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Abstract This paper fills an important gap in the convergence analysis of collocation
solutions in spaces of continuous piecewise polynomials for Volterra integral equa-
tions of the second kind. Our analysis is then extended to Volterra functional integral
equations of the second kind with constant delays.
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1 Introduction

The convergence analysis of piecewise polynomial collocation solutions for Volterra
integral equations (VIEs) of the second kind,

t
u(t) = g() +/ K@, s)u(s)ds, tel :=[0,T], (1.1)
0
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1340 H. Liang, H. Brunner

with continuous kernel K (¢, s) is now largely well understood; see [4—6] and, espe-
cially, the surveys [1,3]. However, there has remained an important gap in the
convergence analysis of collocation solutions for the second-kind VIE (1.1): it con-
cerns the convergence/divergence of piecewise polynomial collocation solutions for
(1.1) that are globally continuous on I and correspond to collocation points that do
not include the points of the underlying mesh 7j,.

It is the aim of this paper to close this gap and to employ the gained insight to estab-
lish the analogous convergence analysis for the Volterra functional integral equation
(VFIE) with constant delay t > O,

t

u(t) = g(t) +/ K, )u(s)ds, tel,
-t (1.2)

The outline of the paper is as follows. In Sects. 2 and 3 we state our main results on
the convergence of globally continuous piecewise polynomial collocation solutions
for the second-kind VIE (1.1) and the second-kind VFIE (1.2); their proofs are given
in Sects. 4 and 5. In Sect. 6, we use a number of examples to illustrate the validity of
our results on the attainable order of these collocation solutions. Section 7 concludes
with a concluding remark.
2 Continuous collocation solutions for second kind VIEs
2.1 Meshes and collocation spaces
Let I :={t,:=nh: n=0,1,...,N (ty =T)} be a given mesh on I = [0, T],

with 0, := [#,, ty+1] and mesh diameter 1 = T/ N. We seek a collocation solution u,
for (1.1) in the space

SOy =={veCU): vlg, €t =7m(on) O<n<N-1},

where 1, denotes the space of all (real) polynomials of degree not exceeding m. For
a prescribed set of collocation points

Xp={t=t,+ch: 0<c1< - <, <10<n<N-1)}, 2.1
uy, is defined by the collocation equation
t
up(t) = g(r) +/ K(t, s)up(s)ds, 1€ Xy, (2.2)
0

with 1, (0) = g(0).
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Consequently the collocation polynomial can be written as (see [2])

m
Wyt +sh) =D Lij)Unj. 5 €11, 2.3)
j=1
where U, ; := M},(tn,i), ty.i := ty + c;h and the polynomials

Liw=[l = G=1...m,

. Cj — Ck
k#j !

denote the Lagrange fundamental polynomials with respect to the (distinct) collocation
parameters {c; }.
Integrating (2.3), we obtain

ity + sh) = up(t) +h D Bj()Unj, s €0, 1], 2.4)
j=1

where B (s) := [ L;j(v)dv.
Therefore, at t = ¢, ;,

m In,i

up(tn,i) = up(ty) +h E aijUn,j = g(tn,i) +/ K (tn,i, s)up(s)ds
; 0
j=1

n—1 .1 m
:g(z,,,i)+h2/ K (tnioti +sh) [ un(t) +h > B;()Up; | ds
0
=0

j=1

¢ m

+h/ K (tnistn +5h) [ un(t) + 0 D Bj(s)Unj | ds. (2.5)
0 ;
j=1

where ajj = ﬂj(c,').

Denote A := (aij)mxmy e:=(,..., ])T» G, = (g(tn,l)s cees g(tn,m))Ta U, =
(Un,l’ ceey Un,m)Tv Blgl) = (fol K(tn,i» 1 +Sh):3j(s)ds) O<I<N-1),B,:=
(5 K (tn i ta + sh)B(s)ds), C = diag (fol K(tnist +sh)ds) O <1 <
N —1),and C, :=diag (fy' K (t,i,tn + sh)ds), we have

n—1
(hA - th,,) Up = G + (hCy — L) eup (i) +h > [C,(,l)euh(tl) + hB,E”Ul] :
=0
(2.6)

where I, denotes the identity in L(R™).

IfgeCU)and K € C(D) (D :={(t,s): 0 <s <t <T}),(2.6) determines
a unique u; € S,(,? )(Ih) for all sufficiently small mesh diameters, say & € (0, ).
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However, the resulting collocation solution will not converge uniformly on / to the
exact solution of (1.1) for every choice of the collocation parameters {c;}: while the
convergence statement

lim fJu — =0 2.7
Jim flu = uplloo 2.7

holds whenever ¢; > 0 and ¢,, = 1 (cf. [3], and [7,8]), this will in general no longer
remain true when ¢;,, < 1.1If (2.7) holds, the order of convergence will not be the same
for all {c;}.

2.2 The main convergence results

Theorem 2.1 Assume that g € C"+2(I), K € C"t2(D), and uj, € S\ (Ip) is the
collocation solution for the second-kind Volterra integral equation (1.1) defined by
the collocation equation (2.2) whose underlying meshes have mesh diameters h < h.
Then (2.7) holds if, and only if, the collocation parameters {c;} satisfy the condition

1—

Ci

e
L <.

—1<pn:=D"]]

i=1

The corresponding attainable global order of convergence is given by

hl/ﬂ+17 l:f _]Spm<]s

ma 1) — nl<cC
nax |u (1) — up (1) < [hm P

where the constant C depends on the collocation parameters {c;} but not on h.

3 Continuous collocation solutions for second kind VIEs with constant
delay

3.1 Meshes and collocation spaces

It is well known (see for example [2, Ch. 4]) that the constant delay T > 0 in (1.2)
induces the primary discontinuity points &, = ut (1 > 0) at which the regularity of
the solution u(f) is, at least for small values of u, lower than itis in (§,, §,+1). Thus,

the collocation solution u, € S,,(? ) (1) will attain an order of global convergence equal
to that for VIEs (1.1) without delay only if the underlying mesh /; includes these
primary discontinuity points. Assuming for ease of notation that 7 = &y,41 for some
M > 1, we choose this so-called constrained mesh to be

M
o= 3, with 1= ({9 =&, +nh n=0.1,....N)},  (3.1)
n=0
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where h = t/N. We set 0,5“) = [t,i“ ), trfl_?l]. The solution u of (1.2) will be approxi-
mated by the collocation solution

wn € S0 = {v e Cl): vl emn ©=n =N -DJ,

using collocation points

M
xi = x.
n=0

with X = (1) =10 4 ¢;h: i=1,....m (O <n<N-1)
(3.2)

corresponding to prescribed collocation parameters {c;} withO < c; <--- < ¢, < 1.

Hence, the collocation equation for the subinterval 0,5“ ) s

t
un (1) =g(t)+/ K(t, )up(s)ds, 1€ X' (u=0,1,...,M). (33)
-7

If u = 0, the values of u;, att € [—t, 0] are determined by the given initial function,
i.e., up(t) = ().

3.2 The main convergence results

Theorem 3.1 Assume that g € C"12(I), K € C"T2(D), ¢ € C"'[—1,0), and let
up € S,(,? )(Ih) be the collocation solution for the second-kind VFIE (1.2) determined
by the collocation equation (3.3), using constrained meshes Iy, of the form (3.1). Then
uy, converges uniformly on I to the solution u of (1.2) if, and only if, the collocation
parameters in (3.2) satisfy the condition

m

~1<pm=D"]]

i=1

l—C,'

ci
The resulting attainable global order of convergence is then given by

R0 =1 < p < 1,

t) — n<cC
n{ﬂg;(lu() up(t)] < [hm if om =1,

where the constant C depends on the collocation parameters {c;} but not on h.

Remark 3.1 The convergence results for the case 0 < ¢; < -+ < ¢, = 1 follow
trivially from the proof of Theorem 2.1 (see also [8] and [3]). A similar conclusion
holds in the case of second-kind VFIEs (Theorem 3.1 and its proof).
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1344 H. Liang, H. Brunner

Remark 3.2 The case p,, = 1 can happen only when m is even, but as Theorem 2.1
and Theorem 3.1 describe, this case leads to a reduction of the order of convergence.

4 Proof of Theorem 2.1
We assume that ¢, < 1.
According to the theory of Lagrange interpolation we may write
m
' (ty + sh)y = D Lj()u'(tn,j) +h" R}, ,(s), s €0, 1], 4.1)
j=1

where the Peano remainder term and Peano kernel (see [2]) are given by

1
Rrb,n(v) = / Ky (v, Z)M(m+l)(fn + zh)dz
0

and

1 m
Kn(v,2) 1= Y [(U — o - ZLk(U)(Ck - Zml] » v el0,1].

k=1

Here, (v — z)ﬁf1 :==0forv <zand (v — z):”fl =@w—27""!forv >z
Integration of (4.1) leads to

Wty + $h) = () + 1D B (1 ) + K" Ryn(s), s €10, 11, (4.2)
j=1

where Ry n(s) := [ R}, ,(v)dv.

We first consider the case of constant kernel K (¢, s) = 1. This case already contains
all important ideas.

By (2.4) and (4.2), the collocation error ej, := u — up on [t,, t;4+1] may be written
as

m
ep(ty +sh) = ep(ty) +h Z Bj(s)en,j + R Ry (5), 4.3)
j=1
where &, ; := u'(ty,;) — u},(tn,;). Particularly,
m
entn.i) = en(ta) +h D aijen j+h" ' Ry n(ci). (4.4)
j=1
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By (1.1)—~(2.2) and using (4.3), it can be shown that

tn,i n—1 1 ¢
en(tni) = / en(s)ds =h >y / en(ty + shyds + h / en(ty + sh)ds
Jo =00 Jo

n—1 n—1 m m
=h Y en(m)+h* DD yi(Derj + heien(ta) +h* D bijen j +h" Ry (e,
1=0 =0 j=1 j=1

(4.5)

where yj(s) = [j Bj(v)dv, bij =[5 Bj(s)ds = y;(ci), and Ryn(c) =
27;01 h fol R, 1()ds + h [ Ry n(s)ds. So by (4.4) and (4.5), we have

m

en(tn) +h Y aijen j+h" Ry p(er)

j=1
n—1 n—1 m m
=h > en)+h* DD yi(Weyj+ heiey(tn) +h* > bijen j +h" T R n(ci).
1=0 1=0 j=1 j=1

(4.6)

By the standard technique used by Brunner (see [2]), rewriting (4.6) with n replaced
by n — 1 and with i = m and subtract it from (4.6), we find

m m
en(tn) — enlta-1) +h D aijenj—h D amjen-1,j
j=1 j=1

+ i Riyu.n(ci) — e Ry n—1(cm)

m
= hep(ta—1) + h* Z vi(Den—1,j + heiep(ty) — hemen(tn—1)
j=1

m m
+1 D bijen =02 bmjentj + " Ry u(ei) = BT Ry 1 (cm).
j=1 j=1

This can be written in the more concise form

(en(tn) — enltn—1)) € + hAe, — heel Ag,_
= hep(ta_r)e + h*ey T e,_1 + hCeep(ty) — hemeey (ty—1)
+h*Be, — hPee), Bey_1 + h" ' Ry, 4.7)

with obvious meaning of R,, ,,, and with C := diag(ci,...,cm), &n = (en1s ...,
enm)’ s B = (bij)mxm: v = (1D, ..., ym (D).
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1346 H. Liang, H. Brunner

Since ey, is continuous in 7, and hence at the mesh points, by (4.3) and e, (0) = 0,
we also have the relation (see [2, (1.1.27)])

m
en(tn) = entu—1 +h) = en(ta—1) +h D_bjen—ij +h" ' Ry uer (1)
j=1
n—1 m n—1 n—1
—hZZb]s”+hm+IZle(1)_thTsl+h”’+IZR 1),
=0 j=1
(4.8)

where b; := fol Lj(s)ds and b7 := (b1, ..., by).
Substituting (4.8) into (4.7), we have

ebT e, + h"eRy n—1(1) + Agy, — ee;lAsn_l

n—2 n—2
= (1 —cpe |:h ZbTel + " ZhRmJ(l):| + heyTe,_y
=0 =0

n—1 n—1
+Ce |:h > b e+ h" ZhRmJ(l):| + hBe, — heel Be,_y +h" Ryy.p.
=0 =0

This equation can be written in the form

n—2
(A—hB)g, = (ee,Z;A —eb! + heyT — hee,iB) en—1+h(l —cpe Zstl
=0
n—1
+hCe > b e+ h" Ry, (4.9)
=0

or

n—1

£, = (A’] (ee;A _ ebT) + O(h)) ent DD 61+ h" Ry, (4.10)

=0
with obvious meaning of Ry, ,, Ry, and D.
Since
ami — b1 ama2 —by - apm — by,
ami — by ama —br -+ amm — b
ee,{,A _ ebT — m1 1 m2 2 mm m ,
ami — b1 ama2—by - Ay — by,
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the rank of the matrix ee;lA — eb is one, implying that the rank of the matrix

Al (ee,EA — eb") is also one. This means that this matrix has exactly one nonzero
eigenvalue. Setting A= (Vij)mxm, we have

A7l (ee,ﬁA - ebT)

m m m
(@mi —b1) Do vij (w2 —b2) D vij - (@um —bm) D v1j
j=1 j=1 j=1
m m m
_ | G@nr — by) Z v2j (am2 — b2) Z v2j (@mm — bm) z v2j
= j=1 j=1 j=1 :
. .. . .
(am1 — b1) Z Umj (am2 — b2) Z Umj - (@mm — bm) Z Umj
j=1 j=1 j=1

and the nonzero eigenvalue is
m m
A (A—l(ee,ﬁA — ebT)) = > ami =)D vy =1-b" A e,
i=1 j=I

By Proposition 3.8 and Theorem 3.10 of [5], we know that the stability function
R(z) = P(z)/Q(z) of the collocation method has the value R(oco) = 1 — pT A le,
where Q(z) and P(z) are the polynomials

0@z) = M™(0) + M™ D)z + -+ + M(©0)z",
P@) =M™ 1) +M" D)z + -+ M1,

with
l m
M) = ;!Hl(z —¢).

Therefore,

1—¢

’

M(1) -
R(00) =~ = (=)™

M(0) E ¢
that is, the only nonzero eigenvalue of A~! (eenTlA —ebl)is

1—

Ci

m
1=b"A e = (=" T —= = oo
i=l1

Therefore A~! (eenT1A - ebT) is diagonalizable and there exists a nonsingular matrix
T such that
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1348 H. Liang, H. Brunner

714" (ee,Z,A _ ebT) T = F = diag(pm,0, ..., 0).
——

m—1
Multiplying (4.10) by 7~ and setting Z,, := T~ 's,,, we obtain

n—1
Zn = (F 4+ O(h)Zp_1 +hT‘1DTZZI +h"T 'Ry 4.11)
=0

We consider the following three cases:
Casel -1 < p, <1

Using standard techniques of error estimation for collocation solutions of VIEs (see
[2,5,7]), we know that there exists a constant Cy, such that

lenllt < C1h™. (4.12)

It follows from (4.6) that there exist constants C> and C3 such that

n—1

len(ta)] < hCy Y len(t)| + C3h™ !, (4.13)
=0

and hence by the discrete Gronwall inequality (see [2]), there exists a constant Cy,
such that

len(t)| < C4h™ (n=1,...,N). (4.14)

CaselIl p,, = —1

Rewriting (4.11) with n replaced by n — 1 and subtract it from (4.11), we have

Zn—Zn1 = (F+ OMW)(Zy—1 — Zn2) + hT ' DT Z,

+hmT7](Rm,n - Rm,n—l)- (415)

Zo N _[(In+F+00) —F+00)\[ Z-
Zn—l Im 0 Zn—2
(hmT_1 (Rm,n - Rm,n—l))
+ .
0
Rm,n_ém.nfl

Since Iém,,, — Iém,n_l = O(h) foru € C"™t2, we define Y. 2= = and set

4 I,+F —F T
X, = " ,G = " SFmon = i B
Zn—l Im 0 0

@ Springer
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We may then write

X, =GXp 1 +O0M) X1 +0" 7 (4.16)
The eigenvalues of the matrix G are 1, 1,...,1; —1,0,...,0. The eigenvalue 1 of
S———— S——
m m—1

multiplicity m has m linearly independent eigenvectors, while to the eigenvalue 0 of
multiplicity m — 1 there correspond m — 1 linearly independent eigenvectors. Therefore,
G is diagonalizable, and there exists a nonsingular matrix P such that

PGP = A=diag(1,...,1,—1,0,...,0).
N e’ ——

m m—1
Defining ¥, := P! X, we obtain
Yo = (A+ OMh)Y,oy + 0" PR, (4.17)
Similar to [7] we can assert that there exist constants Cs, C¢ so that
I¥all < (14 Csh)l| Y1l + Coh™ .
An induction argument then leads to

(1+Csh)" —1

C6hm+1
Csh ’

IYall = (1 + Csh)" 1 Yoll +

and we can then show that there exists a constant C7 such that,
llenlli < C7h™. (4.18)
By (4.6), and as in Case I, there exists hence a constant Cg so that
len (1) < Cgh™ . (4.19)

Caselll p,, =1

Here, the eigenvalues of G defined in Case T are 1, 1,...,1; 1,0, ..., 0, where now
———— ——

m m—1
the eigenvalue 1 of multiplicity m + 1 also has m linearly independent eigenvectors.
This means that G is not diagonalizable, but there exists a nonsingular matrix Q, such
that
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1350 H. Liang, H. Brunner

07'Go = o

0
Defining A := 0~'GQ, Y, = 0 'X, and recalling (4.16) we obtain
Yo = (A+ Oy + 1" Q75 . (4.20)

An induction argument yields

n—1

Yo = (A+O0) Yo+ h" ' D (A+ 0 O Fpn
=0

and thus there exist constants Cg, C1q such that

n—1

I¥all < Coll A" 1Yol + 2" F' Cro D A

=0

It is easily to check that

1 n

1
A" = 1
0
0

Therefore, there exists a constant Cq such that

lenlli < Crih™ 1, 4.21)

and an argument analogous to the one employed in the analysis of Case I shows that
there exists a constant Cy, such that

len(tn)] < C1ah™. (4.22)

Obviously, the collocation solution uy, is divergent if | p,,,| > 1. The proof is completed
by recalling (2.3), (4.1) and (4.3).
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In the following, we prove the results for general, non-constant kernels. Now, by
(4.4), (1.1)—(2.2) and using (4.3), we obtain

m
€h (tn,i) =€ (tn) +h zaijen,j + hm+1 Rm,n (ci)
j=1

In,i
_ / K(tni $)en(s)ds
0

n—l 1 Ci
=h Z/ K (tni, t; + shep(t; + sh)ds + h/ K (tn.isty + sh)en (ty + sh)ds
=070 0

n—1

1 m
= hZ/ K (tn,is ti +sh) |:eh(tl) +h2ﬂj(s)81,/} ds
=070 j=1

C,‘ m
+h/ K (tnistn +sh) | en(ta) +h Y Bi(s)en | ds
0 =
n—1

1
FHS [ K i 50 R 5)ds
0
=0

¢
+hm+2/ K (tn.is tn 4 )Ry (s)ds
0

n—1 . n—1 m 1
:hZ/ K(tn,,-,z,+sh)dseh(zz)+h222/ K (tn,i, 1 + sh)B;(s)dser
1=0 /0 1=0 j=1"0

Cj m Ci
+h/ K(tn,ivtn +5h)dseh(tn) +h2 E / K(tn,istn +Sh)ﬂj(s)dssn,j
0 ; 0
j=1

n—1 1 ¢
WS [ K it R 5117 [ K it 58 R 51,
=0 0 JO
4.23)

By the standard technique used by Brunner (see [2]), rewriting (4.23) with n replaced
by n — 1 and with i = m and subtract it from (4.23), we find

m m
en(ty) —ep(tn—1) +h zaijgn,j —h zamjgn—l,j
= =1

1
= h / K (i a1 + sh)dsen(tn 1)
0

n—=2 .
+h% (e + 1 —cm)Z/ K{(n,i, t1 + shydsen(t))
0
=0

mo el
+h? Z/o Ky, thim1 +sh)Bj(s)dsen—1,j
j=1
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1352 H. Liang, H. Brunner

n—-2 m

1
ISR 33 /0 K} it + 5B, (s)dser,;

=0 j=1

cj Cm
“h / Ktni. b + sh)dsen (i) — h / K (tn—t.ms tn1 + sh)dsen(tn_t)
0 0
m i
+h22/ K (tn.i, tn + sh)Bj(s)dsen,
; 0
j=l1

m Cm
_hZZ/O K1, m, tam1 +sh)Bj(s)dsen—1,j
j=1

+ hm+1]§m,n(ci)v

where Iém,n(ci) = _Rm,n(ci)"‘Rm,nfl(Cm)"‘h f()l K(tn,i’ In—1 +Sh)Rm,n71(S)dS+
Z?:_ozh f()l [K(tn,i, n+ S]’l) - K(tn—l,m9 f+ Sh)]Rm,l(S)dS + hf(;l K(tn,iv t, +

Sh)Rm,n (s)ds — h focm K(tn—l,mv th—1 + Sh)Rm,n—l(S)dS, %_n,i € (tn—l,ma tn,i)-
This can be written in the more concise form

(en(ta) — en(tn—1)) € + hAe, — hee,, Ag,

n—2
= hC{" Veey(tn1) +h* (C+ (1= cu)lw) D CPeen() +h*BY" Ve,
=0
n—2
+1(C+ (= cn)ln) D Brer + hCpeen(ty) — hee), Cyreen(ty—1)
=0
+h?Bye, — h*eel By_164—1 + W™ 'R, (4.24)

with obvious meaning of R,(nl,)n, and with C_‘,(ll) = diag(fo1 K (it + shyds) (0 <
I <N—1yand B := () K|(&wi, 11 + sh)Bj(s)ds) 0 <1 < N — 1).
Substituting (4.8) into (4.24), we have

estn_l + Ag, — ee;LAs,,_l

n—2 n—2 -1
=hC)leb” D e+ (C+ (1= ca)lm) D CVe D ex +hB" Ve,
1=0 =0 k=0
n—2 n—1 n—2
+h*(C+ (1 = cu)In) D Bher + hCyeb” D" & — hee),Cy1eeb” D &
=0 =0 =0

+ hBue, — hee,z;,Bn—lgn—l + hmém,nv
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On the convergence of collocation solutions in continuous... 1353

with obvious meaning of Iém, ». This equation can be written in the form

(A - th) &n
n—2
= (ee;A —eb? +hBY — hee;Bn_l) en1+hCyeb” D g
=0
n—2 -1 n—2
+h?(CH+ (A= en)ln) D CPe D ex +h* (C+ (1 —c)lw) D Bley
=0 k=0 =0
n—1 n—2 _
+hCreb” D ey — heel,Cy_1eeb” > &1 + 1" Ry . (4.25)
=0 =0
or
n—1 _
e, = (A—1 (ee,ﬁA — ebT) + O(h)) ént +hDy > &+ h" Ry, (4.26)
=0

with obvious meaning of 13,,,, » and ﬁn.
Comparison (4.10) of the case K (¢, s) = 1 with (4.26), and similar to the proof of
the case K (¢, s) = 1, we can obtain now (4.11) becomes
n—1 _
Zy =(F + O)Zy—1 + hT ' DT D" Zj+ h" T~ Ry . (4.27)
1=0
We also consider the following three cases:

Casel -1 < p, <1

By the same technique of the case K (#,s) = 1, we can prove that there exists a
constant C4, such that

len(ty)] < C4h™ (n=1,...,N). (4.28)

Casell p,, = —1

Rewriting (4.27) with n replaced by n — 1 and subtract it from (4.27), we find
Zn—=Zn1 = (F+ OM)(Zn1 = Zu2) + hT ' D, TZ,
n—2
+hT! ([),, - [)n_l) >z
=0
+h" T (R — Rinn1). (4.29)
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Notice that 5,1 — Dn,l = O(h), therefore,
( Zn )_(Im+F+0(h) —F+0(h))(Z,,_1)
Zy—1 Ly, 0 Zy—2

+Z(0(h2) 0) (leil)Jr(hmr—l (ﬁmg—Rmn 1))

Now (4.17) becomes

n—2
Yo = (A+ 0O()Y,_1 + O0hH) D Y+ 0™ (4.30)
=1

Similar to the case of K (¢, s) = 1, we can assert that there exist constants C‘s, C‘g, C‘6
so that

n—2
1¥ull < (14 Csh)|Yuoill + C5h> D~ 1Yl + Coh™ .

=1

An induction argument then leads to

1 Ch”—l" 2 Csh
1l < (1 4+ Gshy" Yol + Cyp2 T HFEM =1 ) 1%l + G %h’"“.
5

1=1

Therefore,~by the discrete Gronwall inequality (see [2]), we can get that there exists
a constant C7 such that,

lenlls < C7h™, 4.31)

and similar to the case of K (¢, s) = 1, we can then show that there exists a constant
Cg so that

len(ty)| < Csh™ . (4.32)

CaseIlIl p,, = 1

Using the technique of [7], we write the collocation approximation #; and the exact
solution in the form

m (m) m
up(ty +sh) = z Lj(s)up(ty,j) + " MhT(‘n") H(s - i), (4.33)

j=1 Ti=1

@ Springer



On the convergence of collocation solutions in continuous... 1355

and

m (m) oy M
u(t, +sh) = z Li()u(ty,j) + hmuT('n") H(s — ), (4.34)
j=1 =l

where 7, 77;1 € (th, thy1)-
So (4.34)—(4.33) yields

m
en((ty + sh) = D Lj(s)en(tn ;) + h™ Ry (s), (4.35)
j=1
~ (m) (7 y__,,(m) m
where R, (s) 1= w TG —c.
i=1
Now, by (1.1)—(2.2) and using (4.35), we obtain

n—1 1
en(tn,i) =h Z/ K (tn,i, t; + sh)ep(t; + sh)ds
1=0 0

¢
+ h/ K(ty.i,th + sh)ey(tn, + sh)ds
0
n—1 . m
03 [ K+t 31y 0)dsentn)
1=0 =

¢ m
+h / K(tnista +5h) > Li()dsenltn. )
0 .
j=1

SRR (s), (4.36)

with obvious meanings of If’n (s).
Rewriting (4.36) with n replaced by n — 1 and i = m and subtract it from (4.36),
we can get

eh(tn,i) —ép (tn—l,m)
1 m
=i [ Kt 50 3 Ly 0)dsenti-1,)
0 =
n—=2 . m
+h i+ 1= cn) D /0 K{Enivti +sh) D Li(s)dsen(t ;)
1=0 j=1

Cci m
+h / K(tnis o +5h) S Li(s)dsen(t )
0 .
j=1
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Cm m
[ Kt ) Y L6501,
0 .
j=l

SRRy (s) — " Ry (5). (4.37)

Denoting E;, := (ep(tn.1), ..., €n (t,,,m))T and noticing that Ién (s)— én_l (s) = O(h),
we can rewrite (4.37) as the more concise form

n—2
Ey = eepEn1 = O Epo1 + O(h*) D Ej+ O(WE, + O(h™*!). (4.38)
=0
Since
0 0
0 0
ee = e ’
0 0 1

the rank of ee,{1 is 1, and the unique nonzero eigenvalue is 1, so ee,£ is diagonalizable
and there exists a nonsingular matrix 7', such that

T~ 'eel T =: F = diag(1,0,...,0).
——

m—1
Denote En = f’_lE,,. Then (4.38) becomes
n—2
Ey =(F 4+ O(M)E,—1 + O(h*) D Er+ O(h"*h).
=0

Therefore, there exist constants 6_‘5, C_‘g and 6_‘6, such that
n—2
1En]l < (1 + Csh) | Eg—1]| + C5h* D NI Er|l + Coh™ ! (4.39)
1=0
Similar to Case II, we can get that there exists a constant 6_’7 such that
I|Enll < C7h"™.
By (4.35), we can then get there exists a constant Cg such that

len(ty + sh)| < Csh™.

Obviously, the collocation solution uy, is divergent also if |p,,| > 1. The proof is
completed by recalling (2.3), (4.1) and (4.3).
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5 Proof of Theorems 3.1

On O’,EM ) = (t,&“ ), t,i’fr)l], the derivative u;l of the collocation solution has the local

Lagrange representation,
m
uy (i +sh)y =D LU, s € (0,11, 5.1)
j=1

where UYE’? = u/h (t,g’fi) ). Upon integration of (5.1) we obtain

m
wn (Y + sh) = up (%) +h > B; (s)U,Ef‘j), s € [0, 1]. (5.2)
j=1

Since on each subinterval o, the exact solution of the delay VIE (1.2) is in C""+2,

we may write
m
W' (M) + sh) = ZLj(s)u/(t;{*j)) +h"RIM(5), s € (0, 1], (5.3)
j=1

where the Peano remainder term is given by
1
R4 () := / K, 2)u™ W 4 zh)dz.
0

Integration of (5.3) leads to

m
(e + shy) =u@) +h Y B @) + "R (), s €10,1],
j=1
54

with RY)(s) = [3 Ry (v)dv.

For ease of notation we will again assume that K (¢, s) = 1, and we can extend to
the proof to the non-constant kernel by the same technique as the proof of Theorem
2.1.

By (5.2) and (5.4), the collocation error e, ‘= u — uy, on gy, W .= [t,S“ ) , t;gi)l] can
be written as
m
en(t{ +sh) = en (i) +h > Bi(s)ey) + " FRUY (s), (5.5)

j=1
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where 8:#1-) =u (tlilj)) - u;l(trflfl.)). Particularly,

m
[2)] (t}i‘fl)) =€) (tr(lu)) +h Z a,-js,(jf; + hm_HngffZl (C,').

j=1
By (1.2)—(3.3) and using (5.5), we have

()

(5.6)

n,i 1 Nl 1
eh(tr(lf’;.)) :/tw—l) en(s)ds :h/ eh(t£“*1)+sh)ds+h Z /0 eh(ll(ﬂfl)+sh)ds
Ci

n,i i I=n+1
n—l 1 Ci
+hy / en(e" + shyds + h / en(t + shyds
=00 0

1 m
= h/ e ) +h Y pi)ed s | ds
Ci

j=1

N—-1 1 m
+h Z/ eh(t,(“‘”)+h2ﬂj(s)s,‘f;‘“ ds

0 X

j=1

I=n+1

n—1 . m
+hy / en(t)+h > Bi(s)e) | ds
0 ,
=0 j=1

Ci m
+h / en(t) +h > B (s)e;’f]? ds
0

J=1

N—-1 1 1
+R" S h / RV (s)ds + hmt? / Ry D (s)ds
0 .

I=n+1 Ci

n—1 1 Ci
+h"T> " h / R (s)ds + ™ / R (s)ds
0 0
=0

m N—1
= (1 = c)en(t ™) + 12D (1) = bipe TV +h > ent V)
j=1 I=n+1

N-1

m n—1
12 30 D ey Y en )
I=n+1 j=1 =0

n—1 m

17D vie) + heient)

=0 j=1

m
+h? Z bijé‘,(zlf; + hm+1§,(nﬂ,zl (ci),
j=1
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where Ri(ci) = S04 0 o RY Vs + h [ RV ()ds + X0k
RY)(s)ds +h [ R(“) (s)ds. Thus, by (5.5) and (5.7), we have

m
en(f) +h Y aijel) + R R (i)
j=1

N—-1
= h(1 = cep (1~ 1>>+hZZ(y,<1>— bipel TV +n > en* )

j=1 I=n+1
N—1 m n—1 m
1
+hE TS e )+hZeh(t(“))+h2ZZyJ(1)8(“)
I=n+1 j=1 =0 j=1
m
+ heien(t) + B2 Z bij efj‘) R TIR) (ch). (5.8)

Rewriting (5.8) with n replaced by n — 1 and with i = m and subtract it from (5.8),
we can obtain

m m
en(ti™) — ey (t(“)l) +h Zaijsfff; —h Zamj‘?r(;li)l,j
+hm+1R(M) (ci) — hm+1R(M) 1(Cm)

m,n

= h(1 = c)en(t ™) — h(1 — cmen (i ”)+h22(y,<1>— bijey'"

j=1
m
—1 1
— (i) = bujey ! — hen V) — hzzy,u)e(“ :
Jj=1 Jj=1

+heh(t<")l)+h22y,(1)s‘“) + heien (i) — hemen 1Y)
j=1

+h? Zb,, fj*;—hz mej fj‘)l FRHRI () —h" IR (em). (5.9)
By (5.5), the continuity of e, on I, and e, (0) = 0, we find by induction
m

eh(l‘(ﬂ)) — eh(t(l/«)l + l’l) _ eh(t('u)l) +h Zb]g(ﬂ) + hm+1R;(nM)_1(l)

,n

nw N-—1 nw N-—1
S WL SUETLED 30 LIRS St
v=1 [=0 v=1 [=0 =0
n—

+pmtl ZR(“)(I) (5.10)
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For u = 0, it follows from (5.9) and (5.10) that we can write the error equation in
the form

e (b7, + WRD, (1) + Ael® — eel A6l

n—2 n—2
= (1 —cne (h ST S R,(,?}l(l)) +heyTel?

=0 =0

n—1 n—1
+Ce (h S e > Rf,?f,(l)) +hBe® —heel Be |+ h" R,
=0
or
0 T T (0)
(A—hB)e© = (eemA—eb + heyT — hee! B)

n—2
+ (L —caeh > bTel” + Ceh ZbT O 4RO
=0 =0

with obvious meaning of R(O)

(0)

The proof of Theorem 2.1 reveals that ¢, " converges if, and only if

—1 =< Pm = (— la
. Ci
i=1
and that there exist constant C, ©) , such that
h™, if —1< < 1;
1@y <c@ pr (5.11)
W=t it p, = 1.

Equation (5.8) implies that there exist constants Céo) and C§0) such that

len(t{)] < hCY” Z len(t )] + €57
=0

L — 1< 1,
[ ' =Pm=5 (512

h", if pp =1,

and thus the discrete Gronwall inequality (see [2]) guarantees the existence of a con-
stant C\” for which
4

Wi — 1< p < 1,

5.13
it o =1, G139

0
len(t)] < ¥ [
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holds. Assume that forv =1,..., u — 1, 8,(,v) converges if, and only if

—1<pm=

i=1

and that there exist constants Cf”) and Ci”) such that

hm, if —1<p, <1,
e <c T " (5.14)
h , if p, =1,
and
LA — 1< pp < 1
lenti < Cc 1 " (5.15)
h", if oy = 1.

By (5.9) and (5.10), we have

ebT e (“) L+ Ae(“) eeTAsflml

= (I — C)eept* 1) — (1 _Cm)eeh(t(MI D) 4 heyT — Byt
—he(y” - emB)g;(jil —eep (1) — he)/Ts(“_l)

nw N-—1
+(l—cm)e(hZZbT = 1)+thT (“))+heyT @)

v=1 [=0 =0

nw N—1
+Ce( S pTe 1>+thT (”))+h35(’”

v=1 [=0
—heeTBs(“) + W RW

m,n’

(5.16)

with obvious meaning of R\
In the remaining part of the proof we consider the following three cases.

Casel -1 <p, <1
By assumption (5.14) and (5.15), we obtain from (5.16)

(A—hB)eW = (ee,ﬁA —eb” + hey™ — heel B + hCebT> )

w2
+h (1= cpe+Ce) > bl e + 0™,
=0

Proceeding as in the proof of Theorem 2.1 we see that there exists a constant C g“ )

such that
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€%y < CYnm, (5.17)

and hence, by (5.8) and the discrete Gronwall lemma (see [2]), there exist constants
Cé“), Cg“ ) and C é(‘“) for which

n—1

len (1) < hCH Z len (1)) 4+ P !
1=0

and
|6’h (tn(/t))| < CA(‘N)hm-l—]

are true.
Casell p,, = —1
Rewriting (5.16) with n replaced by n — 1 and with i = m and subtract it from (5.16),
and by (5.10), we can obtain
estr(l’i)l - ebTer(l’i)z + Agl) — Ae(“) eeTAe(”)1 + eeTAe(”)
= (I, — C)e (eh(t,?‘—“) en(t; 1>)) — (1 =cp)e (eh(tn_] ) — et ”))
+h(eyT —B) (8r(lu—1) _ 5(;1—1)) _ he(y e B)( (-1 _ r(leD)
—e (eh(t,gﬂ_l)) — et ) hey” ( b (’S]))
+h(l — cm)ebT W) +hey (8(“) — (M) ) +hCeb' e (M)
+hB (S}gm _ 5;@1) — heel B (Ef,’i)l —e® ) Lpm (R(m an“ifl)
= —Ce (en ™) = en 7)) = (1 = ewe (en(t ") = ent3"))
—hB (glgufn e ) —he(yT — TB)( (D) i ))
+h(1 = cneb” el + he (v —enB) (1) — e
+hCebT e, +hB (s — el ) + i (Y = RY )
= —hCeb" eV — (1 — cp)ebTe "3V — nB ( (=) _ ("1”)
—he(y" —enB) (7" = e05V) + (1 = cm)eb e,
T he (VT . 6313) (g(ﬁi) _ (u) ) 4+ hCebTe (u)

+hB (o) — el)) + W R (5.18)

m,n’
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with obvious meaning of Ié,(,% Therefore,

(A—hB 0 )( ‘“))
(1)
0 Im nul

A+e (eZ;A — bT) e (bT _ erEA) 8(“)
=| +h(ey” + Ceb” — B —eel B) +he((1—cn)b” —yT +elB) ( ,Zml)
I 0 )

_hcebT (M 1) l’l(l —cm)ebT (M 1) hB( (n— n nllll))
| —he(y” TB)( b - ,5“2”)+hm1é,<,ff;
0

—1
Obviously, the inverse of the coefficient matrix is (“* ZB) IO ), so that by assumption
(5.14) we obtain

( e ) (Im +A el A—bT)y+ O(h) —A el A—bT)+ O(h))( e )
W 1)
En In 0 Enr

m (L)
+(h I;m’"), (5.19)

where the meaning of R(“ ) is clear. Since the eigenvalues of the matrix on the right-

hand side are 1, 1,...,1; —1,0,...,0, we may use an argument similar to the one
—— ——
m m—1
in Case II for Theorem 2.1 to establish the existence of constants
that

(1) (1)
CS C6

and such

1) < CYn™, lep V)] < YR (5.20)

CaseIll p,, = 1

(O = (1t} (M) (M)

Using the technique of [7], on oy, Lol

mation u;, and the exact solution in the form

], we write the collocation approxi-

uh(r,gﬂ>+sh)=2Lj(s)uh(r,§“})+hm H( ). (521

and

m

u((tW + sh) = ZL (s)u(t(”))—i-hmM [Te—ch. 22
n m! > .

i=1
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where /. () € (0. 1),

S0 (5.22)~(5.21) yields

m
en((t” +sh) = > Li()ent)) + " RY(s). (5.23)

j=1

N (m) (¢, (N m) o (1)
where R,(j‘) (s) = = (G )n)l! 1y () [T/, (s — ¢;). Therefore, the proof is com-

pleted by resorting to the finial argument in the proof of Theorem 2.1 and the
mathematical induction.

6 Numerical examples

In this section, we present two examples to illustrate the foregoing convergence results.
For the numerical solution of (1.1) and (1.2), we choosem = 1,m = 2 andm = 3. For

m=1weusecy =1}, 049,0.5,0.8, | respectively, and p, = —2, —35, —1, —1,0
respectively. For m = 2 we use the Gauss collocation parameters, ¢; = 3_6‘/5, =
3+T‘@; the Radau IIA collocation parameters, ¢ = % ¢» = 1; and three sets of
arbitrary collocation parameters, c; = %, coo=1c1 = %, ) = %; cl = %, c» =0.82
respectively, and p,, = 1,0,0,1, % respectively. For m = 3 we use the Gauss
collocation parameters, c; = 3 _1*({6, = % c3 = %ﬁ; the Radau ITA collocation
parameters, ¢; = %, c) = %, c3 = 1; and three sets of arbitrary collocation
2

parameters, ¢ = %,cz =35,a=La= %,cz = %,03 = %; cl = %,cz = %,6‘3 =
0.7 respectively, and p,, = —1,0,0, —1, % respectively. In Tables 1, 2, 3,4, 5 and 6
we list the absolute errors for the five collocation parameters and form = 1,m = 2
orm = 3.

Example 6.1 In (1.1) let K (¢, s) = e’ and with g(¢) such that the exact solution is
u(t)y =e™'.

Table 1 The absolute errors for Example 6.1 withm = 1 att =1
N =1 c1 =0.49 ¢ =05 c1 =08 =1

(bm = —2) (om = —35) (pm =—1) (om =—1%) (pm = 0)
24 1.6769¢+01 —1.1245e—03 —1.3797e—03 —1.1654e—03 —3.8162e—04
23 2.7879e+-05 —1.5970e—04 —3.4871e—04 —2.9908e—04 —9.5274e—05
26 3.0145e+14 1.3160e—04 —8.7586e—05 —7.5737e—05 —2.3810e—05
27 1.3950e+33 7.4499¢—04 —2.1943e—05 —1.9055¢—05 —5.9521e—06
28 1.1887e+71 3.2355e—02 —5.4913e—06 —4.7789¢—06 —1.4880e—06
20 3.4440e+147 2.2707e4-02 —1.3735¢—06 —1.1966e—06 —3.7200e—07
Ratio - - 3.9980e+-00 3.9937e+00 4.0000e+-00
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Table 2 The absolute errors for Example 6.1 withm =2 atr = 1
N Gauss Radau IIA E)) 4.3 (£.0.82)

(om =1) (om =0) (om = 0) (om =1) (om = 1)
22 8.7567e—04 —1.5895e—04 1.0229e—05 1.6246e—03 7.2562e—04
23 2.2484e—04 —2.0608¢—05 5.8522e—07 4.1289e—04 2.4094e—04
24 5.6609e—05 —2.6137e—06 3.4833e—08 1.0368e—04 1.0263e—04
23 1.4178e—05 —3.2878¢—07 2.1220e—09 2.5949e—05 7.9295e—05
26 3.5461e—06 —4.1218e—08 1.3090e—10 6.4890e—06 2.3295e—04
27 8.8663e—07 —5.1596e—09 8.1272e—12 1.6224e—06 1.2191e—02
Ratio 3.9995e+00 7.9886e4-00 1.6106e+01 3.9996e+00 -
Table 3 The absolute errors for Example 6.1 withm =3 atr = 1
N Gauss Radau ITA 4.3 e N (4.3.07)

(pbm =—=1) (pm =0) (om =0) (pm =—1) (om = %)
22 1.6331e—06 —3.5692e—07 2.8600e—06 6.2657e—08 1.0811e—05
23 1.0388e—07 —1.1580e—08 1.8879e—07 —6.6111e—09 2.5177e—06
24 6.5215e—09 —3.6737e—10 1.2104e—08 —5.8375e—10 1.3325e—06
25 4.0806e—10 —1.1556e—11 7.6582e—10 —3.9167e—11 4.7302e—06
26 2.5513e—11 —3.6238e—13 4.8151e—11 —2.4919e—12 9.1983e—04
27 1.5855e—12 —1.1047e—14 3.0186e—12 —1.7691e—13 5.5577e+02
Ratio 1.6091e+-01 3.2803e+01 1.5951e+4-01 1.4086e+-01 -
Table 4 The absolute errors for Example 6.2 withm = l att =2
N =1 c; =0.49 ¢ =05 c1 =08 =1

(om = —2) (om = —35) (pm =—1) (om=-1) (pm = 0)

24 —2.6353e+05 —4.4259¢—03 —4.0549e—03 —5.3670e—03 —8.0719e—03
23 —2.7239%¢+14 —1.3943e—03 —1.0451e—03 —1.3628¢—03 —2.0292e—-03
26 —1.2319¢+33 —1.2031e—03 —2.6516e—04 —3.4339¢—04 —5.0897e—04
27 —1.0377e+71 —3.4330e—02 —6.6776e—05 —8.6191e—05 —1.2747e—04
28 —2.9890e+147 —2.3627e+02 —1.6754e—05 —2.1591e—05 —3.1898e—05
Ratio - - 3.9857e+00 3.9920e+00 3.9962e+-00

Example 6.2 Consider (1.2) with K(t,s) = e'™5, 7 = 1 and ¢(t) = 1, and with g ()
such that the exact solution is u(t) = cost fort > 0.

From Tables 1, 2, 3, 4, 5 and 6, we can see that the numerical results are consistent
with our theoretical analysis.
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Table 5 The absolute errors for Example 6.2 withm =2 att =2

N Gauss Radau 1A 3.1 4% (£.0.82)

(om =1) (pm =0) (om =0) (om =1) (pm = %)
22 —2.1203e—03 4.2557e—04 —4.2732e—05 —4.6661e—03 —1.4824e—03
23 —5.3314e—04 5.5962e—05 —2.6318e—06 —1.1686e—03 —5.3870e—04
24 —1.3350e—04 7.1778e—06 —1.6357e—07 —2.9229¢—04 —3.0280e—04
23 —3.3388e—05 9.0894e—07 —1.0200e—08 —7.3082e—05 —5.1290e—04
26 —8.3478e—06 1.1436e—07 —6.3685¢—10 —1.8271e—05 —1.3128e—02
27 —2.0870e—06 1.4342e—08 —3.9786e—11 —4.5679e—06 —1.2168e+02
Ratio 3.9999¢4-00 7.9740e+00 1.6007e+01 4.0000e+00 -
Table 6 The absolute errors for Example 6.2 withm =3 att =2
N Gauss Radau IIA 4.3 CR N (4.4.07)

(om = —1) (pm = 0) (pm = 0) (om = —1) (om = 3)
22 6.3829e—06 —7.3679e—07 1.1411e—05 —3.8353e—07 3.9902e—05
23 3.9579e—07 —2.3465¢—08 7.3205e—07 —3.6064e—08 1.8447¢—05
24 2.4685¢—08 —7.4033¢—10 4.6325¢—08 —2.4297e—09 6.0003e—05
25 1.5420e—09 —2.3252e—11 2.9129¢—09 —1.5455e—10 1.1480e—02
26 9.6366e—11 —7.2664e—13 1.8260e—10 —9.6959¢—12 6.9302e+03
Ratio 1.6001e+01 3.1999¢+01 1.5952¢+01 1.5940e+01 -

In practical applications one will rarely use collocation space S,g? ) (Ip) withm > 3,
since m = 3 yields the global convergence order p = m + 1 = 4 and very small
absolute errors already for moderately small stepsizes.

7 Concluding remark

As we mentioned in Sect. 1, the main purpose of this paper was to close a gap in pre-
vious convergence analyses of continuous piecewise polynomial collocation solutions
for second-kind Volterra integral equations. While such globally continuous collo-
cation approximations may occasionally be desirable (for example in VFIEs with
non-vanishing delays), their accuracy is in general inferior to the one obtained by
using discontinuous piecewise polynomials (at essentially the same computational
cost).
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