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Abstract

This paper is concerned with the least squares inverse eigenvalue problem of recon-
structing a linear parameterized real symmetric matrix from the prescribed partial
eigenvalues in the sense of least squares, which was originally proposed by Chen and
Chu (SIAM J Numer Anal 33:2417-2430, 1996). We provide a geometric Gauss—
Newton method for solving the least squares inverse eigenvalue problem. The global
and local convergence analysis of the proposed method is established under some
assumptions. Also, a preconditioned conjugate gradient method with an efficient pre-
conditioner is proposed for solving the geometric Gauss—Newton equation. Finally,
some numerical tests, including an application in the inverse Sturm—Liouville problem,
are reported to illustrate the efficiency of the proposed method.

Keywords Parameterized least squares inverse eigenvalue problem - Geometric
Gauss—Newton method - Preconditioner

Mathematics Subject Classification 65F18 - 65F15 - 15A18 - 58C15

1 Introduction

An inverse eigenvalue problem (IEP) aims to reconstruct a structured matrix from the
prescribed spectral data. Inverse eigenvalue problems (IEPs) arise in various applica-
tions such as structural dynamics, vibration, inverse Sturm—Liouville problem, control
design, geophysics, nuclear spectroscopy and molecular spectroscopy, etc. For the
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existence theory, numerical methods and applications of general IEPs, one may refer
to [11,13,14,20,24,25,43] and references therein.

Recently, one may find some new applications and numerical methods of IEPs
including the experiments for beaded strings [17], the inverse eigenvalue problem for
graphs [5,6,31], the solvability condition and numerical algorithm for the parameter-
ized generalized IEP [18], the weight optimization in a geodetic network [19], the
IEP in wireless communications [40], the transcendental inverse eigenvalue problem
in damage parameter estimation [36,37], the IEP for quantum channels [42], and the
IEP in microelectromechanical systems [38], etc. In many applications, the number
of distributed parameters in the required structured matrix is often smaller than the
number of measured eigenvalues (see for instance [9,22,39]). Thus it is desirable that
one can find a least square solution to a structured IEP. Sparked by this, in this paper,
we consider the following parameterized least squares inverse eigenvalue problem,
which was originally given by Chen and Chu [10].

PLSIEP | Given | + 1 real symmetric matrices Ag, A1, ..., A; € R"" and m real
numbers A} < A5 < --- < Ay (m < n), find avector ¢ = (cy, 2, ..., ent e R and
a permutation o = {01, 02, ...,0m}Withl <01 <03 < --- < 0oy < n to minimize
the function

1 & y
fle,0) = ;um () — 1972,

where the real numbers A1(c) < Ap(c) < --- < A,(c) are the eigenvalues of the
matrix A(c) defined by

1
A(e) == Ag + ZciAi.

i=1

This is a nonlinear least-squares problem, where [ < m < n and the cost func-
tion f(c, o) is a function of a continuous variable ¢ and a discrete variable o. This
is a special kind of mixed optimization problem, where the function f (¢, o) is non-
differentiable when the permutation o is changed. For the PLSIEP I, there exists an
equivalent least-squares problem defined on a product manifold. Let Z(m) and &'(n)
denote the set of all real diagonal matrices of order m and the set of all real n x n
orthogonal matrices, respectively. Define A}, := diag(A], A3, ..., A};), where diag(a)
denotes a diagonal matrix with a on its diagonal. Given a matrix A € Z(n — m),
blkdiag (A%, A) denotes the block diagonal matrix obtained from A%, and A. Based
on Theorem 3.2 in [10], the PLSIEP I is equivalent to the following problem.

PLSIEP Il Given | + 1 real symmetric matrices Ag, Ay, ..., A; € R™" and m real
numbers A} < A5 < --- < A% (m < n), find a vector ¢ € R, an orthogonal matrix
Q € O(n), and a diagonal matrix A € 9 (n — m) to minimize the function

1 .
h(e, Q, 4) = S| A() — Qblkdiag (47, 4) Q" II7,
where || - || denotes the Frobenius norm.
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The PLSIEP IT is a nonlinear least-squares problem defined on the product manifold
R! x @(n) x 2(n —m). To solve the PLSIEP II, Chen and Chu [10] proposed a lift and
projection (LP) method. This method is a modification of the alternating projection
method to an affine space and a Riemannian manifold. To solve the PLSIEP I, Chen
and Chu [10] proposed a hybrid method called the LP-Newton method. The idea is that
an initial guess of (¢, o) is obtained by using the LP method to the PLSIEP II, then the
Newton method is applied to the PLSIEP I by fixing the value of . As noted in [10], in
spite of non-smoothness of f in o, one may still adopt the Newton method for solving
the PLSIEP I, where the Hessian matrix of f can be explicitly derived. However,
as the separation of eigenvalues decreases, the Hessian matrix becomes increasingly
ill-conditioned. Also, as noted in [23], when [ < m, it is natural to consider the well-
known techniques in [21, Chap. 10] (e.g., the Gauss—Newton method). Wang and Vong
[41] proposed a Gauss—Newton-like method for a special case of m = n.

Optimization methods on smooth manifolds have been widely studied and applied
to various kinds of areas such as numerical linear algebra and dynamical systems (see
for instance [1-4,12,15,30,35] and references therein). Recently, some Riemannian
optimization methods were proposed for solving nonlinear eigenvalue problems and
inverse eigenvalue problems [44—47]. In this paper, we propose a geometric inexact
Gauss—Newton method for solving the PLSIEP II. Absil et al. [2] proposed a Rie-
mannian Gauss—Newton method for solving nonlinear least squares problems defined
between Riemannian manifold and Euclidean space, where the convergence analysis
was not discussed. Gratton et al. [27] gave some approximate Gauss—Newton methods
for solving nonlinear least squares problems defined on Euclidean space. Sparked by
[2,27], we present an efficient geometric inexact Gauss—Newton method for solving the
PLSIEP II. The global convergence and local convergence rate are also derived under
some assumptions. An effective preconditioner is proposed for solving the Rieman-
nian Gauss—Newton equation via the conjugate gradient (CG) method [26]. Finally,
some numerical experiments, including an application in the inverse Sturm—Liouville
problem, are reported to show the efficiency of the proposed method for solving the
PLSIEP II.

Throughout this paper, we use the following notation. The symbol A7 denotes the
transpose of a matrix A. The symbol Diag(M) := diag(m 1, mz2, ..., m,,) denotes
a diagonal matrix containing the diagonal elements of an n x n matrix M = [m;;].
Let 0,,,%,, be the m x n zero matrix and e be the kth column of the identity matrix 7,
of order n. Let R"*" and SR"*" be the set of all n-by-n real matrices and the set of
all n-by-n real symmetric matrices, respectively. Denote by tr(A) the trace of a square
matrix A. For two matrices A, B € R"*" the Lie Bracket [A, B] of A and B is defined
as the difference of the matrix products AB and BA, i.e., [A, B] := AB — BA [32,
p- 512]. Let vec(A) be the vectorization of a matrix A, i.e., a column vector obtained
by stacking the columns of A on top of one another. For two finite-dimensional vector
spaces 2" and % equipped with a scalar inner product (-, -) and its induced norm || - ||,
let of : & — % be a linear operator and the adjoint of <7 be denoted by .7*. The
operator norm of .7 is defined by |||.</||| := sup{||«/x|| | x € Z with || x| = 1}.

The remainder of this paper is organized as follows. In Sect. 2 we propose a geomet-
ric inexact Gauss—Newton method for solving the PLSIEP II. In Sect. 3 we establish
the global convergence and local convergence rate of the proposed approach under
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some assumptions. A preconditioner is also proposed for solving the geometric Gauss—
Newton equation. Finally, we report some numerical tests in Sect. 4 and give some
concluding remarks in Sect. 5.

2 Geometric inexact Gauss-Newton method

In this section, we present a geometric inexact Gauss—Newton method for solving the
PLSIEP II. Define an affine subspace and an isospectral manifold by

1
L= !Ao—i—ZciAi|cieR,i=1,2,...,l ,
i=1

M (A}) = | X = Qblkdiag (A}, A) 0T € SR™" | Q € O(n), A € Z(n—m)}.

We see that .# (A},) is the set of all real n x n symmetric matrices whose spectrum

contains the m real numbers A7, A3, ..., A} Thus, the PLSIEP II has a solution such
that i(c, Q, A) = Oif and only if & N .#Z(A}) # 9.
Denote
Z =R x O(n) x Z2(n —m) and A :=blkdiag(A*, A). (2.1

Let H be a nonlinear mapping between 2 and SR"*" defined by
H(e, 0, A) = A(e) - 0AQ", 22)

forall (¢, Q, A) € Z. Then, the PLSIEP II can be written as the following minimiza-
tion problem:

. 1
min h(e, 0, 4) = |IH(c, O, MllF
subjectto (s.t.) (¢, Q, A) € Z.

(2.3)

Sparked by the ideas in [2,27], we propose a geometric inexact Gauss—Newton method
for solving Problem (2.3). We note that the dimension of the product manifold 2 is
given by

—1
dim(f)zl—i—%—i—n—m.

If I < m, then
dim(Z) < dim(SR"*").

Therefore, the nonlinear equation H (¢, Q, A) = 0,4, is an over-determined matrix
equation defined on the product manifold %
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Notice that 2 is an embedded submanifold of the Euclidean space R/ x R™ " x
2(n — m). One may equip 2 with the induced Riemannian metric:

ge.o.n(ELn ), &2, m, ) = tr(¢] &) + (] m) + tr(z] ©),

for (¢, 0, A) € Z, and (&1, n1, 1), (52, 12, ©2) € T(¢,0,4) %, and its induced norm
| - II. The tangent space T(¢,0,4)Z of Z at (¢, Q, A) is given by [2, p. 42]

TeonZ ={r, 02,0) 12" =-2, reR, 2 eR™ U e Z(n—m).

Hence, (<, g) is a Riemannian product manifold.
For simplification, we use the following notation:

X = (¢, Ok, Ax) € Z and AXy = (Acy, AQy, AAy) € Tx, Z.

A Riemannian Gauss—Newton method for solving Problem (2.3) can be stated as
follows. Given the current iterate X; € 2, solve the normal equation

(DH (X1))" o DH(X)[AX] = — (DH (X)) *[H (Xi)],
for AXy € Tx, 2. Here,
DH(Xy) : Tx, Z — Tux,SR""
is the Riemannian differential of H at the point Xy, which is given by

DH (X [AXk] = (A(Ack) — Ag) + [Qr Ak QF , AQk Q11— (Qk P)AA(Qi P)T,
2.4)
where

m [(n—m)><(n—m)

A := blkdiag(A*, Ay) and P := [ O n—m) } . (2.5)
With respect to the Riemannian metric g, the adjoint
(DH (X )* : TH(x,SRV" — Tx, %
of DH (Xy) is given by

(DH (X)) [AZi] = (V(AZy), [Qr Ak QF » AZi1 O, — Diag((QkP)TAZk(QkP))),
(2.6)

where
V(AZy) = (r(AT AZy), (AT AZp), ..., tr(A,TAZk))T. 2.7)
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For explicit derivation of (2.4) and (2.6), one may refer to Appendix A. Based on (2.6),

the Riemannian gradient of & at a point X := (¢, Q, A) € 2 is determined by [2, p.

185]:

grad h(X) = (DH(X))*[H(X)] = (v(A(c) — 0AQ"), (040", A(c) — 040710,
—Diag((0P) (A(e) — 0AQT)(2P))). (2.8)

Let V denote the Riemannian connection of 2. By using (8.31) in [2, p. 185] we
obtain

V2h(X)[Ex, nx] = (DH(X)[Ex], DH(X)[nx]) + (H(X), V2 H(X)[£x, nx 1),
(2.9)
forall X := (¢, Q, A) € Z and &x, nx € Tx %, where V2his a (0, 2)-tensor field
and V2H(X)[-, -] = [V2H;;(X)[-, -1] € SR"*" [2, p. 109]. The Riemannian Hessian
Hess 4(X) at a point X € % is determined by

VZh(X)[Ex, nx] = (Hess h(X)[€x], nx), (2.10)

forall £x, nx € Tx % . In particular, if X, is a solution of the equation H(X) = 0, x,,
then we can obtain

Hess h(X.) = (DH (X)) o DH(X,).

Based on the above discussion, a geometric inexact Gauss—Newton method for
solving Problem (2.3) can be described as follows.

Algorithm 1 A geometric inexact Gauss—Newton method

Step 0 Choose an initial point Xg € 2, 8, max € (0, 1), o € (0, %). Letk :=0.
Step 1 Apply the CG method to finding an approximate solution AX; € Ty, Z of

(DH (Xx))* o DH (Xi)[AX}] = — grad h(X}) (2.11)
such that
|(DH (Xx))* o DH(X)[AXk]+ (DH (X)) [H (X1l < nillgrad A (Xp) ||
(2.12)

and
(grad h(Xp), AXy) < —m(AXy, AXy), (2.13)

where 7y := min{nmax, ||grad #(Xy)||}. If (2.12) and (2.13) are not attainable,
then let

AXy = —grad h(Xy).
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Step 2 Let [; be the smallest nonnegative integer / such that
h(Rx (B' AX0)) — h(Xp) < o' (grad h(Xy), AX). 2.14)
Set
Xi1 == Ry (B*AXp).

Step 3 Replace k by k + 1 and go to Step 1.

We point out that, in Step 2 of Algorithm 1, (2.14) is the Armijo condition (see [2,
Definition 4.2.2]) and R is a retraction on 2, which takes the form of

Ry, (AXp) = (cx + Ack, R, (AQk), A+ AAy), (2.15)
where R is a retraction on &'(n), which may be chosen as [2, p. 58]:

R (o) = qf(Q +ng). ng € TpO(n).

Here, qf (A) denotes the Q factor of the QR decomposition of an invertible matrix
AeR"™as A = Qﬁ, where Q belongs to &'(n) and Risan upper triangular matrix
with strictly positive diagonal elements. For the retraction R defined by (2.15), there
exist two scalars v > 0 and w, > 0 such that [2, p. 149]

V| AX | = dist(X, Rx(AX)), (2.16)
forall X € & and
AX € TxZ with |AX]| < wo, (2.17)

where “dist” means the Riemannian distance on the Riemannian product manifold
(Z, g) [2, p. 46]. Of course, one may choose other retractions on ¢'(n) via the polar
decomposition, Givens rotation, Cayley transform, exponential mapping, or singular
value decomposition (see for instance [2, p. 58] and [45]).

3 Convergence analysis

In this section, we establish the global convergence and local convergence rate of
Algorithm 1.

3.1 Global convergence

For the global convergence of Algorithm 1, we have the following result. The proof
follows from Theorem 4.1 in [45]. Thus we omit it here.

Theorem 1 Any accumulation point X, of the sequence {Xy} (if exists) generated by
Algorithm 1 is a stationary point of the cost function h defined in Problem (2.3).
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Remark 1 In Step 2 of Algorithm 1, the Armijo condition (2.14) guarantees that the
objective function £ is monotone decreasing. As in [2, Corollary 4.3.2], the sequence
{ Xk} generated by Algorithm 1 must have an accumulation point if the level set .Z :=
{X € & | h(X) < h(Xp)} is bounded. In particular, if m = n and the matrices
Ay, Ay, ..., Aj are linearly independent, then it is easy to check that the level set &
is bounded for any initial point X € 2 (see for instance [47, Lemma 3.1]).

The search directions { A X} generated by Algorithm 1 have the following property.
The proof is similar to that of Lemma 4.3 in [45]. Thus we omit it here.

Lemma 1 Let X, be an accumulation point of the sequence { X} generated by Algo-
rithm 1. If DH(X.) : Tx, % — Tux.SR"™" isinjective, then there exist five positive
constants p, Ko, k1, d1, d> > 0 such that for all Xy € B;(Xy), the linear operator
(DH(Xx)* o DH(Xk) : T(x,)SR™" — Ty x,)SR™™" is nonsingular,

IDH(X))* o DHXpI < k0. I((DH(Xi))* o DH(Xk))_l Il <1, G.1
and
di llgrad h(Xi) || < |AXkl < d> |lgrad A(Xi) |l (3.2)
where B5(X,) = {X € 2| dist(X, X,) < p}.

Next, we discuss the global convergence of Algorithm 1. We need the following
assumption.

Assumption 1 Suppose the differential DH (X,) : Tx, Z — Tux, SR"*" is injec-
tive and X, is an isolated local minimizer of / defined in Problem (2.3), where X, is
an accumulation point of the sequence { X} generated by Algorithm 1.

For the global convergence of Algorithm 1 related to an isolated local minima of
h, we have the following result. The proof follows from [8, Proposition 1.2.5].

Theorem 2 Let X, be an accumulation point of the sequence { X} generated by Algo-
rithm 1. Suppose that Assumption 1 holds, then {X}} converges to X .

Proof By assumption, X, is an isolated local minimizer of /. Thus there exists a
parameter p > 0 such that X, is the only stationary point of 4 in the neighborhood
B;(X,) and

h(X) > h(Xy), VX # Xy, X € Bj(Xy).

Since h is continuously differentiable and X, is a stationary point of 4, i.e.,
grad h(X,) = Ox,, we obtain

lim grad h(X) = Ox,. 3.3)
dist(X,X)—0

By using (3.3), the norm ||grad /(X)|| can be as small as possible if X is sufficiently
close to X.. Thus there exists a scalar 0 < p < min{p, p} such that

h(X,) <h(X) and da|lgrad h(X)|| < py, VX € By(X,), (3.4)
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where w, is defined in (2.17). By assumption, the differential DH (X) is injective.
Thus, by Lemma 1 we know that (3.2) holds for X; € B, (X) since p < p.
Let

@) = }{h(X) —h(X)}, Vrelo,pl.

min
{X|r<dist(X,X,)<p

We note that ¢ is a monotonically nondecreasing function of ¢ and thus ¢ (z) > 0 for
all t € (0, p]. Using (3.3), for any ¢ € (0, p], there exists a constant r € (0, €] such
that

dist(X, X) + vda|igrad h(X)] < e, 3.5)

for all X € B, (X«), where v is defined in (2.16). Define the open set
S:={X | dist(X, Xs) <&, h(X) < h(Xs) +¢(1)}.

It is easy to see that § C B,(X,) since ¢ € (0, p].
We claim that if Xy € S for some k, then X | € S. Indeed, by using the definitions
of ¢ and S, if X} € S, then

¢(dist(Xr, X)) < h(Xp) — h(X,) < ¢(r). (3.6)

Since ¢ is monotonically nondecreasing we have dist(Xy, X,) < r. This, together
with (3.5), yields
dist(Xk, Xy) + vda|lgrad h(Xp)| < e. 3.7

Thus, (3.2) holds for X since Xy € § C B,(Xy). Using (2.16), (3.2), and (3.4) we
have

dist(Xg41, X5) < dist(Xg, Xy) + dist(Xeq1, Xi)
= dist(Xy., X) + dist(Rx, (0 AXy), X)
< dist(Xy, X,) + vp' [ AXp|| < dist(Xg, X) + v[|[ AXk|
< dist(Xg, X4) + vda|lgrad h(Xg)||. (3.8)

Since h(Xi+1) < h(Xy), it follows from (3.6), (3.7), and (3.8) that
dist(Xpr1, Xo) <&, h(Xr1) — h(X.) < ¢ ().

By the above inequalities and the definition of the set S we have Xy € S. This
completes the proof of the claim. Also, By using induction to the claim we have
X; € Sforalli > kif X; € S for some k.

Since X is an accumulation point of the sequence { X}, there exists a subsequence
{X k_/} such that lim;_ oo X ki = X . Thus there exists an integer kj such that X Kk € S.
By using the claim we have X; € S for all k > kj. Since h(Xy41) < h(Xy) for all
k > ky and limg; o0 h(Xk;) = h(Xy), it follows that

klim h(Xk) = h(Xy). (3.9)
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834 T.-T.Yaoetal.

Using (3.6), X; € S for all k > k;, and (3.9) we have limj_ o0 ¢ (dist(Xy, X,)) = 0.
Since ¢ is monotone nondecreasing, it follows that limy_, o, dist(Xy, X4) = 0 and
thus X; — X.. The proof is complete. O

3.2 Convergence rate

We discuss the local convergence rate of Algorithm 1. The pullbacks of H and h are
defined as H := H oR andhh ;= h o R, where R is the retraction defined in (2. 15)
In add1t10n we use H x := H o Rx and h x := h o Rx to denote the restrictions of H
and h to the tangent space Ty 7.

Since Rx(0x) = X [2, Definition 4.1.1], the value of H at X is equal to the value
of its pullback Hy at Oy, i..,

H(X) = H(Rx(0x)) = Hx(0x). (3.10)
It follows from (2.3) and (3.10) that
h(X) = hx(Oy). (3.11)

Let Id7, o denote the identity mapping on Tx 2. Then one has DRx (0x) = Idz, &
[2, (4.2)]. Thus the differential of H at X is equal to the differential of its pull back
Hy at Oy, i.e.,

DHy(0x) = D(H o Rx)(0x) = DH(Rx(0x)) o DRx(0x) = DH(X), (3.12)
for all X € Z. Using (3.12) we have
(DHx (0x))* = (DH(X))*, (3.13)

for all X € Z. For the Riemannian gradient of / and the gradient of its pull back I,
we have [2, p. 56] R
grad h(X) = grad hx(0x), (3.14)

forall X € Z.
Here, we need the following result on mean value inequality for differentiable
mapping defined between normed vector spaces.

Lemma 2 [16, Corollary 3.3] Let V and W be normed vector spaces, U an open subset
of Vand F : U — W differentiable on U. Given two vectors a,b € U, if the segment
between a and b is contained in U, then we have

[ F(b) — F(a) — DF(a)[b —a]|lw
< esgp” [IDF(a+6(b—a)) —DF(@]-|b—aly,

where || - ||y and || - ||w denote the norms of V and W, respectively.
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For the stepsize B in (2.14), we have the following result [33].

Lemma 3 Let X, be an accumulation point of the sequence { X} generated by Algo-
rithm 1. Suppose that Assumption 1 holds and ||H (X,) || r is sufficiently small, then
for k sufficiently large, I = 0 satisfies (2.14).

Proof By hypothesis, Theorem 1, and Lemma 2 we have

lim Xy = X, and lim grad A(Xy) = grad h(X,) = Ox,. (3.15)
k—o00 k—00

By the definition of n; in Algorithm 1 and (3.15) we have

lim 7 = Hm min{imax, llgrad A(X)|[} = lim flgrad A(Xp)l| = 0. (3.16)

k— 00

Since DH (X ) is injective, it follows from (3.1) and (3.16) that the conditions (2.12)
and (2.13) are satisfied for all k sufficiently large. Thus A X is an approximate solution
to (2.11) for all k sufficiently large. Let AXkGN denote the exact solution to (2.11).
Then we have

(DH(X))*oDH (X )[AX—AXCN] = grad h(X)+(DH (Xi))* oDH (X)) [AX].
(3.17)
From (2.11), (3.10), (3.12), and (3.13), it follows that

(DHx, (0x,))*[Hx, (0x,)] + (DHx, (0x,))* o DHy, (0x )[AXZN] = 0x,. (3.18)
Using the definition of least-squares solution, (3.10), and (3.12) we find

AXZN = argmin || Hx, (Ox,) + DHx, (0x,)[€x,]llF.
SXkETxkf'/

This implies that

| Hx, (Ox,) + DHx, (0x )[AXIM ]| ¢
< ||Hx, 0x,) + DHx, (0x)[0x,1llr = | Hx, Ox)| - (3.19)

By hypothesis, DH (X ) is injective. Thus, by using Lemma 1, (2.12), (3.1), and (3.17),
we have for all k sufficiently large,

lAX; — AXZV |
= | (DH(X)* o DH(xk))" [grad h(Xy) + (DH (X;))* o DH(X)[AX(]]||
< I((DH(X)* o DH(Xp) "' Ill - | grad h(Xx) + (DH(X1))* o DH(Xp[AX] |
< kimllgrad h(Xp)|| < ki ligrad h(Xp)[|* < ;—:ZIIAXkIIZ. (3.20)
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836 T.-T.Yaoetal.

In addition, the adjoint (Dﬁ x)* of DHY is Lipschitz-continuous at Ox uniformly in a
neighborhood of X,. That is, there exist three scalars «3, 81, 62 > 0 such that

I(DHx (Ex)* — (DHx (0x))* Il < 2 lExl. (3.21)
forall X € Bs, (X4) and £x € B;,(0x). Let
G (Xx) = Hx, (AX)) — Hx, (0x,) — DHy, (0x,)[AXy]. (3.22)
By using Lemma 2, (3.21), and (3.22), we have

IG(X)lr < sup [IDHx, (0AXx) — DHx, Ox)l - |AXk]| < 2| AXiP,
0€l0,1]

(3.23)
for all k sufficiently large.
In the rest of the proof, for simplification, we drop the subindex k. Based on (3.11),
(3.14), and (3.22), we have

hx(AX) = S| Hx(AX)|I3
= LI Hx (0x) + DHx (0x)[AX]+ G(X)|%
= Ll Hx (0x) + DHx (0x)[AX]|%
+(Hx(0x) + DHx (0x)[AX], G(X)) + LIGX) |3
= LIHx0x)|1% + (Hx (0x), DHx (0x)[AX1) + LG (X)|%
+ H{DHx (0x)[AX], DHx (0x)[AX])
+(Hx (0x) + DHx (0x)[AX], G(X))
= h(X) + Ygrad h(X), AX) + L{(DHx (0x))*[Hx (0x)], AX)
+ H{((DHx (0x))*"DHx (0x)[AX], AX)
+(Hx (0) + DHx (0x)[AX], G(X)) + LG X)I3.

h(Rx(AX))

Using (3.1), (3.10), (3.18), (3.19), (3.20), (3.23), and the above equality, we have for
all k sufficiently large,

Rx(AX)) — h(X) — 3(grad h(X), AX)
= HDHx (0x)*[Hx (0x)], AX) + L{((DHx (0x))* o DHx (0x)[AX], AX)
+(Hx(0x) + DHx (0x)[AX], G(X)) + SIGXO) %
= H(DHx(0x)*[Hx (0x)] + (DHx (0x))* o DHx (0x)[AX Y], AX)
((DHX(OX)) o DHx(0x)[AX — AXENY, AX)
Hy(0x) + DHx (0x)[AXN], G(X)) + LG (x0I1%
DHx (0x)[AX — AXPN], G(X))
+ (D Hx (0x)* o DHx (0|l - 14X — AXN]|| - AX]|

/\/—\

o+++
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+ 1 Hx (0x) + DHx 0x)[AXM| - 1IGX) |1 F + LGOI
+IDHx Ol - 1AX — AXN| - IG(X)IF

<kl HOONF - [AX]? + 3 I AX] + (%x% + 452 |||Dﬁx(ox)|||) lax|®.

Based on (3.15), if || H(X,)| F is sufficiently small, then || H (Xy)| r is small enough
for all k sufficiently large. By using the above inequality, (2.14) holds with /; = 0O for
all k sufficiently large. This completes the proof. O

We now establish the local convergence rate of Algorithm 1.

Theorem 3 Let X, be an accumulation point of the sequence { Xy} generated by Algo-
rithm 1. Suppose that Assumption 1 holds and | H (X.)| r is sufficiently small, then
the sequence { Xy} converges to X linearly. Furthermore, if H(Xy) = 0,,xy, then the
sequence { X} converges to X, quadratically.

Proof By hypothesis and using Lemma 3 we have X; — X, and X; 1 = Ry, (AXy)

for all k sufficiently large. Using Lemma 7.4.8 and Lemma 7.4.9 in [2], there exist
three scalars 7o, 71, T2 > 0 such that for all k sufficiently large,

{rodist(xk, X.) < llgrad h(X)|| < Tidist(X, X.), 324)

llgrad A(Xy 1) || = llgrad ARy, (AXp)I| < allgrad Ay, (AXp)]l.
By using Taylor’s formula we have for all k sufficiently large,

grad hix, (AXy) = grad hy, (Ox,) + (DHx, (0x,))* o DHx, (0x,)[AX;]
+Hess hx, (0x,)[AXi] — (DHx, (0x,))* o DHx, (0x,)[AXk]

1
+ / (Hess Tix, (t AXy) — Hess hix, (Ox))[AXglde.  (3.25)
0

Since H is twice continuously differentiable, it follows from (2.9) and (2.10) that
there exist two scalars «3 > 0 and 63 > 0 such that for all X € Bs,(X4),

IHess 7ix, (Ox,) — (DHy, (0x,))* o DHy, Ox Il < k3| H(XOlp.  (3.26)

Furthermore, the Hessian operator Hess hy is Lipschitz-continuous at Ox uniformly
in a neighborhood of X,, i.e., there exist three scalars k4 > 0, 64 > 0, and 65 > O,
such that for all X € Bj,(X) and §éx € Bs;(0x), it holds that

[Hess x (£x) — Hess hix (0x) Il < xal€x|l- (3.27)

In addition, H is Lipschitz-continuous in a neighborhood of X, i.e., there exist two
constants L > 0 and 8¢ > O such that for all X, Y € Bs,(X,),

IH(X) — H(Y)||p < Ldist(X, Y). (3.28)
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From Lemma 1, (2.12), (3.24), (3.25), (3.26), and (3.27), we have for k sufficiently
large,

 dist(Xg 1. X,) < [lgrad iy, (AXp)]|
< | grad x, (Ox,) + (DHx, (0x,)* o DHx, (Ox)[AX(]|
+ |Hess 7x, (0x)[AXi] — (DHx, (0x,))* o DHyx, (Ox )[AX(]|

1
+ / (Hess hyx, (t AXx) — Hess hx, (0x,))[AXk]dt
0

< llgrad A(Xx) + (DHyx, (0x,))* o DHx, (0x ) [AX]||

+i3IHXONF - 1 AXkl + ksl AX el
< mellgrad A(X) | + k3dall H(Xi) || 7 - llgrad A(X) | + kad3 llgrad A(X) |12
< k3doti | H(Xp) | pdist(Xg, Xs) + (1 + xad?) | grad (X))

< sesdai | H (X0 || pdist(X, X + (14 kadd) ] (dist(Xe, X0) . (3.29)

Thus,

2
dist(Xpp1. Xs) < D2k3da || H (X0 || pdist(Xe, Xo) + L2 (1 + kad3) (dist(Xi, X))
. . 2
= ¢ | H (Xp) || pdist(Xg, Xy) + c2(dist(X, X4)),

2
T
where ¢1 := %2k3d; and ¢ 1= L2

. o (1+ K4d22). If || H(X,)| F is sufficiently small,
then ||H (Xy)| F is small enough such that c{||H (Xy)||F < 1 for all k sufficiently
large. Thus if ||H (X,)|| is sufficiently small, then{X}} converges to X, linearly.

If H(X.) = 0,,x,, then we have from (3.28) for all k sufficiently large,

IHXOIF = I1H(Xr) — HX) I F < Ldist(Xg, Xs). (3.30)
Using (3.29) and (3.30), we have
dist(Xpq1, Xo) < 02 (k3da L + (1 + kadd) ) (dist (X, X)) .

Therefore, if H(X) = 0,,x,, then { X} converges to X, quadratically. This completes
the proof. O

As a direct consequence of (3.24) and (3.29), we have the following result.

Corollary 1 Let X, be an accumulation point of the sequence { X} generated by Algo-
rithm 1. Suppose the assumptions in Theorem 3 are satisfied. Then there exist two
constants (L1, 2 > 0 such that for all k sufficiently large,

llgrad A(Xg- DIl < g1 | H (X0 || rllgrad h(X)l| + pallgrad h(Xp)1.
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Furthermore, if H(Xy) = 0,,xy, then there exists a scalar v > 0 such that for all k
sufficiently large,

lgrad h(Xg11)|| < ligrad A(X) 1>

3.3 Injectivity condition

We provide the injectivity condition of DH (X,), where X, = (¢4, Qx, Ay) is an
accumulation point of the sequence {X}} generated by Algorithm 1. Based on (2.4),
DH(X.) is injective if and only if the following matrix equation

{(A(Ae) — A0) + 0 AL 0L AQQ] — AQALQL — (QxP)YAA(QLP) = 0,
s.t. (Ac, AQ, AA) € Tx, %,

(3.31)
has a unique solution (Ac, AQ, AA) = (01,0451, 0gi—m)yx(n—m)) € Tx,Z, where
Ay = blkdiag ( A* ) and P is defined in (2.5).

ne—1)

For W € R"*" define vec(W) € R by
@(W)(/-]);_/-2)+i =W, 1<i<j=<n

This shows that vec(W) is a column vector obtained by stacking the strictly upper

triangular part of W. For w € R™5 define skew(w) € R™" by
\@:(S/kf;v(w)) =w, V’e\c((@(w))T) = —w,
and

(skew(w)),. =0, i=12,...,n.

—_—
We observe that skew(w) is a skew-symmetric matrix constructed from w. Therefore,
—_— —~~
vec and skew are a pair of inverse operators. In addition, there exists a matrix P €
2 nn—1)
R" 772 such that

vec(skew(w)) = Pw (3.32)
for all w € R . Since AQ € Tp,O(n), there exists a skew-symmetric matrix
A2 € R™*" such that AQ = Q*A.Q For A2 € R™™" it follows from (3.32) that

l o~
there exists a vector Av € R such that Vec(A.Q) P Av. Thus, we have

vec(AQ) = vee(Q,AR) = (I, ® Qs)vec(AR2) = (I, ® Q)P Av, (3.33)

where “®” means the Kronecker product [7, Definition 7.1.2]. Let A be an n? x [
matrix defined by

A= [vec(A1), vec(Ay), ..., vec(A)] € R XL (3.34)
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Since AA € Y(n — m), there exists a matrix G € RO=m?*x(1=m) and a vector
Aw € R"™™ guch that
vec(AA) = GAw. (3.35)

Based on (3.33), (3.34), and (3.35), the vectorization of the matrix equation (3.31) is
given by

Ac

(A (0.8 00U, ® A~ A @ )P, (0.P)® (0.P)G]| AV | =0,..
Aw

Based on the above analysis, we have the following injectivity condition of
DH (X4).

Theorem 4 Let X, = (¢«, Q«, Ay) be an accumulation point of the sequence { Xy}
generated by Algorithm 1. Then DH (X ) is injective if and only if the following matrix

(4 (0.® 00, ® 4.~ A & )P, (0.P)® (0.P)G]
is of full rank.

3.4 Preconditioning technique

We propose a preconditioner for solving (2.11). Here we adapt a centered precon-
ditioner [34, p. 279]. For the CG method, instead of solving (2.11), we solve the
following preconditioned linear system

(DH(X))* o M ' o DH(X)[AXk] = —(DH (X))* o M '[H (X1,
st. AXy € Te,0,0Z,

where My : T x,)SR™" — Tgx,)SR"™" is a self-adjoint and positive definite
linear operator.
According to (2.4) and (2.6), for AZy € Ty (x,)SR"*", we have

(DH (X¢) o (DH (X)" + ildy,,  gnen)[AZ]

= (A(V(AZy)) — Ao) + [ Ok Ak OF , [0k A Qf . AZi]]
+ QP Diag(PT O} AZy Q1 P)PT Q] +7AZ, (3.36)

where 7 > 0 is a given constant, and IdTH(Xk)SRnxn means the identity map-

ping on Tr(x,)SR™™". Replacing the matrix Diag(PTQ,{AZk QkP) in (3.36) by
PTQ,{AZ;{ Qi P, we can construct a centered preconditioner My in the following
form:
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MAZ] = (AV(AZY) — Ao) + (Qk Ay Q) AZy — 2(Qk Ak OF ) AZi(Qi Ak OF )
+ AZL QAL OD) + 0 PPT QT AZ 0k PPT QT +iAZy, (337)

for all AZy € Th(x,)SR™™". Based on (3.36) and (3.37), the constructed precondi-
tioner M is an approximation of DH (Xy) o (DH (Xy))* + ﬂdTH(Xk)SR"X"-

Given four matrices A, B, C, D € R"™", we have the following properties of the
Kronecker product [7, pp. 400—401]:

vec(ABC) = (CT ® A)vec(B), (A® B)(C ® D) = (AC) ® (BD),
(A+B)®C=AQC+B®C, CR(A+B) =C®A+C®B, (338
(A®B)QC=AR®(BRC).

Using (3.34) we find

[
AAT = > " vee(Apvee(An)” (3.39)
i=1

From (2.7), (3.37), (3.38), (3.39) we have for any AZ; € Ty (x,)SR"*",

Vec(Mk[AZk])

I
= vee( DAl AZo) - A1) + ((Qeln O) ® (QuA; 0]))vee(AZy)
i=1
—2((Qc A 0" ® (QuAKQf))vec(AZy)
(A 0D ® (Qil, O]))vec(AZ)
+((QkPPTODT ® 0k PPT Q] )vec(AZy) + i1,2vec(AZy)

1
— Z (vec(Ai)vec(A,-)T)VeC(AZk)

i=l1
+((0k® Q0 (In ® AL — 244 ® Ak + 4 @ 1,)(0] ® 0] )vee(AZy)
+((Qk® Q)(PPT @ PPT)(Qf ® Of))vec(AZy)
+ ((Qk ® 0N (F1,2)(QF ® OF))vec(AZy)
= (0k ® Q) (U ® Ak — Ak ® I)* + (PPT)y @ (PPT)
+71,2)(OF ® OF)vec(AZy) + AAT vec(AZy), (3.40)

where the equality 1,, = Qi 1, Q,{ is used. Let

By i= (0x® Q) (I @ A — A @ 1) +(PPTY®(PPT)+i1,2)(0F ® 0T (3.41)

and
My = By + AAT. (3.42)
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From (3.40) and (3.42) we have for AZ € Ty x,)SR"™",
vec(Mk[AZi]) = Myvec(AZy) = (Bi + AAT )vec(AZy). (3.43)
Given two nonsingular matrices C; € R"*" and C; € R™*™, we have
(€ ®Cy)~ ! = Cfl ® C{l. (3.44)
By using the definition of the matrix P in (2.4) we have
PPT = blkdiag(0,,, In—m).

Thus the matrix (I, ® Ay — Ax @ L)+ (PPTY® (PPT) —}—/t\ly\z is a diagonal matrix
with positive diagonal entries. Then it follows that the matrix By is invertible. Using
(3.41), and (3.44) we have

B =0k ® 00 (U ® Ay — Ak @ 12 + (PPTY @ (PPT) +71,0) (0] ® 0]).

Thus Ek_ ! can be easily computed.

By (3.39), the matrix AAT is a low rank matrix, i.e., rank(XKT) < [. By assump-
tion,/ < m < n < n2, thus Mk is a low rank perturbation of Ek. By using the
Sherman—Morrison—Woodbury formula [28] we find

M' = (Bu+AAT) ' =B - BJ'A(L, + ATB'A)T'ATB. (345)

2 .
We conclude from (3.45) that, for any vector x € R"™, the matrix-vector product
M, 'x can be computed efficiently, where the main computational cost is to calculate

the inverse of (I; + ;4\71’9\,{_1;4\) e RIX,

4 Numerical experiments

In this section we report the numerical performance of Algorithm 1 for solving the
PLSIEP II. All the numerical tests are carried out by using MATLAB 7.1 running on a
workstation with a Intel Xeon CPU E5-2687W at 3.10 GHz and 32 GB of RAM. To
illustrate the efficiency of our algorithm, we compare Algorithm 1 with the LP method
in [10].

In our numerical tests, we set 8 = 0.5, nmax = 0.01, 0 = 1074, andf = 1073, The
largest number of iterations in Algorithm 1 and the LP method is set to be 30000, and the
largest number of iterations in the CG method is set to be n3.Let‘CT.”, ‘IT. ’,'NF.’,
‘NCG.’, ‘Res.’, ‘grad.’,and ‘err-c.’ denote the averaged total computing time
in seconds, the averaged number of outer Gauss—Newton iterations or LP iterations,
the averaged number of function evaluations, the averaged total number of inner CG
iterations, the averaged residual || H (Xy)| r, the averaged residual | grad 2(Xy)||, and
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the averaged relative error ||¢x — €llco/|[Cllco at the final iterates of the corresponding
algorithms, accordingly. Here, || - || means the vector co-norm.
The stopping criterion for Algorithm 1 and the LP method is set to be

llgrad A(Xi) | < ¢,

where ¢ > 0 is the prescribed tolerance.
We consider the following two examples.

Example 1 We consider the Sturm-Liouville problem of the form:

2

——y+q()c)y=ky, 0<x<m, 4.1
dx?

where ¢ is a real, square-integrable function and the following Dirichlet boundary
conditions are imposed

y(0) = y(@) =0.
By using the Rayleigh—Ritz method in [29], the Rayleigh quotient of (4.1) is given by

ST (/)2 + () y(x)?)dx
R(y(x)) =0 fon y(x)zdx

Suppose that y(x) = Z?: | w; sin(jx). By simple calculation, we have

R(y(x))
X i wi w82 0 Y wi e wy g () sinGix) sin(jx)dx
Y Y wi w8

)

ie.,
R(s() w! Aw
X)) = ,
Y wlw
where w := (wy, wa, ..., w,)! and the entries of the symmetric matrix A = [a;;] €

R™™" are given by

. 2 7
aij=1i-j -8’]. —+ - ./0 g (x) sin(ix) sin(jx)dx

i 811 . ; /(;nq(x)cos ((i - j)x) — cos ((i —i—j)x)dx

2 3
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fori,j=1,2,...,n.If g(x) = 2Z§<=1 ¢y cos(2kx), then one has

aij =1i-j- 8’+ch 8“ il Slzij) i,j=1,2,...,n.
k=1

LetTy (k=1,2,...,n—1)and Hy (k =1,2,...,2n — 1) be n x n real matrices
generated by the MATLAB built-in functions toeplitz and hankel:

Ty = toeplitz(ert+1), k=1,2,....,n—1

and

H — hankel(eg, 0,), k=1,2,...,n
k hankel(0,, €x—p+1), k=n+1,n+2,...,2n—1.

Define

i 2 72 2 Tox — Hak—1, 1§k§min{,71}
Ao = diag(1,2%,3%,...,n%), Ar=
k<l

— Hyq, min {l%}

Then

1
A= Ay+ chAk = A(c).
k=1

To estimate the first / Fourier coefficients of the potential g (x) defined by [29]
oo
192 1
qg(x) = Z —4—4 cos(2kx),

we consider the PLSIEP with above {A} and the n eigenvalues of A(C) as the pre-
scribed spectrum for varying n = m and [, where the entries of € are given by

=21 o2
Go=—g@ k=12...1

Example 2 We consider the PLSIEP with varying n, [, and m. Let € € R be a random
vector and Ag, Ay, ..., A; be n X n random symmetric matrices, which are generated
by the MATLAB built-in function randn:

~ 1
¢ :=randn(, 1), By :=randn(n,n), Akzi(Bk+BkT), k=0,1,...,1.
We choose the m smallest eigenvalues of A(C) as the prescribed partial spectrum.
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Table 3 Numerical results for Example 1

(n,l,m) CT.(s) IT. NF. NCG. Res. grad. err-c.

(100, 50, 100)  0.09 5 6 1.2 324 x 1071 579 x 10711 149 x 10711
(200, 60,200)  0.38 5 6 12 246 x 10710 342 x 10710 645 x 1071
(300,70,300)  1.04 5 6 1.2 573x 10710 952 %1010 161 x 10710
(400, 75,400)  2.36 5 6 1.2 178 x 1072 1.87x 1072 4.00 x 10710
(500, 80, 500)  3.82 5 6 12 297x107% 314 x 1077  4.01 x 10710
(600, 85,600)  5.86 5 6 12 476 x 1072 474 x 1072 9.8 x 10710
(800, 90, 800)  12.03 5 6 1.2 1.12x 1078 954 x107% 229 x107?
Table 4 Numerical results for Example 2

(n,l,m) CT.(s) IT. NF. NCG. Res. grad. err-c.
(100, 60, 80) 0.09 3.0 40 27 3.0 x 10711 417 x 10710 373 x 10714
(200, 120, 160)  0.66 3.0 40 33 6.86 x 10711 185x 1072  4.00x 10714
(300, 160,200)  3.36 3.7 47 64 214 x 1071 143x107°  371x 10714
(400, 220, 280)  10.70 4.0 50 65 042 x 10712 251 x 1072  4.19x 10714
(500, 340, 400)  22.92 4.0 50 48 248 x 1071 564 %1072  6.29x 10714
(600, 420, 480)  46.97 42 52 54 213x 1071 958 x 1072  7.95x 10714

For Algorithm 1 and the LP method in [10], the starting points are generated by the
MATLAB built-in function eig:

[Qo, A] = eig (A(ep), real’), Ag= A(m+1:n).

For Example 1, ¢y is set to be a zero vector. For Example 2, ¢¢ is formed by chopping
the components of € to two decimal places for n < 100 and to three decimal places
for n > 100.

We first apply the LP method and Algorithm 1 to Example 1 with ¢ = 107°,
Table 1 displays numerical results for Example 1, where the symbol “*” means the
largest number of iterations is reached. We observe that Algorithm 1 with PCG works
much better than the LP method in terms of computing time.

Next, we apply the LP method and Algorithm 1 to Example 2 with ¢ = 1078, For
comparison purposes, we repeat our experiments over 10 different problems. Table 2
shows numerical results for Example 2. We observe from Table 2 that Algorithm 1 is
more effective than the LP method in terms of computing time. We also see that the
proposed preconditioner can reduce the number of inner CG iterations effectively.

To further illustrate the efficiency of Algorithm 1, we apply Algorithm 1 with the
proposed preconditioner to Examples 1 and 2 for varying n, [, m with ¢ = 1078, The
corresponding numerical results are displayed in Tables 3 and 4. In Fig. 1, we give
the convergence history of Algorithm 1 for two tests. Figure 1 depicts the logarithm
of the residual versus the number of outer iterations. We see from Tables 3 and 4 that
Algorithm 1 with the proposed preconditioner works very efficient for different values
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(n,1,m) = (500,80, 500) for Ex. 1 (n,1,m) = (600,420,480) for Ex. 2
T T T T T T T 4 T T T T T T T

logio|grad h(X.)||
logiollgrad h(Xy)||

1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
Outer iteration number Outer iteration number

Fig.1 Convergence history of two tests

of n, [, m. Finally, the linear or quadratic convergence of Algorithm 1 is observed from
Fig. 1, which agrees with our prediction.

5 Conclusions

In this paper, we focus on the parameterized least squares inverse eigenvalue problem
where the number of parameters is smaller than the number of given eigenvalues. We
have proposed a geometric Gauss—Newton method for solving the problem. We have
established the global and linear or quadratic convergence of the proposed method
under the assumption that the Riemannian differential DH (-) is injective and the
residual || H (+)|| r is sufficiently small or equal to zero at an accumulation point X, of
the sequence { Xy} generated by our method.

In each outer iteration of the proposed method, the Riemannian Gauss—Newton
equation is solved approximately by the CG method. However, the Riemannian Gauss—
Newton equation is often ill-conditioned. To improve the efficiency of our method,
we have constructed a preconditioner by investigating the special structure of the
Riemannian Gauss—Newton equation. Numerical results show that the proposed pre-
conditioner can reduce the number of inner CG iterations and the computational time
very effectively. Thus our method can be applied to solve large-scale problems.

Finally, we should point out that the proposed method may not be effective as
expected if the differential DH (X ) is not injective or the residual || H (X,)| r is not
small enough. This needs further study.

Acknowledgements We are very grateful to the editor and the referees for their valuable comments and
suggestions, which have considerably improved this paper.

Appendix A

In this appendix, we deduce (2.4) and (2.6). To derive the Riemannian differential of
H : % — SR™" defined by (2.2), we consider the following extended mapping

H:R x R™ x P(n —m) — SRV, (A1)
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which is defined by
H(c, Q, A) := A(c) — QAQT,

forall (¢, Q, A) € R! x R™" x 9 (n —m), where A is defined as in (2.1). Thus the
map H is the restriction of H from the Euclidean space R! x R™™ x Z(n — m) to
the Riemannian product manifold 2, i.e., H = H| .

Similar to [2, (3.17)], for any (Ac, AQ, AA) € Te,0,4) %, one has

DH(c, Q, A)[(Ac, AQ, AA)] =DH(c, Q, A[(Ac, AQ, AA)]. (A.2)

For a tangent vector (Ac, AQ, AA) € T, 0,4)Z, the matrix AQ0Q0T is skew-
symmetric [2, (3.26)], i.e.,

(400"’ =-400". (A3)
By the definition of P in (2.5) we have
blkdiag(0,,, AA) = PAAPT. (A4)
Using (2.1), (2.5), (A.1), (A.3), and (A.4) we have

H(c+1tAc, Q +1AQ, A+1AA)
= A(c +1Ac) — (Q +tAQ) blkdiag(Af,, A+1AA)(Q+1A0)T
= A(c+14¢) — (Q +1AQ)AQ +1A0)T
—(Q +1AQ)blkdiag(0,,, tAA)(Q +1AQ)T
= H(c, 0, A) +1(A(Ac) — Ag) +1[QAQ", A007T)
—1(QP)AAQP) + 0(t?),

where ¢ € R. Based on Proposition 2.5 in [16] and the above equality, we have

DH(c, Q, AN)[(Ac, AQ, AA)]
i H(e+1Ae, 0 +1AQ, A+1AA) — H(c, O, A)
t—0 t
= (A(Ae) — Ag) + [0AQT, A00T1— (QP)AA(QP).

This, together with (A.2), yields

DH(c, O, A)[(Ac, AQ, AA)]
= (A(Ac) — Ag) +[QAQT, A00T1 - (@P)AA(QP),  (AS)

forall (¢, 0, A) € & and (Ac, AQ, AA) € T(¢,0,4)%, and thus (2.4) holds.
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Let (¢, Q, A) € Z. For the Riemannian differential DH (¢, Q, A) and its adjoint
(DH (e, Q, A))* with respect to the Riemannian metric g, one has [2, p. 185],

tr(AZ"DH (e, 0, A)[(Ac, AQ, AA)))
= g.0.0)((DH (e, 0, M))*[AZ], (Ac, AQ, AA)), (A.6)

for any (Ac, AQ, AA) € Te,0,.0)% and AZ € Th(c 0, 4)SR"™". Using (3.36) in
[2], the definition of the linear operator v in (2.7), (A.5), and (A.6) we have

tr(AZ DH(c, Q, A)[(Ac, AQ, AA)])
= tr(AZ(A(Ac) — Ag)) — tr(AZQAAQ))
—tr(AZ(AQ)AQT) — r(AZ(QP)AA(QP)T)

=tr(AZ Z(Ac)iA,-) —2t((AZQA)" AQ) —tr((QP)T AZ(QP)AA)
i=1

= Z(Ac)itr(AiTAZ) —2t((Q skew(QTAZQX))TAQ)
i=1

—tr((QP)' AZ(QP)AA)
= (v(AZ))TAc +tr(([QAQ", AZ10)" AQ) — tr(Diag((QP)" AZ(QP))AA)

= gc.0.10)(V(A2),[0AQ", AZ10, —Diag((QP)" AZ(QP)), (Ac, AQ, AA))
= g 0.0 ((DH (e, 0, A)[AZ], (Ac, AQ, AA)),

where skew(A) := %(A — AT). Thus,

(DH(c, Q, A))*[AZ] = (v(AZ),[QAQ", AZ]Q, —Diag((QP)" AZ(QP)))

forall AZ € Ty, o, 4)SR™™". This proves (2.6).
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