a distribution function
and hence P(E; < u) = P(E; < u) for a.e. u. Since fucz)o puP7'P(E;, < u)du <

f;oo pu"’_1 du = u&p < oo for any fixed ug > 0, it suffices to discuss the con-

vergence and divergence of the integral f(;l ® pu=P~'P(E < u)du for small enough
ug > 0. On the other hand, by Corollary 4.14 of [24] (also see Proposition 1 of [14]),

P(E; <u) ~v[t,oco)u as u | 0.

(If v[t, c0) = 0, this is interpreted as P(E; < u) = o(u).) Thus, if 0 < p < 1, then

0"0 pu"P7IP(E; < u)du < (v[t, 0) + ¢€) fouo pu—? du < oo for some ¢ > 0 and
ug > 0, thereby yielding (i). In contrast, if p > 1 and v[#, 00) > 0, then for some ¢ €
(0, v[t, 00)) and ug > 0, fo° pu=P~'P(E; < w)du > (v[t, 00) — &) [y pu~Pdu =
00, from which (ii) follows.

Now, consider a general regularly varying function f stated in the theorem. For
any fixed u; > 0, f;lo(l/f(u))]P’(E, € du) < 1/[inf,>,, f(u)] < oo by assumption.
Hence, the integrability of E[1/f(E;)] coincides with that of foul 1/ fm))P(E; €
du) for small enough u; > 0. Since f(x) € RV_,(c0) with f(x) := f(1/x), by
Lemma 2.1(3), lim, o f(uw)u™* = oo if @ > p. Thus, if 0 < p < 1, then there exist
a € (p,1)and u; > O suchthat f(u) > u® foru < u;. For this «, by the special case
above, 0o > E[1/E¥] = [ (1/u®)P(E; € du) = [, (1/f w))P(E; € du), which
yields (i).

On the other hand, if p > 1, then since lim, o f(u)u™* = 0 if o < p, there
exist « € (1, p) and up > O such that f(u) < u® for u < u». For this «, by
the special case above, E[1/E{] = oo, and hence, co = Jz(l/u“)P(E, e du) <

o 21/ f)P(E, € du), which yields (ii). ]

o

Remark 2.1 (1) The proof of Theorem 2.2(ii) implies that, in the case when p = 1, if
v[t, 00) > 0 and there exists ¢ > 0 such that f(s) < c¢s for all s small enough,
then E[1/ f(E;)] = oo.

(2) A simple application of Theorem 2.2 provides an insight into the one-sided exit
problem for a time-changed Brownian motion B o E, where B is a Brownian
motion independent of the inverse subordinator E. By (8.3) in Chapter 2 of
[11], the running maximum M7 := maxo<;<7 B; of the Brownian motion has
density fir, (x) = 2/ T) exp (—x2/2T) with x > 0, so /2/(wT)e 2
P(maxg<;<7 By < 1) < /2/(nT) forany fixed T > 0. Since P(maxo<,;<7 Bg, <

1) = P(maxo<,<g; Br < 1), a simple conditioning yields

2 11 2 _1
—]E|:ET2€ 2ETi| §]P’<max Bg, < 1) S,I—EI:ETZ},
T 0<t<T T

where the finiteness of the lower and upper bounds is guaranteed by Theorem 2.2(3).

IA
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3 Stochastic differential equations involving a random time change
and associated L? bounds

Throughout the rest of the paper, let (F;),>¢ be a filtration on the probability space
(82, F, P) satisfying the usual conditions and B be an m-dimensional (F;)-adapted
Brownian motion which is independent of an (F; )-adapted subordinator D with infinite
Lévy measure. Since B and D are assumed independent, it is possible to set them
up on a product probability space in the following manner. Let B = B(w;) be a
Brownian motion defined on a probability space (2, Fp,Pp) and D = D(w»)
be a subordinator defined on another probability space (£2p, Fp, Pp). Consider B
and D to be defined on the measurable space (£2p x £2p, Fp X Fp) by simply
setting B(w1, w2) := B(w1) and D(w1, w3) := D(wy) for (w1, w2) € 25 x 2p.
Then B and D, regarded as processes on the product probability space (£2, F, P) :=
(25 x 2p, Fp x Fp,Pp x Pp), are independent. Let Eg, Ep and E denote the
expectations under the probability measures Pg, Pp and P, respectively. Namely, for
a given random element Z on the product space, let

EglZ] 1=/Q Z(wy, -)dPp(w1), EplZ] 2=/Q Z(-,w)dPp(w),

D

and
E[Z] :=/QZ(w1,wz)d]P’(w1,a)2).

Clearly, if Z > 0 or Z is P-integrable, then Ep[Eg[Z]] = E[Z]. We use this setting
in the remainder of the paper.

Let E be the inverse of the subordinator D. Consider a stochastic differential equa-
tion (SDE)

1 t t
Xi =X0+/ H(EraXr)dr+/ F(Er»Xr)dEr"‘/ G(E;, X;)dBg,, t €[0,T1],
0 0 0

3.1
where xg € RY is a non-random constant, T > 0 is a fixed time horizon, and H , F
[0,00) x R — R and G : [0, 00) x RY — R?*™ are jointly continuous functions
such that the following assumptions hold: there exists a continuous, nondecreasing
function A (u) : [0, 00) — [0, 0o) such that forall u > 0 and x, y € R?,

Hi o |H @, x)—Hu, )|+ F @, x)—Fu, y)|+|Gw, x) = Gu, y)| <h@)lx—yl;
Ha o [H(u, x)| 4+ [F(u, x)| + |G, x)| < h@u)(1 + |x]),

where | - | denotes the Euclidean norms of appropriate dimensions. In the remainder of
the paper, we assume that m = d = 1, extensions of the results established in Sects. 3
and 4 to a multi-dimensional case are straightforward, whereas the presentation in
Sect. 5 is restricted to the one-dimensional case. Examples of coefficients satisfying
the above assumptions include H(u,x) = F(u,x) = G(u,x) = uPx for some
p > 0. We make the bounds in Assumptions H; and H, time-dependent since our
convergence results for approximation schemes of SDE (3.1) rely on the relationship
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between the growth of the bound & (u) and that of the Laplace exponent v (s) of
the underlying subordinator D. Moreover, the inclusion of the function A(u) will
reveal how the information about random time changes is generally retained when
moments of the SDE solution are estimated. Note that this paper often assumes that the
nondecreasing bound / (u) is regularly varying at co with positive index, in which case,
the monotonicity assumption of /() can be dropped; indeed, we can always replace
h(u) by the running maximum /4 (u) := Sup; o, 1(#), which is also regularly varying
at oo with the same index due to Theorem 1.5.3 of [1]. We assume the monotonicity
solely for simplicity of discussions in proofs.

Foreach fixed r > 0, the random time E; is an (F;)-stopping time, and therefore, the
time-changed filtration (F, );>0 is well-defined. Moreover, since the time change E is
an (Fg,)-adapted process with continuous, nondecreasing paths and the time-changed
Brownian motion B o E is a continuous (FE,)-martingale, SDE (3.1) is understood
within the framework of stochastic integrals driven by continuous semimartingales
(see [13] for details). The following lemma confirms that a unique strong solution of
SDE (3.1) exists. Its proof is analogous to the proof of Lemma 4.1 in [13].

Lemma 3.1 SDE (3.1) satisfying Assumption H1 has a unique strong solution which
is a continuous (Fg,)-semimartingale.

Proof Let D denote the space of (FE,)-adapted processes with cadlag paths on
(82, F,P). Define operators Fi, Fo, F3 : D — D by (F1(X.)); := H(E;, X;),
(F2(X)): := F(E;, X¢), and (F3(X.)); := G(E;, X;) for X € D and ¢t > 0. Then by
the joint continuity of H, F and G, for each i = 1,2, 3, it follows that X°~ = Y°~
implies (F;(X.))?” = (F;(Y.))°” for any X,Y € D and (FE,)-stopping time o,
where Z7 ™ = Z,;ift < o and Z] ™ := Z,_ if t > o. Also, for all X,Y € D and
t >0, [(Fi(X)): — (Fi(Y):| < K¢|X; — Y;| with K; := h(E;). Since (K;);>0 is an
(FE,)-adapted, continuous process, each operator F; is process Lipschitz, and there-
fore, by Theorem 7 of Chapter V in [23], a unique solution of SDE (3.1) exists and is
an (FE,)-semimartingale. The continuity of the solution follows by the continuity of
the driving process of the SDE. O

Both E and B o E start at 0, and for quadratic variations, [Bo E, Bo E] = E
and [E,E]=[Bo E,E]=[Bo E,m] =[E,m] =0, where m denotes the identity
map. For example, d[ X, X]; = G*(E,, X;) dE, for the solution X of SDE (3.1). For
details about stochastic calculus for more general time-changed semimartingales, see
Section 4 in [13].

The remainder of this section is devoted to the derivation of sufficient conditions
for the existence of the pth moment of supy., -7 | X, |, where X is the solution of SDE
(3.1). The conditions are necessary to establish the main theorems of this paper in
Sects. 4 and 5. Let us recall the Burkholder—Davis—Gundy (BDG) inequality, which
states that for any p > 0, there exists a constant b, > 0 such that

E|: sup |Mt|1’:| <b,E [[M, M]g’/z] (3.2)

0<r<S§
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for any stopping time S and any continuous local martingale M with quadratic variation
[M, M]. The constant b, can be taken independently of S and M ; see Proposition 3.26
and Theorem 3.28 of Chapter 3 of [11].

Proposition 3.1 Let X be the solution of SDE (3.1) satisfying Assumptions Hi and
Ho. Assume further that one of the following two conditions holds:

(a) h is constant;

(b) h is continuous, nondecreasing, and regularly varying at oo with index g > 0,
and the Laplace exponent  of D is regularly varying at oo with index B €
(29/2q + 1), 1).

Then ]E[Y;p)] < oo for any p > 1, where Y,(p) =1+ supy<, <, | Xr|".

Proof Since a similar approach will be taken several times in Sects. 4 and 5, we will
provide a detailed proof of this proposition. Recall the notations P, Pp, P, Ep, Ep
and E introduced in the beginning of this section.

Let Sy ;= inf{r > O : Y,(p) > ¢} for £ € N. Since the solution X has continuous

Yl( p)

paths, < oo for each r > 0, and hence, Sy 1 0o as £ — oo. For Pp-a.e. path,

we first apply a Gronwall-type inequality to the function ¢ > Ep[Y, t(f;z] for a fixed
£ and then let r = T and £ — oo in the obtained inequality to establish a bound for
E[¥;"]. Note that due to the definition of S, fj E5[Y, " 1dE, < (E, < oo, which
allows us to safely apply the Gronwall-type inequality.

Assume p > 2 since the result for 1 < p < 2 follows immediately from the result
for p > 2 with Jensen’s inequality. By the It6 formula, X P— xé’ + Iy, + Js + Kg,

where

S S
I ::/ pXPVH(E,, X,)dr; U, ::/ pXP'G(E,, X,)dBg, ;
0 0
. * p—1 1 pP=2,2
K; == pXy F(E, X))+ EP(P - DXy "G°(E,, X,) dE;.
0

Fix t € [0, T] and ¢ € N. By Assumption H> and the inequality (x + y + z)? <
cp(xP +yP +zP)forx,y,z > 0withc, = 3p-1

0<s<tASy

tASy
JEB[ sup |Is|]sﬂ<:3[/0 ph(Er>|Xr|"—1<1+|xr|>dr}
tASy »
< peyh(Er) /0 Eglv{Pldr. (33)

Similarly,

1 tASy
Ep [ sup IKsl] < (pcph(ET) + Ep(p - 1)cph2(ET))/0 Ep[Y,P1dE,.

0<s<tASy
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Strong approximation of time-changed SDEs 839

Since (Js)s>0 is a local martingale, applying the BDG inequality (3.2) yields
- 1/2
Ep[supo<s<ins, 1951] < biEs[(fi"* p2X77 > G2(E,, X,)dE,)""*], and hence,

o [ 2
Eg[ sup |Jsl] <biEp | pcph(Er) <Y,fS[/ Y,? dEr)
0

0<s<tASy

S tASy

tASy
Es[Y7) ]+ 203 p 22 (Er) f Esly” dE, .
0

N =

where the last inequality follows from the elementary inequality (ab)'/? < a/x + Ab
valid for any a, b, A > 0, with A := 2by pc,h(E7). (Note that A(ET) > 0 due to the
discussion given right above Theorem 2.2.)
Now, note that /'Ot/\Sg L,.dE, < fé Ly s, dE, for any nonnegative process (L;);>0.
Indeed, the inequality obviously holds if < §,, whileifr > S, then f(; Lyns, dE, =
OS“ L,.dE, + fS’[ Ls,dE, > foms‘f L, dE,. Thus, by the above estimates for I, J;
and K,

12 t
Bal{0},1 = 201+ bol”) + 2peph(Er) [ Eal¥ Py 1ar +26En) [ Ealy 0} WE.
0 0

where &(u) := peph(u) + (p(p — Dep/2+ 2b%p2c§) R ().
With the Gronwall-type inequality in Chapter [X.6a, Lemma 6.3 of [8], Ep[Y ) ] <

tASed —
2(1+4|xo|P)e2Er&(Er)+2pey Th(ET) Setting t = T, letting £ — oo while recalling & ()
does not depend on ¢, and using the monotone convergence theorem yields

Epl¥y"] < 21 + xo|P)e>Fr5EDt2pep ThED, (3.4)

If & is constant, then the right hand side of (3.4) takes the form ce® Er 50 taking Ep
on both sides gives ]E[Y;p '] < E[ce®ET] < 00 due to Proposition 2.1. On the other
hand, if & € RV, (oco) with ¢ > 0 is continuous and nondecreasing, then since & (u) €
RV, (00), the right hand side of (3.4) takes the form ce/ (E7) with f (1) € RV24.41(00)
due to Lemma 2.1(ii)(iii). So taking Ep, on both sides gives E[Y\”"] < E[ce/(ED)].
By Theorem 2.1, the latter is finite provided that 2¢g +1 < 1/(1 — ), or equivalently,
Be2q/2q+1),1). O
Remark 3.1 (1) The key part in the above proof is to derive an estimate for Eg[Y’ [(f;[]

rather than E[Yz(f;@]' This makes estimations such as (3.3) possible. Indeed, if
we consider E[supy;<;.s, |/s|] instead of Eg[supy; <., |5]]in (3.3), then the
expectation and integral signs are no longer interchangeable and h(E7) cannot
be taken out of the integral sign, which makes the Gronwall-type inequality inap-
plicable. This approach is completely different from the one employed in [10]. It
also gives rise to the factor 2(E7) in the exponent of the right hand side of (3.4),
which must be handled by Theorem 2.1.
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840 S.Jin, K. Kobayashi

(2) The introduction of the localizing sequence {S¢} in the above proof essentially
allows us to consider the process (Y,(p )),e[o,T] to be bounded by a non-random
constant. This, in particular, guarantees that the argument based on the Gronwall-
type inequality with the stochastic driver dE; be meaningful. On the other hand,
in the proofs of Theorems 4.1, 4.2, 5.1 and 5.2 in Sects. 4 and 5, we will use
a different localizing sequence given by Sy := inf{r > 0 : supy.,{|Xs —
X f|} > (¢}, where X? denotes the approximation process, in order to make the
Gronwall-type inequality applicable again. However, to clarify the main ideas of
the proofs, we suppress S¢ and simply give arguments assuming that the process
(Supg<s<; {1 X5 — Xf [D:tefo, 7 is bounded by a non-random constant.

4 Rate of convergence for a Euler-Maruyama-type scheme when
H#o0

This section discusses the rate of strong convergence of a Euler-Maruyama-type
approximation scheme for the solution of SDE (3.1) with H(u, x) = H (u) under
two different sets of assumptions on the SDE coefficients in addition to Assumptions
'H1 and H>. The different settings result in different rates of convergence. The results
we prove here answer Question (A) raised in Sect. 1 and provide generalizations of
Theorem 3.1 of [10] to cases when the two drifts H and F simultaneously appear.
However, as discussed in Sect. 1, the approach we take in this paper is completely
different from that in [10] as the duality principle is never used.

Let us first describe an approximation process for an inverse subordinator E given
in [15,16]. Fix an equidistant step size § € (0, 1) and a time horizon T > 0. To
approximate E ontheinterval [0, T'], we first simulate a sample path of the subordinator
D, which has independent and stationary increments, by setting Do = 0 and then
following therule D;s := D_1s+Z;,i =1,2,3,..., withani.i.d.sequence {Z; };en
distributed as Z; =¢ D;. We stop this procedure upon finding the integer N satisfying
T € [Dys, D(v+1)s)- Note that the N U {0}-valued random variable N indeed exists
since D; — 0o ast — oo a.s. To generate the random variables {Z;}, one can use
algorithms presented in Chapter 6 of [2]. Next, let E? := (min{n € N; D,s > t}—1)3.
The sample paths of E § = (E;S )i>0 are nondecreasing step functions with constant
jump size § and the ith waiting time given by Z; = D;s — D(;_1)5. Indeed, it is easy
to see that forn =0,1,2,..., N,

Ef =né whenever t € [Dys, Diq1)s).

In particular, E3. = N§. The process E? efficiently approximates E as established in
[10,16]; namely, a.s.,

E,—8<E}<E, forall t €[0,T]. 4.1
Now, forn =0,1,2,..., N, let
T, = Dys.
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Strong approximation of time-changed SDEs 841

By the independence assumption between B and D, we can approximate the Brownian
motion B over the time steps {0, §, 26, ..., N§}. With this in mind, define a discrete-
time process (Xgn)ne{O,I,Z,...,N} by Xg :=xpand forn =0,1,2,...,N — 1,

X2, = X2, + H(Ey ) (tur1 — ) + F(E Xy )(Ep | — E2)

Tn+1 Tn+1 Tn

+ G(Ey,. X;3)(Bgy = B ), (4.2)
which, due to the relationship E ‘En = nd, is equivalent to

X2 =X +H(0n8)(tay1 — T)+F(nd, X3 )8+G (18, X3 )(B(ut1)s — Bs)-
(4.3)

In particular, if H = F = 0and G = 1, then (an )nel0,1,2,...,N) becomes a discretized
time-changed Brownian motion whose sample path is generated as in Fig. 2. Note
that even though expression (4.3) might look as though non-random time steps were
taken, we indeed take the random time steps 1o, 71, 72, . . . , Ty to discretize the driving
processes E = (E;);>0 and B o E = (BE,)s>0 as indicated in (4.2); thus, the key
characteristic of the random trapping events of the time-changed process (which give
rise to constant periods) is in fact captured by the random step sizes t,+1 — T, =
D418 — Dps =4 Djs. Note also that we do not discretize the SDE via non-random
time steps; that would be practically difficult since the driving processes E and B o E
have neither independent nor stationary increments.

To define a continuous-time process (X f) te[0,7], We adopt the continuous interpo-
lation; i.e. whenever s € [, Ty+1),

s N s
X2 =X +/ H(Ern)dr+/ F(E,H,Xin)dEer/ G(E,. X} )dBg, .
T T T
(4.4)

Let
n;, = max{n e NU{0}; 7, <t} for t > 0.

Then clearly 7,, <t < 7,,+ for any ¢ > 0. Using (4.3) and the identity X° — xo =
Z;’;Bl (x5 - Xfl_) + (X“YS — X?ns), we can express Xf — Xp as

Tit+1
ng—1
Y [HE) @ir1—1)+F(Eq, X3)8+G (Eq, X3)(Bitns—Bis) | +(X0 = X2 ),

i=0
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where we used i = Ep,; = E. Using (4.4) and the fact that 7; = 7, for any
r € [ti, Ti+1), we can rewrite the latter in the convenient form

\y

N S N
x? =x0+f H(E,nr)dr—i—/ F(Eq, , X )dE, +/ G(E, , X3 )dBg,.
0 0 0
(4.5)

We are now ready to state the first main theorem of this paper, where we assume
that there exist constants K > 0 and 6 € (0, 1] such that for all #, v > 0 and x € R,

Hs :|Hw)—H@)|+|F @, x)—F @, x)|+|Gu, x)—G (v, x)| < K|u—v|? (1+]|x]).

Recall that an approximation process X° with step size § > 0 is said to converge
strongly to the solution X uniformly on [0, T |with order n € (0, 0o) if there exist finite
positive constants C and 8y such that for all § € (0, 8o), E [supy—, <7 |X; — X?|] <
Ccén.

Theorem 4.1 Let X be the solution of SDE (3.1) with H (u, x) = H(u) forall (u, x) €
[0, T] x R such that Assumptions Hi, H> and H3 hold. Assume that the Laplace
exponent  of D is regularly varying at oo with index € (0, 1) and that one of the
following conditions holds:

(a) hisconstantand g € (1/2,1);
(b) h is continuous, nondecreasing, and regularly varying at oo with index g > 0, and
pe(@g+1)/2q+2),1).

Let X? be the approximation process of Euler—-Maruyama-type defined in (4.3), (4.4).
Then there exists a constant C > 0 not depending on & such that for all § € (0, 1),
E [sup0<S<T | Xs — Xf |] < csminl0. 172} Thys, X8 converges strongly to X uniformly
on [0, T] with order min{6, 1/2}.

The proof of this theorem relies on the following lemma, which can be viewed as
a generalization of Lemma 3.2 in [10] to cases when H # 0. Recall the notations
Pp, Pp, P, Ep, Ep and E defined in the beginning of Sect. 3.

Lemma 4.1 Under the assumptions of Theorem 4.1, for any t > s > 0,
EsllX: — Xsl] < V2R(EDEsLYP12{(r = 5) + (E; — E)'? + (E, — Ey)},

where Y,<2) is defined in Proposition 3.1.

Proof By the Cauchy—Schwartz inequality, Eg[|X; — X|] is dominated above by

t t 2 1/2
EB[ / |H(Er>|dr]+1EB [ / |F<Er,xr)|dEr]+EB[ }

< (t — )h(E)) + (E, — E)h(E)Eg[Y, "1 + V2(E; — Eg)'*h(E)Ep[Y P12,

t
/ G(Er, Xr)dBE,.
N

Jensen’s inequality gives the desired bound. O
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Now we are ready to prove Theorem 4.1, where the localizing sequence Sy :=
inf{t > 0 : supge <, {|Xs — Xf|} > (} allows us to consider the process
(Supg<g< {1 Xs — Xfl})te[o,r] to be bounded. However, as stated in Remark 3.1(2),
in order to clarify the main ideas of the proof, we suppress S; and simply give argu-
ments assuming the boundedness. The same argument applies to the proofs of all the
statements in Sects. 4 and 5.

Proof of Theorem 4.1 Let Z;, := supy_,, |X; — X?| for t € [0, T]. Then by the
representations of X and X 8 in (3.1) and (4.5), respectively, Z;, < I} + I + I3, where

’

I} ;== sup / (H(E;) — H(Eg, ))dr
0

0<s<t

3

s
L= sup f (F(Er, X;) — F(Ey, , X3 )dE,
0

0<s<t

s
I := sup / (G(Ey. X) — G(Eq,,, X2 ))dB,
0 r

0<s<t

Interms of Iy, recall thatt,, <r < 7,,4+1and0 < E, —E;, < (n,+1)6—n,8 = 4.
This, together with the Cauchy-Schwartz inequality and Assumption H3, yields

t
I} <t / (H(E,) — H(E-, ))*dr < K*T?8%. (4.6)
0

As for I, note that Eg[13] < E; [y Eg[(F(E,, X,) — F(E,nr,anr))2]dE, by
the Cauchy-Schwartz inequality. Assumptions H; and H3 together with the inequal-

ity |F(E,, X;) — F(E,,, Xﬁnr)l < |F(Er, Xy) — F(E,, . X)) + |F(Eg, , X)) —
F(Ey, . X, )|+ |F(Ex, . Xq,) — F(Eq, . X3 )| yield
Esl13]
t
< SET/ Ep[K?6% (1 + |X,1)* + h*(Ey, )| X, — Xu, |* + h*(Ey, )Z% |dE,
0 r
< 6E2K25%Ep[Y\?]
t t
+3Erh2(ET){/ Esl|X, — Xy, [P, +/ ]EB[zf]dE,}. 4.7)
0 0
Now, for any r € [0, 7], by Lemma 4.1 and the fact that 0 < E, — E, <3,
Epl|X, — X, 121 < 6h*(ED)Eg[Y 21 (r — 14,)% + 8 + 82). 4.8)

Moreover,

ol

t t
/ (r—1p,)dE, = ) / r—t)dE, + | (r —1,)*dE,
0 i—0 YT Tny
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n;—1 ng—1
<3 <Z(n+1 — 1)+ (1 — rn,>2) <2T$ (Z(m — )+ (t - w)

i=0 i=0
<27%. (4.9)

Combining (4.8) and (4.9) with (4.7) and recalling that § < 1 gives
X t
Epl13] < & (Er)Eg[Y P 18™M 200 4 3E-h2 (Er) /O Ep[Z2]dE,,  (4.10)

where & (1) := 36u’h*(u) + 36uh*W)T? + 6u>K?>.
In terms of I3, the BDG inequality (3.2) and a calculation similar to the previous
paragraph yield

. t
Esl13] < &(Ep)Ep[Y;?18™ 201 4 3b,)0% (E7) / Ep[ZHdE,,  (4.11)
0

where & (u) := by&1(u)/u.
Putting together estimates (4.6), (4.10) and (4.11) gives

. t
Ep[Z2] < &(Er)Eg[Y 8™ L 9(Er + by)h?(Er) / Ep[Z21dE,,
0

where & (u) 1= 3& (1) + 3&(u) + 3K2T2. Using the Gronwall-type inequality in
Chapter IX.6a, Lemma 6.3 of [8] and setting t = T gives

EplZ}] < &5(Ep)Ep[Y;>]e?Fr (bl (En gnin(20.1),

Taking [Ep on both sides and using the Cauchy-Schwartz inequality,
E[ZF] < E[Sé(ET)]1/4E[(Y7(,2))4]1/4E [eISET(ET-i-hg)hZ(ET)]l/Z smini20.1) (4 12)

The desired result follows upon showing the expectations on the right hand side of
(4.12) are finite. Now, suppose % is constant. Then it follows from Propositions 2.1
and 3.1 that E[£3(E7)] < oo and E[(Y;))*] < SE[Y,Y] < oo. In terms of

E[elgET(ET+b2)h2(ET)], the exponent takes the form f(E7) with f € RV;(00) due to
Lemma 2.1, so the expectation is finite if 2 < 1/(1 — ) (orequivalently, 8 € (1/2, 1))
due to Theorem 2.1.

On the other hand, if € RV, (00) with g > 0, then by Propositions 3.1, E[Y Y] <
oo if B € (2g/(2g + 1), 1). Since the exponent of E[elSET(ET“'bZ)hZ(ET)] takes the
form f(Er) with f € RVy,42(00), the expectation is finite if 2¢g +2 < 1/(1 — B)
(or equivalently, 8 € ((2¢g + 1)/(2q + 2), 1)) due to Theorem 2.1. Consequently, the
result follows as long as 8 € (29 + 1)/(2q + 2), 1). m|
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Remark 4.1 (1) The method used in the above proof provides a general idea of how
to analyze the rates of strong convergence of approximation schemes for possibly
larger classes of SDEs involving random time changes.

(2) The above proof would not work if we allowed the coefficient H to depend on x as
well. Indeed, that case would require an estimation of Eg[/ 12] in a way similar to
(4.7), giving rise to the integral fé Epl|X, — Xz, |2] dr. This integral, due to (4.8),
could be dominated above by a quantity involving the integral fot (r — t,,r)2 dr.
However, unlike (4.9), the latter integral would not yield a bound containing §.

(3) Although we interpolated the discretized process (X ?,l)ne{O,I,Z,..‘, Ny via the con-
tinuous interpolation in (4.4), it is also possible to adopt the piecewise constant
interpolation Xf =X ﬁn as in [9] when H = 0. In the latter case, the bound
for Z; will additionally contain the suprema of integrals over [z,,, s], including
Is := supy<;<, |f G(E,, X,;)dBg,|. Estimation of EB[IZ] can be carried out
with the help of a result on modulus of continuity of stochastic integrals estab-
lished in [4], which only yields the convergence order 1/2 — ¢ for any ¢ > 0. See
Remark 9(3) of [9] for details.

(4) The above proof shows that the parameter ,8 plays an important role in determining
the finiteness of the upper bound for E[Z ]. On the other hand, 8 does not affect
the rate of convergence for X 8 which is due to the fact that we constructed the
discretized time change E° in such a way that E% converges to E with order 1
regardless of the value of B, as indicated by (4.1). The above argument shows that
the rate of convergence for X® could possibly involve 8 if the rate of convergence
for E® depended on .

We now consider SDE (3.1) when not only H (u, x) but also G (u, x) is independent
of x. The orderof convergence cannot be increased if we use the Euler—-Maruyama-type
approximation since the term Eg[/7] in the proof of Theorem 4.1 remains the same
and gives a bound containing Smm{%g 1 In order to estimate IEB[I ] in a way that a
bound involves the better rate s™"2¢2} (= §2¢), we employ a Milstein-type approach,
which assumes some differentiability on F' and uses the Itd formula to expand it. In
addition to Assumptions H and H»>, we assume that there exist constants K > 0 and
6 € (0, 1] and a continuous, nondecreasing function k() : [0, c0) — (0, co) such
that forall u, v > O and x € R,

Hy: 0 F e CL2,

o |[Hu) — HW)| + |Gu) — GW)| < K|u —v|’;

o |Fy(u,x)| + |FyH(u,x)| + | Fx F (u, x)| + |FxG (u, x)| 4 | Fxx G*(u, x)|
< k(u)(1 + [x]).

Here, we introduce a new function k() in addition to the already given function /(1)
since k(u) and i (1) will differently affect the range of § values for which our argument
works. Note that even though our approach is of Milstein-type, since G, (u, x) = 0
when G (u, x) does not depend on x, the approximation scheme itself is no different
from the Euler-Maruyama-type scheme. In this restrictive setting with 6 > 1/2, the
order of strong convergence improves as the following theorem shows.
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Theorem 4.2 Let X be the solution of SDE (3.1) with H(u, x) = H(u) and G(u, x) =
G (u) forall (u, x) € [0, T] x R such that Assumptions H1, Hy and Ha hold. Assume
further that one of the following conditions holds:

(a) h and k are constant;

(b) h and k are continuous and nondecreasing, h and log k are regularly varying at
oo with indices ¢ > 0 and g > 0, respectively, and the Laplace exponent
of D is regularly varying at oo with index B € ((g« — 1)/q«, 1), where g, =
max{2qg + 1, g}

Let X® be the approximation process of Euler—-Maruyama-type defined in (4.3)—(4.4).
Then there exists a constant C > 0 not depending on & such that for all 5 € (0, 1),
E [SUP05s5T | Xs — Xf |] < C8Y. Thus, X° converges strongly to X uniformly on [0, T']
with order 6.

Proof Using (3.1) and expanding the integrand of the d E, integral via the It formula,

Tn+1 Tn+1 Tn+1
Xop = Xq, +/ H(E;)dr +/ F(Ey,, Xg,)dE, +/ G(E;)dBE,
T T, n

n

+ R(TnyTnJrl);

b prr b rr 1
Rpy == / / FyHdrdE,, —I—/ / (Fu + F.F + EFXXGZ) dE, dE,,
a Ja a Ja

b r
+ / / FGdBr, dE,,,
a Ja

with all the integrands evaluated at (E,,, X,,). This representation together with rep-
resentation (4.5) for X9 gives Z; := supy,<, | X5 — Xf| <1 + I, + I3 + 14, where

N
Iy := sup f{H(Er)_H(Ern,)}dr ;
0<s<t [JO
S
b= sup | [ (F (B, Xo,) = F(E, ), WE|
0<s<t [JO
K ng—1
I3 := sup / {G(E;) — G(Eq, BE, |5 Is:=sup | Y Rerpy) + Regy )| -
0<s<t [JO 0<s<t

i=0
It is easy to observe that
t
I < KT8 Eplh] < h(ET)/ El[Z/JdE.; Eplls] < EplI3]'* <2KErs’.
0
(4.13)
The main technical part concerns the remainder term /4, which contains double inte-

grals involving three different integrators: drjdE,,,dE, dE,, and dB Ey, dE,,. We will
deal with them one by one below.
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In terms of the term driven by drjdE,,, by Assumption H4 and a discussion similar
to (4.9),

/ f FH(Erl,Xn)drldErz}<k(ET>EB[Y“ / (r2 = Tu,,)AEy,

Tnry

EB|: sup

0<s<t

< Tk(Er)Eg[Y\"]5, (4.14)

where Y;l) is defined in Proposition 3.1. Similarly, as for the second integrator

dE, dE,,,

5 5
< SKEDESY) / / 4B B, < SETKEDESIYS. (419)
"'2

r2
/ / Fu(Ep X))+ Fy F(Ep X))+ 5 FxxGZ(Erl,Xrl)}dEndErz
T

nry

0<s<t

EB|: sup

On the other hand, the term driven by dBE,1 dE,, requires a careful discussion. We

need to estimate Eg[supy—;—, |My, + Us|]l, where My := 0, M,, := 27;01 L; for
n>1,

Ti+1 2
Ll :/ / FXG(EVI ’ XV])dBErldErza U&‘ / / F G(Er] [} Xrl)dBE,.ldErz.
Ti Ti K

ns

We first verify that the stochastic integrals L;, i = 0,1, ...,n, — 1, are uncorre-
lated with respect to Pp. Leti < j, so that ;41 < 7. Observe that Ep[L;L;] =
Eg[L;Eg[L; |~7:Erj 1]. By assumption and estimate (3.4),

Tj+1
EB /
T;

J

2
dE,, | < 8%*(E)Es[Y?] < 0.

2
/ FyG(E, Xr, )dBEr1
T

J

Thus, Eg[L; |]-"Er 1= frjf“ [frz FyG(Ey, X;)dBg,, FET ]dE,2 = 0 due to the
conditional Fub1n1 theorem (Theorem 27.17 in [26]) and the martingale property,
thereby yielding the uncorrelatedness. On the other hand, since E has continu-
ous paths, the Change-of-variables formula (Theorem 3.1 in [13]) implies that M,
can be expressed as Y 1 (l+1)8 f‘S'z FyG(r1, Xp,,_)dBy dry. The latter repre-
sentation, together with the proofs of Lemmas 5.7.1 and 10.8.1 of [12], shows that
the discrete-time process (M,,),>0 is a square-integrable, ((F,s5)s>0, Pp)-martingale
starting at 0. Therefore, by the BDG inequality (3.2) and the uncorrelatedness of L;’s,
Eg[supy<s<; M,%S] < by Zl'-”:?)l Eg[L?]; hence, by the Cauchy-Schwartz inequality,

@ Springer



848 S.Jin, K. Kobayashi

ol r )
Eg | sup M | < b8 Z/ Ep U |F.G(E,,, X)) dErli|dEr2
0<s<t i—0 YT Ti

n—1

Ti+1
< 2b,8k*(E)Ep[Y;7] Y / (E, — Ex)AE,, < 2byErk*(Er)Ep[Y 152,
i—0 T;

(4.16)
On the other hand,
2
2 s n
Eg |: sup US] < IEB|: sup (E; — E%)/ / FyG(E,, X,l)dBEr1 dEr2i|
0<s<t 0<s<t Tng Tng
t r
< 8/ Ep | sup / F)CG(Erl,Xrl)dBE,1 dE,,. 4.17)
0 selra,t] [V

Since {(tp,,12) : m < 5 <t} C {(r,,rz,u) STy, S U S r2}, the integrand

Eg[supsep, | [y FxG(Ey, Xr)dBE,, 2] is less than or equal to

]

r2
= [/ |FxG (En, Xrl)'2dEn} < 2b2k* (E)EslY;”18.
T

nry

EB|: sup

uelty,, .12

u
/ FxG(Erl ’ Xrl)dBE,l
T,

nry

Hence, (4.17) is dominated above by 2by Erk2(E7)Ep[YS”18%. Putting this together
with (4.16) yields

Ep [ sup |M,, + UXF} < 8byErk*(E7)Ep[Y}7182. (4.18)

0<s<t

By estimates (4.14), (4.15) and (4.18),

5
Eplli] < {TEB[Y}”] + 5ETM;[Y}”] + (szETEB[Y;”])”Z}k(ET>a. (4.19)

Now, combining (4.13) and (4.19) with Ez[Y\"] < 2Eg[Y?1'/2 yields
Es(Z] < &(EDEs[Y128% + h(Er) [y BplZ,1dE,, where &(u) = KT +

2Ku~+ (V2T + (5v/2/2)u + (8bu)'/?)k (u). Applying the Gronwall-type inequality,
taking Ep on both sides, and using the Cauchy-Schwartz inequality gives

E[Z7] < El&} (Ep)]' Bl ") A E[F T ) 260,
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If 4 and k are constant, then the latter bound is finite due to Propositions 2.1 and 3.1,
thereby yielding the desired result. Suppose now that 4 and log k are regularly varying
and note that the function k* («) involved in Sff (1) can be expressed as *1°2%) Then
Theorem 2.1 and Proposition 3.1 together guarantee the finiteness of the latter bound
provided that 8 > q/(qg + 1), 8 > (¢ — 1)/q and B > 2q/(2q + 1), which requires
the value of B be restricted as stated in the theorem. O

Remark 4.2 In the above proof when % and log k are regularly varying, analyzing the
first moment Eg[Z,] instead of the second moment E g [Zf] is crucial since estimation
of IEB[ZE] would give us a similar convergence result with g, replaced by the larger
value g, = max{2q + 2, ¢}, yielding the result with a narrower range of 8 values.
Indeed, if we attempted to deal with the second moment E B[Zrz], we would rely on
the estimate EB[Izz] < EThz(ET) fot ]EB[Zrz]dEr instead of the estimate for Eg[/>]

appearing in (4.13). This would eventually lead to a bound for E[Zf] containing a
quantity of the form IE[eCE%hZ(ET)], which is finite for 8 > (2q + 1)/(2g + 2) only.

5 Rates of convergence for It6-Taylor-type schemes when H = 0

This section answers Question (B) raised in Sect. 1. The presentation is restricted
to the one-dimensional case since extensions to a multi-dimensional case are not
straightforward; the non-commutativity of noises makes a significant difference in
the analysis. We consider the time-changed SDE (3.1) in which a drift with the non-
random integrator is not present (i.e. H = 0) but in which the coefficient G (u, x)
depends on x, unlike Theorem 4.2. Theorem 3.1 of [10] established that the rate of
strong convergence for the Euler-Maruyama-type scheme for such an SDE is 1/2 — ¢
for any small €. A natural question to ask next is whether we can improve the rate of
convergence by adopting an approximation scheme of Milstein-type or more general
[t6—Taylor-type (see Chapters 5 and 10 of [12] for the Milstein and Ito—Taylor schemes
for classical 1t6 SDEs). As briefly explained in Sect. 1, the method based on the
duality principle between SDEs (1.2) and (1.1) with H = 0 does not help improve
the rate of convergence. This is because that method relies on an error estimate for
the approximation of E, which would remain unchanged even with a higher order
scheme; see Remark 3.2(4) of [10] for details.

Below we employ the approach used in the previous section to establish the rate of
strong convergence of an [to—Taylor-type scheme. This is done by directly estimating
the error for the approximation of X, thereby avoiding the separate analysis of the error
for the approximation of E. However, we first discuss a Milstein-type scheme (which
is a special case of the Ito—Taylor-type scheme) in the hope that the simplest case
gives the reader a clear understanding of the complicated notations and discussions
of the more general case. Since the arguments we give in this section are similar to
the ones given in the proof of Theorem 4.2, we only provide a sketch for the proof of
each theorem. We also continue to use the notations [Eg, Ep and E introduced in the
beginning of Sect. 3.

In addition to Assumptions H; and H;, assume that there exists a continuous,
nondecreasing function & : [0, co) — (0, 0o) such that forall x, y € Rand u > 0,
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Hs:o F, G, GG, € C1%;
e (GG, x) = (GG)(u, y)| < h(w)lx — yl;
e (GG, x)| = h(u)(d + [x]);
o |fou, x)| < k(u)(1+ [x]),
where & is the function appearing in Assumptions H; and H», and f, reads each

integrand appearing in (5.3) below. First, approximate E by E° as in Sect. 4. Next,
define a discrete-time process (Xﬁn)ne{oi],zwa} by Xg := x¢ and

X2 . =X + Fns, X3 )8+ Gnd, X2 )(Buyns — Bus)

Tn+1

1 § 2
+ E(GGX)(HS, an)((B(n-&-l)S — Bys)” — (th1 — Tn))- (5.1

We adopt continuous interpolation as is (4.4) but with an additional term corresponding
to the integral of GG included. As in representation (4.5) for the Euler—Maruyama-
type scheme, the Milstein-type scheme defined by (5.1) satisfies

N

N
x4 :x0+/ F(Ex, . X} )dE, +/ G(E-,, . X} )dBg,
0 0 "

/ / (GGx)(Er,,,z '[n )dBE,1 dBE,Z (5.2)
T

nry

Theorem 5.1 Let X be the solution of SDE (3.1) with H = 0 such that Assumptions
‘H1, Ho and Hs hold. Assume that the Laplace exponent r of D is regularly varying
at oo with index B € (0, 1) and that one of the following conditions holds:

(a) h and k are constant and B € (1/2, 1);

(b) h and k are continuous and nondecreasing, h and logk are regularly varying
at oo with indices g > 0 and g > 0, respectively, and B € ((qssx — 1)/qsx, 1),
where g := max{2q + 2, q}.

Let X% be the approximation process of Milstein-type defined in (5.1) with continuous
interpolation. Then there exists a constant C > 0 not depending on § such that for all
€0, 1),E [SupO§s§t | X — Xf |] < C8. Thus, X° converges strongly to X uniformly
on [0, T'] with order 1.

Proof By SDE (3.1) with H = 0 and the 1t6 formula,

Tn+1

Tn+1
Xrnﬂ = Xrn +/ F(E‘[,la Xr,,)dEr +/ G(Er,,, Xrn)dBEr

n

Tn+1
+/ / (GGx)(Eq,, Xv,)dBE, dBE,, + Rz, 7,01)5
T

b
1
Ry = / / (Fu +FF+ 5 FXXGZ> dE, dE,, + [ f FGdBg, dE,,
a a
b 1
+/ / (Gt + GxF + szGxx>dEr1dBEr2
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b pr3 pr2 1
+ / / / ((GXG),+(GxG)xF+5(GXG)”G2>dE,1dBE,2dBE,3
a a a
b pr3 pr
+ / / (G.+G)(GdBg, dBg, dBg,,, (5.3)
a a a

with all the integrands for R, ;) evaluated at (E,, X, ). From this representation
together with representation (5.2) for X?, it follows that Z, := SUPg<s<; | Xs — X ¥ <
Iy + I + I3 + 14, where

)

s
I := sup / {F(Er,,,.: Xr,,,) - F(Er,,ry anr)}dEr
0

0<s<t

)

N
L= sup f {G(Er,, . Xr,) — G(Es, . X} ))dBr,
0

0<s<t

’

s pr
I3 := sup /0 / {GGx(E,Wz,XTWZ)—GGx(ETWZ,Xfmz)}dBErldBE,_z
T,

0<s<t

nrz
ng—1

Iy == sup Z R i) + Ry.)

0<s<t i—0

Arguments as in the proofs of Theorems 4.1 and 4.2 yield

1 t
Eg[I{] < Erh*(Er) / Ep[Z}1dE,; Epll3] < bah*(Er) f E[Z}1dE,;
0 0

t
Ep[I13] < bysh*(Er) f EplZ21dE,; EplI}] < &(Er)Eg[Y>182,
0

where &s(u) = c(u + u?)k*(u) with some constant ¢ > 0 and Y}z) is defined in
Proposition 3.1. (To estimate Ep[] f], recall the methods used for obtaining (4.15) and
(4.18).)

Thus, Ep[Z2] < 4&5(E7)Ep[Y 7162 +4h2(E7)(ET +2b2) 1 Ep[Z21dE,, which
implies E5[Z2] < 4é&s (ET)IEB[Y}z)]e“hz(ET)(ET”bZ)ET 82. The desired result now
follows as in the last part of the proof of Theorem 4.2. O

To discuss a general Ito—Taylor-type scheme, we recall Chapters 5 and 9 of [12]
and introduce shorthand notations for the following operators:

LO'—8+F8+1G282~ L'=G2
" du ax 2 ox%’ T ax’
For a multi-index o = (ji, ..., j¢) with j; € {0, 1} fori =1,...,€and £ > 1, let

foi=L" - LI1GIif £ >2 and fy, =G/ if £ =1,
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where G¥ := F and G! := G. Define the multiple integral of the function f, by

Io(fu(Es X)ap = / fa(Ery Xy )dB .- aB”

a<r|<-<re<b

with dB(O) = dE, and dB“) = dBgE,. Let v denote the multi-index with length
£ =0, and let f,(u,x) =x and I,(f)a,p = f(a). Also, for each y such that 2y is a
positive integer (so that y = 0.5, 1, 1.5,2,...), let

Ay = {a:ﬂ(u)+n(a) =2yort(a) =n(e)=y+ %}

where ¢ () denotes the length of o and n(«) denotes the number of the zero compo-
nents of «.
Define a discrete-time process (an)ne{o,l,z,_“,m by Xg = xo and

X0 =X 4+ Y L(fa(En. X2 )00 (5.4)
acA,\{v}

with continuous interpolation as in the Milstein-type scheme but with some additional
terms included. For the solution X of SDE (3.1) with H = 0, a repeated use of the Itd
formula yields

ny—1
Xt =x0+ Z (Z IOé(fC((ET,’v Xr,-))r,—,r,-_H + Ioz(fa(Ern, s Xt,,,))m,,t)
ac A, \{v} \i

n;—1
+ Yy (Z Lo (fu(Eos X))ty + la(fu(E., x.»f,,,,t) :

aeR(Ay) \i=0
where R(A, ) is the remainder set of multi-indices given by
R(A]/) = {C( ¢ A}/v and —o = (‘]27 M) .]E) € A}/}

We also let a— := (ji, ..., jo—1)-

Assume that there exist two families of continuous, nondecreasing functions {4
[0, 00) — [0,00) : o € A, \v} and {ky : [0, 00) = (0, 00) : @ € R(A,)} such that
forallu € [0, T]and x,y € R,

He:® focCl2fora e Ay, UR(A)\v;

o |fou(u,x)— fo(u,y)| < he)lx — y|fora € A,\v;
o [fou(u,x)| < ho(u)(1 + |x]) fora € Ay\v;

o | fu(u,x)| <ky(u)(1+|x|) fora € R(A)).

Theorem 5.2 Let X be the solution of SDE (3.1) with H = 0 such that Assumption Hg
holds with hy andlog ky being regularly varying at oo with indices q, > 0and go > 0,
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respectively. Assume further that the Laplace exponent v of D is regularly varying
at 0o with index B € (0, 1). Let X° be the approximation process of Ito—Taylor-type
defined in (5.4) with continuous interpolation. If B € ((qxsx — 1)/Guxss, 1), Where

Gsse 1= Max [maxaeAy\v 2qq + 2), MaxyeR(A,) c}a} , then there exists a constant

C > Onotdepending on § suchthatforall§ € (0, 1), E [supo<s<, | X5 — Xf|] < Cé§7.
Thus, X® converges strongly to X uniformly on [0, T with order y. Moreover, if both
he and ko are constant for all o € A,\v and a € R(A,), respectively, the same
conclusion holds as long as B € (1/2, 1).

Our proof for this theorem relies on the following two lemmas that help determine
a bound for an integral involving f, with o € R(A,) in the way in which Epg[l4]
in the proof of Theorem 4.2 was estimated. The two lemmas can be regarded as
generalizations of Lemmas 5.7.3 and 10.8.1 in [12], respectively, and we omit the
proofs since they are similar to the ones given in [12]. Note that we will only need
the second lemma in order to prove Theorem 5.2, but we list the first lemma as well
since it plays an important role in proving the second lemma. In the statements of the
lemmas, we assume f is a given function for which all multiple integrals appearing
in the proofs are well-defined.

Lemma 5.1 For any multi-index o and r > 0,

EB[ sup Ia(f(E.,XJ)%M,(,} sEB[ sup |f<Ea,Xa>|Z}b§<“>‘"<“’6‘<“>+"<“>.

Tnp <O =r Ty SOOI

Lemma 5.2 For any multi-index a and t > 0,

2

ng—1

3 L (f(E. X)) gmpy + La(f(E X ))e, s

i=0

Ep | sup

0<s<t

t
< @by Ot | Epst@ / EB[ sup |f<Ea,xU>|2} dE,,
0

0<o<r

where ¢ () := L(a)+n(a)—1ifl(x) # n(a), and p (o) := 20(x) -2 ifL(a) = n(w).
Proof of Theorem 5.2 Let Z? := SUPg<y<; | Xs — X3|2. By the Cauchy—Schwartz

inequality,

ng—1

th < 2|"4V| Z sup Z Iy (fa(Er[’ Xr;) - fot(Ena Xi))

aeAV\vOSSSt i=0 o
2
o (fulEry Xo,) = fulEry X2))
ng—1 2
F2ARMAN Y sup | D To (fa(E X))y oy +H o (fa(E X))y,

aeR(A)==izo
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By Assumption He, SUPg<y <, | fu(Eg. Xo) — fu(Ex, X3)I* < hZ(E,)Z? for all

@ € Ay\v and supy—y <, | fu (Eq, Xo)|* < 2k2(E)Y,? for all @ € R(A,). By an
argument analogous to the one given for obtaining (4.15) and (4.18), together with
Lemma 5.2 and the inequality (o) —n()+1 < 2y +2validforany o € A, UR(A,),

t
BulZ2] 2687+ EnlA,L YD BEN [ Bz,
acA,\v 0

+4Er @by + EDEslYPIRANL Y K2(E)S*@),
aeR(A))

where Y}z) is defined in Proposition 3.1. Note that the least value of ¢ («) for a €
R(A,)is2y,whichisachieved when (o« —)+n(a—) = 2y, je = 1and () # n(a).
Thus, by the Gronwall-type inequality,

Ep[Z}] < cEr (463" + EDEglY(D 16 (Ep)e s E G2 EDEr 2y

where ¢ > 0 is a constant, &(u) = Zae’R(Ay) ké(u) = ZaeR(Ay) e2logka () qnd

&E1(u) = Zae A\ hg (u). The desired results now follow as in the last paragraph of
the proof of Theorem 4.2. O

6 Simulations

This section presents two numerical examples which verify the rates of convergence
obtained in Theorems 4.1 and 4.2 in Sect. 4, respectively. We use a 0.8-stable subor-
dinator D and simulate a sample path of X? on a time interval [0, T'] as follows. First,
simulate D at the discretization points {0, §, 23, - - - } and stop this procedure upon
finding an integer N satisfying 7' € [Dys, D(y+1)5). Second, simulate the Brownian

motion B at the discretization points {0, 8, 28, - - - , Né&}. Finally, calculate sza for
n=20,1,2,---, N — 1 using the approximation scheme in (4.3) and let Xf = Xf”s
whenever t € [Dy5, D141)5)-

Consider the two SDEs

t t t
X,:1+/ \/1+E,dr+/ \/1+ErX,dE,+/ V1+EX,dBg: (6.1)
0 0 0
t t t
Y,:l—i—/ \/l—i-Erdr—i—/ \/1+ErYrdEr+/ V1+E, dBg,. 6.2)
0 0 0

Itis easy to verify that the coefficients of SDEs (6.1) and (6.2) satisfy the conditions of
Theorems 4.1 and 4.2 with 8 = 1, respectively. To examine the order of convergence
for SDE (6.1), as in [3], we regard the numerical solution with the fixed step size
So = 2715 a5 the true solution. For each fixed § € {2’14, 2713, 2’8}, we generate
100 paths for the true solution X% and 100 paths for the approximated solution X?.
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Fig.4 Plot of logo (ERROR(Y, §)) versus log, § with the least squares line y = 1.0088x 4 9.2991

We then calculate the following error at the time horizon 7 = 1:

100
1

ERROR(X,8) := — > X% (1) — X2 (o).
100 Z A e @Springer

i=1
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Figure 3 gives a plot of log,(ERROR(X, §)) against log,(8). It shows a linear
trend with least squares slope being 0.5138, which is close to 0.5, the largest possible
slope suggested by Theorem 4.1. On the other hand, for SDE (6.2), Fig. 4 gives a plot
of log, (ERROR(Y, §)) against log, (§), which again presents a linear trend but with
least squares slope being 1.0088. The latter is close to 1 as suggested by Theorem 4.2.
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