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Abstract The hierarchical Tucker format is a way to decompose a high-dimensional
tensor recursively into sums of products of lower-dimensional tensors. The number
of degrees of freedom in such a representation is typically many orders of magnitude
lower than the number of entries of the original tensor. This makes the hierarchi-
cal Tucker format a promising approach to solve ordinary differential equations for
high-dimensional tensors. In order to propagate the approximation in time, differen-
tial equations for the parameters of the hierarchical Tucker format are derived from
the Dirac-Frenkel variational principle. We prove an error bound for the dynami-
cal approximation in the hierarchical Tucker format by extending previous results of
Koch and Lubich for the non-hierarchical Tucker format.
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1 Introduction

Differential equations on high-dimensional state spaces arise in many different fields
and applications. Typical examples are the Black-Scholes equation for basket options
in mathematical finance, the chemical master equation used in systems biology to
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model the stochastic dynamics of a gene regulatory network, or the Schrddinger equa-
tion which describes the dynamics of the particles within a molecule according to the
laws of quantum mechanics. Solving such problems numerically is notoriously diffi-
cult due to the fact that for standard discretizations the number of unknowns grows
exponentially with respect to the dimension (“curse of dimensionality”). Hence, in
high-dimensional approximations the main challenge is to compress the problem in
such a way that the reduced equation can be solved numerically and nevertheless
provides an acceptable approximation to the solution of the full problem.

If a multivariate function on a hyper-rectangle is discretized by an equidistant
grid, the function values at the grid points can be regarded as the entries of a
high-dimensional tensor. Hence, the approximation of high-dimensional functions
and tensors is closely related, and for Ny,..., Ny € N we will consider tensors
Y € RMixxNa a5 functions ¥ = Y (i1, ..., ig) with iy € {1,..., Ni}. For a straight-
forward, entry-wise representation of Y, all ]_[z: 1 N values have to be stored. This
number can be significantly reduced if ¥ can be approximated by a sum of prod-
ucts of univariate functions. Many such representations have been proposed, and an
overview over the literature is given in [3, 9]. A particularly useful and popular rep-
resentation is the orthogonal Tucker format

r rq d
Y. i) ¥ Y (i) =) Y aG. o [TUh o, A
k=1

=1 ja=1

see, e.g., [9, Sect. 4]. Here, a € R"1*""*'d ig the core tensor of coefficients, and for
every directionk € {1, ...,d},U {‘ oo U ,’i is a set of univariate basis functions which
satisfy the orthonormality conditions

Ni e
1 if j=m
ko, k. . J
Z Uj Uy, (i) = 8j,m = {O else
ir=1
forall j,m e {1, ..., ri}. From the perspective of linear algebra, every

Ui :{l,....Ni} > R

can be interpreted as a vector. Hence, (1.1) is a high-dimensional generalization of

the well-known singular value decomposition, and Y is a low-rank-approximation of
Y(i1,...,iq), cf. [1]. For the representation (1.1) of ¥ only

degrees of freedom have to be stored, which is a significant improvement if 7, << Ny
for all k. Unfortunately, the fact that all possible combinations appear in the right-
hand side of (1.1) causes again an exponential growth of the data (unless r de-
creases to 1 when k — 00). For example, if r{ = --- = rg = r, then the core tensor
a(ji, ..., jq) has r entries.

@ Springer



Approximation in the hierarchical Tucker format 307

The hierarchical Tucker format avoids the disadvantageous growth of degrees of
freedom by using the approach (1.1) in a recursive way. For example, with univari-

{k} {1,2} {3,4}
ate functions U {1,..., Nt} = R and coefficients Bm e , B, s € R, one can

define bivariate functlons

r r
.. 1,2} 1} ,. 2} .
Urg’z}(”’ i) = Z Z Br{n 1.2 ./{'u }(”)U.jz}(n)
J1=1jx=1
3,4} ,. . 3,4} 3},. 4} .
Ul{ }(13’ i) = Z Z Bl{ J3.J4 1{3}(13)UJ{'4}(14)’
J3=1ja=1

and then construct a four-dimensional tensor via

(1,2} 7(3.4)
o 1,2,3.4
Y (i1, i2,13,14) = Bfn Wiy, iU (s, ia)
m=1 [=1
for some B{l 234 ¢ R. This idea has first been used in quantum chemistry to solve

high- dlmenswnal Schrddinger equations [13, 15, 16] and later been investigated from
a mathematical point of view in [2, 4, 12, 14]; see also [10] for a useful MATLAB
toolbox. A formal definition of the hierarchical Tucker format will be given in Sect. 2.
Due to the recursive definition, the hierarchical version is technically more involved
than the standard Tucker format, but as we will discuss in Sect. 2, this avoids the
exponential growth of the degrees of freedom.

The problem how a given tensor can be approximated in the hierarchical Tucker
format up to a prescribed error tolerance has been studied in [2]. In the context of
high-dimensional differential equations, however, an approximation for the unknown
solution is sought after, and for time-dependent differential equations the question
arises how an approximation in the hierarchical Tucker format can be propagated in
time. For the non-hierarchical Tucker format, equations of motion for the core tensor
and the basis functions have been derived in [8, 11] from the Dirac-Frenkel varia-
tional principle, and error bounds for the dynamical low-rank approximation in the
non-hierarchical Tucker format have been proven in [8]. The main contribution of our
article is to extend these results to the hierarchical Tucker format. We remark, how-
ever, that very similar results have independently and simultaneously been obtained
in [12].

In Sect. 2 we introduce our notation, define the hierarchical Tucker format and
discuss some of its properties. In Sect. 3, the hierarchical Tucker format is applied to
approximate high-dimensional initial-value problems. In particular, differential equa-
tions for the parts of the representation are derived from the Dirac-Frenkel variational
principle. The last three sections are devoted to the analysis of the accuracy of this
approximation. The analysis is based on matricizations of tensors which enable a
compact representation of certain projections defined in Sect. 4. The second impor-
tant ingredient for the error analysis are curvature bounds which are proven in Sect. 5.
Finally, an error bound for the approximation of high-dimensional differential equa-
tions in the hierarchical Tucker format is proven in Sect. 6.
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2 Hierarchical low-rank representation of tensors: the H-Tucker format

A tensor T € RN1>**Nd is a d-dimensional array with ]_[?:1 N; entries. Defining
the index sets

Ij={1,....N;}, je(l,....d}

leads to the natural interpretation of tensors as multivariate functions
T:II x---xI;j—R, T=T(,...,ig).

This interpretation is advantageous as it simplifies the construction of high-dimension-
al tensors as products of low-dimensional ones which are considered as functions that
only depend on a subset & = {1, ..., um} S {1, ..., d} of directions, i.e.

T:1, >R withl, =1, x---x1I,.
In order to define the multiplication of two tensors U : I, - R and V : I, — R for
w,v € {l,...,d}, both tensors are interpreted as functlons U and V in all variables
Kk={Kk1,..., Kk} = p U v. For example, if U = U (i3, ia, i7) and V = V (ip, i5), then
we let U (i, iy, is, i7) = U iz, ig, i7) for all is € Is and V (i3, i4, is, i7) = V (i2, i5) for
all i4 € 14 and i7 € I7. Then, the product U - V is to be understood as the pointwise
product of U and \7 i.e.

U-V)iLe =R, (U-V)(iggseorig) =Uliggs s i)V Giys oo i)

Besides multiplication of tensors, a second operation will be important in this article.
Let w ={u1,..., um} and v ={vy, ..., v,} be subsets of {1,...,d}, let again k =
{kt,...,kk}=pnUv,and let A = {A1,..., A} = (uUv)\ (uNv) be the indices
which occur either in y or in v. Then, with the convention that R? = R, we define

<.7 ) :RNMI XX Ny % RN"I XX Ny, = RN)Ll ><"'><N;\1

(krepnv)  (kx€pNV) 2.1
UASIUTERME D DI DI CAN SR
i,(lel,(l i'(kel'(k

where the symbol Z(K Elmv)

after multiplying the two tensors we take the sum over all common directions of
the two tensors. For example, in case of the tensors U = U (i, i3, i5,i9) and V =
V(i2,i4,i5), (2.1) simply reduces to

means that the sum is taken only if x; € i N v. Hence,

(U, V)(is,igyi) = Y " Ulin, iz, is, o)V iz, s, is)

izEIKz i5el,(s

NKZ K5

=Y > Ulin. iz, is, i9)V (ia, ia, is).

ir=1is=1
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The result is a tensor which depends on all directions which are not common direc-
tions of U and V. Hence, if U and V depend on exactly the same directions (i.e.
uNv=wpu=v),then (U, V) € R? = R is a real number, and it can be verified that
(-,-) defines a scalar product in this case. If both U = U(i;) and V = V (i;) are
one-dimensional tensors with respect to the same direction, then this scalar product
coincides with the Euclidean scalar product of the two vectors (U(1), ..., U(N;))
and (V(1),..., V(N;)). This is why we have chosen the symbol (-, -).

The numerical evaluation of (U, V) can be simplified if U and V are products
of tensors. If, for example, U = U (ip, i5) = U (i)UBY(is) and V = V(ia, i5) =
V2 (i) VBl (is), then

U, vy= > Y Ui vPinuPs) v is)

i2€]K2 l'5€[,(5
_ (U, ).y, y ). 2.2)

This will be frequently used in the proofs below.
The following definitions provide the framework of a hierarchical tensor structure.

Definition 2.1 (dimension tree) A dimension tree T is a binary tree which represents
a recursive decomposition of the set {1,...,d}. Every node N € T is a selection of
directions, A" C {1, ...,d}, where Ny =root(T) = {1, ..., d} is called the root of the
tree. Apart from the root, every node A/ € T is linked by an edge with exactly one

father ﬁ D N. Conversely, every node is either linked with two successors (child
nodes) (N1, N2) = succ(N), or it does not have any successors at all. The successors
of \V have the properties that

NIUMN, =N and NI NN =0.
N is an interior node if
N eI(T) = {/\7 €T : N has successors},
and NV is called a leaf of the dimension tree T if

N eL(T):= {ﬂ'/ € T : N has no successors} = {{1}, e, {d}} =T\ I(T).

Figure 1 shows an example of a dimension tree with inner nodes Ay, A and

leaves N3, N1, Nia.

Definition 2.2 (hierarchical Tucker format) Let T be a dimension tree with root Np
and let (rar)rer be a family of positive integers with 7z;, = 1. Y is a tensor in the
hierarchical Tucker format if and only if there exist transfer tensors

BN e R'ININITNy - for all N e Z(T) with (N7, NVa) = suce(N)
and univariate functions

Uf:l,—R foralll={w}eL(T), well,....d}, i=1,...,r
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Fig. 1 Dimension tree T’ modes of the tree:
® Ny = {1.2,3)

/ © M ={1,2}

© Nz = {3}

N, O N = {1}

\ © N = {2}

SUCCESSOTS:
(N1, N2)
(N1, N12)

suce(Np)
suce(Ny)

l 1

such that Y can be represented by

"Nor "Noz

Y= ZZ 111 NOI UNOZ, (Mot, No2) = succ(Np)

j=1 I1=1
with A/ -frames
UN: Iy >R forallNeT\{No), i=1,....ry

defined by the recursion

r_/\/l VNZ
UN =33 BN, N UM forall N e (T, (N1 AR = suce(N).

j=11=1

The family (rar)arer is called the hierarchical representation rank of Y. The set
of all tensors in the hierarchical Tucker format with hierarchical representation rank

(raA)Ner 1s denoted by H-Tucker((rar) et )-

Remark

1. Since the transfer tensors in Definition 2.2 are always three-dimensional objects,
we do not interpret these particular tensors as multivariate functions.

2. Every tensor Y € H-Tucker((rpr) arer) can be reconstructed from the transfer ten-
sors (BN )N ez(r) and the functions (U D) ¢eL(T) Via the above recursion. The N-
frames at the interior nodes can be considered as auxiliary variables which are
only used to reconstruct the full tensor Y if necessary.

3. Definitions 2.1 and 2.2 have been adapted from Definitions 3.3 and 3.6 in [2]. At
this point, it is not yet assumed that the A/-frames are linearly independent. For
the approximation of time-dependent problems, however, we will later have to
assume that the A'-frames at every node N € T \ {Ap} are an orthonormal basis,
and that the above representation is not redundant, cf. Assumptions 1 and 2 below.

4. A special case of the hierarchical Tucker format is the so-called tensor train format
which has been investigated, e.g., in [5].

At this point, a comparison with the standard (non-hierarchical) Tucker format
is helpful. For the hierarchical Tucker format, an equation similar to (1.1) can be
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obtained, but due to the recursive definition of the A/-frames, the corresponding for-
mula is much more complicated. The crucial difference is the fact that the number of
terms in the linear combination can be considerably lower. In fact, the total number
of degrees of freedom in the hierarchical Tucker format is at most

d
Z TNTNLTN, +Zr{k}Nk
NeI(T) k=1
(N1, N2)=succ(N)

because every Y € H-Tucker((rar)arer) is defined by the ry basis functions at
the leaves ¢ = {k} with k = 1,...,d and by the entries of all transfer tensors,
cf. Lemma 3.7 in [2].

Lemma 1 (orthonormality of transfer tensors) Let Y € H-Tucker((rn)aer) be a
tensor represented by ((BN INeT(r), (U e £(T))- Then, the following statements are
equivalent:

(a) The N -frames (U N INeT\(Ny) are orthonormal with respect to mapping (2.1),
ie.

WX Uy =5,
holds for all N € T \ {No} and i, j € {1,...,rnr}.

(b) Forall N' e Z(T)\ {No}, N1, N2) = succ(N) andiy, iz €{1,...,r\} the equa-
tion

er er

Yo BN BN =8 (23)

j=11=1

holds and the £-frames (U%);c £(T) are orthonormal with respect to mapping
(2.1), i.e.

(Uf Uf)=4i;
holds forall € € L(T),i,je{l,...,re}.

Proof Let N' € Z(T) be a node in the interior of the dimension tree, (N7, N3) =
succ(N) and iy, ip € {1,...,rn}. If (a) holds, then it follows from Definition 2.2 that

V_/\/'l VNZ er r/\/z
U/\/

i1 ’UN ZZZZBthl lz]2lz< J1 UN—Z UM'UZ';\/&)

Ji=1h=1 jp=1h=1

r_/\/1 er er FNZ

= Z Z Z ZBH Ji.h 12 Jj2s lz( Nl UNI)(Ull U >

Ji=1h=1 jp=1h=1

TN TN,

=3By BN 2.4)

j=11=1
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which proves (a) = (b). Now assume that (b) holds, and that N7, N> € £(T). Then,
Eq. (2.4) yields that

(N UMy =68,

AT

for the father A of N; and N>, and by induction over the levels of the tree we obtain
(b) = (a). O

Assumption 1 For every tensor Y in the hierarchical Tucker format we assume the
N -frames (U N )N eT\{N\y) to be orthonormal with respect to mapping (2.1), i.e.

(UN, UN)=68;; forall N e Z(T)\ {No}. irje(l.....rx)

Since for any Y € H-Tucker((rapr)ver) we can find a representation with or-
thonormal A -frames, Assumption 1 is not a restriction; see [2, Algorithm 3] for an
orthonormalization algorithm. It will be shown in Lemma 4 that when the tensor Y
approximates the time-dependent solution of a high-dimensional differential equa-
tion, the differential equations for the A/-frames preserve the orthonormality for all
times.

An important consequence of Assumption 1 is that for N" € Z(T) with (N1, N>) =
succ(N), we have

TN TN, TN,

i UN ZZBl]l )UNZ Zszl

j=11=1 =1
forany k € {1, ...,7n;} and hence

V_/\/'l r/\/z

ZUN‘ o oM =33 B U oM = o

k=1 1=1
Substituting this into the recursive representation of Y yields

"N
ZU uM y)=v 2.5)

forall ] € T \ {No}. These and similar formulas will be frequently used henceforth.

Lemma 2 (minimal representation rank) Let Y € H-Tucker((rar)Ner) be a tensor
in the hierarchical Tucker format represented by ((BN)NeZ(T), (UZ)ZEE(T)). Assume
that the tensors

(v, uM),.... (v, U,/Y/)

are linearly independent for all N' € T \ {Ny}. Then, Y has minimal representation
rank, which means that there exists no other family of positive integers (r/*\/) Ner and
no node N* € T with
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ry <ty forall N €T and rip. <rpr, (2.6)

such that Y € H-Tucker((rx/)Ner)-

Proof Suppose that Y can also be represented by ((BVN YN EI(T) (ﬁ N YN eL(r)) and
that the hierarchical representation rank (rx) Arer of this representation has the prop-
erties (2.6). According to (2.5) we have

VN* A
y=Y 0N 0N =Y v (v o).
i*=1 i=1

Substituting the first representation into the second yields

rN*
Y = ZUN ZUN*,ﬁ,/:f*)(Y,ﬁi/X*)

i*=1

and hence
X
(v.upN")=> (UM Ty OA).
i*=1
This is a contradiction to the assumption that (¥, U {\/ *) (Y, Ur/j\\/r*) are linearly
independent. U

Remark It can be shown that the converse assertion is also true.

Assumption 2 For every tensor Y in the hierarchical Tucker format and for every
N €T\ {Ny} we assume

(r.uM).....(r.uN)

to be linearly independent.

As shown in Sect. 4, under Assumption 2 the set H-Tucker((ran/) arer) 1s a smooth
manifold, which is essential in our approach. Furthermore we will use the term ‘hier-
archical rank’ instead of ‘hierarchical representation rank’ and denote the N -frames
as basis functions. Assumption 2 and Lemma 2 motivate the following definition.

Definition 2.3 (Single-hole operator) Let Y € H-Tucker((rp/)arer) be a tensor in
the hierarchical Tucker format, which is represented by the tuple ((BN N LT
(UE)(EE(T)), N eT\{Ny}andi € {1,...,rpn}. The single-hole operator S is de-
fined as

S, N, i):=(v,UN),
This is a generalization of the single-hole functions defined in Sect. I1.3.3 in [11].
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Remark With the single-hole operator (2.5) reads

N
Y=Y S.N.i)- U 2.7

i=1

for all Y € H-Tucker((rp) aer), N € T\ {No}.

Definition 2.4 For Y € H-Tucker((rp)ner), N € T\ {Np} and X € RV **Na the
orthogonal projection of X onto the space spanned by U{v yeees Ur//\\/[ is denoted by

N
PrX =Y (x. UNUN.

i=1

The orthogonal projection onto the orthogonal complement is given by Pj{/X =
X —PnX.

3 Solving high-dimensional initial value problems via hierarchical tensor
approximation

In this section we show how the hierarchical Tucker format can be used to approx-
imate the time-dependent solution Y, () € R¥1*"XNd of a high-dimensional ordi-
nary differential equation

Yor = F(Yey), >0, F:RN>XxNa_ gNix-xNa (3.1

with a given initial value Y, (0) € RN1xxNa and a function F mapping tensors to
tensors. Such problems arise, e.g., when the method of lines is applied to a high-
dimensional partial differential equation. If the partial differential equation is lin-
ear, then the function F is linear, too. The exact solution Y,,(¢) of (3.1) is a time-
dependent, d-dimensional tensor with ]_[i: 1 N, entries. Hence, classical numerical
schemes for ordinary differential equations cannot be applied if d > 3 due to the
huge number of unknowns. Therefore, we are looking for an approximation Y & Y,
which lies on the manifold

M :="H-Tucker((rar) Arer)

at any time. For this purpose, the variational principle of Dirac-Frenkel is applied
(cf. [11]): Starting with an approximation of the initial value on the manifold, the
right-hand side F(Y) is projected onto Ty M, the tangent space of M at Y (¢), for
every t > 0; see Fig. 2 for an illustration.

With P(Y) denoting the orthogonal projector on the tangent space Ty M the dif-
ferential equation for Y () € M takes the form

Y=PY)FY)eTyM, t>0, Y(0)eM (3.2)
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Fig. 2 Orthogonal projection A F(Y)
on the tangent space

\ T
POY)F(Y)
M

/Y

(F(Y)-Y,8Y)=0 V§Y eTy M.

or equivalently

Even in applications where the original problem (3.1) is linear, the new differential

equation (3.2) is nonlinear. The great advantage of (3.2) is the fact that for the prop-

agation of Y () only the transfer tensors BN (t), N € Z(T) and the basis functions

Uf (t), £ € L(T) for the time-dependent representation of Y (¢) have to be computed.

In order to make use of this advantage, however, (3.2) has to be replaced by differen-

tial equations for BN () and Uf (t) instead of Y (¢). This is the goal of this section.
Since every point Y on the manifold is determined by

N
((B )NEI(T)’ (UK)EGE(T))’

the transfer tensors and the basis functions on the leaves of the dimension tree can
be considered as the parameters of the representation. Let ¥ be the mapping which
maps the parameters to the corresponding tensor, i.e.

- X RIN XTN XN, 5 X RN_/-xr(_” s RN] X+ XNy

NeI(T) {j}eL(T)
NN =succ(N)

W((EN)/\/EI(T)’ (ﬁz)eeﬁ(n) =Y.

Y is constructed according to Definition 2.2. Then, each element §Y of the tangent
space Ty M can be written as

r_/\/’l FNZ

§Y = Zzag%

j=ll=

No

8 1,7,1
BN=BNvNeT(T) 7

Ul=Ueel(T)

N er rf\/z

D SH 3) 3) op-% y

BN =BNVYNeL(T) OBij
NeI(MNWNy) =1 j=11=1 °Pijl |7~
(M,N2)=succf/\/) Ut=U'veeLl(T)

D3P Bt

teL(r)i=1 ¥i

sUL, (3.3)

BN —BN YN €Z(T)
U'=Utveel(T)
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where the tuple ((BBN INeZ(T), (U e £(T)) represents all possible variations of the
transfer tensors and the basis functions on the leaves of the dimension tree. Since ¥
is linear in each argument, we find with

o M N
BN | BY=svver =U3" U2 (N1, M) = suce(Np), (3.4)
Ljl" Ut=Uveel(T)
oy . N, N
BBNl BN _ BNvNeIm:S(Y’N’Z)'Uj U2, (N1, N2) = suce(N) (3.5)
LILLT gt=uUtveeL(T)
and

'

3Ue BN = BNw\/eI(T)
Ul=U'veel(T)

=85, ¢, i) (3.6)

expressions for every partial derivative in (3.3). Therefore, the tangent space can be
written as

TyM={sY € RN1>CxNa - there exists a tuple ((8BN)N€Z(T)’ (8U€)ZGK(T))

such that (3.3), (3.4), (3.5) and (3.6) hold}.

Remark Since Assumption 1 means no restriction for the set H-Tucker((rar) ver)s
the orthogonality conditions means no restriction for the tangent space as well. Even
the restriction of mapping ¥ to transfer tensors and basis functions which fulfill As-
sumptions 2 does not influence the tangent space since the restricted set is a dense
and open subset of the domain, cf. Sect. 3.2 in [14].

We are now ready to formulate the differential equations for the transfer ten-
sors and the basis functions at the leaves. In view of the recursive definition of
H-Tucker((rar) AT ), it does not come at a surprise that these differential equations
are defined recursively, too. The same result has also been obtained with other tech-
niques in [12] and [14].

Theorem 3 (equations of motion) Let Y € H-Tucker((rap-)ver) be a tensor in the
hierarchical Tucker format, let (BN )N eZ(T) the corresponding transfer tensors, and
let (U%)4e £(T) the corresponding basis functions on the leaves of the dimension tree.
Furthermore we define for every N' € T \ {Np} the symmetric stiffness matrix
MmN = (m{}f)lr/\/[ | € RINZIN with entrlesm <S(Y N,iD, S, N, ]))

‘ 3.7)

and its inverse
N NN N
W = (w;} )l, =M ) ) (3.8)

Then, the differential equation

Y=PY)F(Y), t>0
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is equivalent to

"Noi "™No2

Y Z Z BNO Nm J\foz

j=1 I=1

"Noi ’Noz "Not "Noz

+ZZ /\/01. N02+ZZ ljl No1' Noz (3.9)

j=11=1 j=11=1

with (Not1, Noz) = succ(Np). The time derivatives of the basis functions on an inte-
rior node of the dimension tree satisfy the recursion

r/\/l }"_/\/'2

" NN N
U =) BN U U
i=11=1

TN TN TN TN

+3°3 BN, oMy, +ZZB{\§IUN1 oM 310

j=11=1 j=11=1

for all N € Z(T) \ {Ny} with (N1, N2) = succ(N). On the leaves of the dimension
tree we have

re
=Y wi PHF).S(Y.L.7)), LeLld),i=1...r. (3.11)
i'=1

The transfer tensors evolve according to the differential equations
B{\f (F(Y) UNO' U/\/(n)

and

= S, . 1)-Pi( - )

i'=1

We remark that the crucial terms are U ¢ for £ € L£(T) and B[ i for N e Z(T). If
these objects are known, all Ul.N with N € Z(T) \ {No} can be computed recursively
via (3.10). Hence, the time derivatives of the \/ -frames at the interior nodes can be
considered as auxiliary variables.

Before the proof of Theorem 3, we show that the solution of the equations of
motion preserve the orthonormality of the basis functions.

Lemma 4 (Gauge-conditions) Let ((BN O)NezT), U Er)) teL(T)) be the solution
of the equations of motion of Theorem 3, and let ((BN(t))NeI(T), Ut ®))eec(r)) be
the corresponding time derivatives. Then the Gauge-condition

(N, uNn)=0
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is satisfied for all N € T \ {Np}, i, j € {1,...,rn} and t > 0. Furthermore, the or-
thonormality of the basis functions

(N, uNw) =8, (3.12)
is preserved for all t > 0 if (3.12) holds for t = 0.

Proof of Lemma 4 For all N € Z(T) \ {My}, N1, N2) = succ(N) and iy,ip €
{1, ..., rn} the equations

N1 TN
> BB
j=11=1
TNy TN, N N, N,
=D 3 BY > w(F SNy - P (U - U))
j=11l=1 i=1
N TN TN, N N
Z ”l<F(Y) S(Y,N,i)- PN(ZZBQJZUJ' N 2>>
i=1 j=11=1
=0 (3.13)

hold. Furthermore, we have

(Ulzl’ UIKZ <sz 117)6 F(Y), S, ¢, l)) > 0

i=1
forall £ € L(T),i1,ip €{1,...,r¢}. Now suppose that

(@ UM =0 and (U2 UM)=0

for an interior node N € Z(T) \ {No}, W1, N2) = succ(N) for all ji, jp €
{1,....raq}and I1, 1 € {1, ..., 7n; ). Then with (3.13) we deduce

(oM, uN)

L3 I )

'Np TNy TNy TN,

_ZZZZBHMZI tzjzlz< Ji Ull Uj Uljzvz>

Ji=1h=1 hp=1h=1

TNV TNy TN TN,

+ZZZZBH Jih lz/zlz< Ull U Uljz\é)

J=1h=1jp=1h=1

TNV TNy TN TN,

+ZZZZBH Jj1.h tzjzlz(U;/I\[I Ul-/l\/Z Uj\/1 U'/\/z>

h=1h=1 jp=1h=1
=0
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for all iy,i> € {1, ..., rn}. Hence, the Gauge-conditions are satisfied, and the equa-
tions

t
(N o). vN o) = (UM ©0). UM o) +fo (ON (), UN ) +{UN (), UN () ds
=7
show the preservation of the orthonormality. O

Proof of Theorem 3 In order to prove the theorem it has to be shown that the varia-
tional equation

(F(v)—Y,8Y)=0

is satisfied for every variation §Y € Ty M.
(i) We start with the variation

sY =8B UN UM (WL N) = suce(Np) (3.14)

for an arbitrary sBNo e R"Mi N je{l, . ra bl e{L, .. ra ). Together with
(3.9) this yields

TN TN,
(¥,6Y) <ZZBN°/,/UN' Uy 5B UM UN2>
jl=11'=1

TN\ TN,
g N M .
<ZZBN0/V 0B, U 2>

j'=1r=1

er er
+<Z ZB{\’@?”I’UJ’I AN 2>

'=10'=1
=8B B,
=B (P F). UM - U
= (F(), 880, UM . u)
=(F(Y),8Y).
This proves that

(F(r)—V.8Y)=0 forall sy =880 UM .U}

(ii) Next, we assume N € Z(T) \ {No}, (N1, NV2) = succ(N') and choose the vari-
ation

8Y =8B, S N i) - UM - U (3.15)
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for an arbitrary BN € RNXNM*'Ny | j e (1,....r\}, J € {L....ran ), [ €
{1,...,7n,}. Deriving both sides of (2.7) with respect to ¢ gives that

(¥,87) <Zs (YN0 - UN 86BN SN iy - UM U,N2>
+<ZS(Y,N,i’)-Ui/ BN SNy - UM UN2>

—ZaB,j, (SN, SEN. DTN UM v
i'=1

+Zszsljl (YN, SN DTN, v U
i'=1

= Z(SB,J, P(Y)F(Y),S(Y,N,i)-UN\BY
i'=1

+ZSB 11 l]l

i’,j,1

= Z(SB, LPOOFX), SNy - UN)BY.

il

+ Zwm F(Y),8(Y, N, i") - Pir(uM (Zml Y, )

i’=1

and since S(Y, N, i) - Ui/,v € Ty M we obtain

(¥,8Y) Zazs”, (F).Sv. Ny - U )BY

+8BN (F). SNy -PLUM-UMN). (a6

i,j,l
On the other hand
(F(1).8Y) = (F(¥). 8B, S N.i)- UM . UN2>
_581 ]I(F(Y) S, N i)- ’PN( U/\/z))

+ 88N (F(). SNy - P (UM - U))
—ZSB”, F(Y).S(.N.i)-UN BN,
i'=1

+8BY (F(Y), SN i) - PN( NS INERT)
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holds. Since (3.16) is equal to (3.17), it follows that
(F(Y)—Y.8Y)=0 forall3¥ =3B, S(V.N.i)- UM .UM,
(iii) Finally, let £ € £(T) and consider the variation
8Y =S(Y,¢,i)-8Uf (3.18)

for an arbitrary <SUI.‘Z Iy — R,i e{l,...,re}. Similar as before, the time derivative
of (2.7) yields

re

(Y,87) =< S(v.e,i')-US, S, ¢,0) -3Uf>

i'=1

re
+< S(Y.e.i')- U5, S, ¢,i) - 5Uf>
i'=1
=Y (S(r.e.7). S, L, i) U, sUf)

+ Y (S(r.6.i'). 8. £, )0}, 8Uf)

i'=1

re
=Y (P(NFY),8(Y, ¢,i)- U WU, 8Uf)

i'=1

re re
+> mf,,l.< > wh W PHE®). S(Y. £.i")), an‘£>

i'=1 i"=1

=S (POYF(X), S, £,i) - ULUL, UY)

i'=1

re "t
+ YO (PEF(), S(¥,,1") .M)(Z mf”fwf""")
i'=1

i”=1

and with S(Y, £,1) - Uﬁ € Ty M we get

re

(Y.8Y) =Y (F(Y),S(Y. i) US)U. 8Uf)
i'=1
+(F(Y),S(Y,¢,i) - PsUf). (3.19)

On the other hand
(F(Y),8Y)=(F(Y),S(Y.¢,i)-8Uf)
=(F(Y),S(Y,¢,i) - PesU;)
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+(F(Y), S, ¢,i) - P8Uf)
re
=Y (F(¥). 8. ¢.i)- Uf U, sUf)
i'=1

+(F(Y),S(Y,¢,i) - PsUf) (3.20)
holds. Since (3.19) is equal to (3.20), it follows that
(F(Y)-Y,8Y)=0 forall8Y =S(Y,¢,i)-8U}.

The superposition of the variations (3.14), (3.15) and (3.18) span the whole tangent
space and therefore

(F(v)— Y, 8Y)=0 for all variations §Y € Ty M. O

Corollary 5 Let B € RM1**Na be an arbitrary tensor, let Y € M and let P(Y)B
be the orthogonal projection of B onto the tangent space Ty M defined by

(P(Y)B—B.,8Y)=0 forall Y € Ty M.

Then, formally replacing Y by P(Y)B and F (Y) by B in Theorem 3 yields a recursive
representation of P(Y)B.

4 Matrix representation of tensors

Since the solution Y., of the original differential equation (3.1) does, in general,
not evolve on the approximation manifold M = H-Tucker((rar) Arer), the solution
Y of the projected problem only yields an approximation Y =~ Y,,. For the error
analysis of this approximation, the matricization of a tensor is a useful concept. Such
a matricization turns a tensor into a matrix with the same entries, just as the command
reshape (...) in MATLAB. Forany N € T the set N¢ :={1,...,d}\ N is called
the complement node of A/. Then, the matricization

yWNey g graNo) g\ = ] M. mNe) = [] Me
keN keNc

of a tensor ¥ € RN1>*xN¢ rearranges the elements of the tensor in such a way that
all the different directions in A/ range over the rows whereas all the directions in N¢
range over the columns of the matricization. There are many different ways to do this,
but it does not really matter which mapping is used. The only condition we impose is
that Y V-No) = (Y We N NT  For the inverse mapping the notation

Y= (YW'NC))W,NC)

will be used. A special case of a matricization is the vectorization

Y(Nog{}) e RN1Na
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which reshapes a tensor to a vector. The corresponding inverse mapping is denoted
by

— (yWNo.{)
Y =) g -
For Y € H-Tucker((rp)arer) and N € Z(T)\{Np}, let the single-hole matrix

V= (SN, YN | (ST, N, rp)NerD) e RTNe Xy

be the matrix whose j-th column is the vectorization of S(Y, N, j). Similarly, the
orthonormal basis matrix is defined by

UV o= (UMHNVD] L [N D) e RTNow

Assumptions 1 implies that (TUN )TUN = I, and it follows from (2.7) that
Y(N,Nc) — UN(SN)T, SN — (Y(N,Nc))TUN
Hence, the singular values of the matricization Y WNNE) coincide with the singular

values of the single-hole matrix SN. The projection onto the space spanned by the
columns of T and on the orthogonal complement will be denoted by

PN o=tNWN) and (PN =1 -0V (W),

respectively. In addition we define for (N, M2) = succ(N) the binary matrix opera-
tor

UNI @UNZ N RW(N)X(VN]er)
TN OUM = @ilvial. i 0211 W2 |1 g )

Vik = (U]N1 -U,f\fz)(N’{}).

After these preparations, the results of [14] can now be adapted to show that
‘H-Tucker((rpr) Aer) 1s indeed a manifold.

Lemma 6 The set
H-Tucker((rap)ver) = {X € RN1xxNa :rank(X(N’NC)) =rnyVN €T\ {No}}
is a smooth submanifold of RN1*>*Na
Proof In [14, Theorem 4.11] it has been shown that
M= X e RN XNa - pank (XVNO) = s for all M € T\ {Np))

is a smooth submanifold of RN1**Na Hence, it only has to be shown that

H-Tucker((rap ) Ner) = M. Let Y € H-Tucker((rpr)ver) be represented by
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((BN)Nez(T), (UZ)KGL(T)). By Assumption 2, the sequence (Y, Uf\[), oL (Y Urjxf)
is linearly independent for all T \ {Ny} , which means that

rank(SN) = rank(Y(N’NC)) =ry forall N e T\ {Noy}

and therefore H-Tucker((rap)nver) € M. Conversely, for every YeM Proposi-
tion 3.6 in [14] and orthogonalization with Algorithm 3 in [2] ensures the existence
of ((BN)NEI(T)» (UZ)EeL(T)) such that the equation

TN TN

Y= ZZB”, UNZ, N1, N2) = suce(No)

j=11=1

and the recursion

er VNZ

N N N A
Uit =3 > Bl U U
J=11=1

hold for all N € Z(T),i € {1,...,rn} and (N7, N2) = succ(N). The rank of the
single-hole matrix SN = (xWNeHTpN equals rpr for all N € T \ {Np}, which
means that the sequence (X UN Y, o (X, UN ) is linearly independent for all
N €T\ {Ny} and therefore MCH- Tucker((r/\f INer)- O

One of the main ingredients for the error analysis is a compact representation of
the projection of a tensor on the tangent space of the manifold, i.e. an explicit rep-
resentation which is not based on a recursion. Such a compact representation can be
obtained in matrix-vector notation. As a preparatory step, we reformulate the results
of Corollary 5 in matrix-vector notation.

Corollary 7 Let Y € H-Tucker((rnp)aer) be a tensor in the hierarchical Tucker
format represented by the transfer tensors (BN INez(r) and by the basis func-
tions (Ue)geg(f) on the leaves of the dimension tree. If B € RN >~xNa g qn
arbitrary tensor, then under the conditions of Corollary 5 there exists a tuple
(BN nez(ry, (BU e r)) such that for (Nor, Nop) = succ(No)

"Noi "No»
PB=3Y s8Nyt .y

j=1 =1

"Noi "Noz "No1 "Noz

+ZZB{V})15UN’OI 02+ZZ 1]1 N01 5U1N02

j=1 I1=1 j=1 I=1
with

s8N

U = (@ 0 0y R,
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For all N € T(T)\{No} with (N, Na) = succ(N), SUN is defined by the recursion

TN TN,
suN =33 s8N, vl Ul
j=11=1

er er er er

+3°3 BN, UM, UM+ S BN Ut Ul

j=11=1 j=11I=1
with
)= (U g T (P g N N

(SBIJI SBrle

sU¢ = (PY)* B (5t)T

Here and below, M is the pseudoinverse of a matrix M, i.e. MT = (MTM)_IMT
if M has full column rank.

Proof The equation for 8BN0 can be deduced directly from Corollary 5. For
N € Z(T)\{Ny} and (N7, N3) = succ(N), Corollary 5 states that

N
5= (B.S(rN ) PR(UUd

i,i
i'=1

_ZPN N UM (B, S(v N,

= Z (UM UM PLB. S (YN i) w

ii’

forall j e{l,...,rnq), 1 €{1,...,rn;}. Since W defined in (3.8) satisfies
()W = V)(V) ) =)' .1

we obtain

)= (U UM D) T (pN) NN (N

(88111 SBrN]l

Last, for £ € L(T) and i =1, ..., r; we recall from Corollary 5 that

ZPZ (B.S(v.e.i")wf ;.

=1

and substituting (4.1) with V' = £ yields
sUt = (P4 BELO(sT) T 0
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With Corollary 7 we are now able to derive a compact representation for the pro-
jection of a tensor on the tangent space of the manifold.

Corollary 8 Under the assumptions of Corollary 1, the projection of a tensor B €
RN1xxNa on the tangent space Ty M can be written as

P(Y)B
— (([UNOI @UM)Z)(UNM @UNoz)TB(No,{}))(NO’{})
+ Z ((UN] @]UNz)([UNl @UNZ)T

N€eZ(T)\(No)
N1, Np)=succ(N)

L T
x (PY) BRSNS e

L T
+ 2 (P)TBEOEST) ) ey
LeL(T)

where (No1, Nop) = succ(Np).

Proof By resolving the recursion in Corollary 5 and 7, respectively, we obtain the
equation

T'Noi "™Noz

P B=Y Y UM . yMess, 4.2)

j=1 I=1

er VNZ

N
+ Z ZZUJM 'UIN2 : Z‘SB{,\?,[S(Y»N, D (43)
i=1

NeZ(T)\{No}  j=11=1
N7, N2)=succ(N)

re
+ 3 Y sut-swei, “.4)
e L(T) i=1

see also Egs. 3.3), (3.4), (3.5) and (3.6) in Sect. 3. A closer inspection of the first term
(4.2) shows that

erer N N
>y ufuMssl,

j=11=1

BB (GRS M R

= l] l] s ( s T
(ZZ( j LU 2) 0 ((Uj LU; 2) 0 ) B(/\/o,{})>
j=11=1 Norl)
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T
— (([UNI @UNZ)(UNI @UNZ) B(NO’{}))(./\/(),{})'

For the second term (4.3), we obtain

er er

oo Y Y My ZSB”,S(Y,J\/'J)

NeZ(T)\{(Ny} Jj=I1I1=1
N1, N2)=succ(N)

g Ui e A
- T (Erere

NeZ(T)\(No) j=11=1
N1, N2)=succ(N)

x 256, (SN, i)(NC*“))T>
N, N¢)

_ Z <%%((U;N’l . Ul-/\/z)(N,{}))

NeZ(T)\{No} \j=11=1
NN =succ(N)

T
(881 Jil (SBrle)(SN) )
WN.No)

and together with

(UM ) )T (P pNe) (V)T

((SBI il 58 j

A s l)
we obtain

VN] I‘NZ

> X yuhy ZSBI,ISW,NJ)

NEeZ(T)\(No}  j=11=1
WN1.N2)=succ(N)

NeZ(T)\{No}
NN =succ(N)

NN T
x (VSN )(N,Nc)'
Finally, the last term (4.4) can be reformulated as

re re
> Y sub-si= Y (Z(auf)“’{”(sw,e,i)“c’{”)T)
i=l (t.tc)

LeL(T) i=1 LeL(T)

= Z (‘SUE (SZ)T)(MC)

LeL(T)

@ Springer



328 A. Arnold, T. Jahnke

1 N PN
= Z ((Pz) B(MC)(S/Z ) (SZ) )(z,ec)
CeL(T)

1 T
= Z ((Pe) B(MC)(SZSZ ) )(z,zc)'
LeL(T)

This proves the assertion. O

5 Curvature bounds

In this section estimates for the curvature of the manifold are proven. These esti-
mates, formulated in Lemma 10 below, will play a crucial role in the error analysis
of the variational approximation in Sect. 6. Similar results have been obtained for the
dynamical low-rank approximation of matrices or tensors, respectively, in [7, 8]. Our
general strategy follows the ideas developed there, but extending the results of [7, 8]
to the hierarchical Tucker format is a considerable challenge due to the recursive
definition of the equations of motion.

In the following o;(M) denotes the i-th singular value (in descending order)
of a matrix M € R"*™ with n,m > i. Moreover, we will use the Frobenius norm
|Y||F = +/{Y,Y) of tensors ¥ € RN1>xNa By construction the Frobenius norm
of a tensor equals the matrix Frobenius norm of a corresponding matricization, i.e.

1Y 117 = 1Y NN for all V' € T\ {Np}.
Lemma9 Y, Ye H-Tucker((rpr) Ner) are tensors in the hierarchical Tucker for-
mat fulfilling
oy (YNNO) > >0 and Y - F|r =4
for some N € T \ {Np}, then

G,N()?(N’NC)) >p—4.

If in addition p > §, then the pseudoinverse SN of the single-hole-matrix sV of Y
is bounded by

s
p—20

l>=

Proof The estimates

§=|Y —Y|p=|FNN — Y(N,NC)”F
> H Y(N,NC) _ Y(N,NC)HZ

= [0y, (TNNO) — 0 (Y V)| G.D

hold for all N € T \ {N}. The inequality (5.1) is shown with Theorem 7.4.51 in [6].
Then

UrN(?(N’NC)) = GW(Y(N’NC)) - "TW(?(N’NC)) - GW(Y(N’NC))‘ >p =34
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For p > § the pseudoinverse can be bounded by
[EY7 ], = (orn EV) ™ = (o (PN T < (0 —9)7 " O

Definition 5.1 An ordered tuple (Y, Y ) € (H-Tucker((rp) prer))? is called path-
connected with respect to ODE (5.2), if there exists a solution for the boundary value
problem

9]

X@ =Y (P(X®) - PM) PI(F - 1)
k=0 (5.2)

X0) =Y, X()=Y
on the interval [0, 1].
Lemma 10 (curvature bounds) Let (Y, Y ) € (H-Tucker((rnr)arer))? tensors in the

hierarchical Tucker format, which are path-connected with respect to ODE (5.2). Let
(PAINeT\(Ny) and (CAINeT\(Ny) be families of positive real values such that

Oy (YNNO) > prr >0 and 5:= 1Y —Y|IF <cnon (5.3)

forall N € T \ {Ny}. Furthermore let ¢ > 0 be a constant fulfilling the inequalities

Z 8CN(E(1_E_CN))_ISI and CTH+cpn <1

NeT\{No}
and define
Cyy= > 8oy —T—cp) .
NeT\{No}
Then the bounds
|(P(x)— P(V))B|, < CyzlY = YlFIBlF. (5.4)
~ Cyy ~
[P T =) < 250y =PI (5.5)

hold for every tensor B € RN1*>xNa
A similar result has been proven independently in [12].

Proof Since the proof is rather long and technical, it is divided into several parts.
Part 1: For the moment we assume that there are

X (1) € H-Tucker((ra)ner) and  Z(1)LTyM
such that

Y+1(¥ —Y)=X()+ Z(1) (5.6)
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for all 0 < 7 < 1. Below we will prove that this assumption is indeed true. In the
following A denotes the projection of the difference from Y to Y on the tangent

space Ty M:
A:=PX)Y -Y)eTy M.

Obviously || A|lF < || Y-Y ||F = 6 holds. The projection of (5.6) on the tangent space
leads to the equation

P(Y)(X(r)—Y)=1A, (5.7
and differentiating with respect to t gives
PY)(X(0) =
The derivative X () belongs to the tangent space of X (t), therefore
P(X(1)X(1)=X(7)
is satisfied, which leads to

X(t)=P(X(@®)X(1)+A—P¥)X(r)
— —

=0
=A+(P(X(0)) — P(M)X(1). (5.8)
In part 6 of the proof it will be shown that
|P(X(D)—PY)|,<c<1 (5.9)

for all 0 < t < 1. Together with (5.8) this yields
[ X[ = 1alr+[P(X (@) = PO [ X <6+ XD
and hence
IX@|, <sa -7 (5.10)

Estimate (5.9) guarantees for all t € [0, 1] the convergence of the Neumann series for
P(X (7)) — P(Y). Hence, the operator I — [P (X (7)) — P(Y)] is invertible. Defining
the function

[e.e]

G(X(®) =Y (P(X(®) - PM)Aa=[I - (P(X(®) - P()] ' A

k=0

leads to the equations
X()=A+(P(X(x)) — P(N)X(x) = G(X(1)). (5.11)
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Then, the existence of a solution X (t) of (5.11), (5.8) respectively, with initial value
X (0) =Y follows from the theory of ordinary differential equations and (5.10). To-
gether with ¢ < 1 the estimates

|PH(X (@) (P(Y)X(x) — P(V)A)|,

=[[1 = PX@)]PI(X (@) = 2)|

=[[P¥) - P(X®)](P()X() - 4)|

=|[P¥) - P(X(®)][P(X(®) + P (X@)|(PMX(x) — )|,
=|[P(r) - P(X(0)]PH(X (@) (P(V)X(x) — A)] ,

< |P(X@) = PO | PH(X@)(PMX(@) - 2)|,
<¢|PH(X @) (P X(x) - A)|
show

P (X (@) (P(Y)X () — A) =0.

Moreover the projection of (5.8) on the tangent space of X (t) leads to
P(X(@®)(P(Y)X(1)—A4)=0

and hence
P(Y)X(1) = A. (5.12)

Since integrating (5.12) leads to (5.7), setting
Z(t)=tP*){Y -Y)— PL(")X(7)

shows the existence of the decomposition stated above.

Part 2: In this part of the proof, we prove a number of auxiliary inequalities for
later use. Since X (0) = Y by construction, the fundamental theorem of calculus and
(5.10) reveal the estimate

|x@) -], <t s;p]HXu)IIFs&(l—E‘)‘l
sel0,7

because t < 1. Let 1044 (t) and sV () be the orthonormal basis matrix and the single-
hole-matrix of X (t), i.e. (X (1))N N = TN (1)SN (r)T. Under Assumption (5.3),
Lemma 9 can be applied and provides the bound

1 - 1
onN — (1 =718 7 o= (1 =) Lenrpn
. 1-¢
T v =C—cp)

sV, <
(5.13)
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for all 0 < 7 <1 for the pseudoinverse sV (7). Next, a bound for ||[UN sV (‘L’)T | is
shown. Since PV (t=1- vV (r)[UN ()T by definition, it follows from

W) W@)y=1 and TN @IV (1) =0 (5.14)
that

VoV @ = PN oMV osV o + N 08V @)7)
= PN (o)t XxNNO (),

With ||PN(r)J-||2 <1 and (5.10), we thus obtain
[T¥sY @ | < [PM @ ], [V <sa -7
Combining this with (5.13) yields

1-¢

||[UN(T) (= ||[UN(T)SN(T)T ||FHSN(‘C)Jr |, <80 - o o —T—cn)

8
N =C—cp)’

With this inequality, the derivative of PN ()+t=1—- v (r)UN ()T can be bounded
by

26

SN (L
|77 ”fow(l—?—w)'

A bound for the derivative of the single-hole-matrix sV (7) of X(7) can be derived
from the orthonormality (5.14) and (5.10) via

ISV | = [V "V sV o + VTV oV @ |,
= [tV @ XN O@],
<s1-oL (5.15)
Next, we want to estimate the derivative of sV (t)SN (t)*, which can be written as

d

- EMGENONE

d _

VoV @'V o) sV 0]
=Ti(t)+ Ta(t) + T/ (v)

with

Ti(t) =SV sV (@)t

d _
Ty(r) = SN(I)E[(SN(T)TSN(T)) sV,
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It follows from (5.13) and (5.15) that

~

Nt &N _ =6 s
1Tl = [$¥ @7, [$¥ @l p = e 30 -8
B 8
N (1 =C—cpn)

In order to bound 7> we substitute

d -
VsV @) ]

=— (NN o)™ j—t[SN(r)TSN(r)](SN(I)TSN(I))_I
and obtain
j—T[SN @'V @olsV@*
=17 OV ON @ = (Vo) SN 1.

T(r) = —(SV ()"

Since ||SN(‘L')SN(T)+”2 =1, this gives the bound ||72(7)||r < 2||T1(7)||F and in
total

48

A NN T
(T @sT @) pnN(1—C—cn)

&

=4n@|, =
F

Part 3: Since (Y, Y ) € (H-Tucker((ry) NET))Z is path-connected with respect to
ODE (5.2), we have X (1) = Y. As a first step towards an error bound for ||(P(Y)
P(Y))B| F we use

~ ld
[PY)—P()]B=[P(X(1)— P(X(0)]B =/0 E[P(X(r))B]dt (5.16)
and replace P (X (7))B by the representation from Corollary 8. This yields
|(P) - P<Y>>B||F

< max

= [([U-MOI (o UM)Z (t)) (UNOI (1O [UN()z (‘L’)) B(M) {})]
7el0,

(5.17)

dt F

i W(Nl N2) (.[)PN(.[)J_B(N,NC)

+ Z max | - [

Nezmnn, T
N7, N2)=succ(N)

x (VN @sV (1)) ] (5.18)

F

it[Pz(r)lB(”C)(SZ(T)SH(T))T] , (5.19)

F
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where
WNAD (1) = (UM (1) 0 UM (1) (UM (1) 0 UV ()T

and (No1, No2) = succ(Np).

Part 4: Now for each of the three terms (5.17), (5.18), (5.19), a suitable bound
has to be derived. Assuming N to be an interior node with successors (N1, N2) =
succ(N') allows us to bound

W(M N2) (7)

d
dt

d
N H (M@ ot @)WV ot m)]
2

2

< 2Hj_r[UM (1) 0 UN2(1)]

2
<2|tM @) o UM ()|, +2|tM () 0 TN (1),
<2[tM @], +2|0*2 0],

28 28
= = + .~ .
o —c—cen)  pavn(I—c—cn)

Hence, the inequality

H % [(UNOI (o '[U/\/oz (‘[)) ([UNOI (1) 0O UNoz (r))TB(A/b,{})]

F
268

< e~
PNy (1 — ¢ —cngy)

1Bl F +

= Bl (5.20)
pNoz(l —C— CNoz)

holds for all tensors B € RN1>**Na

Next, we consider (5.18). Assuming N % N allows us to deduce the estimate

d

H —[w N2 () PN ()L BN N (sN (1)sV (1) +) 7]
T

F

<

d
WA @) H 181 (Y @V @),
2

d
+ ”W(N] ,Nz)(.[) ”2 H E [PN(‘L')J']

1816 (Y sV oh |,
F

d
+ WA @ 1Bl | [V 08V (0)) ]
2
26 26 66
5( ~ + > + ~ >||B||F.
i =c—cnp)  pavy(l—c—cny)  pnv(l—c—cn)

(5.21)
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Finally, let £ be a leaf of the dimension tree. Then, for the term in (5.19) we obtain
the estimate

H%[PK(I)LB(”C)(SZ(T)S[(Tﬁ)]

F

- 1BIF| (S8t @),
F

d
E[PK(T)L]

d
+1BlF E[(S‘me(rﬁ)T]

2

<—————|B|F. 5.22)
o Bl (

Part 5: Substituting (5.20), (5.21), (5.22) into (5.17), (5.18), (5.19) yields the first
assertion (5.4):

(P - P(M)B|,

< = I BllF + =
IONol(l _C_C./\/’Ol) ,0_/\[02(1 _C_CN()z)

28 28
> (—F—an) | oan(—E—axy)
NeI(M\Np) NPV T ETEND PN T EN,
(N . N2)=succ(N)
+ 0 >||B||
- . ~ < F
PN (1 —=Cc—cpn)

> T

et pe(1—c—cp)

I1BllF

86
= 2 iTE—anBle
NerinNg PN N

where (No1, M) = succ(Np). The proof of the second assertion (5.5) is much
shorter. With P(X (7)) X (t) = X(t) we obtain

1

1
PE(Y)(Y - Y) =/ (I-PY))X(r)dr =/ (P(X(0)) — P()) X (v)dr,
0 0
and with (5.4) and (5.10) the error bound

[P OF =1y = max [P(X@) = PO - [XO]

858
< 1—~8(1 -7
NeTviNG) pn (I —c—cpn)
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. 852
NN pN (1 =C=cp)(1=0)

follows.

Part 6: Finally, we can prove inequality (5.9) which had been used in part 1 of
the proof. Assume (5.9) does not hold. Since M is a smooth manifold, there exist
0 < 7* < 1 and a tensor B* € RN1>¥"*Na guch that

|P(X(®)—-P¥)|,<E<1 and

[(P(x(z7) = P)B™| =] B*| - (5.23)

hold for all s € [0, 7*]. Under these conditions all the estimates of the proof remain
valid for T € [0, T*]. However, in (5.16) we take the integral over the interval [0, T*]
instead of [0, 1] and obtain with similar arguments the estimate

8§
P(X(t*)) - P(Y))B * S —T:
|(P(x(*) = P())B|, << NETZ\{NMWO_C_CN)|| I

for any tensor B € RN1*xNa_This results in a contradiction to (5.23) since
[(P(X(z¥)) — P(V))B*|

<ot Y — % |, =B, <75

= |-
NeTuNG) vl —c—cp)

In order to simplify the previous theorem, we assume cpr = ¢ for all N € T\ {\p}
and maximize this constant under the constraints of Lemma 10, i.e.

Z 86’/\/(5(1—2:—0/\/))_151 and CTHcpn <1
NeT\(No}

Since the number of nodes in the dimension tree is always 2d — 1, the maximum will
be attained for

-2 +7
82d —2)+¢"

T=-82d—2)++/8202d —2)2+82d —2) and c=
As¢— % for d — oo, we let

~ 1
c= 3 and ¢ = (64d — 62)_1
and obtain the next corollary.

Corollary 11 (curvature bounds) Let (Y, f;) € (H-Tucker((rpr) _/\[GT))Z tensors,
which are path-connected with respect to ODE (5.2). Let p > 0 such that

oy (VNN > 50 and ()Y = Fllr < (64d —62)"'p
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is satisfied for all N € T \ {No} and B := (32d — 31)p~'. Then

|(P(¥)— P(Y))B||, < BIY = YIFrlBllF (5.24)
|PNHT =1, <281Y =Y} (5.25)
for any tensor B € RN1>*>*Na

Proof Inserting ¢ = cpr = (64d —62)~! forall N € T\ {Np} and T = % in the bounds
(5.4) and (5.5) of Lemma 10 proves the assertion. O

6 Error analysis

We are finally ready to analyze the accuracy of the variational approximation Y (¢) €
H-Tucker((rar) ver) to the solution of (3.1). The error bound presented in Theo-
rem 12 is the main result of this article. Very similar results have independently and
simultaneously been obtained in [12].

Let Y, (t) € RN1**Ni be the solution of the differential equation (3.1), i.e.
Yor = F(Y,y) for all ¢ € [0, fena] with initial value Y, (0) € RN1>~>xNa et Y (1) €
M = H-Tucker((rp) ver) be the variational approximation defined by (3.2), i.e.
Y = P(Y)F(Y). For simplicity, it is assumed that Y,,(0) € M and that Y (0) =
Y., (0). (Otherwise, an additional error term for the initial error has to be included
in Theorem 12.) Moreover, let X (¢) € M be the best approximation of Y, (#) on M,
i.e. for every t € [0, T'] we have

[X(@0) = Yex O p < | X = Yex O], ¥X € M.
Since by definition and by the triangle inequality we have
|X(@®) = Yex O], < | Y(0) = Yex O] < ¥ (0) = X )] p + | X () = Yer ()] 5,

it makes sense to prove a result which bounds the error || Y (f) — X (¢)|| r in terms of
|X (#) — Yex ()|l F. The following assumptions are made for all ¢ € [0, feng].

(A1) X(¢) is continuously differentiable.
(A2) There is a constant ;& > 0 such that

[Fex@)|p<p. [FEO)|p<u and [FEO)],<n.
(A3) There exist constants L > 0 and A € R such that the Lipschitz conditions
[F(Yex®) = FX®) [ = LYex ) = X 0] and
(F(r®) = F(X®),Y(®) = X)) < 1| Y1) = X0 || >

are fulfilled.
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(A4) The singular values of the matricizations of the best approximation are bounded
from below by

G,N(X(N’NC)(I)) >p>0 forall NV eT\{Ny})

(A5) The distance from the best approximation X (¢) to the exact solution Y, (¢) is
bounded by

1
|X(@) = Yexr D] < %

where B = (32d —31)p~ L.
(A6) The tuple (Y (¢), X (¢)) is path-connected with respect to ODE (5.2).

Similar assumptions have been made in [8] where the approximation error of the
non-hierarchical Tucker format has been analyzed.

Theorem 12 Under the above assumptions the difference between the variational
approximation and the best approximation is bounded by

t
[Y() = XDz < (L +21) / [Yer(s) = X ()] peHFDD a5 (6.1)
0

as long as the right-hand side of (6.1) is bounded by ﬁ

Proof Because of X (¢) being the best approximation, the deviation Y, () — X (¢) is
orthogonal to the tangent space Tx M,

P(X(0)(Yex (1) — X (1)) =0

and differentiating yields

0= Z[P(X®)(Yer ) ~ X ()]
=[P'(X®) - (Yex (1) = X)) ]X @) + P(X @) (Yerx (1) — X (1)).
With X (1) = P(X(¢))X (t) we obtain
X ()= P(X(1))Yex (1) + D(t)
with D(1) = P'(X (1)) - (Yex (1) — X (1)) X (¢). (6.2)

Next, we derive an estimate for D(¢). For an arbitrary tensor B € RNV1>xNa the
bound (5.24) yields

|(P/(x) - B)X @ = | S [P(x@)B)

F

1
= lim —[[[P(X (¢ +Mm) = PX D] B
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1
< Jim ~B|X(t+m) = X (1Bl
=B X | IBllF,
and for B := Y, () — X (¢) this yields
[DO] < BIXO] ] Y = X0 - (63)

In the following we let §(¢) := || Yex(t) — X (@) ||F and €(¢) :=||Y (¢) — X ()| r. In-
serting (6.2) into (6.3) leads to

DO = BsO([P(XO)Yex O] o + [ DO )-

With Assumption (AS), i.e. [|§(1)|F < % we obtain the estimate

. 1
[D®] =B P(XD)Yer O] p + 5 [ DO
and with Assumption (A2)
IDO]| p <2B50) | P(X(0))Yer (1) <2881 1.
Subtracting (6.2) from Y(t) =P @)F(Y(t)) gives
Y(t)—X(1)=P(YW)F(Y (1)) — P(X(1))F(Yer (1)) — D(1)
=[P(Y®) - P(X®)]F(X(®))
+ P(XO)[F(X(®)) = F(Yex O)]+[F(Y®) = F(X(®))]
—PHYW)[F(Y(®) - F(X®))] - D). (6.4)

Next, we want to find an estimate for the inner product (Y (1) — X (1), Y(@)— X(@)).
For this purpose we consider the single terms on the right hand side of (6.4) and, via
Corollary 11, obtain the following estimates:

1. [P(r)) = P(X0)]F(X®),Y(@) — X))
=|[P(r®) = PXO)F(XO)| YO = XD
<BlYO - X0l [FXO)]
< upe* (o),

2. (P(XD)[F(X(®) = F(Yex()]. Y(&) — X (©))

= [FX®) = FXa )| [Y O =X @)
SL|X(0) =Y O | YO = X
= L5(1)e(1),
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3. (FY®)—F(X®). Y1) —X@®)<Ar|Y() — X(t)||§ =1e2(1),
(PH(r»)[F(r®) — F(X®))]. Y(t) — X (1))

=(F(r®) - F(X®), PLY®)(Y @) — X (1))
<[Fr®) = FXO)[ [ PH(r©)(¥@®) = X®)]
<([F),+1FEO)]28]Y 0O = X0

<4upe(),

»

5. (D@, Y= XO) < | DO | Y @) — X)) <2Bu8(1)e).

With these inequalities, we obtain
d
ety = |Y(t) — X @) ”FE ly@)— x|

1d
- 5EHY(;) -X0|%
=({Y(t) = X(1),Y(t) — X (1))

< uBE2(t) + L8(1)e(t) + A& (t) + 4uBe’(t) + 288 (t) e (t)

and hence
&(t) < (SuB + 1)e(t) + (L +2u8)8(1).

Finally Gronwall’s inequality leads to the assertion

t
e(t) <(L+ 2;1,,3)/ 5(1)eSHBTNE=9) g .
0
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