BIT Numer Math (2016) 56:1131-1162 @ CrossMark BI'I'
DOI 10.1007/510543-015-0583-8

Modified equations for weakly convergent stochastic
symplectic schemes via their generating functions

Lijin Wang! . Jialin Hong? - Liying Sun!

Received: 11 August 2014 / Accepted: 31 August 2015 / Published online: 25 September 2015
© Springer Science+Business Media Dordrecht 2015

Abstract In this paper, an approach of constructing modified equations of weak k + &’
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1 Introduction

The construction of modified equation is generally the first step of the backward error
analysis for the numerical solution of differential equations, which has obtained much
success during the last decades [8,9,11,12], especially in the qualitative analysis of
symplectic methods for Hamiltonian systems [5,14,22,23,26-28,31,35]. It constructs
perturbed Hamiltonian systems to approximate the symplectic methods, reveals the
reason for their long-time good behavior, and implies the construction of higher order
methods. For a more detailed review of these see e.g. the monographs [13,17].

The extension of the modified equations to the stochastic context is a relatively
new topic. To knowledge of the authors, some prior work include [1,6,25,29,34,36],
and so on. In [34], linear Langevin equations are considered. In [29], modified
equations that approximate the forward and backward Euler methods in the sense
of weak convergence for Itd stochastic differential equations (SDEs) with additive
noise are given, with the discussion of extension to other type of equations and
approximation. Zygalakis [36] describes a general framework for deriving modi-
fied equations for SDEs with respect to weak convergence, using weak stochastic
Taylor expansions. Debussche and Faou [6] builds modified equations not at the
level of the SDEs, but at the level of the Kolmogorov generators associated with
the process solution of the SDEs. Pavliotis et al. [25] uses modified equations to
exhibit the poor behavior of the Euler methods for small random perturbations of
Hamiltonian flows, and [1] proposes a new method for constructing numerical inte-
grators with high weak order for the time integration of SDEs, inspired by the theory
of stochastic modified equations. The recent work [2] analyses sufficient conditions
for the Lie-Trotter splitting to preserve the invariant measure of nonlinear ergodic
Langevin dynamics, with the application of the stochastic backward error analy-
sis.

Anton, Deng and Wong have developed in their recent article [4] the approach of
constructing weak stochastic symplectic methods using generating functions. In this
paper, we attempt to establish modified equations of weak k + k’ order apart from
the k-th order weakly convergent symplectic methods, that is, stochastic symplec-
tic methods with respect to weak convergence and of weak order k, for stochastic
Hamiltonian systems in terms of their generating functions, which is an extension
of the approach producing modified equations for deterministic symplectic meth-
ods employing their generating functions [5,23]. In case that the noises are additive,
or they are multiplicative but the Hamiltonian functions H,(p,q), r > 1 asso-
ciated to the diffusion part depend only on p or only on ¢, the approach can
work, and we find in such situations that the modified equation of the weakly
convergent symplectic methods are again perturbed stochastic Hamiltonian sys-
tems.

The contents are arranged as follows. Section 2 is an introduction of the stochastic
modified equations theory. Section 3 reviews the stochastic generating function theory
for stochastic symplectic methods. In Sect. 4 we develop the approach of constructing
modified equations of weakly convergent symplectic methods via their generating
functions. Section 5 gives some examples, for which numerical tests are performed in
Sect. 6. Section 7 is a brief conclusion.
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2 Stochastic modified equations

Given a stochastic differential equation

dX (1) = a(X)dt + Y 0,(X)dW, (), X(0) = x, 2.1)

r=1

where the drift and diffusion coefficients a(X) and o, (X) are R? — R functions
satisfying conditions that guarantee the existence and uniqueness of the solution (see
e.g. [18,24] for details). W(t) = (Wi(t),..., Wy, ()T is m-dimensional standard
Wiener process. A numerical approximation of it X¢, X1, ... with step size 4 is said
to converge weakly of order p, if forany T > 0 with Nth =T

[E(@(Xn;) — E@(X(T))| = O(h?) (2.2)

forgp € C 12017 i (R4, R), the space of 2 p+ 1 times continuously differentiable functions
mapping from R to R which, together with their partial derivatives up to order 2p + 1
have polynomial growth. As test functions, it is usually enough to consider polynomials
up to order 2p + 1.

In the aforementioned literature, the g-th order stochastic modified equation for a
weakly convergent numerical method is the modified SDE

dX = A(X)dt + Z L (X)dW, (1) (2.3)

r=1
with

A(fQ = a()~()~+ al(X)hN-i- ar(X)h? + - - -+ ag(X)h? 0.4

I(X) = 0p(X) + 0,1 (XD + - -+ + 0,4 (XD, '
where the functions a; and o, ; are to be determined such that for any 7 > 0 with
T =hNp

E(¢(Xn;)) — E(@(X(T))| = O(h"F), 2.5

for some ¢’ > 0, meaning that the solution of (2.3) is weakly g’-order ’closer’ to the
numerical solution than the SDE (2.1) does. In the ODE case, the modified equation
can fit its corresponding numerical method with high accuracy [13,36].

In [36], the functions a; and o,.; are found by using the Taylor expansion of
E(¢(X)|X(0) = x), i.e., the Taylor expansion of the solution to the backward Kol-
mogorov equation associated with the SDE (2.1)

‘r;_t: = S%u, u(x,0) = o), (2.6)
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1134 L. Wang et al.

where, in the case of d = m = 1in (2.1), LHu := a(x)j—z + %az(x)%. The solution

of probabilistic sense of (2.6) is just [24]

u(x, 1) = E(@(x(1))|x(0) = x), 2.7

for which it holds
h = o ! EZan o N +t? 2.8
u(x, )—¢<x>—k§m o) + 0Nt (2.8)

if u is N + 1 times differentiable with respect to ¢.

The expectation of ¢ of a one-step numerical approximation of weak order p,
E(¢(x(h))|x(0) = x) =! upyum(x, h) should have expansion coinciding with (2.8)
up to terms of order O (h?) which corresponds a local error of order p + 1. On the
other hand, there is the backward Kolmogorov equation associated with the modified
equation (2.3)

Olmod

o = LM Umods  Umoa(x,0) = $(x), (2.9)

with L'y = A(x)i—fz + %Fz(x)% for d = m = 1. To obtain a modified equation
which is ¢ order closer to the numerical method than the exact solution does, one
needs to equate the expansion of u,,,, (x, h) which is known from the numerical
method itself, and the expansion of u,,,4(x, h) which contains unknown functions
to be determined, up to terms of order O (h”™4 ,). In this way the assumed unknown
functions in the modified equations can be found [36].

In this paper, we construct the modified equations for the weakly convergent
stochastic symplectic methods, not based on the backward Kolmogorov equations
associated with the stochastic Hamiltonian systems, but via employing the stochastic
generating functions that produce the weakly convergent symplectic schemes, which
are introduced in the following section.

3 Generating functions for weakly convergent stochastic symplectic
methods

Given a stochastic Hamiltonian system

aH = O H,
AP =——di =3 o dWe(n), PO)=p,

30 “~ 90
= 3.1
dQ = oH +Z M aw (), 0@0)=
~ Pt &P e -7
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where P, Q,p,q € RY, H(P, Q), H,(P, Q) are Hamiltonian functions, and
Wi @), ..., Wp ()T is a m-dimensional standard Wiener process. The small circle
‘o’ before d W, (t) denotes the SDEs of Stratonovich sense.

It is known that this system possesses the symplectic structure [19]

dP(t) AdQ(t) =dp Adg, ¥t > 0. (3.2)

A numerical discretization (P,, Q), that preserves this structure is called a symplectic
method, characterized by

APt NdQpi1 =dPy AdQn, YneZ, n>0. (3.3)

Due to inheritation of the symplectic structure of the original systems, the sym-
plectic methods are in most cases superior to the non-symplectic ones in tracking
the phase trajectories of the underlying continuous Hamiltonian dynamical systems
in the long time simulation, both in the deterministic and the stochastic context, as
illustrated in [4,20], etc. Also from the viewpoint of structure preservation, symplectic
methods have, in general, good performance, although it is interesting to observe some
exceptions such as the example in [2] for the simulation of the invariant measure of
Langevin dynamics.

To construct symplectic methods, the stochastic generating function approach
was established [3,4,7,32,33]. It is based on the fact that each symplectic mapping
(Py, On) = (Py+1, Qn+1) canbe associated with a generating function 7,10, 13,32],
e.g., the first kind of generating function S'(P,11, Qu, h), h = t,41 — t,, such that

» » as!
n+l = In — ——,
90
34
Onir = O - Y
n+l = Yn 3Pn+1 s

. 1 . .
Note that such expressions as % represent d-dimensional vectors. There are other
generating functions such as S>(p,, gn1, h) and S3 (%, q”#, h), as illus-

tration we only consider S' in this article. Methods based on the other generating
functions are similar.

Itis given that [7,32,33], almost surely, the phase flow of the stochastic Hamiltonian
system (3.1) can be generated by the generating function S (P (t), ¢, t) via the relation

as! as!
p=P@)+—(P).q,D), Q@) =qg+ —(P(),q,0). (3.5)
g oP
SLP@), g, t) can be assumed to possess the series expansion

S' P, q,0) = D" Ga(P(1), ) s (3.6)
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1136 L. Wang et al.

where @ = (j1, jo, ..., ji) denotes the multi-index of the stochastic multiple integrals,
jie{0,1,....om}(i=1,...,D),l>1,and

t N 52
Jo =/ / / odW,,(s1) o dWj,(s2) 0 -~ 0 dW;,(s). (3.7)
0 Jo 0

For convenience denote ds = dWy(s). The upper index 1 in G means that the
coefficient functions G belong to the first kind of generating function.

To determine the coefficients G(L, the notations Ay, ... o, are introduced, which
can be defined recursively as follows [3,7]. First, define the concatenation ’x’ of the
indices & = (j1,.... ) and &’ = (j{,....jp)asa*xa’ = (ji..... ji, jis---» J))-
The concatenation of a set of multi-indices A and @ is A x«a = {8 x«|B € A}. Then,
define

{G1, JDs G JDh if 1=0'=1
{AG e *UGpieax (GO}, i I=11"#1
A = . . . . (3.8)
ag.o A, gy * U= (Gpl, b L1 0=1

{Ay oy Uy Ay oy * G} iE T#E 1T #1

For k > 2, define Ay,,...qp = {Ap,ey|B € Agy
Denote H = Hy. The G/, are [3,7]

,,,,, o b

Gl = Zl 0'H, 3 3Ga,  3Ga,

|
= e i Y Yk i s PP PG
a_EAozl AAAAA a;
3.9)
foraa = (iy,...,i—1,r) withl > 1,iy,...,i;—1,r € {0, 1, ..., m}, and there is no

duplicate in «. If there are duplicates in «, one can still use the formula after assigning
different subscripts to the duplicates. For [(«) = 1, i.e., « = (r), then

G, = H,. (3.10)

Note that, /(«) denotes the length of «, and o— is the multi-index resulted from
discarding the last index of «.

With the Gg{ given in (3.9), replacing the ¢ by h, P by p,+1, and g by g, in (3.6),
and truncating the series (3.6) to certain terms, a symplectic scheme of corresponding
order can be obtained via the relation (3.4).

Given the multi-index & = (ji, j2, - .., ji) and an adapted right continuous process
f with left hand limits, define the multiple Itd integral [16]

1 N 52
1, :=/0/0 /0 dW; (s))dWj,(s2) - --dW;, (s1), (3.11)
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and

f@, if 1 =0,
LlfOlos =1 Jo l-[f Olosds,  if 1> 1and ji =0, (3.12)
Jo Ie=[fO)osdWi", if 1> land ji > 1.

Then it holds the following relationship between the multiple Stratonovich integrals
Jy and the multiple 1t6 integrals I, [16]

1
Jo = 1jpla—1+ Xtj=ji120110) [51«1—)—} o ) 22, (3.13)

where x4 denotes the indicator function of set A and for [(a) = 1, J, = I4. To
obtain a symplectic scheme of weak convergence order k, one can firstly transform
the multiple Stratonovich integrals J, (3.7) to the multiple Itd integrals I, (3.11).
Then, one should include in the truncation of the series (3.6) all terms with index «
satisfying I(«) < k [3,4,7,16].

In Sect. 5, some examples of weakly convergent symplectic schemes for stochastic
Hamiltonian systems produced by the generating functions are illustrated.

4 Modified equations for weakly convergent stochastic symplectic
schemes via their generating functions

Inspired by the modified equation (2.3) with (2.4), we prove the following theorem
about the modified equations of weakly convergent symplectic methods for stochastic
Hamiltonian systems (3.1).

Theorem 4.1 Given a stochastic Hamiltonian system (3.1) for which the noises
are additive, or the H,(p,q), r > 1 depend only on p or only on q. Suppose
it has the generating function S'(P(t), q,t), and a weakly convergent symplectic
scheme Y, = (p,q) = (P, Q) produced by the generating function SY(P,q,h) =
zae/‘w FJ (P, q)loi’, where FJ (P, q) is defined on an open set D and can be a com-

bination of some functions G}}(P , q) for appropriate multi-indices B when « is fixed,

and I_Oil are appropriate realizations of the multiple stochastic integrals I, (ff asin(3.11)
defined on (0, h). Ay is the set of indices associated with V. Then the modified
equation of the weakly convergent symplectic scheme Yy, is a stochastic Hamiltonian
system

~ aﬁ 8I§r D
dP:—a—Q()dt—ZTOdWr(t)’ P(O)=p’
) mr=1 ) “4.1)
06 =200 S aw), 60
= — ~ O ? = ’
P Pl ' !
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1138 L. Wang et al.

where

Ho=H+ H"n+ HW? + .
I:IrZHr+Hr[1]h+Hr[2]h2+---, ’

and H][i](f), Q) are definedon D for j =0,1,2,... ., m,andi = 1,2, ...

Proof For convenience, denote H = H, [O], H, = H,[O]. The proofis also the procedure
of finding the unknown functions H]L'], for j =0,1,2,...,m,andi = 1,2,....
Suppose the generating function that generates the stochastic Hamiltonian system
(4.1)is SY(P(1), g, t) which has the expansion

$'(P.q,10) =2 Gy(P.q,h)Ja. 43)
o
According to the formula (3.9), we have for « = (i1, ..., i{j—1,7), with] > 2
. Ha)—1 1 d aiﬁ, 8@&1 Bééi
Co= 2.7 2 jo—as 2 Aot (44
i1 U k=1 Y9k ki (@) tilap)=l(@)—1 O TR ki
a_GAal ..... a;
and G} = H, for a = (r). Now suppose
GL(P,q,h) = GYOVNP, )+ GNP, )h + GV (P, )h* +--- . (4.5)

Substituting the series of H, in (4.2), and that of G1 (j=1,...,i)asin (4.5) into
the right hand side of (4.4), using (4.5) as the left hand side of (4 4) and then compare

like powers of & on both sides of (4.4), we obtain for « = (i1, ..., ij—1,r) with] > 2
EDI P> o
p i JHivtetii=k Aqy, - - - Ogy,
ki,....k
11l 1jil

0G 0Gy;
x > IR (4.6)

0 Py, 9 Py,

Lo+l ()=l (a)—1

and for o = (),
G = glb, 4.7

@ Springer



Modified equations for weakly convergent stochastic symplectic. . . 1139

According to (4.3) and (4.5), replacing ¢ in (4.3) by &, we get

S{P.g.y=2" >, GH@.oni;=3" > GMP.q) 3 KkIj,

o k=0,1,... o k=0,1,... BeAo
4.8)
where O denotes the index containing k zeros (0, . . ., 0). Since h* =k Jo, » the second
— —

equality in (4.8) is due to the relation [3,7]

M= > 4.9)
i=1

=: Zéé(ﬁ,q)]é’, (4.10)

where 14 (0x, o) denotes the number of 8 appearing in Ag, o, and

Gp(P.q):== D kg0 a)GY(P, g). (4.11)
k=0,....1(8)—1,
ﬂGAOk,O(

For simplicity, we denote in the following P(h) = P, Q(h) = Q, P(h) = P, and
Q(h) = Q. Then we have

< aSu(P,q.h) - aS'(P,q,h)
=p—-——0 7 =g+ ——, 4.12
dq ¢ P 12
which is equivalent to
(’?) _ (P)+J—1v§l(ﬁ,q,h>, (4.13)
0 q

. 01
with J = (_1 O)’
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1140 L. Wang et al.

Theoretically, the first kind of generating function for strongly convergent sym-
plectic schemes, denoted here by SS1 (P, g, h) has the form

S\ )= Gh(P.g) I} 4.14)
B

As is known from e.g. [4], the generating function for weakly convergent symplectic
schemes can be obtained by transforming the J é’ in (4.14) to their equivalent Itd

integrals I, choosing those terms with indices B satisfying [(8) < k for a k-th order
weakly convergent method, and then approximating the chosen / g by some appropriate

I g This can be expressed as the following, according to the transformation formula
(3.13).

SYP.g.h) =D Gp(P.q) > CEIY
ﬂ o

l(a)<k

=D |2 ciGura) iy
B

o
o)<k

= > Fy(P.qIl (4.15)

(o) <k
where cff are some constants resulting from the transformation

= Zcﬁlo’;, (4.16)

o

and F}(P.q) =t Y, CLGL(P. ).
Suppose the symplectic method of weak convergence order k generated by the
SY(P, g, h) aboveis ¥y, : (p,q) — (P, Q), that is

_38'(P.q. ) 0= +851(P,q,h)

P = =
P 3q a4 OP

, (4.17)

which is equivalent to

P\ _(p “lgcl
(Q)_(q)+1 vSi(P,q, h). (4.18)

Now we want to let the solution of the modified equation (4.1) be globally weakly
k' order closer to the numerical method 1, than the exact solution of the original
system (3.1) does, which means (see e.g. [36])

[E¢(P, Q) —E¢(P, Q)| = O(hFF+1), (4.19)
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According to (4.13) and (4.18), for each appropriate test functions ¢ we have

(P, Q)

=¢(p.q) +Vo(p,q) - J'VS!

1 2 —1 1 —1 1

where the functions V' takes value at (P, q,h), and

¢(P, Q)

=¢(p,q) +Vo(p,q)-J'VS!
+%V2¢(p, 0[O AL

19§ 4

(4.20)

4.21)

where the function VS takes value at (P, g, h). Taking expectations on both sides of
(4.20), it follows that

E(¢(P. Q) = ¢(p. q>+2—<p q)E(

Similarly,

as!
E(¢(P, 0)) = ¢(p, q>+Z—<p 9)E ( q,)+

Thus we have

E¢ (P, Q)

4 a4
_g;‘a_p,(

d

1

2 -
L]

-Z
-Z

—, 9pidp;

9gi
d 32¢

(aslasl) Z":
y Opidp; \dqi 9q;) 4=

a2¢ as! as! N
Bq,BqJ oP; OP;

d

i=1
d

92 95! 35! 2
+= > ) -> ¢ g
2 <~ | opiop; Bq, aq, Py 0q;0p;

—E¢(P, Q)

ast  aS! 9 asl  aS!
E( 2> -2 Z I
dgi  0qi = P 9P

929 E astast  9S!as!
dgi dq;  9q; 9q;

Z%‘”(p 9)E

3s! < g 3s!
i) 2 ek (57)

9%¢ (331 asl)
E
9qi0p;

aP; dq;

(4.22)

aSl
B

aS! 98!
dP; 9q;

(4.23)
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1142 L. Wang et al.

Zd: ¢ (9505’ 98! 93!

i 3%31?] P 361]' 3?’,‘ aqj

d 2 1 ¢l <l qql

1 9 astast  98'a8
i PO (2208 0508 ), (4.24)

2ij=1 8qi8qj- aP; an P 3Pj

and we need to let every item in the right hand side of (4.24) be not more than
O(hk+k,+1), with k + k' > 2. Note that, after taking expectations, the terms of order
h %, h %, etc. vanish, so we only need to consider terms of integer orders of /. Since the
lowest order of the J,, is %, the highest degree of the partial derivatives that can produce
h is 2. Analogously, the highest degree of the partial derivatives that can produce /*
is 2s where s is a positive integer.

Therefore, for the coefficients of /2, we only need to let them be equal within each
of the following pairs, fori, j = 1,...,d,

as! aS! 3s! 38! 3s' 3s! aS! 38!
Ef and E—; E—_ and EaP, E(——) and E{ ——— |;

9gi 9g; P ; dg; 0q; dg; dq;
as! as! 381 98! as!l as! asl asl

E— — and E— —; E(——) and E (4.25)
dqi 0P, dgi 9 P; dP; OP; 9P 0P;

wpere the derivatives of S! take value at (P, q, h), whereas those of S! take value at
(P.q,h).

For instance, to compare the first pair in (4.25), we should perform Taylor expansion
of the partial derives of S'(P, ¢, h) and those of SY(P, q,h) at (p, g, h) recursively,
and we get

9S!
E_(P’Q1h)
aqi
3*F) as! -
E ; ——(P,q,h )T
-y >+za g ol (P )+ ) 2
OlEAw
and
98!
E—(P q,h)
g

—ZE —(p q. h>+z

ast - i
g

where the partial derives of S' and those of S! inside the expectation E are to be
expanded at (p, g, h) in the same way once again and further on. In this way we can

compare like powers of & mE (P q,h) and EaS (P,q,h).
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It is worth mentioning that, the I_o’} are approximations of IO’(’, and the approximation
error can be controlled by choosing appropriate truncation boundary of the Gaussian
random variables so that it will affect neither the convergence order of the numerical
methods, nor the finding of the modified equation of desired order by comparing like
powers of i within each pair, as will be explained in more details in Appendix 1.

Notice that the pairs given in (4.25) contain all possible h' with i > 1, so for the
coefficients of A2, the pairs in (4.25) still need to be compared, and in addition, we
also need to have the coefficients of 4% equal within each of the following pairs, for
i,j,l,s=1,...,d,

as! ast gs! aS! aS! 958!
E{\————) and E{f ——— };
dq; dq; Aq dq;i dq; Oq
aslasty as! aSt St oS!
E(——)— and E{f — — ) —:
dq; dq;) 0P dq; 9q; ) 0P,
as! ras! as! asSt (98! 9S8!
s (ii) and S 952957).
dg; \0P; dP ag; oP; 0P
1 1 1 ol <l q¢l
B(18 0T g (2505050,
oP; 0P; OP oP; 0P; 0P,
ast ast ast as! as! 98! 98! 98!
T ]

dq;i dq; dq1 9qs dq; dq; 9q1 dqs

asl ast asy as! as! 95! 981\ oS!
E(———— and Ef — —— )| —;
dq; dq; 0q; ) 0P dqi d9q; 9q1 ] 3P

ast s\ /oS! as! aSt aSt\ [ 98! oS!
El—— ) (— and Efl —— || —=——= )
dgi 9q; ) \ 9P P dgi 3q; J\ 9P 3Py
as! fast as! as! asS! (9S8! 98! 98!
E—(—“— )aME—-T_TT;
dgi \0Pj 0P 0P dgi \ 9P; 9P 3P

asl ast oSt as! aS! 981 5S! oS!
El———— and Ef —— ——). (4.26)
P an dP; 0P P an dP; 0P

Further on, for a modified equation of weak k + k" order apart from the numerical
method, the coefficients in pairs up to those of 2(k + k’)-th power of the partial
derivatives of S' and S! need to be equated. In this process the unknown functions
HJ[’] for j =0,1,2,...andi = 1, 2, ... can be determined.

Meanwhile, we obtain the inequalities implying the boundary of the truncated
Gaussian random variables in /" that guarantees the desired convergence order of the
modified equation not being affected by the error between I_(f} and / D}t’, See Appendix
1 for an illustrating explanation.
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Notice that, it is natural that we want to have the solution for the basic non-trivial
case where k = 1 and k’ = 1. In this case, as we compare the coefficients of 4% in e.g.

2 <IN 2
E (%) and E (%) , we should have

aqi

l(d = Y

52 (fG<r,r)) : (4.27)
where the functions take values at (p, ¢). Since

Glo(p.0) =Glo,(p.@). Glrp(p.q) =G y(P.q).

we must have

0 -
—G(r’r)ZO, r=1,...,m, i=1,...,d. (4.28)
9gi

Analogously, it should hold

9
= Gum =0, r=1.....m i=1..4d (4.29)
api

(4.28), (4.29), (4.11), (4.6) and (4.7) imply that H,(p, q), r = 1, ..., m should either
be linear functions of p and ¢, or they should depend only on p or only on ¢, where

the former means that the noises of the stochastic Hamiltonian system are additive,
while the latter includes also multiplicative noises. O

5 Some examples

Example 1 Modified equation of weak order two apart from the symplectic scheme
of weak order 1 for the linear stochastic oscillator (5.1)i.e.k =1land k' =1

The linear stochastic oscillator [30]

dp = —qdt +0dW (), p0) =0,
dg = pdt, q0) =1 5.1

is a stochastic Hamiltonian system with H = %( p* +¢%), H = —oq. According to
(3.9) and (3.10), the coefficient functions Gé of the generating function S I associated
with this system are
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l—H—1P2 2 I g = 1 _
G(o)— —E( +4°), G(l)_ 1= —0¢g, G(l,l)_ s

1 1 1 1
Gony=—9°P, G10p=0, Gy,,=0, Gyg=Pq, .... (52)

To obtain a symplectic method of weak order 1, however, we only need to include in
the series of S! those terms of I, with /(«) < 1. For this, we should use the relations

1
s 1o, (5.3)

Joy = Loy, Jay = 1wy, J<1,1)=1<1,1>+2

to get the correct coefficient of I(g), which is then Glo) + 3 16! (1.1)> and that of /(1)

which is G%l). Thus, the generating function for a symplectic scheme of weak order 1
is

SY P, q.h) = (1)f§+(G(O)+ =G|, 1)) (5.4)

where

B —Ah,§<—Ah,
E§=16 &l = A,
Ap, &> Ap,

with & ~ 47(0, 1) and A, = /61n |h|, where the coefficient 6 is chosen according
to the analysis in Appendix 1.

Using the relation (3.4), the symplectic scheme of weak order 1 generated by (5.4)
is

Pn+1 = Pn — hgy +U\/E§a
(5.5)
n+1 = qn + hppy1,

which is just the stochastic symplectic Euler method. We next find the S' = >, Gl J/
associated with this method. According to the formulae (4.11), (4.6) and (4.7), we have

1 -
0 10 0
G(O) G((E)] - H(g I = - = E(Pz +f12), G(l) = G(l[)] = Hl[ 1 =H| = —ogq,
[0] 1(0]
Gl gl _ aH; 3G _
an =Yan =T Ty — =0,
q P
1[0]
0aG
Gl = 1 o m_ 5 [
G(Osl)_G(o l)+G(1) = 36] p +H '=-0oP+H
1[0]
G! _ Gl[O] +G1[1] — N —I—H“] _ H[]],
(1,0) (1,0) (1 aq Y | 1
[0]
aH oG .
101] 0 (0) [1] (1
G(o 0 = G(O o +2Gq = 50 0P +2H; = Pq+2H;",
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~1 _ ~1[0] 1[1]
G100 =6Ga10 TG6an
0 1[0] 0 1[0] 2 0 1[1] [1 1[0]
_0H"0G g,  9?H" 9G N oH|" 3G ;) N oH{" 3G ;)
dq aﬁ dg> 9P dg 9P dqg 9P
3H
op
~1 _ ~1[0 1[1]
Goin = G(o,1,1) +Gan
0 1[0] 1[0] 1[0] 0]
H G o) 2HI Gy 9G aH° 8G(1) N aH!! aG(l)

©)

dg  9p T T A TR A TR Y.
[
_ 2 0
ap
G g _ H 1961 ) 4 PH i =0
LD = Ly = T s gz 9P
_ g aGI 205Gl aGHO g3 105Gl
Gélnl):Gél[O}ll): @dLh 4 3 é @y 77m !
dqg 9P dq aP 9P dg> 9P
:0,
(5.6)

It is easy to check that the coefficients of 4 within each pair in (4.25) are naturally
equal. Equating the coefficients of 42 within each pair in (4.25) and (4.26) gives

IR () o/ S

2 =_p, 5.7
2% opaqg  aq  2F (5.7)
1 1
12" aHl 1
5 T . =54 (5.8)
2 dp ap 2
o
=0, 5.9
dq
arM 1
= —o. (5.10)
ap 2
Substituting (5.9) into (5.7) and (5.8) gives
orl" 1 el
=——q, =——p. (5.11)
ap 2 dq 2

Thus, according to (4.1)—(4.2), the modified equation of weak second order apart from
the numerical method (5.5) is
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dp = (—q + hg) dt + cdW (),

dg = (p _ h%) dr + h%dW(t), (5.12)

which coincides with the result (Eq. (4.16) in [36]) about the modified equation of the
symplectic Euler method for a Langevin equation (Eq. (4.14) in [36]) as V'(q) = ¢
and y = 0.

For the modified equation of weak third order apart from the numerical method
(5.5), we need to equate the coefficients of 43 within corresponding pairs to determine
more unknown coefficients HJ[.’], and so on and so forth for even higher orders.

Example 2 Modified equation for a symplectic scheme of weak order 2 for the linear
stochastic oscillator (5.1).

For obtaining a symplectic scheme of weak second order, we still need to calculate
the following Gé in addition to those in (5.2)

1 1 2 1 1
G(I,I.O) == O, G(O,l,l) =0, G(I,O,l) == 0, G(l,l,l,l) == 0. (5.13)

Thus, the corresponding generating function is

N\w

Sl(quvh) = _GQ\/E§+%(P2+q2)h—UP(§—ﬁ)

1,5\ #?
+(Pa+507) 5 (5.14)

where 7 is the truncation of the .#(0, 1) random variable  which is independent
to & and has the same boundary A, = /8| In k| as the random variable & does (see
V3 n)

I 0,1y (see e.g. [21]). The numerical scheme generated by it is

Appendix 1 for the choice of the value 8), and (_ h? is the simulation of

= 1
Pust = Pn — han +ov/hE — Pl p?

é “/_77 an 5 (5.15)
Gnt1 =qn +hppy1 — 0 37 6 +?h-

In addition to the G, in (5.6), we also need to have the following

~1 21 A1 21 Al 2]
Goon =04 +2H", G0 =2H", G0 =—09+2H
G(loll)_G(llOl)_G(lllo) G(Olll)_G(lllll)_O (516)
G(O,O,O) =q +P2+6H ,

and all the other G1 s needed for constructmg the modified equation for the symplectic
scheme of weak second order, such as Gl 0.0.1.1)° G! (1.1.1.1,0) and so on, are all equal

@ Springer



1148 L. Wang et al.

to zero. Comparing coefficients of 4, h? within each pairs of (4.25) and (4.26), and
those of 2% within corresponding pairs, we obtain the following equations

oH," oH," aH" oH,"
= 07 = 0’ = 0’ = O’
aq ap aq ap
9H,”! aH,” 9H”! 9H"!
20— 6 =0, =0, 2g+6 =0, 2p+6 =0,
dq ap dq ap
(5.17)
from which it results that
oHY! ¢ oHY  p  oH] 0 oH" o 5.18)
ag 3 9p 3 ap  ag 3 '

Therefore the modified equation third order apart from the the numerical method (5.15)
which is of weak order 2, is

dp = (—q n hzg) di + (a - hzg) AW (o),

dg = (p - h2§) dr. (5.19)

Example 3 A model for synchrotron oscillations of particles in storage rings oscillator
The model [20] is

dp = —” sin qdt — oypcosq odWi(t) — opsing o dWs(t),
dq = pdt, (5.20)

where p and g are scaler. It is a stochastic Hamiltonian system with
2 1, .
Hy=—-w cosq—i—ip , Hy=o01sing, Hy; = —0>co0sq. (5.21)
According to (3.9) and (3.10),

Gy = Ho = —o* Ip2 Gl —H = orsi
) = Ho = wcosq+2 s 1y = Hi =o1sing,

Gy =Hy=—0yc0sq, G(; ) =G@a2=0,.... (5.22)

Thus the generating function S' for a symplectic scheme of weak order 1 is
1 1 -
1 1 1 1 1 1 =
S'(P.q.h) = (G(O) +5Ghn+ EG(M)) h+ G{,)Vhé + Gl Vhij, (5.23)
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and the scheme generated by it via the relation (3.4) is

P+l = Pn — (ha)2 sing, + x/ﬁém cos gy + \/Eﬁaz sin q,,) ,

Gn1 = qn + hppi1,

where the bounds of the truncations

For the generatmg function S'(P, ¢

we have S'(P,q,h) = X, Gu(P,
(4.6) and (4.7),

(5.24)

& and 7 are both A, = /6] In A].

, 1) of the modified equation of (5.24) att = h
q)J,, h where, according to the formulae (4.11),

1
G(O) = G(l(g())] = H[O] Hy = —w? cosq + 2P2
i : .
Gél) = G({g)] = H[O] Hy = o1 sing,
1[0]
B} _ dHI" G
1[0] [0] I 1[0] ()
G, =G =H,"=Hy=—oyco8q, G =G
@ =Y ¢ Tan=YanT T Tp
110]
Gl _glon _ Gy 0. @l Gl _ aG(2> _0
(1,2) — ¥ (1,2 — 8 ’ 2,1 2,1 a -
‘] P q aP
1[0]
Gl _ gl _ dHy 9Go)
2,2) 2,2) — aq 3P ’
1[0]
- 3H 160G 0 -
Gl =gl gl 0 +H ' — 5 Pcosqg + HM
0,1) ©,1) ) aq 9P q 1
1[0]
- 31-1 190G, -
Gloy =G+l =2 O 4 gl — 5, psing + HY,
0,2) (0,2) 2) aq 8P 2 2
[0]
_ aHI" 3G
G! _ G1[0] +G1[1] _ 9% ) + H[I] H[I]
(1.0) a0 T Y aq 9p
1[0]
- aH 139G,
Gl _Glo gl _ o | gin_ g
2,0) (2,0) 2) 8q aP 2
1[0] 1[0]
&l _glor 3H 109G,  9%H G jy —0
(1,1,1) — ¥ a,1,1) — 2 -
aq aP dq P
110] 0 1[0]
ol G0 oH 0G 1) 2 HY (9G ;) _0
1,12 = Y12 = + 5 = =0,
dg 9P dq dP
0] 51101 0 1[0]
Gl _glo ol 9G1y  *H" G 3Gy
a2 = %Ya2n = 73 5 902 -
q P q BP aP
0] 41001 01 G 10!
Gl g _ MG 9 H 96 )Gy
(1,2,2) (1,2,2) aq 9P aq2 3P 8P ’

)
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0] 1{0] 0 1[0] 1[0]
aH" 3G 5 ) +32H1[]BG(2) 0Gay _

=1 _1[0]
Goin=Gpin=

dq 9P dg> 9P 9P '
0] 4101 5 (0] 4¢=110] 4 ~1[0]
al Glor _ 9Hy 9Go,) | 9°H, 3G Gy
CI2THRID T g p 8612 0P ap 7
0] 4 110] 107
al Gl _aH" 3G, ?H[" (G
A T VY 8612 ap |
0 1[0] 0 1[0]\ 2
&l _g _aH 9G o, 0?HY (0GoY 0
22 =R = 5 e i\ )

[0]
aH[ 0G|
111] (0)
Glooy = Gp) +2G = e 3F

aH“
G(l 1,00 = G(l 1 0) JrG(1 1) = 010084 =

+2H = ?Psing + 20",

oH,"
Gl =G 16— 5 in L
(1,2,0) 120 T Y2 T 28T

_ o gl
ol _G Gl 5
2.1,0) = (210)+ Q1) T 01608¢ =5

[1]
&l _ gllol Gl 0 H,
220 = G20 TGy =02sing 5

A aH“]
Gon = G(01 1) +G(1 1 —‘71 cos? g + o cos ¢ Y

[1]
Gl G\l +G1[1] — . . 0H,
0,1,2) = Y0,1,2) (12) = 010281nq €08 q + 02 8Ing 5F

Gl —_ Gl LGl 8H2
©0.2,1) = Y021 @.1) = 01025ing cosq + 01 cos g 3P

_ Py
1 1[0 111 2 5
G(o,z,z) = G(([),%,z) + G(z[ %) =05 sin? g cosq + opsing Y

[1]
G! Gl 4 Gl 0H,
(1,0,1) = (101) (1,1) = 01¢€0sq 3p

aH
G =G, +GH sin 1
(1,0,2) — (102) (1,2) = 0281n¢q 5P

3H[1]
Ghon = G(201) +G(21) = 0100843

[
o'
Ghos =G@oa + Gy =o0asing o

110}
Gl _ gl 0" 3G (1 1.1,
(1,111 1,1,1,1) = dq 9p
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ag> 9P 9P d

2101 5101 9101 310 /G 0T
JOH, 964, 96 L oH, (3G(1)) —0

~1 _ ~100] _ ~1 _ 1
G(1,1,1,2) = G(1,1,1,2) =0, G(1,1,2,1) = G(

~1 _ 10l _ ~1 _ !
G2 = G(],l,z,z) =0, G2 = G(
1

~1 _ ~100] _ ~1 _ [0]
G(l,2,l,2) - G(1,2,l,2) =0, G(l,2,2,l) - G(

~1 _ 110l _ ~1 _
G(1,2,2,2) - G(1,2,2,2) =0, G(Z,l,l,l) - G(

~1 _ ~1[0] _ ~1 _ 1
G(2,1,1,2) - G(2,1,1,2) =0, G(2,l,2,1) - G(

q3

[0] _
1,1,2,1) = 0,
[0] _
1,2,1,1) = 0,
0

1,2.2,1) — 0,

[0] _
211 =0

o _
2,1,2,1) — 0,

~1 — ;0] _ ~1 _ 1o —
G122 = G(2,1,2,2) =0, Gpooiny = G(2,2,1,1) =0,

~1 _ 1101 — ~1 — 1ol —
Gaoi = G(z,z,l,z) =0, Gppon = G(z,z,z,l) =0,

~1 _ 100] —
G(2,2,2,2) - G(2,2,2,2) =0,

It can be easily derived that the coefficients of £ in

each pair of (4.25) are equal.

Equating the coefficients of 42 in each pair of (4.25) and (4.26), we obtain

aH! Ll _ aH|" N a?H"
—| —o1sin 01 COS
ag 2\ oy, T oS dTy
L] aH! s 32 Hl
— | o2 cos 07 sin
7\ 2 q ap 281 g apdq
= —Ea) pcosq + 561 sing cosq — 502 sing cos ¢, (5.25)
[1] 2 ry[1] 2 gyl1]
0H, 1 0°H| 1 . 9°H, 1 5.
+ —0]c0Sg——=— + —o07 sin = ——w”sing, 5.26
o 501C0s¢ o 5025ing op? 3 q (5.26)

oH," . 9H)!
2\ o1 cosq + oo sing = (o
dq dgq

12 - 022)p singcosqg, (5.27)

(1] [1]
o H L W SN S
1C0s g + oy sing = —ojcos"q —oysin“g. (5.28)
ap ap

Form (5.27) and (5.28) it follows that

a1 oM 1
o = —501 cosq, 0 = Eolp sing,
o1 arl 1
o = —502 sing, 0 = —Eazp cosq. (5.29)
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Substituting (5.29) into (5.25) and (5.26), we get

o Hp' — L sin (5.30)
=3 q. .

(1]
dH,
0 — _—w?pcosq,
aq 2 ap

Thus, the modified equation of weak second order apart from the numerical method
(5.24)is

h h
dp = (—a)2 sing + Ea)zp cosq) dr — (01 cosq + Eolp sinq) odWi(t)
) h
— azsmq—zazpcosq odW;(t),

h h h
dg = (p — sz sinq) dt — 501 cosq odWi(t) — 502 sing o dWs(t). (5.31)

For higher order modified equations, more G, should be computed, and more equa-
tions should be satisfied, which increases the computational complexity.

Remark 1 Similar to Example 2, where a numerical method of weak convergence
order 2 finds the modified equation of weak third order apart from it, i.e., k = 2 and
k" = 1, we can also construct the modified equation of weak third order apart from
the numerical method (5.5) which is of weak convergence order 1, that is, kK = 1 and
k" = 2. The details are given in Appendix 2.

Remark 2 For the Kubo oscillator [20]

dp = —aqdt —oq odW(t), p(0) = po,
dq = apdt +opodW(1), ¢(0)=qo, (5.32)

where H; = Z( p* + ¢?), which is non-linear and depends on both p and ¢, we can
not write the modified equations for weakly convergent symplectic methods using the
generating function approach. However, if we first transform the Kubo oscillator (5.32)
to its equivalent Itd form, and then use the Milstein method instead of directly using
a weakly convergent symplectic method, it might be possible to obtain the modified
equation for the non-symplectic Milstein method, applying the procedure given in
[36].

The generating function approach for deriving modified equations for symplectic
methods is therefore subject to further investigation for more general cases, for which
the perturbed Hamiltonian functions ﬁr (r = 0) in (4.1) may have to possess a more
delicate formulation.

6 Numerical tests

In this section, we do some numerical experiments to test the validity of our theo-
retical analysis. For the linear stochastic oscillator considered in Example 1 and 2 in
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the previous section, we have constructed the symplectic methods of weak first and
second orders via the generating functions, and established their modified equations
one order closer to the numerical solution than the exact solution does, i.e., the weak
error between the modified equations and the numerical methods are of second and
third orders, for the weak first and second order numerical methods, respectively. For
convenience, we say in the following that the weak orders of the modified equations
are 2 and 3, accordingly. We observe these weak orders via numerical tests. On the
other hand, we draw the phase trajectories of the numerical schemes and that of their
modified equations, both in one sample and in sense of sample means together with
the sample mean trajectory of the exact solution, to testify their closeness. Finally, the
logarithm of the weak errors between the numerical solutions and the exact solution,
and that between the numerical solutions and their modified equations are illustrated
against time 7.

The left panel of Fig. 1 plots the value In [E(P(T) + Q(T))?> — E(Py, + On,)?|
(red-dotted line) and In |E(I3(T) + Q(T))2 — E(Py, + 0 NT)2| (blue-dotted line)
against In & for five different step sizes & = [0.1, 0.05, 0.04,0.02,0.01] at T = 5,
where N7 is the subindex of one of the discrete time point such that ¢y, = T, and the
(P(T), (1)), (PNy, Ony) and (P(T), O(T)) represents the phase point of the exact
solution, the numerical method, and the modified equation at time 7', respectively. It
can be seen that the weak order of the scheme (5.5) is 1, and the weak order of the
modified equation (5.12) is 2, as indicated by the reference lines of slope 1 and 2,
respectively. Here we take the function ¢ (P, Q) = (P + Q) as the test function
for weak convergence. The right panel plots the sample mean phase trajectories of the
exact solution (green-solid line), the numerical method (5.5) of weak order 1 (red-solid
line), and the modified equation (5.12) (blue-solid line). It can be seen that coincidence
between the numerical method and its modified equation is better than that between
the numerical method and the exact solution. The initial values are p = 0, ¢ = 1, and
o = 0.3. The expectation E is approximated by taking average over 1000 and 500

7 the exact solution
0 15
“* the symplectic scheme of weak order 1
T the modified equation
-2
1
-4
=
5 05
e
= —_
o -6 €]
o IS4
e fin]
A 0
D _
3 8
-10 -0.5
v the error between the exact solution and the symplectic scheme of weak order 1
—12 | ["'V'" the error between the symplectic scheme of weak order 1 and the modified equation|
e the reference line with slope 1 -1
14 the reference line with slope 2 | | | | |
-4.5 -4 -3.5 -3 -2.5 -1.5 -1 -0.5 0 0.5 1 1.5
log h E(P)

Fig. 1 The weak order of the scheme (5.5) and of its modified equation (5.12) (left), and the sample mean
phase trajectories of (5.5), (5.12) and the exact solution (right)
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30

=== the symplectic scheme of weak order 1

=== the modified equation

20 1 0

-5

-10

log(abs(error))

-10

-15

e symplectic scheme of weak order 1

f weak order 1 and the modified equation|

) ) ) ) ) _pp LI e
-30 -20 -10 0 10 20 30 0O 10 20 30 40 50 60 70 80 90 100

P t

Fig. 2 A sample phase trajectory of the numerical solution (5.5) and its modified equation (5.12) (left
panel), and the logarithm of the weak error between the numerical solution (5.5) and the exact solution
(red line), as well as that between the numerical solution (5.5) and its modified equation (5.12) (blue line),
against time ¢ (right panel) (color figure online)

realizations for the left and right panels, respectively, and 2 = 0.25, T = 50 for the
right panel.

The left panel of Fig. 2 draws one sample trajectory of the numerical method (5.5),
and that of its modified equation (5.12), where near coincidence can be seen. The
right panel illustrates the time evolution of the logarithm of the weak error |E(P (1) +
Q(1))? —E(Py, + Qn,)?| and |[E(P (1) + Q(1))*> —E(P,, + Qy,)?| on the time interval
[0, 100], where n; denotes the subindex of one of the discrete time points such that
t,, = t.Itis obvious that the numerical solution is closer to its modified equation than
to the exact solution in the weak sense. The time step size for the numerical method is
h = 0.01, the initial values are taken as p = 0, ¢ = 1, and the coefficientis ¢ = 0.5.
Again 500 samples are applied to simulating the expectation E.

Note that, a slight drift of the error curves can be seen, in the right panel both
of Fig. 2, and of Fig. 4. The reference line (green solid) is the curve In(¢), which
indicates that the increase is about at the speed of In(#) as t grows, meaning that the
errors [E(P 1)+ Q(1))? —E(Py, + Qu,)*| and [E(P (1) + O(1))* —E(Py, + Qn,)* | have
the approximate tendency of linear growth with respect to time ¢. This might be caused
by the fact that the quantities E(P(t) + Q(1))%, E(Py, + Qn,)?, and E(P () + O(1))?,
although oscillatory, all have a tendency of linear growth, as is observed in the left
panel of Fig. 5, but with slightly different slope relating to the time step size /. This
is similar to the result regarding the midpoint rule, a symplectic method, applied to
the same system which possesses the linear growth quantity E(P(1)> + Q(1)?) =
1 4+ 021 with respect to time ¢, where the midpoint rule produces the numerical linear

growth E(Pn2 + Q,%) =1+ jfhtg (Theorem 3.2 in [15]). Thus for the midpoint rule,

E(P(1)* 4+ Q1)*) —E(P} + Q5) = ﬁﬁt, i.e., a linearly growing mean-square
error.

Similar to the test for Fig. 1, we observe in the test for Fig. 3 the weak order of
the numerical method (5.15) and that of its modified equation (5.19), which is 2 and
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" the exact solution
2 g v 1 1.5 | % the symplectic scheme of weak order 2
g — the modiied equation
0 1
s
-2 0.5
> —
3 S
w
S
> -4 0
o
-6 "Y' the error between the exact solution and the symplectic scheme of weak order 2 -05
*"§" the error between the symplectic scheme of weak order 2 and the modified equation
== the reference line with siope 2
-8 -1
== o reterence fne with siope 3 ) ) ) ) ) )
-1.6 -1.4 -1.2 -1 -0.8 -0.6 -1.5 -1 -0.5 0 0.5 1 1.5
log h E(P)

Fig.3 The weak order of the scheme (5.15) and of its modified equation (5.19) (left), and the sample mean
phase trajectories of (5.15), (5.19) and the exact solution (right)

30 T
== the symplectic scheme of weak order 2
= the modified equation

20

log(abs(error))

-20 1
— the error between the symplectic scheme of weak order 2 and the exact solution

" the reference line with log(t)

the error between the symplectic scheme of weak order 2 and the modified equation|

_30 L~ 1 1 1 1 1 1 1 1 1 _15
-25 20 -15 -10 -5 0 5 10 15 20 25 0O 10 20 30 40 50 60 70 80 90 100

P t

Fig. 4 A sample phase trajectory of the numerical solution (5.15) and its modified equation (5.19) (left
panel), and the logarithm of the weak error between the numerical solution (5.15) and the exact solution
(red line), as well as that between the numerical solution (5.15) and its modified equation (5.19) (blue line),
against time ¢ (right panel) (color figure online)

3, respectively, as illustrated by the left panel of Fig. 3. The data setting for the left
panel of Fig.3is p=3,¢g=1,0 =0.3,T =6,h =[0.5,0.4,0.3,0.25,0.2], and
¢(P, Q) = (P + Q)2 as the test function. The right panel draws the sample mean
phase trajectories of the exact solution (green-solid line), the numerical method (5.15)
(red-solid line) and the modified equation (5.19) (blue-solid line). Better coincidence
of the sample mean phase trajectory of the numerical method with that of its modified
equation than with that of the exact solution is also visible. The data here are the same
with that for the right panel of Fig. 1.

As can be seen from Fig. 4, the sample phase trajectory produced by the numerical
method (5.15) coincides visually with that of its modified equation (5.19), and the
solution of the modified equation is obviously closer to the numerical solution than
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4.5 T T T T
1.372
! the exact solution '1111 the exact solution

the modified equation the modified equation

the numerical method 1.37 the numerical method

35

2 - 2
the reference line with slope ¢’ the reference line with slope ¢’

1.368 [

25 i 1.366

E(X+Y) 2
E(X+Y) 2

1.364 |

1.362 [

1.36

1.358 [

0 n n n n n n n n n n n
0 5 10 15 8.065 8.07 8.075 8.08 8.085 8.09 8.095 8.1 8.105
t t

Fig. 5 Evolution of E(P + Q)2 for the exact solution (green-dotted), the numerical method (5.15) (red-
solid) and the modified equation (5.19) (blue-solid) on the time interval [0, 15] (left panel), and the zoomed
in local observation of the three curves (right panel) (color figure online)

the exact solution of the original system (5.1) does. The data for the left panel are
the same with that for the left panel of Fig. 2. For the right panel, p = 3, ¢ = 0,
o = 0.3, T =100, h = 0.1, and the test function is taken as ¢ (P, Q) = (P + Q).
The expectation E is approximated by taking average over 300 samples.

The left panel of Fig. 5 shows the evolution of the oscillatory quantity E(P + Q)
for the exact solution, the numerical solution (5.15) and its modified equation (5.19),
which coincides visually. Meanwhile, a linear growth tendency with rate o' can be
observed via the reference line (black-solid). The right panel is obtained by zooming in
the left figure, where the numerical solution is obviously closer to its modified equation
than to the exact solution. The data for this figureare p = 1, ¢ = 0,0 = 0.3,h = 0.1,
T = 15, and 500 samples for approximating the expectation E.

7 Conclusion

We construct modified equations for weakly convergent stochastic symplectic methods
using their generating functions, for stochastic Hamiltonian systems with either linear
diffusion-related Hamiltonians, or non-linear ones which depend only on p or only
on ¢g. Applications of the method to three examples succeed in rewriting the modified
equation obtained by another method in existing literature, and in establishing a second
and a third weak order modified equation for a stochastic symplectic method of weak
order 1 and another of weak order 2, respectively. Numerical experiments show validity
of this approach. However, for more general situations, such as the Kubo oscillator,
where the diffusion-related Hamiltonians are non-linear and rely on both p and ¢,
our method can not work. The reason for and solution to this problem need further
investigation.
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Appendix 1: An 1llustrat1ng explanation regarding influence of the
approximation error of I

For example, given a two-dimensional (d = 2) stochastic Hamiltonian system with
additive noise, or the H,.(p, g), r > 1 depend only on p or only on ¢, and its sym-

plectic scheme of weak order 1, i.e. k = 1. Suppose the generating function of the
scheme is

S'(P.g.y =D | D CEGE(P. @) | I,
o B
L)<l
and the generating function for the modified equation of the numerical scheme is
$'(P.g, =" [ D ClGE(P o) | 1L,
o B
where, for convenience of comparison, we have transformed the J g in S! into com-
bination of some I/ according to (4.16). By definition of Gé given in (4.11), we
have

GR(P.q) =Gp(P.q)+ My(P.q),

where M é(i’, q) denote all the other terms except for the first term Gé(ls, q) in
G }3 (P, q). A straightforward calculation gives

1\ 2 ql
E (ﬂ) - E(ﬁ) =E(A?) — E(A2 + A3)%,
dg dq

where

d

q
9 1[0]
ho= oo [(G(O) + = G(1 WDh+ 6 evn
ny =L lG G, + HIMI
3= g (11) a.n + (G + H Do

110] 1 110
HG L + H DI + G Tay + - ]
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with all the appearing Gé taking values at (P, ¢), and the functions coming from C_}é
taking values at (P, g). Thus,

2 ~ 2
aS!
. (W) N E(W) =E(A}) — E(A)) — E(A)) — 2E(A243).

Performing Taylor expansion of G(IX(P, q) and those functions from (_}}x(f’, q) at
(P, q), we get

q
2 [0 (B — €2), B — £, .. BEEH) _200))]

oH,,) dH,) OH;) oH)
1 0 1 0
+h2|:lp2( ()(P,‘I), 8;)(17,51)» ()(PJ])»#(P»‘]), i

) ) G, R
E(AD) —E(AY) =h 3 (p,q)| EE"—=¢&7)

aq aq
where [20]
. —Ap, § < —Ap,
§=16 &l = Ap,
Ap, &> Ap,

wit_h E~ A40,1) and A, = 2uln|h| with u > 1. ¥ is a linear function of
E(SZZ — 521) (1 <1 < k+ k), and ¥, is a function of partial derivatives of the

unknown functions Hjm. Then,

a1\ > 951\
E(Z-) —g( &
(Bq) dq

3G! 2
- ( 3“><p,q>) EE> —&2)h
q

+4% (91 (EE - 62, BE* — &%), ... B0 — 2k10)))

[1] [1] [2] [2]

oH oH oH 0H

+{ 2| 2, 9 =0 O ) ) - E@d) - 2E0)
dg ~ dq g dq

= F (B@ - ), BE* — &), ..., EEH) — g20+0))

[1] [1] [2] [2]
aH(l) aH(O) BH(I) aH(O)
+ F> ) yeeo s

dg ~ dq ~ dq ' dq
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where F> is a function including partial derivatives of the unknown functions Hj[i] but

without .
as1\? 251\?
E(5) -E(5)

which implies

To make < O(h*HF+1) we only need |Fi| < O (hFH+'+1)

E[ECk+2K) _ £ k4207 < o (p),
E[EGk+2K'=2) _ ¢ Ck4+2K'-2)] < (h?),

iz[éz — £2] < O(h*+D)y,

and |F;| < O(hk““/“), from which we can derive some partial derivatives of the

3 H[tJ

[20], we
can derive that u > k + k' + 1 solves the group of 1nequa11t1es above. In other words,
as long as we choose & > k + k' + 1 in the approximation I = £/l in which & has
a boundary containing the parameter w, the approximation error totally contained in
| F1]| will be merged into the desired error order of the modified equatlon O(hk”‘ 1,
and it will not affect the determination of the unknown functions H ! which are all
included in the other term F».

It can be derived similarly that, to guarantee the weakly convergent order k of the
numerical method not being affected by the truncation of the random variable, one
needs to choose u > k + 1. Therefore, considering both the matching between the
numerical method and its modified equation, and the weakly convergent order of the
numerical method, we choose i > max{k +k' + 1,k +1} =k + k" + 1.

As long as the approximation error I_Z; can be at last due to truncations of the
Gaussian random variables, it can be merged into the desired error order of the modified
equations via choosing sufficiently large values of u, similar to the analysis given by
Milstein, Repin and Tretyakov, which implies the possibility of adapting the truncation
method to constructing implicit schemes of arbitrary desired root mean-square orders
s by choosing sufficiently large p > 2s [20].

Appendix 2: Modified equation with k =1 and k' =2

Here we derive the modified equation that is globally weakly 2 order closer to the
numerical method (5.5) than the true solution of the stochastic system (5.1) does, i.e.
k=1, k’=2. We start by presenting the calculations for finding the functions G; in
addition to those in (5.6),

~1 _ ~1[0] 1[1]
Guon=6Gaon T+ Gu H=Gq1)

-1 0] 10 e 1] ]

Goon = G(o 01 T 2G(0 nt 2G(1) =—0q+ 2G(o nt 2H,

~1 _ ~1[0] 1[1] 112] _ 1[1] 1[1] [2]
Go1,0 = G(o 10 T G(o 1) + G0 T264) =—0q+Gyy+ G +2H,

[2]
G(l 0,0) = G(1 0,00 T 2G(o i 2G(l) = 2G(1 o t2H",
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1101 1017
Gt = GoiaintGainy= G(1 1 1y

— 0] 1[1]
G(I,O,l,l) - G(l 0,1,1) + G(l 1,L1) — G(l 1,1)°

G%LLO,I) = G%{(,)%,O,l) + G%l[ll 1 — G(l 1,1)°
621,1,1,0) = Gél[?l],],O) + Ggl[ll H= G(1 1 1)

Glooo = Glato +3Gb +6G " = P+ 4> +3G () +6H,
Gg1,1,1,1,0) = G%l,l,l,o,l) = G(ll,l 0,1,1) = G%l 0,1,1,1) = G%O,l,l,l,l) = G(ll[,l%,l,l)’
Gl = GE([)(,)(]),I,I) + 262&13,1) + 2G(1 H= 2G;(g]1 nt ZG:{,Z%’

~1 — 110l 1[1] — 1l 1] 112]
Go.1.01) = G(O,l,(),l) + G((),l,l) + G(1 0 n T 2G(l H~— G(o,1,1)+G(1,0,1)+2G

(1,1)°
=1 1[0 111 112] 111 11 112]
G110 = G(o 1100 TG0y T G(l 1 0) +2G(1 n= G(O,],l)+G(1,1,O)+2G(1,1)’

=1 _ 101 JPSTEY 112]
G100 = G(1 1000 T 2610 T 2G(1 H= 2G(1 1o T261

112]

~1 _ 1[1] _ ~11] 1[1]
G(I,O,I,O) - G(l,O,l,O) + G(I,O,l) + G(l 1,0) + 2G(l 1) — G(I,O,l)+G(l,l,0)+2G(l,l)’

~1 _ ~1[0] 1[1] 21 _ 1[1] 1[2]
G(I,O,O,l) - G(I,O,O,l) + 2G(l,O,l) + 2G(l 1 — 2G(l 0,1) + 2G(l‘l)'

Based on the functions G é listed above, we can reattain the equations (5.7), (5.8),
(5.9) and (5.10) when we compare coefficients of 4 and h2,

1 o’ H{ omy 11 ?H[" aE) 1

2° apdg dg ~ 2P 3¢ ap2  ap — a7
aHM aHM 1

=0, = —o.
dgq ap

Substituting (5.9) into (5.7) and (5.8), and comparing the coefficients of h3, we get
the following

oy 1 am" 1

ap - dq -

Gl _ aH! BGEO] 8H1[0]8G[1” _ 1,
D 9g 9P dg P 27
L _ oacl amaGh 1
O™ 9g P og ap 2T
o _ o acl am oGl 1
L0 9 ap og ap 27T

[2]
G(111)—0 G(001)—G(010)—2H

2
G(1,0,0) =o0q + 2H1[ ],
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2] 2]
oHy” _, 8H _ 1 o
=0, = o, Giiin=0
ap dg 6 (1,1,1,1)
T IS (3L 11} R ) B 1 B
Goan=Gaon=Gu10=Guiany =61, =0
[1] 4 ~[0] [0] o ~[1]
o _ dH1 G an” oG 1 5,
0,00 = — + ~— = (P"+4q°),
' dg 9P dg 9P 2

_ 1 -~ )
Glooo = —E(P2 +¢% +6H,

oY 1 a1

ap 67"  dgq 67

According to the definition of the modified equation in Theorem (4.1), the modified
equation of weak third order apart from the numerical method (5.5) is

dp = (—q + hg - hz‘—’) dt + (cr + hQ%) AW (o),

6
dg = (p - h% + hzg) di —i—h%dW(t).
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