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Abstract In the paper, a family of bivariate super spline spaces of arbitrary degree
defined on a triangulation with Powell-Sabin refinement is introduced. It includes
known spaces of arbitrary smoothness r and degree 3r — 1 but provides also other
choices of spline degree for the same r which, in particular, generalize a known space
of €' cubic super splines. Minimal determining sets of the proposed super spline
spaces of arbitrary degree are presented, and the interpolation problems that uniquely
specify their elements are provided. Furthermore, a normalized representation of the
discussed splines is considered. It is based on the definition of basis functions that
have local supports, are nonnegative, and form a partition of unity. The basis functions
share numerous similarities with classical univariate B-splines.

Keywords Super splines - Smooth splines on Powell-Sabin triangulations -
Normalized B-splines - Macro-elements
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1 Introduction

Despite extensive research, a natural generalization of univariate polynomial splines
to bivariate and multivariate ones is far from being clear and complete (see e.g. [12]
for discussion on this topic). Since the dimension of low degree spline spaces on
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triangulations depends substantially on the geometry of a particular triangulation,
usually splines on refined triangulations are considered. The most common refinements
are the Clough—Tocher and the Powell-Sabin split.

On a Powell-Sabin refinement quadratic splines were originally considered (see
[13]). The so-called Powell-Sabin splines are characterized by the interpolation prob-
lem with values and derivatives prescribed at the vertices of the initial triangulation.
In [3] a representation of Powell-Sabin splines in terms of a normalized basis was
proposed, which led to many results and applications in different areas of numerical
analysis (see e.g. [11,16,20-24]). Also, splines of higher degrees on Powell-Sabin tri-
angulations were studied extensively. The problem of finding the spline spaces of arbi-
trary smoothness with degree as low as possible was addressed and solved in [1,6,7].
The spline spaces proposed therein have local and stable bases, but none of them forms
a convex partition of unity. Recently, several papers have dealt with the construction
of spline spaces on Powell-Sabin triangulations with bases possessing this property.
Namely, a family of spline spaces of arbitrary smoothness was proposed in [17], and
three different cubic spline spaces were studied in [5, 10,19]. All of them have similar
normalized representations that generalize the representation of the quadratic space.

In this paper, a family of super spline spaces of arbitrary degree on Powell-Sabin
triangulations is introduced. It is a close extension of the family of super splines of
arbitrary smoothness r and degree 3r — 1 analysed in [17,18]. Additionally, it contains
super spline spaces of degree 3r — 2 and 3r for every r. The spline spaces of degree
3r are a generalization of the cubic super spline space introduced in [2]. The paper
also deals with a construction of normalized bases for the discussed family of spaces.
The derived B-spline functions generalize the basis functions of degrees 3 and 3r — 1
provided in [10,17,18]. Since splines in a B-representation play an important role
in approximation theory and computer aided geometric design, this result may be
interesting from many applicative viewpoints.

The remaining of the paper is organized as follows. In Sect. 2, some preliminar-
ies about representation of bivariate polynomials and splines in the Bézier form are
reviewed. In Sect. 3, the definition of Powell-Sabin refinement is recalled, and super
spline spaces of arbitrary degree on a Powell-Sabin refinement are introduced. In what
follows, these spaces are characterized by minimal determining sets and interpolation
problems. Section 4 is devoted to a normalized representation of the discussed splines.
The Powell-Sabin B-splines of arbitrary degree are defined, and the associated rep-
resentation of super splines on Powell-Sabin triangulations is provided. It is proved
that B-splines have local supports, are nonnegative, and form a partition of unity. The
paper concludes with some applications and remarks.

2 Preliminaries
2.1 Bivariate polynomials on triangles
Let P, denote the space of bivariate polynomials of total degree less orequaltod € Ny.

It is a well known fact that every p € [P; can be uniquely represented in the Bézier
form as
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p= > bhB{. @2.1)

lil=d

In the expression above Bid denotes the Bernstein basis polynomial of degree d on a
triangle .7 (V1, V2, V3), defined as

.
Bl(t) = —— 7' 5015,
! i1lin!iz!

where i = (i1, i3, i3), and T = (71, 12, 13) are barycentric coordinates with respect to
the triangle 7. The coefficients b; are called the Bézier ordinates of p and are associ-

ated with the domain points D;j determined by the barycentric coordinates (%, %2, ’73)
with respect to the triangle 7. Let

Eq.7={Die T; il =d}

denote the set of all domain points in the triangle .7°. To describe particular subsets
of &, 7, let us define the notions of a disk and a row. The disk of radius r around the
vertex V1 is the set

D, 7 (V1) :={Di iis € Bq7: 1 =d —r}.

The convex hull of D, #(V1) is a triangle, which will be denoted by Z, (V).
Moreover, the set

E, 7((V1,V2)) :={Di, ir.i € Bg 71 i3 =7}

is the row at distance r parallel to the edge (V1, V2).

The representation (2.1) has a number of advantages in comparison to the standard
representation of p in terms of the power basis. Since Bernstein basis polynomials
form a partition of unity and are nonnegative on .7, one can regard p on .7 as a convex
combination of its Bézier ordinates. The polynomial p can be evaluated using the de
Casteljau algorithm in a stable and efficient way. We refer to [4] for details.

The Bézier ordinates of p € P; can be expressed with its blossom. The blossom of
pisamap Z[p]: (R*)? — R satisfying the following properties.

Property 2.1 (Symmetry) For any permutation w of d arguments,
BlplPy, ..., Pg) = Blpl(x(P1, ..., Py).
Property 2.2 (Multi-affinity) For any a, b € R satisfyinga + b =1,
BIpl@P +bQ, Py, ..., Py) = aB[plP,Pa,....,Py) + bA[pl(Q, Py, ..., Py).
Property 2.3 (Diagonality) For any P € R?,

Blpl®P,...,P)=p@P).
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1260 J. Groselj

The Bézier ordinate b;, i = (i1, iz, i3), of p can be expressed as
by = B pl(Vili1l, Valiz], V3liz]), (2.2)

where P[r] means that the argument P is repeated r times.
If ¢!, ..., ¢ are the barycentric coordinates of points Py, ..., Py with respect to
7, the blossom of p may be written as

BlpI(Py, ..., Py = Blp, T1(z', ..., 9.

It can be evaluated using the multi-affine de Casteljau algorithm. This representa-
tion of the blossom becomes particularly useful when one subdivides p on .7. Let
T (W1, W, W3) be another (finer) triangle, and let ol =1,2,3,bethe barycentric
coordinates of W, with respect to the triangle 7. Suppose that the Bézier ordinates
of p expressed in the form (2.1) with respect to the triangle .7 are denoted by b;. By
(2.2) and the defining properties of blossom, it follows that

b = Blp. T1(o'[i1]. o2lir], 0> [i3]).

Notice an important property that in the case when the Bézier ordinates of p with
respect to .7 are nonnegative, and the barycentric coordinates ol ¢t =1,2,3, are
nonnegative, the ordinates b; are nonnegative, too. We refer to [4, 14,15] for details on
the blossoming principle.

2.2 Polynomial splines on triangulations

Let £2 be a simply connected subset of R? with a polygonal boundary, and let A be
its regular triangulation. Denote by 7 the set of all vertices of A and by & the set of
all edges of A. Additionally, let the set M (V) of all triangles in A sharing the vertex
V € ¥ be called the molecule of V in A.

The space of all polynomial splines of degree d € Ny and smoothness r € Ny on
A is defined as

Fi) = {s € €' (R2); sl7 €Py, T € A}.
The restriction of a spline s € ./J (A) to an arbitrary triangle of A can be represented

in the Bézier form (2.1). In this way, the Bézier representation of s is obtained. As in
the polynomial case, the Bézier ordinates of s are associated with the domain points

Eg,n = U Eq,7-
TeA

The Bézier ordinates of s € 5{? (A) corresponding to &y A uniquely specify s. The
situation becomes more complicated when r > 0 since smoothness constraints imply
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relations between the Bézier ordinates of a spline. These relations are described in the
following theorem. Its proof can be found in [8].

Theorem 2.1 Let p and p’ be polynomials of total degree d written in the form (2.1)
on 7 (V1,V2,V3) and T'(V4, V3, Va) with Bézier ordinates bi and b;, respectively.
Suppose that V4 lies outside of 7 and has barycentric coordinates o with respect to

7. Then DgD;’p = D?D;’,p’, 0<a+b < u,on(Vy V3)ifand only if

b:n,iz,zg = 2 b./'l,i3+j2,iz+./'3Bjm(a) (2.3)

ljl=m

form =0,...,uandir + iz =d —m, wherei = (i1, i2, i3) and j = (j1, J2, J3)-

A subset M;(A) € Ey p is called a minimal determining set of .7 (A) if every
s € () is uniquely determined by the Bézier ordinates corresponding to the
points in M};(A). Consequently, the dimension of .7/ (A) is equal to the cardinality
of M},(A). For spline spaces . (A) with d > 3r + 2, an explicit construction of a
minimal determining set is given in [8]. For spaces with d < 3r 4 2, among which
are 3’21 (A) and Y31 (A), the dimensions in most cases depend on the geometry of the
underlying triangulations, and special classes of them must be considered.

When possible, the dimension of a spline space .7 (A) is characterized by an
interpolation problem. It is desirable that interpolation data are provided at the vertices
of A. Note that the values D¢ D;’p(Vl), 0<a+b <p <d,ofapolynomial p € Py
on 7 (Vi, V2, V3) uniquely determine the Bézier ordinates of p corresponding to
the domain points in the disk D, o(V1), and vice versa. Suppose now that s €
FLI(D)YNEP(V), Ve, with p > r,and let

D,a(Vy:= |J DypzV) (2.4)
T eMa(V)

be the disk of radius p around V in the triangulation A. The Bézier ordinates of s
corresponding to the domain points in D, A (V) are then consistently determined by
the values D¢ D'y’s(V), 0 <a+b < p. Werefer to [8] for details.

3 Super splines on Powell-Sabin triangulations
3.1 Powell-Sabin refinement

The Powell-Sabin refinement A* of a triangulation A was introduced in [13]. It par-
titions each triangle of A into six smaller triangles and is obtained in the following
way. First, an interior split point Z,, for every triangle .7}, € A is chosen such that
the line segment (Z, Z;/) for any two neighbouring triangles % (V1, V2, V3) and
T {V4, V3, V3) intersects the interior of the common edge (V», V3) (see Fig. 1).
The point of intersection is denoted by Rj3. Additionally, for every boundary edge
(Vi, V) of A, the point R;; in its interior is chosen. The desired refinement is then
acquired by connecting every interior split point with the vertices and the edge split
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Fig. 1 A Powell-Sabin refinement of two neighbouring triangles

points inside a particular triangle. For arbitrary A, the Powell-Sabin refinement can
always be realized by choosing the incenters of triangles in A to be the interior split
points of A*. In the remaining of the paper, the set of all interior split points of A*
will be denoted by 2. Furthermore, the set of all edges of A* that connect a triangle
interior split point to an edge split point will be denoted by &™*.

3.2 Super spline spaces on Powell-Sabin triangulations

The well known Powell-Sabin splines are the elements of Yzl (A*), namely the quad-
ratic splines of smoothness order one defined on a triangulation A with a Powell-Sabin
refinement A*. As it was provedin [13], every s € 5”21 (A*) is uniquely determined by
the values D¢ D’y’s (V),0 < a+b < 1,atthe vertices V € ¥ of the initial triangulation
A. Therefore, the dimension of this spline space is equal to 3|7|, independently of
the geometry of the triangulation A.

Several authors considered splines of a higher smoothness on a Powell-Sabin refine-
ment. In order to obtain a spline space for which the dimension is independent of the
geometry of the triangulation, the degree of splines has to be increased. It also seems
to be inevitable to impose certain additional smoothness constraints at particular ver-
tices and edges of the refinement. Such splines spaces are, in general, denoted as super
spline spaces. Among others, the super spline space

FEN) = SHLHNG Y UZUEY) 3.1

of quintic splines of smoothness order two on A* was introduced in [7]. It was proved
therein that every s € 5”52’3(A*) is uniquely determined by the values D Dly’s(V),
0 < a+ b < 3, at the vertices V € ¥ of the initial triangulation A and the values
s(Z) at the interior split points Z € Z of the refinement A*. This result was extended
in [17] to the spaces

@ Springer



Super splines of arbitrary degree on Powell-Sabin triangulations 1263

Table 1 Parameters defining . (A*) ford = 1,...,36

d rqa pqa pda d rd  Pd Hd d rda pd Md d A Pd Id
1 0 0 1 10 3 6 7 19 6 12 13 28 9 18 19
2 1 1 1 11 4 7 7 20 7 13 13 29 10 19 19
3 1 2 1 12 4 8 7 21 7 14 13 30 10 20 19
4 1 2 3 13 4 8 9 22 7 14 15 31 10 20 21
5 2 3 3 14 5 9 9 23 8 15 15 32 11 21 21
6 2 4 3 15 5 10 9 24 8 16 15 33 11 22 21
7 2 4 5 16 5 10 11 25 8 16 17 34 11 22 23
8 3 5 5 17 6 11 11 26 9 17 17 35 12 23 23
9 3 6 5 18 6 12 11 27 9 18 17 36 12 24 23

r2r 1 2r—1 *

IO =S, (AHYNE YUZU&™) 3.2)

for arbitrary r € N. This family also contains the standard space of Powell-Sabin
splines, which is obtained by choosing r = 1. Every s € 3rr rl I(A ) is uniquely
determined by the values D¢ Dﬁs(V), 0<a+b<2r—1,atthe vertices V € ¥ of
A and the values D¢ D’;S(Z), O <a+b < r — 2, at the interior split points Z € 2

of A*. A particular super spline space,
FAA) = ALY NG (D), (3.3)

that does not fit into (3.2) was studied in [2], and it was shown therein that every
s € Y;’Z(A*) is uniquely determined by the values D¢ D’;s V),0<a+b<2at
the vertices V € ¥ of A.
In order to unify and to generalize the spaces in (3.1), (3.2), and (3.3), let us consider
the spaces
SIS = LU NEP (V) NEH(Z U E)

for different choices of d, r, p, and . More precisely, our prime interest will be the
spaces

yr 1,2r—2,2r— I(A*) d=3r—2
yd(A) rdpdﬂd(A*): yrZr 1,2r— I(A*) d=3r—1 (34)
y{;ZrZr I(A*), d =3r

for arbitrary degree d € N. Notice that . (A*) for d = 3r — 1 coincides with (3.2),
and .73 (A*) agrees with (3.3). The elements of .7 (A*) are simply continuous linear
splines on A. Table 1 contains parameters defining ., (A*) for d up to 36. In the
following theorem, a characterization of the spaces .3 (A*) for arbitrary degree d is
given in terms of interpolation problems.
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1264 J. Groselj

Fig. 2 Macro-triangles of .#;(A*) with domain points for d € {3r —2,3r — 1,3r}, r = 4. The black
coloured points represent minimal determining sets

Theorem 3.1 Forarbitraryd € N, consider the spline space .3 (A\*) defined in (3.4).
There exists a unique spline s € .S3(A*) satisfying

DEDYs(Ve) = frapp e 0<a+b=<ps t=1.. 7] (3.52)
and

DDYs(Zy) = g, O<a+b<r—2,m=1,...,|Al (3.5b)

ybm>
for a given set of values frayb ¢ and gyayb

The proof of the correctness of the interpolation problem (3.5) for d = 3r — 1,
r € N, can be found in [17]. In principle, the statement ford = 3r —2 and d = 3r can
be verified in a very similar way. In order to make the proof shorter and less technical,
let us pursue the idea that a single macro-triangle for d = 3r — 2 can be viewed as an
inscribed triangle in a macro-triangle for d = 3r — 1. Similarly, a macro-triangle for
d = 3r is nothing else than an extension of a macro-triangle for d = 3r — 1. See Fig.
2 for an illustration of this perspective. The following theorem restates Theorem 3.1
in terms of the theory of minimal determining sets.

Theorem 3.2 For any vertex Vo € V, let us define M = D, r+(V¢) N .T,*, where
J* is an arbitrary triangle in A* with a vertex at V. Similarly, for any macro-triangle
Im € A, let us define M}, = Dy_o px(Ziy) N T X, where TF is an arbitrary triangle
in A* with a vertex at Z,,,. Then
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K4 N
My(A*) = U MPU U M
=1 m=1

is a minimal determining set of /g (A*).

The proof of Theorem 3.2 will follow based on the next three lemmas. In the first
two of them, Theorem 3.2 is verified on a single macro-triangle for the casesd = 3r—2
and d = 3r by referring to the fact that Theorem 3.2 holds for d = 3r — 1.

Lemma 3.1 Let Z;(V1, V2, V3) € A. Then M3, > ({9 }*) is a minimal determining
set of S3r—2({ Tk }).

Proof Consider the triangle .7, with the vertices
V, =1+ : v 1Z £=1,2,3
L — d £ d ks — Ly ey

and let {ﬂk’ }* be derived from {7} }* so that the domain points of both Powell-Sabin
triangulations satisfy &3, _5 (g C 53,,_1’{!7{}*. Denote by M’ the set M3, 1 ({.7}/}*)
defined in Theorem 3.2. As proved in [17], M’ is a minimal determining set of
Fr—1({F/}). Let us show that M = M’ N 53,5 () is a minimal determin-
ing set of 73,2 ({4 }*). Associate with the points in M an arbitrary set of Bézier
ordinates. Additionally, specify arbitrary Bézier ordinates for the points in M\ M, and
let s” be the element of .73, ({%’}*) uniquely determined by the Bézier ordinates
corresponding to the points in M’. The Bézier ordinates of s” associated with the points
in &34 {gk/}*\M " are uniquely determined by smoothness constraints. Namely, by
Theorem 2.1 they can be expressed as (2.3) with the Bézier ordinates correspond-
ing to the points in &3, ¢ TN for particular pairs of triangles in {.7}'}*. Notice that
these expressions are completely independent of the degree of s” and only depend on
the smoothness constraints across the interior edges of {.7;}*. Since the smoothness
constraints across the interior edges of {.7;}* and {.7;}* are the same, it follows that
the Bézier ordinates corresponding to the points in M’ uniquely define an element of
Sr—2({ Tk }*). Moreover, none of the Bézier ordinates of s’ that belongs to a domain
point in &3, z/}*\53r_2,{=%}* appears in the expression of the Bézier ordinate
corresponding to a domain point in Z3,_5 (71+\M. This means that an element of
Sr—2 ({1 }¥) is completely determined by the Bézier ordinates associated with M,
which in turn proves that M is a minimal determining set of .73, _» ({7 }*). O

Lemma 3.2 Let J;(V1, V2, Vi) € A. Then M3, ({ T} }*) is a minimal determining
set of L3 ({ Tk }).

Proof The idea of the proof is similar to the proof of Lemma 3.1. In this case, consider
the triangle .7} with the vertices

, 1 1
Vi=(1-2) Vet oZn =123,
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1266 J. Groselj

and let {.7,"}* be derived from {.7;}* so that &3 -1177y S B3, Denote by
M" the set M3, _1({.7/"}*), which is known to be a minimal determining set of
S 1 ({7} Let M = M3, ({Zk}*) be such that M” € M. Suppose that a cer-
tain set of Bézier ordinates is associated with the points in M. The subset of these
ordinates corresponding to the domain points in M uniquely specifies an element
s” from 73, _1({.7"}*). The Bézier ordinates that belong to the domain points in
CEWIRY gku\M " are uniquely determined by the smoothness constraints across the inte-
rior edges of {.7;”}*. By the same line of arguments as in the proof of Lemma 3.1, it
follows that the Bézier ordinates associated with M” uniquely specify the Bézier ordi-
nates of a spline in %3, ({7 }*) that belong to the domain points in E3,_1’{gk~}*\M”.
The remaining Bézier ordinates, i. e., the ordinates associated with the points in
E3r,{<%}*\(E3r—1,{LZ”}* U M) located on the edges of 7, can be determined by the
known ordinates as follows. The unknown ordinates corresponding to the points in
disks D3, ;g3 (Ve), £ = 1, 2, 3, are determined by the smoothness constraints across
the edges (Vy, Z) that are implied by the smoothness at the vertices V. The rest of
them can be thought of as the Bézier ordinates (after subdivision) of a one-dimensional
polynomial of degree 2r — 1 defined on the line segment (W;;, W ;), where

2r — 1 r41 2r — 1 rtl
Wiy ==Vt )R W= Vv (57 )R

and (V;, V) is anedge of 7. This observation follows from the smoothness constraint
of order 2r — 1 across the edge (R;;, Zy). Of these 4r — 1 ordinates, 2r are known,
and they completely specify the polynomial. O

Let us return to the statement of Theorem 3.2, which has to be proved for the
cases d = 3r — 2 and d = 3r. Suppose that a set of Bézier ordinates is assigned
to the points in My(A*). By Lemma 3.1 and Lemma 3.2, these ordinates uniquely
determine a spline on every single triangle of A. In order to show that M;(A*) is a
minimal determining set of .;(A*), it has to be verified that any two such splines
defined on neighbouring triangles of A admit the smoothness constraint of order ry
across the common edge. The following lemma proves this fact by following the same
reasoning as used in the last part of the proof of [17, Theorem 4].

Lemma 3.3 Let 9, and Jy be triangles in A with a common edge (V;, V), and let
{T)* and {T/}* be parts of A*. Let s € Z3({F4}*) and s € Sa({ T ¥). If

DEDYsi(Ve) = DEDYsp(Vy), €=1i.j. 0<a+b=<pqg

then
D¢DYsy = DiDYsy, 0<a+b<rg,

on (V,’, Vj).
Proof Consider the triangles .7, (V¢, R;j, Zy), £ =i, j,m =k, k', in A*. Denote

the Bézier ordinates corresponding to the pointsin &, T by bf’m withi = (i1, i2, i3),
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Super splines of arbitrary degree on Powell-Sabin triangulations 1267

li| = d. By Theorem 2.1, the smoothness constraints of order r4 across (V¢, R;;),
{ =1, j, are of the form

i3

g _ )

b; :Z l3bz]d it p? 0<i3=<ry |li|=d, (3.6)
p=0

where the weights oz;f, given in (2.3), are the same for £ = i and £ = j since (Z, R;;)
and (Zy, R;;) lie on the line segment (Zy, Z;/) by the definition of the Powell-Sabin
refinement. The smoothness constraints at the vertices imply that conditions (3.6) are
satisfied for i1 > r. In order to prove that they are also satisfied for i; < r, consider
the smoothness constraints of order wy across the edges (Z,,, R;j), m = k, k'. The

ordinates b;’m for 0 <i; <rand 0 < i3 < rq can be expressed as

r—1
iom __ i1.i.m i1gJ.m
bi - Zﬂq br+q,d—r—q—i3,13 + Z br+q,d—r—q—i3,i3’
q=0

where the weights ,3;‘ and y(;' are the same for m = k and m = k’. Combining these
observations leads to the conclusion that

, r—1 r—1 i3 L
ik i Z i3 0.k Z i Z i31,J»
b _Zﬂq b g a—r—p-gp | T 2 Ve b d—r—p—q.p
q=0 q=0 p=0
_ i3 i il
_ZO‘P Zﬂ br+qdrpqp+z br+qdrpqp
i3y ik

- ZO{ i1,d—p—i1,p

for i1 < r. It can be similarly verified that (3.6) holds for ¢ = j, too. O

Two additional observations can be made from the above discussion. It is easy to
see that the restriction of s € .#3,_2(A*) to every triangle of A is of smoothness r.
Moreover, every s € .73, (A™*) is of smoothness r + 1 across the edges of A. Note that
these smoothness constraints are satisfied automatically by the prescribed constraints.

Corollary 3.1 The dimension of S4(A*) is given by

2
dim .7 (A%) = (”"; )|7/| + (;)w.

Proof The proof follows directly from Theorem 3.2. O
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4 A normalized representation of super splines

As already mentioned, a normalized representation of elements of a spline space is of
a particular interest in many areas of numerical analysis. In [17], a normalized repre-
sentation for L§”3rr’2_rl_ ! (A*), r € N, was introduced. It extends the representation for

5”21 (A™*) given in [3] and the representation for ,5”52’3 (A*) presented in [16]. Recently,
a similar construction for f;’z(A*) was derived in [10]. In this section, these results

are extended to a normalized representation for ./ (A*) with arbitrary d € N, and its
main properties are proved. The notation and main ideas are adopted from [17,18].

4.1 Construction of Powell-Sabin B-splines

The construction of Powell-Sabin B-splines relies on the interpolation problems of
the form (3.5). The goal is to choose suitable values for the interpolation data so that
the resulting functions will form a basis and will possess desirable properties such as
a partition of unity and a local support.

1. For each vertex V; € 7, choose 6; € (0, 1), and identify the PS-points associated
with V; as
Sie=(0—-6)Vi+6;Vy

for all edges (V;, V¢) of A, together with the point V; itself. Then choose a
PS-triangle #; (Q;.1, Qi 2, Qi 3), i. €., an arbitrary triangle that contains all the PS-
points associated with the vertex V;. See Fig. 3a for a demonstration. Consider

the Bernstein basis polynomials ij ?, il = pa, of degree py on t;, and define
parameters
(%))
off g = O (“p—f,b)DZ DYB (V;) @1
a+b

forO0 < a-+b < pgandj € Nj with [j| = pg.

Fig. 3 a A PS-triangle #;(Q; 1, Q;2,Q;3) and PS-points associated with V;. b A macro-triangle
T (V1, V2, V3) and its associated triangle %#; (W1, Wy, W3)

@ Springer



Super splines of arbitrary degree on Powell-Sabin triangulations 1269

2. For each macro-triangle .7;(V1, V2, V3) € A, denote by #; the triangle with
vertices

Md Md
w, = My (1——)2, (=123
¢ p ¢+ p k

See Fig. 3b. In this case, consider the Bernstein basis polynomials Bi“ i = pa,
of degree g on #%, and define parameters

ab Hd atb (aj—b) a b phd
IBk,j,d = (7) (ltdb)D DxBr 1—ji,r—1—jp,r—1— j3(Zk) 4.2)
a+

forO <a-+b<r—2andj= (ji, jo, j3) € N} with |[j| =r — 2.

3. For each vertex V| € ¥, each macro-triangle .7 (V|, V2, V3) with a vertex at
Vi,andeach j € Ng with |j| = p4, denote by p‘l{ k. the polynomial of degree 1t 4
defined as follows. Let ﬂk* € A* be atriangle in .Z; with a vertex at V. Consider
the polynomial g of degree p; on the triangle Z,,, T (V1) that is completely
specified by the interpolation conditions D¢ Df,q(V 1) = a?g’ »0Za+ b < pg.
Let its Bézier ordinates be denoted by by, |£| = pg. Specify the polynomial pf’ ki

as
d _ - plid
Plrj= Z diB;
[il=pa

with respect to the triangle % (W1, Wo, W3). Let d;, i = (i, iz, i3), with i] < r
be equal to 0, and let dj with i1 > r be determined so that the ordinates of the
subdivided polynomial pf’ k.jon Dy, T (Zy) that correspond to the domain points
inD,, T (VpnD, 0T (Zy) coincide with the ordinates b, of g associated with

the same domain points. For an illustration, see Fig. 4. With the help of pf, K’
define parameters

b (Md)f”h ()

riia =7 DYDY P 4 (L) 4.3)

(a+h) ’ P .

forO<a+b<r-—2.

Let us use the parameters introduced in (4.1), (4.2), and (4.3) to define Powell—
Sabin B-splines as unique solutions of interpolation problems of the form (3.5). For
every V, € Y and j € Ng with |j| = pg, denote by Bl.'f jd the unique solution of the
interpolation problem with

b op— b .
f ay b ( = [u‘] a g =1 and grayb — yi[:lm,j,d’ L7”” € MA(Vl) )
) 0:  else T o else
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Fig. 4 Construction of the polynomial p‘lj kj associated with a vertex V| and a macro-triangle
Tk (V1,V3,V3) for d = 12. On the left-hand side, pilkj is represented on the triangle @P«d»yk* (Zy),
where 71(* is the triangle with the vertices V1, Ry2, Zj. The black coloured points are associated with

the Bézier ordinates determined by a?j.’

4- On the right-hand side, p‘li kj is represented with respect to the
triangle #; (W1, W;, W3). The Bézier ordinates corresponding to the uncoloured points are equal to 0

Furthermore, for every 7, € A and j € NS with |j| = r — 2, define B,i’? as the unique
solution of the interpolation problem with

b .
'Br‘iz,j,d’ m=k

Seayp p =0 and goap, =
R ym 0; else

4.2 B-spline representation
To get an insight into the definition of Powell Sabin B-splines, the theorem proved in
[18] is first considered.

Theorem 4.1 Let py, be a polynomial of degree d| that is defined on the triangle
T1(V1, V2, V3), and let pg, be a polynomial of degree dy (with dy < dy) that is
defined on the triangle 55 (V1, Uy, U3z), where

Up=(10-60)Vi+6V,, Us=(1-60)V|+06V;

for some 0 € (0, 1). Suppose that the Bézier ordinates of the polynomial pg, are
denoted by b, |i| = d, and the Bézier ordinates of the polynomial py, are denoted
by b;, |i| = da. Then

d
D¢DY pg, (V1) = () %Dm% (V1)
a+b
fora givenvalue 0 <v <dpandall0 < a+ b < v ifand only if

/
bdl —V+iy,i2,i3 — bd27v+i| ,i0,03

foralli = (i1, i, i3) with |i| = v.
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In what follows, two lemmas extending [18, Lemmas 1 and 2] are presented. They
show how to describe an element of .#;(A*) locally at the points of A and at the
interior split points of A* in terms of polynomials.

Lemma 4.1 For V; € V and parameter 6;, let
vo_ v,d 1 pPd
T = 2. i B
ljl=rpa

be a polynomial of degree py with the Bernstein basis polynomials ij ? defined on a
PS-triangle t;(Q; 1, Qi 2, Qi 3). Furthermore, let s € #3(A*). Then

()
()

forall 0 < a + b < py if and only if the Bézier ordinates cl.”jd, i= Ui 2, j3),
[jl = pa, of T with respect to the PS-triangle t; are given by

D¢ D” (Vi) = (9;)" 0 &2 pa DbT (Vy) (4.4)

= Bls| 7+1 (Vilr], Quilir], Qiolial, Qislis)), 4.5)

where J* is an arbitrary triangle in A* with a vertex at V;, and

~ 1 1
Q= (1—5) Vi+67Qi,z, £=1,2,3.
1 1

Proof Without loss of generality assume that i = 1, and let Vj, V;, and V; denote
the vertices of .7}*. Let .7}* be the triangle with the vertices V| and

=0 -0DVi+0V], (=273

Suppose that bj, |i| = d, are the Bézier ordinates of s| T with respect to .7;*, and

dj, il = pa, are the Bézier ordinates of Tlv with respect to ﬁ* By Theorem 4.1, the
equality (4.4) holds if and only if dj = by, j,,j5-J = (j1, J2, j3). This is equivalent
to the condition that

BT, T (rl, ...,Tﬂd) = Bls| 7+, Ty (el[r], . ..,rpd) 4.6)

for any set of barycentric coordinates !, ..., TP, where e! = (1, 0, 0). It is known
that
Cl.] = BIT1(Qu111]. Qi2l)2], Qu.3lj3]) -

Leto! = (af 2, (73) £ =1, 2,3, denote the barycentric coordinates of Q; , with
respect to 7%, i
Qi =0{Vi+ 038, +0iSts.
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One can easily verify that
Qi =0lVi+0iVi4oiVs, €=1,2,3. (4.7)

By (4.6), it follows that

eyl = 21y, 7 (0 Uil 02121, o sl
= A5l 771 ('), 0 Lind, 021, oLl

which by (4.7) implies (4.5). O

In case when the Bézier ordinates of 7} are determined as in (4.5), the spline
s € Sy (A*) and the polynomial T” have the same value at V;. Also, the first derivative
values coincide if 6; is chosen to be equal to ’Zl—"

Lemma 4.2 Fors € ;(A*) and 9;(V1, V2, V3) € A, let

3
_ v,d _d Hd
_Z Z C@Jplkj Z CkJBr I=jir=1=j2,r=1=j3

=1 ljl=pa lil=r—2,
Ji=01.J2.J3)
be a polynomial of degree g, where the coefficients cz’jd are given by (4.5), the
polynomials pf k,j are specified in the Sect. 4.1, and the Bernstein basis polynomials
Bf”l i1 jyr—1_j are defined on Wi (W1, Wa, W3). Then
d
Md) +b (a+b)

D¢DYs(Zy) =
( d (ai)

S DY DYT] ()

forevery 0 <a+ b < ug if and only if

Bls| g1 (Zild — pal, Vilr =1 = j1l, Valr = 1 = jo], Va[r — 1 = j3]),
(4.8)

Ck_]

where * is an arbitrary triangle in A* with a vertex at Zy.

Proof The smoothness of order u, at the vertex Z; implies that the Bézier ordinates
of s corresponding to the domain points in D, A+ (Z) can be regarded as the Bézier
ordinates (after subdivision) of a polynomial p of order 4 on #}. Consider a triangle
T e A*, € e {1,2,3}, with a vertex at V. Since the Bézier ordinates of p on
@M 7y (Zy) and s| 7+ on 7, associated with the domain pointsin D, gy (Zy) agree,
Theorem 4.1 1mphes that the polynomial p satisfies the condition

Md) ( j—b)

D“Dbs(Zk) = DDb vl (i) =
( d (alfiflb)

DYDY p(Zy).
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By the same argument, the blossom of p on %, Ty (Zy) can be expressed as the
blossom of s | 7 on 7. With the help of the subdivision property of the blossom, it
can be easily verified that the identity

Blp, V@', ... ) = Bls| 7, Til@ld — pal, T, ... T

holds for any set of barycentric coordinates 7!, ..., /¢, where z denotes the bary-
centric coordinates of Z; with respect to . This proves that the Bézier ordinates b,
li] = pq, of p with respect to the triangle %} can be expressed as

bi = Bls|7:1(Zild — pal, Vilir], Valiz], V3[is])

for € =1, 2, 3. Let us write the polynomial p in the form

3
p=2 2 hB“"+ > b
e=1 lij=pa, il=pa.
y=>r 11,02,13<r

To complete the proof, it remains to check that

D eiplii= > bBl, =123,

lil=pa li[=pa,
ig>r

since this implies that 7}/ = p if and only if ck is given as in (4.8). Consider the
polynomials in the above identity on the triangle éM 0T (Zx). They are both uniquely
determmed by the Bézier ordinates corresponding to the domain points contained in

D,,. 9*(Vg) NnD,, 9*(Zk) The referring ordinates of the polynomial on the right-
hand 51de are clearly equal to the ordinates of s| 7+ on J,*. By Lemma 4.1, this also
holds for the polynomial on the left- hand side since, by deﬁn1t10n the ordinates of
Pe, j agree with the ordinates of BZ,j with respect to .7;*. O

Under the assumption that the Bézier ordinates of Tk’ are equal to (4.8), the value
and the first derivative values of s € .%;(A*) and Tkt at Zj coincide. The following
theorem is analogous to [18, Theorem 5] and justifies the representation of an arbitrary
spline in .4 (A*) in terms of B-splines.

Theorem 4.2 Every s € .%;(A*) can be expressed as

¥4 [A]

EOIDITLED 3D I L AT
e=1ljl=pa m=1|j|=r—2
where Bé)”jd and Bt’Jd are Powell-Sabin B-splines defined in the Sect. 4.1, and the

coefficients cz’d and c jare given in (4.5) and (4.8), respectively.
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Proof Denote by s’ the right hand-side of the Eq. (4.9). In order to prove that s = s/,
it is sufficient to check that s and s’ satisfy the same interpolation conditions in (3.5).
The result then follows from Theorem 3.1.

Let V; € “I/ and 0 < a + b < pg. From definition of the B-splines and the
parameters ozl ¢ in (4.1), it follows that

Dans/(V)_ Z CUdDaDhBUd(Vl)
ljl=pa
,d _ab
ZCU ija
lil=pa
(u5s)

()

By Lemma 4.1, this is equal to D¢ Dbs (V;). Similarly, let Z;(V1, V2, V3) € A and
0<a + b < r —2. According to deﬁmtlon of the B-splines and the parameters %
and Vz m.j.d in (4.2) and (4.3),

(6 )u+b DanT (V )

m,j,d

D;;Df,s/(zk)zz > el DiDtBY ) + D DI B (Zy)

=1 |jl=pa ljl=r—2
3
d_ ab t.d pab
=2 D ivikiat 20 «iblia
=1 |jl=pa lil=r—2
d
Md)“+b (as) bt
= (% DT (Zy).
L xTytk
d (aﬁb)
By Lemma 4.2, this is equal to D”D ’s(Zy), which completes the proof. O

4.3 Bézier representation of B-splines

In the following remarks, the computation of the Bézier representation of Powell—
Sabin B-splines is investigated. The remarks rephrase [17, Lemmas 1-4] in order to
validate the results for an arbitrary degree. The goal is to express B-spline Bézier
ordinates in terms of blossoms of Bernstein basis polynomials defined either on a PS-
triangle or on a scaled triangle of a macro-triangle. The resulting observations can be
rather easily extended to the instructions on computation of the Bézier representation
of a spline given in the form (4.9), but most of all they will be of a great help in the
proof of nonnegativity of the basis functions.

First, let us examine a B-spline B J , lil = pa, associated with the vertex V| of A
on a macro-triangle 4 (V1, V2, V3) € A. See Fig. 5a.

Remark 4.1 Consider the triangle .7*(V1, Rz, Zg) € A*. By definition of the B-
splines associated with the vertex and by Theorem 4.1, the Bézier ordinates b,y j, j,. j
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Fig. 5 Representation of Bézier ordinates of B-splines of degree 12 on a macro-triangle 7% (V1, V3, V3).
The uncoloured domain point indicates that the corresponding Bézier ordinate is equal to 0. a A B-spline
associated with the vertex V. b A B-spline associated with the triangle .7

of Bf”jd,j = (J1, j2, j3), |j| = pa, corresponding to the domain points in Dy, 7+ V)
can be regarded as the Bézier ordinates (after subdivision) of the Bernstein basis
polynomial ij “ defined on the PS-triangle #;. Thus, they can be expressed in terms

of blossom as
brinins = BB 0] (o Uil 0?2 0 Ll) (4.10)

2

where ¢!, 62, o3 are the barycentric coordinates of the vertices of Dy, T (V1) with

respect to ¢;. Similarly, one can express the ordinates of By 4 associated with the
points in the disk of radius p; around V| on the triangle determined by the vertices
Vi, Riz, Z.

In Remark 4.1, a compact representation of the ordinates of By ”-d corresponding to
the points in D, {7,+(V1) is derived. By definition of the B-spline, it is obvious that
the ordinates associated with the points in disks D, 1 71+(V2) and D, (g;,+(V3) are
equal to 0.

Remark 4.2 Consider the triangle .7*(V1, Rz, Zy) € A*, and let 7, T (Zy) be
denoted by V/k* (W1, T12, Zt), where Ty, is the intersection point of (W1, W») and
(R12, Zy). Let us specify a polynomial of degree 114 on #,*. Suppose that its Bézier
ordinates are denoted by bj, |[i] = w4, and let them be equal to the Bézier ordinates
of the B-splines Bf ”jd with respect to .7, corresponding to the same domain points.
Based on Remark 4.1, the ordinates bj, i = (i1, iz, i3), with i; > r can be expressed
as

bi = BB ) (o'l = 71, 0liz], 0°lis +d — pa)) (*.11)

under the assumption that ¢! corresponds to the vertex Vi and > corresponds to the
vertex of 7, T (V1) located on the edge (V1, Z;). By construction, the ordinates b;
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can be regarded as the Bézier ordinates (after subdivision) of the polynomial p‘ll’ ki
of degree 4 defined on #; (W1, Wy, W3). Let us denote by dj, |i| = ug, the Bézier
ordinates of pfy kj with respect to the triangle %%. They can be expressed as

di = BUpl 5 71 ('), @linl @) i= (i),

where ,og = (pf, pg, pf), ¢ = 1,2, 3, are the barycentric coordinates of W, with
respect to the triangle 7,*. Note that ,01 = (1, 0, 0). The calculation of d; with i; >
r can be carried out by the multi-affine de Casteljau algorithm. Suppose that the
algorithm begins with the weight p!. After the first r steps, only the ordinates b; with
i1 > r are still involved in the calculation. If they are expressed as in (4.11), the
remaining jtg — r steps of the algorithm result in the identity

3 3
di = BB, 1] (al[il —rl,0°ld — pal, D 070 lia), Zgz’o‘[ial) (4.12)
=1

=1

for i1 > r. The Bézier ordinates dj with i1 < r are known to be 0. Using subdivision,
one can explicitly compute the Bézier ordinates of Bf’jd corresponding to the domain
points in the disk D, (7 y+ (Zg).

The Bézier ordinates of B;" 4 associated with the points in &4 ;) that were not
taken into the consideration in Remark 4.1 and Remark 4.2 all correspond to the
points on the rows parallel to the edges of .7 at distance less than d — u. Clearly, the
ordinates associated with the points in E,, (7+({V2,V3)),m =0,...,d —uqg — 1,
are equal to 0. The ordinates in the rows parallel to (Vi, V) are determined in the
following remark. The ordinates in the rows parallel to (Vy, V3) can be treated in an
analogue way.

Remark 4.3 Foreverym € {0, ..., d—uqy—1}, the Bézier ordinates of B 1 4 associated
with the points in the row E,, {%}*((V 1, V2)) are partially determined since those
corresponding to the points in D, T (V1) were expressed in Remark 4.1, and those
corresponding to the points in D, 1 71+(V2) are equal to 0. The remaining ordinates
can be obtained by using the assumption of #4-smoothness across the edge (R, Zx).
By this constraint, they can be regarded as the ordinates (after subdivision) of a one-
dimensional polynomial of degree j14. Let its Bézier ordinates with respect to the line
segment (V~V1, W,),

~ Hd d—jpg—m m
We=—V,+ ——R —Zs, £=1,2,
¢ p ¢+ p 12+d k

be denoted by dj, |i| = wg. Similarly as in Remark 4.2, it can be derived that the
ordinates dj, i = (i1, i2), with i; > r can be expressed as

%{B"d,n](a i1 — 7], 0°[d — pg —m], o> [m], Zg 12]) (4.13)

=1
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where p? = (,of, p%) denotes the barycentric coordinates of W, with respect to the
1ir~16 segment determined by W and the intersection point between (Rj;, Z;) and
(W1, Wy). The values dj with i; < r are equal to 0.

Consider now a B-spline B,i;", ljl = r — 2, associated with the macro-triangle
Tk(V1, V2, V3) € A. See Fig. 5b. By definition, its Bézier ordinates corresponding to
the domain points in the disks D, {7y« (V¢), € = 1, 2, 3, are equal to 0. Consequently,
all its Bézier ordinates corresponding to the points in the rows parallel to the edges of
T at distance less or equal to d — p4 are 0. The remaining ordinates can be expressed
in a similar manner as the ordinates of a B-spline associated with a vertex in Remark
4.1.

Remark 4.4 Consider the Bézier ordinates of B,i’j,j = (j1, j2, j3), ljl = r — 2, with
respect to Z{* (V1, Ry2, Zj) that are associated with the points in the disk D, , T (Zy).
Let them be denoted by b;, i, d— i +i3» Where iy +iz +i3 = 4. From definition (4.2)
and Theorem 4.1, it can be deduced that they can be regarded as the Bézier ordinates
(after subdivision) of the Bernstein basis polynomial ij =1 jor—1—J3 defined
on #}. It then follows immediately that

bivinid-atis = BBy gy P (M2 A T5) . @14)

where AL, A2, A3 denote the barycentric coordinates of Wy, Ty, Z; with respect to
the triangle #%.

4.4 Properties of B-splines

It remains us to prove the main properties of the derived Powell-Sabin B-splines
B i=1,... .17 |jl = parand B[{,k =1,....|A|, |jl = r — 2. The following
theorems are generalizations of [17, Theorems 7-9].

Theorem 4.3 The Powell-Sabin B-splines have local supports.

Proof From the proof of Theorem 3.1 it follows that an element of ., (A*) is iden-
tically equal to zero on every macro-triangle with zero interpolation conditions at its
vertices and at the interior split point of its Powell-Sabin refinement. Thus, by defin-
ition, every Bl.'fjd is nonzero only on the molecule M (V;), and every B,t(f is nonzero
only on the macro-triangle .7 € A. O

Theorem 4.4 The Powell-Sabin B-splines are nonnegative.

Proof 1t is sufficient to show that Bézier ordinates of B-splines are nonnegative. For
each Bl.”)’.d, this needs to be verified on the molecule M (V;) since other ordinates are
equal to 0 by Theorem 4.3. To simplify the notation, leti = 1, and let 9% (V1, V3, V3)
be a triangle in M (V1). By Remark 4.1, the ordinates associated with the points in
the disk D, (7y+(V1) can be expressed in the form (4.10), i. e., as the blossom of
Bernstein basis polynomials on the PS-triangle #; with nonnegative arguments, which
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confirms that they are nonnegative. The ordinates corresponding to the points in the
disks Dy, 17y (V2) and D, 7,+(V3) are equal to 0. By Remark 4.2, the ordinates
associated with the points in the disk D,,, (7 (Zy) can be obtained from (4 12) by
using subdivision. It can be easily verlﬁed that Ze 1 Qea and Ze 1 Q o are the
barycentric coordinates of PS-points S1> and S13, respectively, and since these two are
contained in the PS-triangle 1, the arguments of expression (4.12) are nonnegative.
After applying subdivision to a subtriangle, the sign of ordinates does not change. For
the remaining ordinates, the nonnegativity follows from Remark 4.3 and expression
(4.13) by similar arguments. The same result for each Bk ' can be obtained from the
property of a local support proved in Theorem 4.3 and the expression (4.14) of its
ordinates described in Remark 4.4. O

Theorem 4.5 The Powell-Sabin B-splines form a partition of unity.

Proof Tt needs to be shown that

171 Al

IDIEHEDIDI

t=1ljl=pa m=1l|jl=r—2

The constant 1 is an element of . (A*) so it can be expressed as (4.9). By Theorem
4.2, the coefficients can be expressed as the blossom of 1. Since the blossom of 1 is
equal to one irrespective of the arguments, all coefficients are equal to one. O

5 Conclusion

In this paper, super spline spaces on Powell-Sabin triangulations of arbitrary degree d
were proposed. Their definition is inspired by the construction of super spline spaces of
arbitrary smoothness r and degree d = 3r — 1 introduced in [17]. The two additional
families consist of spline spaces of degree d = 3r — 2 and d = 3r with global
smoothness » — 1 and r, respectively. This means that within the considered spline
spaces, the ones presented in [17] have the lowest degree for a certain smoothness.
However, the accompanying families studied in this paper possess some additional
super smoothness across certain edges and may thus be a relevant extension of the
original family.

The main motivation to consider these splines is the ability to represent them in
terms of nonnegative locally supported B-splines that form a partition of unity. It has
been shown that the B-spline representation of s € .#;(A*) is uniquely determined
by the choice of a PS-triangle #; and a parameter 6; for every point V; of the initial
triangulation A. If 6, = ‘Zi—d, the polynomial 7} introduced in Lemma 4.1 agree with s
in the value and in the first derivative values at the point V;. Consequently, it might be
an interesting geometric tool for modelling By changing the shape of the polynomial
patch on ¢;, only the coefficients c | j| = pa, corresponding to V; are modified, and
the surface of s is changed locally due to Theorem 4.3. The polynomial Tkt proposed
in Lemma 4.2 can be used in the same way, but only a certain subset of its Bézier
ordinates may be modified. In order to obtain a meaningful tool, PS-triangles with
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small area should be considered. On the other hand, it is useful to choose the values of
parameters 6; independently of the degree d. This enables the choice of PS-triangles
in advance, and the same PS-triangles can be used for the construction of splines
of arbitrary degree. From this point of view, PS-triangles can be understood as an
analogue of knots for univariate B-splines, and thus the parallel between the Powell—
Sabin B-splines and the univariate B-splines is further improved.

Some additional properties and applications of the proposed family of super splines
are straightforward. The Marsden’s identity can be simply derived as a corollary of
Theorem 4.2 by taking s € .%;(A*) to be equal to a polynomial of degree d. Extension
of functional splines to parametric splines can be carried out componentwise. Similarly
as in [24] for d = 2, polynomial splines of arbitrary degree d can be generalized to
rational splines. In [9,10, 18] quasi-interpolants for splines of degrees 3 and 3r — 1,
r € N, were studied. These results can also be adapted for general degree. Considering
these options, super splines of arbitrary degree on Powell-Sabin triangulations might
be a potentially interesting subject for a future research.
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