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Abstract In this paper, we present some uniform relative perturbation bounds for
eigenvalues and eigenspaces of diagonalizable matrices under additive and multi-
plicative perturbations. Some existing perturbation bounds can be improved based on
the new bounds. Numerical experiments are given to demonstrate the advantage of the
new bounds.
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1 Introduction

The numerical analysis for an eigenpair of a matrix plays an important role in science
engineering computing, physical science et al. Usually, the numerical analysis for
eigenpairs contains two aspects:

— algorithms for computing the eigenvalue and the eigenvector;
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— (absolute and relative) perturbation analysis for additive perturbations and multi-
plicative perturbations, which can lead to the condition number for computing the
eigenvalue and the eigenvector.

There have been many significant results for the perturbation analysis (see, e.g.,
[20]). The classical bounds for the eigenpair perturbation are the Hoffman—Wielandt
theorem for eigenvalues [6] and the sin @ theorem for eigenspaces [3], respectively.
Recently, some new perturbation bounds for eigenpairs have been obtained; see
[1,2,4,7,8,12-14,16,19]. Some combined perturbations for matrix decompositions
were established; see [2, 14,16, 17]. In particular, some combined perturbation bounds
for eigenpairs of Hermitian matrices were presented; see [14,16]. In order to give
combined bounds for eigenpairs of diagonalizable matrices, we first introduce some
notations.

Let C™*" be the set of m x n complex matrices, and let (n) = {1, 2,...,n}. By
A* and I we denote the conjugate transpose of a matrix A and the identity matrix,
respectively. The Frobenius norm, the spectral norm, the minimum and maximum
singular value of a matrix are denoted by || - || 7, || - [|2, Omin(+) and omax (+), respectively.

Let both A and its perturbed matrix Aben xn diagonalizable matrices with the
following eigendecompositions:

AX = XA = (X, X2)<A10 ) and AX = XA = (X, 5('2)<A10~ )

0 A 0 Ap
5 _ (1.1)
where X and X € C"*" are nonsingular, X and X; € C"*", 1 <r <n,
Al = diag()\'lv)\'zn"")\'r)v A2 = diag()\'r+19)"r+25"'v)\'}’l)’ (1'2)

~ ~ ~

Al = diag()"lv )\-27 ---7)"1‘)3 A2 = diag()‘r+l’)¥r+27--w)~n)s (13)

~

and A; and A ; may be complex. Partition

o (Y 1 _ (Yf
X _(Yz* and X' = ) (1.4)

where Y7, Yl e C"™7 Let

S0 _ . =, s
ij = m1~n ~ ﬁv L, J]=1,z ( . )
rer(Ap),her(A) [AA]

For simplicity, we always use the notation §;; = 81.(;.)’0). Another relative gap is given
by _
) : | A=Al

= min

Pij I = NAVES
AEA(A),AEA(A]) ARV A 12+ A

where k and [ are nonnegative real numbers.

1,2, (1.6)
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Let X; and X 1 € C™r (n_> r) have full column rank r. Then the angle matrix
O (X1, X1) between X1 and X is defined by [20]:

OX1, X)) = arccos((Xle)*%XTf(l(;?T;?l)flgTXl(X*Xl),%)%‘

In particular, if both X; and X 1 have orthonormal columns, then for any unitarily
invariant norm || - || we have

Isin® (X1, Xl = I XXzl = IIX} X2ll,

where (X, X3) and ()?1, )?2) are n X n unitary matrices.

Let A and A = A 4+ AA have the decomposition (1.1)—(1.3). Here we consider the
relative perturbation for the eigenpair.

For the relative perturbation of eigenvalues and eigenspaces, Ipsen presented the
following general relative bounds

n
~ ~ 2 ~ ~
> (/\;’%igg =0T =k (X)eXOIAFAAAT |k (1.7)
i=1
and ~
N ~ A~ AAA|IF
Isin© (X1, X)llF < € (V2)k (X)) 75— (1.8)
813
respectively, where k (B) = ||B|2||B~"||» for any nonsingular matrix B or «(B) =

|| Bll2|| BT ||> for any matrix B (see Theorem 6.1 and Corollary 3.3 of [8]).

The idea of this paper is to combine (1.7) and (1.8) together into one formula,
from which one may deduce some classical perturbation bounds for eigenvalues and
eigenspaces, respectively.

The rest of this paper is organized as follows. In Sect. 2, we present the combined
bound for eigenvalues and eigenspaces in the additive perturbation case. In Sect. 3,
we consider the multiplicative perturbation case, and get the combined bound for the
multiplicative perturbation. In Sect. 4, we give some numerical example to show the
theoretical results. Some concluding remarks are given in the final section.

2 Relative bounds for additive perturbation

In this section we will get a relative combined perturbation bound for the eigenpair.
First of all, we give some lemmas which will be used in this section.

The following Lemma 2.1 was implicitly hidden in the presentation of Sun [18],
but formally stated in Lemma 2.2 of Li [9], and also can be found in [13] and [15].

Lemma 2.1 Suppose that X = (X1, X») € C"*" is a nonsingular matrix, where X
€ C"'™ and its inverse has the block form (1.4). Then for the 2-norm or Frobenius
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norm || - || and any full column matrix )~(1 e Cmm,
sin ® (X1, XDl < 1Y, 120X 1215 X1,
where by M we denote the Moore—Penrose inverse of a matrix M.

The following lemma is Theorem 3.2 in [5], which is further generalized to more
general case in Proposition 3.1 of [11]; see also the last line of [5] for more details.

Lemma22 [5] Let T € C™" and A; = diagW\”, ... .29y e ¢vn, i =
1, 2, 3, 4. Then there exists a permutation T of (n) such that

x“) )

(3), @
() — XA

v S IAIT Az — AT Agl

O min

Now we present a combined perturbation bound for the relative measure.

Theorem 2.3 Let A and its perturbed matrix Abetwon xn nonsingular diag-
onalizable matrices with the eigendecompositions (1.1)—(1.3). Then there exists a
permutation t of (r) such that

2
(1,k)
(515"
DA
v—1 37—k —1 2
< IX 1A *AAATIX |3, @.1)

Isin (X1, XD)[1% + 02, (Vi X1) Z LG = AT 1

where 3{12‘1{) is given by (1.5).
Proof 1t is easy to check
Ak A — DA = Akal! — F1-kp,
ie.,
XA KX IXxA X XA X Ix Al x = AR - AHal.
Hence,
AKX Ix A - AR x A = XA R A - A)A! X,

Let AA = A — A. By (1.4) we have
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Then Tk 1-1 TI—ky 1
ATRYEx A — AR EX AT S _
(/’\Vlk)N’J*XlA%I—X%k)N’J*XlAll) =X'Aa*aaa"x,. (2.2)
2 D244 2 Iy Al

Taking the Frobenius norm on both sides of (2.2) gives
T—k 3 x 1-1 11—k 3 -l 2 T—k 3 * 1-1 T1—k 3 -l 2
| ATl - A Txaar| + | AT Txaal - AP s
yv—1 A—k l 2
_ Hx— AfAAAlx, HF 2.3)

It is easy to see that
2

‘(ng?z*xmi—’ - A xaT)
ij

2
17—k 51—k (k) v 2
:(,\j k= ) ‘(YZX)..‘ 3(512 ) (T3 X))
Thus s 5
Lk > 2 ~ S ek _
(&) 17X 7 < | A Txal - A ixar| o e
By Lemma 2.1,
Isin @ (X1, XD)llr < 175 121 X] 112175 X1 11,
which together with (2.4) gives
() z
12 L 2| vk O ek _
——L— |sin0 (X, X))} < HAz"YZ*XIA} /Y kYz*XlAllH .25
1Y, 151X 115 F

It follows from Lemma 2.2 that there exists a permutation t of (r) such that

k)Ll l_kl ey —1

2
A—ky -1 71—k 1
(i) )| = HAI Yl*XlAl - A Yl*XlAl HF

1’1’111’1

(Yixi)
. (2.6)
By (2.3), (2.5) and (2.6) we obtain

(S(Ik))
12 ~ 2
—ky1-1 1 —ky—1
=t Isi ()(Xl,Xl)HFjLomm YiX) Z g - s
AR
212 112

< Hf’]g’kAAA’lxl HF

which proves the desired bound. O

Remark 2.1 Some existing bounds can be obtained from (2.1):
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— If we take X1 = X and fl = f,then Il sin@)(il, XDl = 0. For this case, (2.1)
reduces to

ko ik P IXTTATRAAATIX
Z MRy TR | S 2 X '
Gmin(X X)

Notice that
Tmin(X71X) = 1(X0) 7T = 10X X!
and
17—k —1 -1 Tk —1
IXTA*AAAT X | F < IX T 2 X (2l AFAAAT | .

Immediately, (1.7) follows from (2.1), which implies the proposed bound (2.1) is
sharper than the bound (1.7).
— By (2.2) and (2.5) it is easy to get the relative perturbation bound for eigenspaces:

IY;A*AAA= X, |

(k)
o1

IA*AAA™ | F
(1,k) ’
812

Isin@ X1, XD lr < 175 121X] 12
< k(Y2)K(X1)

which is the bound (1.8).
- If A and A are Hermitian, then X and X are unitary, and alflm(X *X)) =

|| sin ()(X1 X1)||2 Hence the bound (2.1) can be simplified as follows:

r
lk : 2 — || sin ® (X X

i=

2
k 1-1  F1—kqy—1
)‘r(z)_)L )‘r(z)

< A% aaA7 X%, Q.7

which is a generalization of (2.3) of [16]. Comparing the bound (2.16) in [16] with
(2.7), it is difficult to say which is sharper. When [ = k = 0, this bound reduces
to (2.3) of [16]. In particular, by (2.7) we have

IA*AAAI X ||

@5
812

| sin© (X1, X1)||F < 2.8)

When I = k = 0, the bound (2.8) is the classical sin ® theorem [3]. When
l=k= %, the bound (2.8) is givens as follows:

IA-2AAA2X, IF

[ sin ©® (X1, XDIlF < 11
(2 3)

(2.9)
8,
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In [4], the authors obtained

|A2AAA2 |k

| sin @ (X1, X1)||F < , (2.10)

a.h
85

which can be derived from (2.9). Clearly, the bound (2.9) is sharper than the
existing one (2.10).

3 Relative bounds for multiplicative perturbation

In this section, we consider the combined multiplicative perturbation bounds for diag-
onalizable matrices, i.e., the perturbed matrix A= D’fADg, where D; and D, are
nonsingular and close to the identity matrix. Assume that A and its perturbed matrix
A are two n x n nonsingular diagonalizable matrices with the eigendecompositions
(1.1)—(1.3).

The proof of the following lemma can be given similar to the proof of Lemma 2.2
in [13].

Lemma 3.1 Let A| and /Tz satisfy /’Q*kBAI*Z — /TszBA}*l = /TZE + FAL. Then

1,k
IBIF < IEI%+ I1FI3/05P,

where Ay, Xz and pflz’k) are given by (1.2), (1.3) and (1.6), respectively.

Lemmag.Z Let Ay and /Tl satisfy /Ti_kBAl_l — /Tl_kBA}_l = /TlE + F Ay, where
A1 and Ay are given by (1.2) and (1.3), respectively. Then there is a permutation T of
(r) such that

[Ai _Xr(i)|2

.
2 2 2

o2 (B) - ~ < IElz+I1Fl%-
i ; A 12 Az ) PR (2012 + [y ?)

Proof Similar to the proof of Lemma 2.2 in [13], we obtain easily

~ ~ 2
AR ATk
l |jx 12 + |lx |2] bt < lejil® + 1 £l 3.1
i J
from which one can deduce that
r 2
[Ai — Ajl
> — bjil> < IEIF + I Fll%- 32)

S PG PR (a2 + [ 12)
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On the other hand, from the result given in the last line of [5], it is known that there is
a permutation t of (r) such that

r

P i — a2
(B) hi e < Ibjil?,
it Z |hi |2’|Af<,>|2k(|x 2+ [Ae iy 2) Z WP N+ )

which together with (3.2) gives the desired bound. O

The following bound (3.3) is the combined form for eigenvalues and eigenspaces
of diagonalizable matrices.

Theorem 3.3 Let A and its perturbed matrix A= DYAD; be two n x n nonsin-
gular diagonalizable matrices with the eigendecompositions (1.1)—(1.3), where D; is
nonsingular, i = 1, 2. Then there is a permutation T of (r) such that

G a6t Xl + o X>Z i — o

=% A~ T+ A 1, 1 0' 1 1

DAk For min i PPy PR (i 12 + ey 12)
< IX'A*(1 - DyHAT X 1% + ||>?*‘Z*’<(Di‘ — DA X% (3.3)

Proof From A= D} AD; one may get
AVRA AR AN — AR - DyYAT + AR (DY - DATIAL (34)
Multiplying by X! and X; from the left and right of (3.4) respectively gives

AR Ix AT - AR x Al
= AX'ATRU - DyHAT X + XTTATR (DT — DATIX Ay (3.5)

LetQ=X"'Xy,Z=X"A*1-D;HA ' X;and Z = X' A *(DF —1)A~'X,.

By (1.4),
YX
o= (),

4 Z1
Z_<Z2) and Z_<Zz>

have the same block structure as Q. Rewriting (3.5) in the block form yields

Let

AlTRyrEx AT — ARy X Al A\ Zi+ Z1 A
Aé—kyz*xlA]l—A kY X1A1 - A Zy + 2oy

Or equivalently,

ARy X AT = ATRY X AV = Az + ZiAy (3.6)
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and
ATV XA - A XA = K020 + Za 4. 3.7)

Applying Lemma 3.1 to (3.7) yields

2
1,k S ~
(o{P) 1T X1 < 12213 + 121 (3.8)

It follows from Lemma 2.1 that

[ sin O(X1, XDllr < 1V X1F (3.9)
175 1211 X7 12
By (3.8) and (3.9) we get
)
1,2 . 2 2 502
———L—[sin O(X1, XDIF < 122017 + 1 2217 (3.10)

15130713
Applying Lemma 3.2 to (3.6) gives that there is a permutation t of (r) so that

¥ —Xr(i)l2

,
2 Tk 2 Z 12
o2 (T X)) ~ ~—— <2} + 12113,
min ; i Py PR (22 + Koy ) g

which together with (3.10) gives that

(p0)?
175 131x7113

<N ZalF + 122l + 12003 + 1 Z0F = 1213 + 1213

= IX'"A*U1 - DyHAT X IR+ IX AR D - DATI X |13

¥ _xr(i)|2
i1 KUAi 12 + ey 1P

,
|| sin @(Xh Xl)”%«" + Ur%ﬁn(yl*xl) Z |k'|21|3:
i=1 "

This proves the theorem. O

Remark 3.1 From Theorem 3.3 and its proof, we can derive some existing bounds:

— If wetake X; = X and X| = X, then || sin @(X1, X1)|2 = ||sin® (X1, X)) =
0 and the bound (3.3) implies that

n

Z [Ai — Xr(i)|2
R ) PRAR 2+ ey 1)

1 \/ ~ ~ —1 ~ ~
<—— JIIXTAK(UI = DyHA-IX )2 + | X TA—%(D* — DA X%
Omin(X~1X) : d ! i
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608 Y. Chen et al.

< IRX X2 I R oy IA*( = D3 DA + 1A+(DF — DA 3

< k(0 ®) 1A+ = Dy YA + | A+(D} — DA

When ! = k = 0, the above bound reduces to the one given by Li [10].
— By (3.10) we may deduce the bound for eigenspaces. In fact,

2
(1,k)
(o12”)
1 121X 713
< |V3A7*(1 = DyYATIX 1% + 1A (D} — DA X113,

| sin @ (X1, X1)|1%

and thus

Isin © (X1, X1)| r

(X e(P) 1A — Dy DA% + |A+(D} — DA

<
- (L,k)
P12

3.11)

When [ = k = 0, the above bound is identical to the bound given in Remark 3.3
of [13]. ~ B
— If Aand A = D*AD are Hermitian, then X and X are unitary, and o2 (X7X1) =

min

1 — | sin @()? L, X 1)||%. Hence the bound (3.3) can be rewritten as the following
form:

@O\ | = 2 - & 2 ~
(o137) Isin @1, X0IF + (1 = lIsin O(X1, X0 1DeChs, Tr)
<|A7*( = DHYATIX )3 + AR (D — AT X |13, (3.12)

where by (A;, ’Zr(i)) we denote the sum

r

3 A = el
el O] e PRI R (VN e S VRN

If | = k = 0, then the bound (3.12) reduces to (2.2) of [14].

4 Numerical experiments

From Sects. 2 and 3, the perturbation bounds (2.1) and (3.3) not only generalize some
existing perturbation bounds but also can be used to produce new perturbation bounds.
In this section, we will take some matrices from the University of Florida Sparse Matrix
collection to test the new perturbation bounds (2.8) and (3.11), respectively. The test
matrices are described in Table 1, where we denote Symmetric Positive Definite and
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Table 1 Name, sources and properties of the n x n test matrices A

Name Source n Nonzeros Type Kk(A)
besstk14 Structural problem 1806 63454 SPD 1.19e+10
mhd1280b Electromagnetics 1280 22778 HPD 4.75e+12
SpaceStation9 Optimal Control 1180 19674 Symmetric 1.08e+12
nasal824 Duplicate structural problem 1824 39208 Symmetric 5.89e+6
plskz362 2D/3D problem 362 1760 Unsymmetric 4.67e+5

Hermite Positive Definite by SPD and HPD, respectively. Note that these test matrices
have the large 2-norm condition numbers from the magnitude order 10° to 102,

For all test matrices, the perturbations AA in (2.8) and D;(i = 1,2) in (3.11) are
generated randomly by the MATLAB commands sprandsym and sprand, which are
explained in detail as follows:

— sprandsym(A): giving a sparse symmetric random matrix with the same structure
as A, whose nonzero entries lie in the interval (0, 1);

— sprand(m, n, d): giving an m X n sparse random matrix with approximately dmn
nonzero entries in the interval (0, 1) each time;

— sprand(A): giving a sparse random matrix with the same structure as A each time,
whose nonzero entries locate in the interval (0, 1).

We run the above commands and then generate the additive and multiplicative
perturbations with small enough &, which are given as follows:

— For the bound (2.8), let AA = ¢B with B = sprandsym(A);
— For the bound (3.11), let D; = I + ¢E; (i = 1, 2). We distinguish the following
cases:
— For the test matrices from bcsstk14, mhd1280b and nasal824, let

o =sprand(n,1,le —2) and E; = diag(x)

where diag(«) is a diagonal matrix with the elements of the vector « on the
main diagonal;

— For the test matrix from plskz362, let E; = sprand(A). For this case, D; is
not necessarily diagonal.

As pointed out in Sects. 2—-3, the derived bounds (2.8) and (3.11) are also gen-
eralizations of some existing bounds. In Tables 2 and 3 and Fig. 1, we give some
comparison results of the bounds (2.8) and (3.11) with different values of / and k. For
simplicity, we use notations Pbpew (I, k) and Pbgg(l, k) to denote a new bound and
an existing one, respectively, which can be derived by the proposed bounds (2.8) or
(3.11). In other words, both Pbpew (1, k) and Pbgig(Z, k) are exactly (2.8) or (3.11) with
specific values for / and k. In addition, the notation Pbgyq is used to denote the existing
bound (2.10). Here we choose the quasi-optimal parameters /, and k. in the bounds
(2.8) and (3.11) by the following methods:
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Table 2 The additive perturbation bound (2.8) for SpaceStation9: ¢ = 10_5, (Ix, kx) = (1,0)

r =200 r = 300 r = 400 r = 500
Pbeq (0, 0) 4.40e—2 7.84e—3 8.46e—3 7.72e—3
Pboiq 3.29e+5 2.36e+4 8.90e+3 1.83e+3
Pbyew (0.5, 0.5) 3.21e+2 2.50e+1 L4letl 5.37

Pbuew (., ks) 2.38e—2 3.78¢—3 3.02¢—3 1.72e—3
I sin®(X1, Xl p 3.36e—4 6.68e—5 1.17e—4 1.26e—4

Table 3 The multiplicative perturbation bound (3.11) for the matrices A: r = 300, ¢ = 1079

Name (s, k) Pby1d (0, 0) Pbrew (i, k) I sin@ (X1, X1l p
besstk14 (0.1,0.2) 8.85¢e—4 4.16e—4 1.68e—6
mhd1280b (0.5,0.4) 4.85e—4 2.15e—5 4.37e—6
nasal824 (0.1,0.2) 1.27e—3 8.36e—4 2.93e—6
plskz362 0.2,0.2) 8.03e—4 4.36e—4 1.04e—5
6
107 = o ]
10* g-E 1
a- £

Additive perturbations bounds

10 | Pb,,00) ||
10710 -8 - Pby, |
— % Pb_(05,0.5)
_12 new

10 —s— Pb__ (k)

107 —6— NormS i
10 10 10" 10°  10°  10* 107 10°

Values fore

Fig. 1 Additive perturbation bound (2.8) for the test matrix SpaceStation with » = 500: I, = 1, k4« =0

— For the additive perturbation bound (2.8), I, and k, are chosen by taking (/, k) =
0,0), (1,0), (0, 1) and (0.5, 0.5), respectively, so that the associated perturbation
bound attains the minimum.

— For the multiplicative perturbation bound (3.11), /, and k, are obtained experi-
mentally by minimizing the bound (3.11) in the interval [0, 0.5].

By Table 2 we report the numerical results of the bound (2.8) for the test matrices
from the optimal control field with the different sizes X| and X7, which are shown
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by the different r, in which one may see that the perturbation bound (2.8) with the
quasi-optimal parameters /, and k, is always tighter than the associated existing ones
Pbo1q(0, 0) and Pbg)g. The latter two ones are exactly the sin ® theorem in [3] and the
bound in [4], respectively.

In Fig. 1 we denote by NormS the real value of || sin O (X1, X1)| r. From Fig. 1
it is known that the new bound Pbyey, (s, k) is still sharper than the existing ones
for the different values of the perturbation ¢. Moreover, Fig. 1 implies that the bound
(2.8) with I = k = 0.5 always outperforms the associated existing one (2.10), which
further confirms the theoretical analysis in Sect. 2.

In order to verify the effectiveness of the multiplicative perturbation bound (3.11),
we test the different matrices with r = 300 and ¢ = 107>, where the bound Pbgq (0, 0)
is given by Remark 3.3 of [13]. As expected, the quasi-optimal bound Pbpey, (/4, k)
from (3.11) is always sharper than the existing bound Pb4(0, 0).

Remark 4.1 From numerical results given in Tables 2 and 3 and Fig. 1, we can always
obtain the sharper new bounds by taking / and k. In particular, we test the additive
bound (2.8) and the multiplicative bound (3.11) by a large number of examples, which
show that quasi-optimal parameters are given by (/,, k) = (1, 0) or (0, 1) for (2.8) and
|ls—ky| < 0.1for(3.11)whenl, k € [0, 0.5]. However, we are not able to present some
theoretical results for the optimal parameters in the proposed perturbation bounds. This
remains open.

5 Conclusions

In this paper, we have proposed two relative perturbation bounds (2.1) and (3.3),
which provide a general framework of relative bounds for additive and multiplicative
perturbations for eigenpairs of diagonalizable matrices, respectively. With suitable
choices of eigenspaces or the parameters / and k, the new bounds (2.1) and (3.3) not
only cover some classical perturbation bounds as their special cases, but also yield
some new perturbation bounds, for example, the new bounds (2.8) and (3.11). We have
shown that the bounds (2.1) and (3.3) may improve some existing ones. The numerical
experiments reveal that new perturbation bounds are sharper than the existing ones. In
the future we will consider to get the optimal parameters / and k in the bounds (2.1)
and (3.3) for some special structure matrices.

Acknowledgements The authors would like to thank the anonymous referee for his/her valuable com-
ments and suggestions, which greatly improved the paper. Sincere thanks to the editor Prof. Michiel E.
Hochstenbach for his encouraging comments and helpful suggestions. The work was supported in part by
National Natural Science Foundation of China (Nos. 11571124, 11671158, 11601340), the Mayor Project
(No. 2016KZDXMO025) and Innovation Team Project (No. 2015KCXTDO007) of Guangdong Provincial
General University, the Opening Project of Guangdong Province Key Laboratory of Computational Sci-
ence at the Sun Yat-sen University (No. 2016016), the Youth Foundation 2013 of Guangdong Polytechnic
Normal University.

@ Springer



612 Y. Chen et al.
References
1. Chen, X.-S., Li, W.: A note on the perturbation bounds of eigenspaces for Hermitian matrices. J.

11.

12.

13.

15.

16.

17.

18.

19.

20.

Comput. Appl. Math. 196, 338-346 (2006)

. Chen, Y.-M., Chen, X.-S., Li, W.: On perturbation bounds for orthogonal projections. Numer. Algo-

rithms 73, 433-444 (2016)

. Davis, C., Kahan, W.: The rotation of eigenvectors by a perturbation. III. SIAM J. Numer. Anal. 7,

1-46 (1970)

. Dopico, EM., Moro, J., Molera, J.M.: Weyl-type relative perturbation bounds for eigensystems of

Hermitian matrices. Linear Algebra Appl. 309, 3—18 (2000)

. Elsner, L., Friedland, S.: Singular values, double stochastic matrices, and applications. Linear Algebra

Appl. 220, 161169 (1995)

. Hoffman, A.J., Wielandt, H.W.: The variation of the spectrum of a normal matrix. Duke Math. J. 20,

37-39 (1953)

. Ipsen, I.C.F.: Relative perturbation results for the matrix eigenvalues and singular values. Acta Numer.

7, 151-201 (1998)

. Ipsen, I.C.E.: A note on unifying absolute and relative perturbation bounds. Linear Algebra Appl. 358,

239-253 (2003)

. Li, R.-C.: on perturbations of matrix pencils with real spectra. Math. Comput. 62, 231-265 (1994)
. Li, R.-C.: Relative perturbation theory: (III) more bounds on eigenvalue variation. Linear Algebra

Appl. 266, 337-345 (1997)

Li, R.-C.: Spectral variations and Hadamard products: some problems. Linear Algebra Appl. 278,
317-326 (1998)

Li, R.-C.: Relative perturbation theory: (I) eigenvalue and singular value variations. SIAM J. Matrix
Anal. Appl. 19, 956-982 (1998)

Li, R.-C.: Relative perturbation theory: (II) eigenspace and singular subspace variations. SIAM J.
Matrix Anal. Appl. 20, 471-492 (1998)

. Li, W.: Multiplicative perturbation bounds for spectral and singular value decompositions. J. Comput.

Appl. Math. 217, 243-251 (2008)

Li, W,, Chen, X.-S.: Some residual bounds for approximate eigenvalues and approximate eigenspaces.
J. Comput. Math. 30, 47-58 (2012)

Li, W., Sun, W.-W.: Combined perturbation bounds I: eigensystems and singular value decomposition.
SIAM J. Matrix Anal. Appl. 29, 643-655 (2007)

Li, W., Sun, W.-W.: Combined perturbation bounds: II. Polar decompositions. Sci. China Ser. A Math.
50, 1339-1346 (2007)

Sun, J.-G.: Perturbation bounds for eigenspaces of a definite matrix pair. Numer. Math. 41, 321-343
(1983)

Londre, T., Rhee, N.H.: A note on relative perturbation bounds. SIAM J. Matrix Anal. Appl. 21,
357-361 (1999)

Stewart, G., Sun, J.-G.: Matrix Perturbation Theory. Academic Press, Boston (1990)

@ Springer



	Relative perturbation bounds for eigenpairs  of diagonalizable matrices
	Abstract
	1 Introduction
	2 Relative bounds for additive perturbation
	3 Relative bounds for multiplicative perturbation
	4 Numerical experiments
	5 Conclusions
	Acknowledgements
	References




