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Abstract

In this study, a general formulation for the fractional-order general Lagrange scal-
ing functions (FGLSFs) is introduced. These functions are employed for solving a
class of fractional differential equations and a particular class of fractional delay dif-
ferential equations. For this approach, we derive FGLSFs fractional integration and
delay operational matrices. These operational matrices and collocation method are uti-
lized to reduce each of the problems to a system of algebraic equation, which can be
solve employing Newton’s iterative method. We indicate convergence of this method.
Finally, some illustrative examples in order to observe the validity, effectiveness and
accuracy of the present technique are included. Also, by applying this method, we
solve the mathematical model of the noise effect on the laser device.
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1 Introduction

The fractional calculus is a field of mathematical study by changing the order of
derivative and integral from the integer to the non-integer. In fact, the fractional calculus
is the classical mathematical development. Since the beginning of this concept in the
theory of calculus and integrals, mathematicians such as Euler, Laplace, Riemann, and
Liouville developed it. The basic concepts of the theory of fractional calculation can
be found in [27].

The application of the concepts of fractional calculus can be found by researching
in various fields such as viscoelastic damping [1], robotics and control [16], signal
processing [29], and electric circuits [28].

In general, fractional differential equations do not always have the exact solution,
or it is difficult to obtain an analytical solution. For this reason, in recent years, the
study on the numerical solution of this type of equations has increased. Some of
the methods used to solve the fractional differential equations, such as Laplace trans-
forms [6], method based on operational matrices [2], variational iteration method [25],
finite difference method [22], Legendre wavelets method [10], Haar wavelet [36],
Bernoulli polynomials method [11], Chebyshev wavelets method [15], Fractional-
order Bernoulli wavelets method [33], and so on.

Time-delay systems have been very much considered in the last few decades.
Because many of these time-delay systems appear in many systems and branches
of science such as engineering, chemistry, physics, hydraulic networks, long trans-
mission lines, disease models [46], traffic control [42], etc.

In 1949, Myshkis introduced the theory of a general class of differential equations
with delayed arguments [24]. In addition, Krasovski [12], Bellman and Cooke [3],
El’sgol’c and Norkin [7], Hale [9] researched in this field.

Indeed, a strong motivation for studying and research to solve fractional differential
equations with time delay comes from the fact that these equations describe efficiently
anomalous diffusion on fractals, physical objects of fractional dimension, like some
amorphous semiconductors or strongly porous materials, fractional random walk, etc.

Other applications of this kind of equation occur in the following fields: fluid
flow, viscoelasticity, control theory of dynamical systems, diffusive transport akin
to diffusion, electrical networks, probability and statistics, dynamical processes in
self-similar and porous structures, electrochemistry of corrosion, optics and signal
processing, rheology, etc.

In recent years, several numerical methods have been presented for solving delay
differential equations integer order and non-integer order, such as hybrid of block-
pulse functions and Taylor series [19], Legendre wavelet method [39], Chebyshev
polynomials [41], method in [45], fractional-order Bernoulli wavelet [32], and so on.

Lagrange interpolation is commendable for analytical tools. The Lagrange approach
is in most cases the method of choice for dealing with polynomial interpolation [5].
Lagrange polynomials are used to solve numerical types of equations. As examples,
this polynomials are used to solve the integral equation [34], differential equations
[44] and delay differential equations [20] and delay optimal control problems [18]
and so on. Also, the scaling interpolation functions is used to solve the differential
equations [14,35] and optimal control problems [8], and so on.
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Recently in [37], we introduced fractional-order Lagrange polynomials (FLPs)
and applied these new functions to solve the fractional differential equations and we
showed FLPs are proper for the approximation of smooth functions.

Now, in this paper, a new set of fractional functions are presented which are used
FLPs to construct them. By using these new functions, we solve a class of fractional
differential equations and fractional delay differential equations. We demonstrate that
FGSLFs are appropriate for the approximation of smooth and piecewise smooth func-
tions. Notice that FLPs are the special cases of FGSLFs which are obtained by taking
k=1.

By considering zeros of orthogonal polynomials (such as Legendre polynomials,
Chebyshev polynomials, etc) as the nodes of Lagrange polynomials, the orthogo-
nal Lagrange polynomials are constructed [43], so we obtain FGLFs, the fractional
integration operational matrix of FGLFs and the delay operational matrix of FGLFs
generally, without considering the nodes of Lagrange polynomials.

As the result, by choosing the different nodes of Lagrange polynomials, we have
orthogonal and non-orthogonal Lagrange scaling functions. This is the most important
advantage of FGLFs over the fractional order Bernoulli wavelets given in Ref. [33].

Another advantage of FLGFs over the Bernoulli wavelets introduced in Ref. [32]
is the existence of the fractional-parameter, «. In presented examples in Sect. 7, we
can see that the influence this parameter to solve fractional differential equations and
fractional delay differential equations.

The rest of the paper is organized as follows. In Sect. 2, some necessary defi-
nitions and mathematical preliminaries required for our subsequent development is
given. In Sect. 3, we recall the fractional-order Lagrange polynomials, and then we
propose general Lagrange scaling functions and fractional-order general Lagrange
scaling functions. In Sect. 4, we achieve the FGLSFs operational matrices of frac-
tional order integration and delay. Section 5 is devoted to the numerical method for
solving the fractional differential equations and delay fractional differential equations.
In Sect. 6, the error analysis is given. In Sect. 7, we report numerical results and the
effectiveness of this method is shown by them. Also, in this section, we employ this
method for numerical solution of the Pieroux model in the problem of noise effect on
light in laser device.

2 Preliminaries

In this section, we give some basic definitions and properties of fractional calculus
theory which are used in this paper.

Definition1 Let f : [a, b] — R be a function, v > 0 a real number and n = [v],
where [v] denotes the smallest integer greater than or equal to v, the Riemann—
Liouville integral of fractional order is defined as [21]

oy Jo 6 = 0PN fydE = 1T f) v >0,

') = {f(x) b =0,
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where x"~! % f(x) is the convolution product of x*~! and f(x).
For the Riemann-Liouville fractional integral, we have [21]

van _ F(n + 1) xv—l—n

= — , n>—1,
I'n+1+v)

Definition 2 Caputo’s fractional derivative of order v is defined as [21]

v 1 P AO!
bijx) = I'(m—v) /0 (x — z)v—m+1dt’

form — 1 <v <m, m € N,x > 0. For the Caputo derivative we have [33]:

0, Ve N(), k < v,
Dka = { F(k+1) xk_u
I'(k—v+1) ’

otherwise
and DA = 0, where A is constant.

Also, this derivative can be expressed using the Riemann—Liouville integration as

D f(x) = {{;’n’;("{(’")(x), m—1<v<m,meN,
X

dxm

v=m
For Caputo’s derivative, the following properties are established:

(D"I" f)(x) = f(x),
[v]—1 ;
X

(I"D" f)(x) = f(x) — ; f(")(O)F 2.1

Definition 3 (Generalized Taylor’s formula) [26] Suppose that DX f(x) € C(0, 1]
fork=0,1,...,n+ 1. Then, we have

n ka x(n-i—l)a

_ A ka + (n+1a
f<x)_/§1"(ka+1)D FOO+ F T e s P F &)

with0 < & < x, Vx € (0, 1]. Also, one has:
n ko (n+1a
X X
N = _prroH<my—
F kz_gl“(ka—i-l) FOD) = “T'((n+ Da+1)

where My > supgc(o. 1) 1D £(€)].
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3 Fractional-order general Lagrange scaling functions
3.1 Lagrange polynomials

Suppose that the set of nodes be given by x;, i =0, 1, ..., n. The Lagrange interpo-
lating polynomials are defined as follows, for any fixed non negetive integer number

n:
n

. . (x —xj)
Li(x):= | | —(xi_xj).
j=0
JF#I

Also, these polynomials are characterized by Kronecker property

Li(x;) = 8ir,
where
1, i=I,
Si1 = .
0, i#l
It is necessary to mention that there are no explicit formulas for the determination
of points x;.
Let Li(x),i = 0,1,...,n are Lagrange polynomials on the set of nodes x;.

Lagrange polynomials in these points are described by [37]

n
Lix) =) Bisx"™*, i=0,1,....n. (3.1)
s=0
where
8 1
=—_
' [T)-0 @i —xj))
J#i

n—s+1 s

U D
Pis = H?‘:o(xi—x]') Z Z l_[xk,,

729 ke=kg_1+1 k=0 r=lI

andi ki #---Fky, s=1,2,...,n.

Lemma1 Let Li(x), i =0,1,...,n are Lagrange polynomials. Then these polyno-
mials satisfy the following formula

/1 L;(x)L;(x)dx = i Xn: _ Pibin (3.2)
0 J S]:OS2:02H—S1—52+1

Proof Using Eq. (3.1), we have
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1 n n h
f Li(x)Lj(X)dx = Z Z ﬁislﬁiszf XSS g
0 0

51=052=0
_ Xn: Xn: IBl'Sllgisz
51=052=0 2n — s1 =82+ 1
O
3.2 Fractional-order Lagrange polynomials
The fractional-order Lagrange polynomials are defined as follows [37]
n
LEx) =Y Bisx*™, i=0,1,2,....n. (3.3)
s=0
where 0 < o < 1 and
8 1
0 = —’
ST 2o (i — X))
j#i
(—1) n n—s+1 s
ﬁi.Y= l_[n (x._x.) Z Z l_lxkr,
j=0"" I ky=ks_1+1 k=0 r=1
J#F

andi k1 #---Fky, s=1,2,...,n.

These fractional functions on arbitrary nodal points are derived. Then, we can
have different choices for Lagrange polynomials. For example, the fractional-order
Lagrange polynomials, forn =2, x; = ;l— are as follows:

LE(x) =1 —3x% 4 2x%, LY%x) = 4x® — 4x%, LS (x) = —x* + 2x>.

Also, while x; are zeros of shifted Legendre polynomials and n = 2, these polynomials
are as

¢(x) = 1.47883 — 4.62433x% + 3.33333x>,
%(x) = —0.666667 + 6.66667x% — 6.66667x°,
9(x) = 0.187836 — 2.04234x + 3.33333x2¢,

3.3 Fractional-order general Lagrange scaling functions
3.3.1 General Lagrange scaling functions

Now, we define general Lagrange scaling functions. These functions are introduced
for arbitrary points of Lagrange polynomials.
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General Lagrange scaling functions are as follows:

Siook-1y _F L g+l
v =127 L@ X =0 gm =< e (3.4)
0, otherwise
with {
Li(x) = —L;(x), 35
i(x) NG i(x) (3.5)

where, w; are achieved from Eq. (3.2)and j = j — 1, j = 1,2,...,2k1 i =
0,1,...,n.

Itis worth to mention that if we consider x; as the roots of Legendre polynomials, we
find a special case of GLSFs, which is called interpolation scaling function [8,14,35].

3.3.2 Fractional-order general Lagrange scaling functions
In the following, we introduce a new set of fractional-order basis functions that are
called fractional-order general Lagrange scaling functions. These basic functions are

constructed using FLPs and GLSFs, which are indicated as w;?‘l. (x).
Using Egs. (3.4), (3.5), w;?‘l. (x) is given as follows

k=1 ~ _ bt i
wqi(x) — 272 Li(zk Ixe — 7 # <x% < ékl—la (3.6)
’ 0, otherwise
with {
L2 'x" = j) = ﬁu(zk”x“ - 3.7
1
where,f:j—l, j=12, L2 i =0,1, ..., n.Forexample, in x; = ,L;, k=

2, n =1, we have

ForOfx"‘<%

fo(0) = V2Lo(2x*) = V6(1 — 2x%),
Y8 (x) = V2L1(2x%) = V/6(2x%),

for%fx"‘<1

V5o () = V2Lo(2x* — 1) = V6(2 — 2x),
Y5 (0 = V201 2x% — 1) = V6(2x* — 1).

Moreover, Figs. 1 and 2 show graphs of FGLSFs forn = 2, k =2, x; = 1’1— and
various values of .
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Fig.1 Graph of the FGLSFs withn =2, k =2, o =

3.4 Function approximation

ST

A function f defined uniquely over [0, 1) canbe expanded in terms of fractional-order
general Lagrange scaling functions as

k-1

n

FO =YY v = CTw (),

where C and W% (x) are 2¥~1(n + 1) x 1 vectors given by
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T
C =1[C10:Cl1s -+, Clns €205 C2Ls o+ vy Cons w v vy Cok=1(ys « + + » Cok—1,,]

T
= [CO,C], ceesCpy O, '-'aCZk*In]

and T indicates transposition.

llla(x) = [Wf(o(x), R I/Ii)ln(x)’ I/Ig()(x)v s Wgn(x)» ) wgk—lo(-x)’ s I)[/.glkfll,l(-X’.)]T
= [K”g(x), Wix(x)» R} Wg(x), wy?_i,_l(x)a R} 1;[/lglk—l},l(x)]T' (38)

The coefficient vector C can be achieved as follows
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cT=FTp™!
where
1
D = (&%, v =f ()T (x)x* dx,
0
F =1[fi0, fits -5 fin, 120, f215 -5 f2ns ooy fok—10s ooy fzk—l,,]T,

and

1
f,,-:(f,w;?;)zfo fOYS@x*dx, j=1,....25" i=0.1,...n

4 Operational matrices of delay and fractional integration

In this section, we derive the FGLSFs operational matrices of delay and fractional
integration. We obtain these matrices directly, without transformation to FLPs.

4.1 The fractional integration operational matrix of FGLSFs

The fractional integration operator of order v > 0 of the vector ¥ (x) can be expressed
by
1"w(x) ~ P& 0w (x),

Using definition of the operator 7V, we have

I"ye () =

—1 . . k—1
F(v)x” *w;?‘i(x), i=0,1,....,n, j=12,...,2". (4.1

Now, by taking the Laplace transform to both sides of Eq. (4.1), we achieve

L[l”wq‘-(x)]=L L LIy%(x)], i=0,1 n j=12 k=1
Ji [XV) ji ) [ S s Ly ey .

where

L [ ! xv_1:| _ @.3)
')

Also, for g[f;?‘l. (x), we have

2k—1 2k—1

w;‘,-<x)=2"z‘(u S OLET = ;(x)ii(z"—lx“—b)
27
:—L,-(Zklx"‘—f)(,u 1) = - (L(X)>
() ()

w; .
2T 2T
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27 &
== B @ = e (u
=0

o) L) - ()} (x)) (4.4)

zk%l) 2k—1
where (1. (x) is unit step function defined as

1 x>c,
’uC(x)_{O x < c.

Now, for every i, j, «, we have a known function. Then, the Laplace transform of
Eq. (4.4) can be obtained. On the other hand, according to Eqs. (4.2)-(4.4), Laplace
transform of / "1//;?2 (x) can be achieved. By taking the inverse Laplace transform of

L(I”zﬁ;?‘i (x)), yields
1500 = @ (o). 4.5)

We can expand cﬁ;';’a)(x) in terms of FGLSFs as

2k=1
i@ =YY Gapvry () = €W @), (46
=1 p=0

Therefore, we have
PV =[C; 1, j=1,....2F" i=0,1,...,n

For example, fork =2, n =2 anda =v =1, x; = ,’1— the FGLSFs operational
matrix can be expressed as

0.0166667  0.208333 0.0666667 0 0 0
—0.0166667 0.166667 0.183333 0 0 0
0.0166667 —0.0416667 0.0666667 0 0 0

pLh —
0 0 0 1.6 3.375 1.65
0 0 0 —0.85 —1.5 —0.65
0 0 0 0.6 1.125 0.65

4.2 Delay operational matrix of FGLSFs

In the continue, we obtain delay operational matrix of FGLSFs.
Using Eq. (3.1), the Lagrange polynomials vector can be considered as

L(x) = AT, (x), “4.7)
where
T,(x)=[1,x, x> ...,x"1", L(x)=[Lo(x),Li(x),...,L,()]"
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and A = (y; j) _o is matrix of order (n + 1) x (n + 1), where y; j = B n—;.
Also, for Taylor polynomials, we have [31]

Th(x — &) =0(8)Tu(x)

where 6 (&) is the following matrix

1 0 .0
& 1 ...0
(é)2 —2¢ .0

0(§) =

n n n—
_(—S) (n_l)(—s) L 1_

Using Eq. (4.7), we obtain
L(x — &) = AO(E) T, (x) = AOE) A L(x)
In addition, we can write
L(x* — &) = A0(E) A~ L(x*)

and
LYx — &) = AG(E) AL (x),

where, L% (x) = [L%(x), LY(x), ..., LY(x0)]T.
Let My = AO(£)A~! and

1
TT()?O
wo| OVt
i 1
00..\/0)7

also, we know ~ _
L0 =) = J) = My L2 15 = )

Then, we achieve
Px — &) = 2:¥% (x),

where

£2¢ :diag[f?;, ég, e, .(25]

2k—1
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and
Qe = WMy, W'

£2¢ is delay operational matrix of FGLSFs.

5 Numerical method

The matrices presented in the previous section are generally obtained. So, we can have
different choices for the nodes of Lagrange polynomials.

In this paper, we choose x; = ﬁ the points of Lagrange polynomials. Therefore,
we have a set of non-orthogonal polynomials.
We consider the following problems:

Problem 1 Fractional differential equations

F(x,y(x). D'y(x)) =0, 0=
yP() = 4, i =

Problem 2 Fractional delay differential equations

F(x,)’(x)d’(x_%),l)v)’(x))=O7 OSXS], m—1 <v=m, O<$< la

yD(0) = 4, i=01,...m—1 meN
y(x) = @(x), x <0.
5.2)
We approximate DVy(x) in these problems by the FGLSFs as
D' y(x) ~ CTw%(x), (5.3)

so, using Eq. (2.1), operational matrix of fractional integration and initial conditions
of Problems 1, 2, we get

y(x) ~ I"(CTw%(x)) + mzl )]i—]:xk ~ TPV IOwe(x) + ETw (x) (5.4)
k=0
where
m—1 K m—1 K
E(x) = kZ_:O 700 = kX_jo e

E(x) ~ ETw*(x).

For Problem 1, substituting Egs. (5.3) and (5.4) in Eq. (5.1), we have an alge-
braic equation with 2"_1(11 + 1) unknown. Then, we collocate this equation at
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Xp = nZkL*l’ p=0,1,2,..., n2%=1 We have a system of algebraic equations, which
can be solved for the unknown vector C by using Newton’s iterative method.
For Problem 2, using Eq. (5.4), we get

ATwe(x) 0<x<E§,

CTPUD Qe (x) + ETQ:W%(x) £ <x <1 (35

y(x—é):{

where, @ (x — &) ~ ATW(x).

Now, substituting Egs. (5.3), (5.4) and (5.5) in Eq. (5.2), we get an algebraic equa-
tion. Then, by using collocation method and Newton’s iterative method, we can solved
this problem.

6 Error analysis

Theorem1 Let D'*f € C(0,1], i =0,1,....,n, Cn+Da+a>1 @& =
Y+ 1) and Y = span{L§(x), LY (x), ..., Ly} If fu(x) = AT LY (x) is the
best approximation of f (x) out of Y on the interval [ék;,ll, 511+ Then, for approxi-
mate solution f;(x) using FGLSFs on [0, 1], we derive

supxeo, | DTV £ (x)]

If = falla < Fnatat DI T e (6.1)
Proof Define
_ . xiot o +
fl(x)_;—l"(ia—i-l)l) M.

Using the generalized Taylor’s formula, we get

x(n+l)a

[f(x) = fikx)] < m

supxer, ;1D VY f(x)],

where [; j = [é%ll, 2/%1].
Given that f,(x) = AT L%(x) is the best approximation of f(x) out of Y on the
interval Iy j,and f1(x) € Y, then

2k71
2 T 2 T 2
1f = fallay = If = CT¥ a0 =D IF — A LNt i
j:1 2Kk— 2Kk—
2k71
<Y M= APy
Z f-r L2[2fk—711,2k/—71]

j=1
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k=1

x@+Da D) 2 X
< - Supyey, ;|D" “f(x)|] x*ldx
; /1 [r«n + Do+ 1)

1 x (D . 2 .
5/ |:—Supxe[0,l]|D(n+ )“f(x)l} x* dx
0

'(n+Da+1)
1

< D(n+1)oz 2’
_Ime+a+1ﬂ«br+ma+aﬁﬂwmw“| F @D

by taking the square roots, the proof is complete. Therefore, FGLSF’s approximations
of f(x) are convergent. O

Theorem 2 Let H is a Hilbert space and Y is a close subspace of H such thatdimY <
oo and yi, Y2, ..., Yn, is any basis for Y. Let 7 be an arbitrary element in H and y*
be the unique best approximation to z out of Y. Thus [13]

G(Zv )’1’ y27 ~--7)’n)
G()’l, y27 9yn)

2
lz —y*llz =

where

(. x) () oo (X )

(y1,x) (y1,¥1) -+ (Y1, Yn)
G(X,)’l,y%n-,}’n): . . . .

<yn',X> (an.)’l> <Yn’.}’n)
Lemma2 Let g € L?[0, 1] is approximated by FLPs as
g(x) = gn(x) = ATL* (v),
so, we have
lim e,(g) = 0.
n—00

where

1
en(g) = /0 [(x) — gn () 2dx.

In the following, we find an upper bound for the error vector of fractional integration
operational matrix.

Suppose E ;v) is the error vector of the operational matrix P>, We consider this
vector as follows

@ Springer



116 S. Sabermahani et al.

€jo

v) (v,a) o Vo (v) e
E,;” =P U (x) —1"v%(x), E;7=1. , (6.2)

€in
From Eq. (4.6) and approximated @;‘;’a)(x), we get

k-1

G = 3N et (x),

=1 p=0

we obtain ¢;, with the best approximation. From Theorem 2, we have:

2k=1 ~(v,a) o o o 1

G((p (-x)v 1// ’ 7"'71# — ) 2

~(v,0) _ ~ o — Ji 0 1 2k=1p )
ZCRPIPBLATIS ( GGV Vo) )

=1 p=0 2
Then, from Eqgs. (4.2)—(4.6), we achieve

k=1 p

lerilla = [ 1Y9% () = D) " Eprt, (x)

=1 p=0
k=1

P =33 Erpd, (1)

=1 p=0
(G(@j};,a)(x), vEL U, w;‘kln))é
GO, Ui .. V) '

IA

By considering the above discussion and Theorem 1, we can see that by increasing
the number of the FGLSFs, the error vector E) tends to zero.

We can show, the convergence of the present method for Problem 1. For simplicity,
we rewrite this problem in the following form:

D’y(x) =a(x)y(x) +b(x), m—1<v<m, (6.3)

where, a(x), b(x) are known functions.
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Theorem 3 Suppose y(x) is the analytic solution to Eq. (6.3). In this case, the error
of the our method || Ey || is as follows

supxepo, 1/ D" TDYE ()| >
I'(na+ o+ 1)/(2n + 3)a
supxefo, 111DV (x)]

+
il I'no + o+ 1)/2n + 3)a
supxefo, 111DV (x)|

+F(na +a+ 1)v/2n+ 3)a

nEﬁuzsnam(cTE;+

Proof We define
Ey.(x) = D"y(x) — D"yp(x),
then, from Eq. (6.3), we achieve
Ey;(x) = (a(x)y(x) — ap(x)ya(x)) + (b(x) — ba(x)).
Using Egs. (6.1) and (6.2), we have

ly — yilla < I1CT1"w® — T PO Dwe |, 4+ |E — ETw|,
supxefo, 11D TVYE (x)|

I'(na+ o+ 1)/2n +3)a

<CTE) +
Moreover, we have

lay —ayzall2 < llall2lly — yall2
supxefo, 1]/ D" TVYE (x)] )
I'na + o+ 1)/(2n +3)a

supxepo, 111DV (x)|

(6.4)

snah<CTE7+

— a~ < — a < 6.5
lays — anyall2 < llyal2lla — azll2 < IIyﬁllzr(m et DI e (6.5)
and (+1)
supxepo, 111DV TV%b(x)|
b — billy < ——Lx<l0: 1] (6.6)
I'na+a+ 1)/2n +3)a

Using Eqgs. (6.4)—(6.6), we achieve

supxepo, 1D TVYE (x)]
nEﬁuzsnam(cTE;+ x<l0. 1)

I'na +a+1)/Q2n+3a
il supxeo, /D" D a(x)|
I'no+a+ 1)/Cn + 3o
4 _Supxelo, I DD (x)|
I'na+a+ 1)J/Cn +3)a
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Table 1 The absolute error with k = 2, n = 2 various values of « in Example 7.1

X v=0.25 v=20.5
a=1 a=0.25 a=1 a=0.5

0.1 2.41676 x 1072 0 1.67182 x 1072 5.55112 x 10~17
0.3 2.25179 x 1072 2.22045 x 10716 5.21543 x 1073 1.11022 x 10~16
0.5 7.65604 x 1073 3.33067 x 10716 4.71405 x 1073 0
0.7 3.15443 x 1073 4.44089 x 10716 1.43861 x 1072 0
0.9 5.17371 x 1074 555112 x 10~16 2.58112 x 1072 1.11022 x 10716

For Problem 2, it can be shown similarly that our method is convergent. O

7 lllustrative test problems

In this section, we apply the proposed method to solve the following test examples.

Fractional differential equations

Example 7.1 Consider the fractional differential equation [4]

{D"y(x) +y() = Fl s xh, 0<v<a<lxel01]
y(0) =0.

The exact solution of this equation is y(x) = x*. We solve this problem by applying
the method described in Sect. 5, the above equation is transformed as following

CTwx) + cTPOeg?(x) = ETw(x),
where %x*‘” + x* >~ ETw*(x). By collocation above equation at x, =
nsz*l’ p=20,1,..., n2%=1 and using Newton’s iterative method, we obtain the
unknown vector C.

Table 1 displays the absolute error obtained between the approximate solutions and
the exact solution for k = 2, n = 2 and various values of v = A. Also, Fig. 3 shows
the absolute error obtained between the approximate solutions and the exact solution
fork=2,n=2witha =v = A.

So, Table 1 and Fig. 3 demonstrate the validity and effectively of the our method
for this problem.

Example 7.2 Consider the following nonlinear initial value problem
1 1
D2y(x) + y(x)D2y(x) = f(x),

0<x<l1,
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Fig.3 The absolute error obtained between the approximate solutions and the exact solution fork =2, n =
2witha)a =v=1b)a =v =1, in Example 7.1

subject to
y(0) = 1.
where
o= A AN ) C 0sx<y
T ) VT 8Ux | JrJ/x | 8 32x2 1
SRy s by NC L v S It B
whose exact solution is given by
) = Jx+1, O§x<}1,
YW= 4dx + /x, J—tfxfl.
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Table2 Comparison of the
absolute error our method for

a=1

DI

o=

a=1, % in Example 7.2

0.1 1.58454 x 1073 1.98996 x 10~12
0.2 1.79207 x 1073 3.34421 x 10712
0.3 1.46410 x 1072 1.81403 x 10710
0.4 1.19628 x 1072 1.44686 x 10710
0.5 1.00484 x 1072 1.23817 x 10710
0.6 8.36381 x 1073 1.09054 x 10~10
0.7 7.00597 x 1073 9.69882 x 10~
0.8 6.12117 x 1073 8.69367 x 1011
0.9 5.64602 x 1073 7.94831 x 10~

We employ proposed method for solving this problem fork =2, n =4 and o = 1, %
In Table 2, the absolute error obtained between the our numerical results in ¢ = 1
and % and the exact solution for various of x. Table 2 demonstrates the validity and
effectively of our method for this problem.

Example 7.3 Consider the following nonlinear fractional equation [10]
D'u(x) = —u’(x)+1, 0<v<l,
where
u(0) = 0.

the exact solution for v = 1 is given by

By employing the our method, the problem reduces to
CTw(x) = —(CTFOw () (T PU D (x)T + ETwe(x),
and
1~ ETwe(x).
We apply the present approach to solve this problem with n = 4, k = 1. The
approximation solution for this problem by Legendre wavelet methodink =1, M =
25, v = lisplotted in [10]. From figure in [10] and Fig. 4, we can see that we obtain a

good approximation for the exact solution. In addition, Fig. 4 shows the approximation
solutions obtained for« = v = 1, n =4, k = 2 and different values of v = « using
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Fig.4 The comparison of y(x) for k = 2, n = 4 and various of @ = v and the exact solution, in Example
7.3

the FGLSF scheme. From these results, it is seen that the approximation solutions
converge to the exact solution.

The exact solutions for the values of v % 1 don’t exist. Therefore, similar to [37]
for indicate an effectiveness of the our method in this example, we consider the norm
of residual error as follows

1
| Res, I> = /0 Res2(x)dx.
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Table 3 The ||Res;, ||2 with various values of v = « for Example 7.3

v =0.65 v=0.75 v =0.85 v =095

n==6, k=1[37] 5.87081 x 107®  9.82935 x 1070  1.99058 x 10~/ 3.11952 x 10~8
n=6 k=2 8.03667 x 1078 3.12708 x 1079 5.15031 x 10710 3.98973 x 10~ !

where
Res,(x) = CTw(x) + (CT P Dg () (T PODw* ()T — ETw*(x),

Table 3 shows || Res,||? with some n, k and various values of v = «. Numerical
results display the advantage of the proposed technique to solve this nonlinear problem.

Fractional delay differential equations

Example 7.4 Consider the following fractional delay differential equation

D'y(x) =y(x—&)+ f(x), 0<x=<1,
y(x) = Vx, —£<x<0
where
S+ Vx =6, O§x<}‘,
fx) = 2/x 813 21
—r syt @8 g=xsl

the analytic solution of this problem for v = %, & =0.000001 is

o

1
X I
x <1

y(x) = {ﬁ

=
xz—x, 41—15

We apply the present method for solving this problem for k = 2, n = 4 and different
values of «. In Table 4, the absolute error achieved between the numerical results
ino =1, % and the exact solution for various of x. Table 4 shows the validity and
effectively of the present method for this problem.

Example 7.5 Consider the following fractional delay differential equation for0 < v <
1[32]

D'y(x) = y(x —&) — y(X) + 75=5%> "

—ror 28 —E -8, 0 <x<I,

y(x) =0, 0

| /\

The exact solution of this problem is y(x) = x> — x, when v = 1.
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Table4 Comparison of the

absolute1 error our method for * a=1 o= %

@ =1, 7 in Example 7.4 0.1 1.3178 x 1073 7.58573 x 108
0.2 1.9939 x 1073 7.01903 x 10~8
0.3 7.4942 x 107! 3.52562 x 1078
0.4 7.2213 x 107! 1.36233 x 1078
0.5 4.1689 x 1073 1.27839 x 10~8
0.6 3.2503 x 1073 3.38740 x 10~8
0.7 1.6453 x 1073 7.71325 x 1077
0.8 2.5623 x 1073 1.42434 x 1077
0.9 1.2799 x 1073 7.94831 x 1077

0.00

-0.05

-0.10

-0.15

-0.20

-0.25

I S S S TS B S T S S

P L e e e e e e

0.4

0.6

1.0

Fig. 5 The comparison of our results forn = 2, k = 2, & = 0.01 with « = v and exact solution in
Example 7.5

We employ this method for v = o = 1, k = 2, n = 2 and various choices of £. In
Fig. 5, the approximate solutions obtained for different values of @ = v and the exact
solution in £ = 0.01 are shown.

Table 5 shows the efficiency and accuracy of FGLSFs to solve this fractional delay
differential equation. From these results, it is seen that the approximate solutions
converge to the exact solution.

Example 7.6 Consider the following fractional delay differential equation

DVy(x) = —y(x) — y(x — 0.3) + e7* 03, 0<x<1, 2<v<3,
yxy =1, yO=-1, y 0 =1, yx)=e* x<0

The analytic solution of this problem, for v = 3, is y(x) = ¢~*.
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Table5 The absolute errors of our approximation in k = 2, n = 2 with various values of & for Example 7.5

& = 0.0001 £ =0.001 £ =0.01

0.1 0 0 0

0.3 2.7756 x 10~17 2.7756 x 10~17 2.7756 x 10~17
0.5 9.9920 x 10710 1.2212 x 10715 1.2212 x 10715
0.7 7.7716 x 10716 1.2212 x 10715 1.1102 x 10~15
0.9 5.5511 x 10716 1.2212 x 10715 1.1102 x 10~15

Table 6 Comparison of the approximate solution with exact solution in Example 7.6

X Exact solution Hermit wavelet [40] Bernoulli wavelet [32] Our method
n=25 n=14 n=17

0.2 0.81873 0.8187 0.8187 0.81872

0.4 0.67032 0.6703 0.6703 0.67032

0.6 0.54881 0.5488 0.5488 0.54882

0.8 0.44933 0.4493 0.4493 0.44936

Table 6 shows the numerical results obtained for different values of x using our
methodink =1, n =6, = 1 orn = 7, the Hermite wavelet method in 7 = 25
[40], Bernoulli wavelets method with k = 2, M = 7 or n = 14 [32], and the exact
solution. Also, Fig. 6 displays the approximate solutions obtained with various values

of v and the exact solution forn =6, k =1

Example 7.7 We consider the fractional delay differential equation [17]

D'y(x) = xy(x — &) + x>y (x — &) + g(x),

where y(0) = 1 and

x, O
gx) =11 1
27 2

1
a={7 %
=11 3
i 7

1
-1+ "
27 )3 1
4° 2

, a=1.

IA A
= =
IAIA
—_ B >—‘1le

IA
=
IA

IA
=
A

IA
=
IA

IA
—_ N

=
IA

The exact solution of this problem for v = 1 is

1+ %xz,
y(x) = %8:% + 307+ 2 = fext 4,
o0 + 3%+ gext — 6x gt
L2893 | Ly JZ8T,2 4 18,3 Loxt o xS+
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Fig. 6 The comparison of y(x) for k = 1, n = 6, v = 3 and various of @ and the exact solution, in
Example 7.6

By employing our method for K = 3,n = 7 and @ = 1, we obtain the exact
solution.

Example 7.8 This example is a model which is based on the effect of noise on light
which is reflected from laser to mirror has been introduced by Pieroux [30]. Figure 7
shows this model taken from Ref. [23].

IN =

{ D'y(x) = —L1y) + ly)yx —8), 0<
y(x) = 0.9, —&
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Lens Beam
Isolator

Splitter
Semiconductor
Laser

Power \{

N

Fig.7 Semiconductor laser subject to an optoelectronic feedback. The figure illustrates the optoelectronic
device used by Saboureau et al. [38]. The feedback operates on the pump of the laser by using part of the
output light which is injected into a photodetector connected to the pump. The delay of the feedback is
controlled by changing the length of the optical path [23]

Table 7 The ||Res;, ||2 with various values of v, « for Example 7.8

v=a=1 v=20J5 a=1 a=v=0.5
n=2 k=2 8.32330 x 1073 1.62683 x 10~4 1.15286 x 1079
n=6, k=1 3.05355 x 107° 9.98795 x 107> 1.20490 x 10~ !1

The exact solution of this equation is not available [23]. Then to display an efficiency
of the proposed method for this problem, we define the norm of residual error as follows

1
Resy(x) = CTw(x) + =(CT Py (x) +0.9)
€
1
——(CTPYIY(x) +0.9)(CT PV 2: 0% (x) +0.9)7,
€

1
||Resn||2=/0 Res,%(x)dx.

Table 7 shows ||Res,||> with e = 0.1, £ = 0.3,n = 6, k = 1 and various values
of v = «. This table displays the advantage of the present technique for solving this
nonlinear problem.

8 Conclusion

The purpose of this study is to provide a new set of basis functions for solving
two classes of fractional equations. First, we provide general Lagrange scaling func-
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tions(GLSF). These functions are constructed based on the Lagrange polynomials.
In other words, these functions are introduced regardless of the nodes of Lagrange
polynomials. In continue, using FLPs we introduce a new set of functions that are
called fractional-order general Lagrange scaling functions(FGLSF). In the following,
the fractional integration operational matrix of FGLSFs and delay operational matrix
of FGLSFs are presented. The the operational matrix of fractional integration is cal-
culated using the Laplace transform. Also, we obtain this matrix directly, without
transformation to FLPs. These matrices and the collocation method are used to solve
two classes of problems, the fractional differential equations and fractional delay dif-
ferential equations. Numerical examples demonstrate the ability and effectiveness of
our method. Also, in these numerical examples, we can see that the present method is
convergent.

References

1. Bagley, R.L., Torvik, PJ.: On the fractional calculus model of viscoelastic behavior. J. Rheol. 30(1),
133-155 (1986)

2. Behroozifar, M.: Spectral method for solving high order nonlinear boundary value problems via oper-
ational matrices. BIT Numer. Math. 55, 901-925 (2015)

3. Bellman, R., Cooke, K.L.: Differential-Difference Equation. Academic Press, New York (1963)

4. Bhrawy, A., Alhamed, Y., Baleanu, D., Al-Zahrani, A.: New spectral techniques for systems of frac-
tional differential equations using fractional-order generalized Laguerre orthogonal functions. Fract.
Calc. Appl. Anal. 17(4), 1137-1157 (2014)

5. Burden, R.L., Faires, J.D.: Numerical Analysis, 9th edn. Brooks/Cole, Cengage Learing, Boston (2010)

6. Daftardar-Gejji, V., Jafari, H.: Solving a multi-order fractional differential equation using Adomian
decomposition. Appl. Math. Comput. 189(1), 541-548 (2007)

7. El'sgol’c, L.E., Norkin, S.B.: Introduction to the Theory of Differential Equations with Deviating
Argument, 2nd edn. Nauka, Moscov (1971). (in Russian) (Mathematics in Science and Engineering,
vol. 105, Academic Press, New York (1973))

8. Foroozandeh, Z., Shamsi, M.: Solution of nonlinear optimal control problems by the interpolating
scaling functions. Acta Astron. 72, 21-26 (2012)

9. Hale, J.K.: Theory of Functional Differential Equations. Springer, New York (1977)

10. Jafari, H., Yousefi, S.A., Firoozjace, M.A., Momani, S., Khalique, C.M.: Application of Legendre
wavelets for solving fractional differential equations. Comput. Math. Appl. 62(3), 1038-1045 (2011)

11. Keshavarz, E., Ordokhani, Y., Razzaghi, M.: Bernoulli wavelet operational matrix of fractional order
integration and its applications in solving the fractional order differential equations. Appl. Math. Model.
38, 6038-6051 (2014)

12. Krasovskii, N.N.: Stability of Motion. Standford University Press, Palo Alto (1963)

13. Kreyszig, E.: Introductory Functional Analysis with Applications. Wiley, New York (1978)

14. Lakestani, M., Nemati Saray, B.: Numerical solution of telegraph equation using interpolating scaling
functions. Comput. Math. Appl. 60, 1964-1972 (2010)

15. Li, L.: Solving a nonlinear fractional differential equation using Chebyshev wavelets. Commun. Non-
linear Sci. Numer. Simul. 15, 2284-2292 (2010)

16. Machado, J.A.T.: J. Syst. Anal. Model. Simul. 27, 107 (1997)

17. Marzban, H.R., Hajiabdolrahmani, S.: Numerical solution of piecewise constant delay systems based
on a hybrid framework. Int. J. Differ. Equ. 2016 (2016)

18. Marzban, H.R., Pirmoradian, H.: A novel approach for the numerical investigation of optimal control
problems containing multiple delays. Optim. Control Appl. Methods (2017). https://doi.org/10.1002/
oca.2349

19. Marzban, H.R., Razzaghi, M.: Solution of multi-delay systems using hybrid of block-pulse functions
and Taylor series. Sound. Vib. 292, 954-963 (2006)

20. Marzban, H.R., Tabrizidooz, H.R.: A hybrid approximation method for solving Hutchinson’s equation.
Commun. Nonlinear Sci. Numer. Simul. 17, 100-109 (2012)

@ Springer


https://doi.org/10.1002/oca.2349
https://doi.org/10.1002/oca.2349

128

S. Sabermahani et al.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

37.

38.

39.

40.

41.

42.

43.
44.

45.

46.

Mashayekhi, S., Razzaghi, M.: Numerical solution of distributed order fractional differential equations
by hybrid functions. J. Comput. Phys. 315, 169-181 (2016)

Meerschaert, M.M., Tadjeran, C.: Finite difference approximations for two-sided space-fractional
partial differential equations. Appl. Numer. Math. 56(1), 80-90 (2006)

Moghaddam, B.P., Mostaghim, Z.S.: A numerical method based on finite difference for solving frac-
tional delay differential equations. J. Taibah Univ. Sci. 7(3), 120-127 (2013)

Myshkis, A.D.: General theory of differential equations with a retarded argument. Uspehi Mat. Nauk.
22(134), 21-57 (1949). (in Russian) (Amer. Math. Soc. Transl. No. 55 (1951))

Odibat, Z.M., Momani, S.: Application of variational iteration method to nonlinear differential equa-
tions of fractional order. Int. J. Nonlinear Sci. Numer. Simul. 7(1), 27-34 (2006)

Odibat, Z., Shawagfeh, N.T.: Generalized Taylor’s formula. Appl. Math. Comput. 186(1), 286-293
(2007)

Oldham, K., Spanier, J.: The Fractional Calculus Theory and Applications of Differentiation and
Integration to Arbitrary Order, vol. 111. Elsevier, Amsterdam (1974)

Oustaloup, A.: Fractional order sinusoidal oscillators: optimization and their use in highly linear FM
modulation. IEEE Trans. Circuits Syst. 28(10), 1007-1009 (1981)

Ozaktas, H.M., Arikan, O., Kutay, M.A., Bozdagt, G.: Digital computation of the fractional Fourier
transform. IEEE Trans. Signal Process. 44(9), 2141-2150 (1996)

Pieroux, D., Erneux, T., Gavrielides, A., Kovanis, V.: Hopf bifurcation subject to a large delay in a
laser system. STAM J. Appl. Math. 61(3), 966-982 (2000)

Rabiei, K., Ordokhani, Y., Babolian, E.: Fractional-order Boubaker functions and their applications in
solving delay fractional optimal control problems. J. Vib. Control. 24(15), 3370-3383 (2017)
Rahimkhani, P., Ordokhani, Y., Babolian, E.: A new operational matrix based on Bernoulli wavelets
for solving fractional delay differential equations. Numer. Algorithms 74, 223-245 (2017)
Rahimkhani, P., Ordokhani, Y., Babolian, E.: Fractional-order Bernoulli wavelets and their applications.
Appl. Math. Model. 40, 8087-8107 (2016)

Rashed, M.T.: Lagrange interpolation to compute the numerical solutions of differential, integral and
integro-differential equations. Appl. Math. Comput. 151, 869-878 (2004)

Rashidinia, J., Jokar, M.: Application of polynomial scaling functions for numerical solution of tele-
graph equation. Appl. Anal. 95(1), 105-123 (2016)

. Rehman, M.U., Khan, R.A.: A numerical method for solving boundary value problems for fractional

differential equations. Appl. Math. Model. 36, 894-907 (2012)

Sabermahani, S., Ordokhani, Y., Yousefi, S.A.: Numerical approach based on fractional-order Lagrange
polynomials for solving a class of fractional differential equations. Comput. Appl. Math. (2017). https://
doi.org/10.1007/340314-017-0547-5

Saboureau, P., Foing, J.P., Schanne, P.: Injection-locked semiconductor lasers with delayed optoelec-
tronic feedback. IEEE J. Quantum Electron. 33, 1582-1591 (1997)

Sadeghi Hafshejani, M., Karimi Vanani, S., Sedighi Hafshejani, J.: Numerical solution of delay differ-
ential equations using Legendre wavelet method. World Appl. Sci. 13, 27-33 (2011)

Saeed, U., Rehman, M.U.: Hermite wavelet method for fractional delay differential equations. J. Differ.
Equ. 2014, 1-8 (2014)

Sedaghat, S., Ordokhani, Y., Dehghan, M.: Numerical solution of the delay differential equations of
pantograph type via Chebyshev polynomials. Commun. Nonlinear Sci. Numer. Simul. 17, 48154830
(2012)

Sipahi, R., Niculescu, S.I.: Deterministic time-delayed traffic flow models: a survey. In: Complex
Time-delay Systems, pp. 297-322. Springer, Berlin, Heidelberg (2009)

Szego, G.: Orthogonal Polynomials, 3rd edn. American Mathematical Society, Providence (1967)
Tabrizidooz, H.R., Marzban, H.R., Razzaghi, M.: Solution of the generalized Emden-Fowler equations
by the hybrid functions method. Phys. Scr. 80(2), 5 (2009)

Velmurugan, G., Rakkiyappan, R.: Hybrid projective synchronization of fractional-order memristor-
based neural networks with time delays. Nonlinear Dyn. 83(1-2), 419-432 (2016)

Zhang, T., Meng, X., Zhang, T.: SVEIRS: A New Epidemic Disease Model with Time Delays and
Impulsive Effects. Abstract and Applied Analysis, vol. 2014. Hindawi Publishing Corporation, London
(2014)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1007/s40314-017-0547-5
https://doi.org/10.1007/s40314-017-0547-5

	Fractional-order general Lagrange scaling functions and their applications
	Abstract
	1 Introduction
	2 Preliminaries
	3 Fractional-order general Lagrange scaling functions
	3.1 Lagrange polynomials
	3.2 Fractional-order Lagrange polynomials
	3.3 Fractional-order general Lagrange scaling functions
	3.3.1 General Lagrange scaling functions
	3.3.2 Fractional-order general Lagrange scaling functions

	3.4 Function approximation

	4 Operational matrices of delay and fractional integration
	4.1 The fractional integration operational matrix of FGLSFs
	4.2 Delay operational matrix of FGLSFs

	5 Numerical method
	6 Error analysis
	7 Illustrative test problems
	Fractional differential equations
	Fractional delay differential equations

	8 Conclusion
	References




