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Abstract The focus of this article lies on the bistability of multistep methods ap-
plied to stochastic ordinary differential equations. Here bistability is understood in
the sense of F. Stummel and leads to two-sided estimates of the strong error of con-
vergence. It is shown that bistability can be characterized by Dahlquist’s strong root
condition. The main ingredient of the stability analysis is a stochastic version of Spi-
jker’s norm.

We use our results to discuss the maximum order of convergence for higher order
schemes. In particular, we are concerned with the stochastic theta method, BDF2-
Maruyama and higher order It6-Taylor schemes.
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1 Introduction
In numerical analysis of differential equations the term stability is mainly used in

two different ways. On the one hand, one is interested in the long time behavior of
the numerical approximation of differential equations. Here the time interval is very
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large or unbounded. This problem is connected to the term A-stability which is due to
G. Dahlquist [9]. For stochastic ordinary differential equations this kind of stability
is studied in [4, 5, 14, 15].

In this paper, on the other hand, we are interested in the behavior of numerical
schemes under small disturbances such as round off errors or deviations in initial data.
Together with consistency, stability is one cornerstone of the convergence theory of
numerical schemes for differential equations on finite time intervals. In particular, we
refer to the Lax equivalence theorem [23].

The main result of this article is a characterization of bistability for multistep
methods for stochastic ordinary differential equations (SODEs). Here bistability is
understood in the sense of [3, 32] and embedded into a unifying theory to analyze the
strong error of convergence, i.e., in the L%-norm. For a bistable multistep method the
error of convergence can be estimated from above and below by the local truncation
error. Hence, a bistable scheme is convergent if and only if it is consistent.

Using our notion of consistency, stability and convergence we derive sharper ver-
sions of well-known results concerning the convergence of onestep schemes [21, 25,
26] and multistep methods [6]. In particular, we are concerned with three standard
schemes, namely the stochastic theta method, higher order It6-Taylor schemes and
the BDF2-Maruyama method. But our analysis applies to a wide range of stochastic
onestep and multistep methods, e.g., all stochastic linear multistep methods men-
tioned in [6].

As in the previous work [3], which is only concerned with the stochastic theta
method, we are using a suitable stochastic version of the deterministic Spijker norm
(see [29, 30], [31, Chap. 2.2], [13, Chap. II1.8]) to define the local truncation error. In
analogy to the deterministic case [12] this turns out to be the main ingredient in the
proof of bistability.

Altogether we end up with a unifying theory which is able to analyze strong con-
vergence for a huge class of multistep methods under the usual Lipschitz assump-
tions. In contrast to the previous work [3] we measure the strong error with the
sharper norm where the maximum occurs inside the expectation (see (1.4) below).
Moreover, we use the two-sided error estimates to prove the maximum order of con-
vergence and extend a known result [8] for Euler-Maruyama type methods to higher
order schemes.

We stress that we consider the concept of strong convergence in the L>-sense in-
stead of the notion of weak convergence [21, 25, 26]. The strong convergence of a
numerical scheme gives a good pathwise approximation of the SODE. There exists a
variety of applications where the weak convergence is not sufficient, e.g., in filtering
problems or estimating hitting times (cf. [21, Chap. 9.2]). Moreover, Giles [10, 11]
showed that the strong convergence is also essential for developing efficient multi-
level Monte Carlo methods, which are applied to problems where the weak error is
considered.

Finally, we also note that further numerical stability concepts have been developed
for multistep methods [6], for stochastic differential algebraic equations [34] and
stochastic delay equations [2, 7].

In the following we give a more technical outline of the paper. We are interested
in the numerical approximation of R¢-valued stochastic processes X, which satisfy
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an ordinary It6 stochastic differential equation [1, 24, 27] of the form

dX (1) =b"(t, X()dt + Y b (1, X()dW' (1), 1€[0,T],
= (1.1

X(0) = Xo.

The drift and diffusion coefficient functions b" : [0, T'] x R > R p = 0,...,m,are
assumed to be measurable. The processes W', r = 1, ..., m, are real and indepen-
dent standard Brownian motions on a given complete probability space (2, F, P),
adapted to the filtration (F);¢[0,7] Which fulfills the usual conditions (i.e., the filtra-
tion is right-continuous and each F, contains all sets A € F with P(A) =0).

In addition, we assume that the following usual assumptions [1, 24, 27] hold:

(A1) The initial value Xg is an Fo-measurable and R?-valued random variable sat-
isfying

E(|X0|?) < oc.
(A2) There exists a constant K > 0 such that
[b"(t,x)| < K(1+|x]) and [b"(t,x) —b"(t,y)| < K|x —y|

forallx,yeR?, re[0,T]and r =0, ..., m.

Here we denote by E the expectation with respect to P and by | - | the Euclidean
norm in R<. Assumptions (A1) and (A2) are sufficient to assure the existence and
uniqueness of a strong Itd solution to (1.1) (see [1, 24, 27]), i.e., there exists a unique,
P-a.s. continuous and (F;);¢[o0,7]-adapted process X which satisfies

t m t
X =Xo+ [ XM+ Y [ FeXEaw s a2
0 —Jo

P-as. forall € [0, T] and

T
E (f |X(s)|2ds> < 00.
0

Let us remark, that Assumption (A2) turns out to be too restrictive for many ap-
plications. In [16] the authors consider Euler-Maruyama type schemes under one-
sided Lipschitz and polynomial growth conditions on the drift »° and estimates on
the higher moments of the solution. However, in the same situation without the esti-
mates on the higher moments the Euler-Maruyama approximation does not converge
in general as it is shown in [17]. It remains an open question if these results can also
be reproduced by the methods developed in this article.

Next, we introduce a general form of a stochastic k-step method which we use for
the characterization of bistability. For simplicity we consider an equidistant step size
h =L for N € N and the time grid

=1t =ih|i=0,...,N}.
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112 R. Kruse

Note that our analysis for onestep methods is not restricted to equidistant time grids
(cf. [3] for the stochastic theta method).
We are concerned with stochastic k-step methods written as

Yi=X;, fori=0,... k—1,

k
tigi—
ZanH—j—k:cbh(thYi—k»u-»Yi’(Iocﬂ k)aeA,jzl ,,,,, ) (1.3)
j=0
fori=k,..., N,
where ai,...,ar € R, a; # 0 and the initial values )?,‘, i=0,....,k—1, are F-

measurable, square integrable random variables. In order to compute the approxima-
tion Y; of the solution X (#;) the increment function ®; depends on the time #; € 17,
in the case of an implicit multistep method, it also depends on Y; itself. In the next
section we give more details on ®y.

A special case of a k-step method is the Euler-Maruyama scheme: k = 1,

Yo = Xo,

m
Yi — Yiog =hb%(ti—1, Yio1) + Zbr(li—l, Yi—l)l(l;), fori=1,...,N,

r=1

with the stochastic increments / (ti) =W"({t;) — W'(ti—1). In [21, Theorem 10.2.2] it

-
is shown that the Euler-Maruyama scheme converges at least with order y = % in the
strong sense, i.e., there exists a constant C > 0 such that

1

(E(Or;z;xN X (1) — Yi|2>) P <cn,

where X is the unique solution to (1.1). In [8] J.M.C. Clark and R.J. Cameron have
shown that, in general, y = % is also the maximum rate of convergence for the Euler-
Maruyama scheme (and for any method which only uses the Brownian motion at grid
points).

In order to derive similar results for k-step methods we write (1.3) as an operator
equation Ay X, = 0, where the—in general nonlinear—operator Ay, acts on the set of
adapted grid functions. This is done for the general form (1.3) and for the stochas-
tic theta method, the It6-Taylor schemes and BDF2-Maruyama in Sect. 2. Now, the
strong convergence is written in terms of the norm

B —

¥ilon = (E( max, i) (1.4)
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Characterization of bistability for stochastic multistep methods 113

On the other side, the local truncation error is measured by the following stochastic
version of Spijker’s norm

X

)) Cas

In the analysis of deterministic multistep methods it is well-known that Spijker’s
norm leads to optimal stability properties [12]. In this paper we will show, that under
some conditions the following bistability inequality

PRAG
j=k

k—1
Yill-1.n = Yn(t; E
RAETEDY h<r,>||Lz(Q>+< (J;‘,%XN

Jj=0

CillAnYy — ApZpll 1.0 2 1Y0 — Zpllon < C2lARY — ApZpll 1,0 (1.6)

is equivalent to Dahlquist’s strong root condition. We refer to Sect. 3 for a precise
formulation of our results and to Sect. 4 for the proof of the bistability inequality.

If we apply the bistability inequality to the restriction rf X of the unique solution
X to the time grid 7, and the grid function Xj, which is generated by the k-step
method (1.3), i.e., A, X, = 0, we obtain the two-sided error estimate

E E E
CillApry Xl 1,0 < lry X — Xpllo,n < CollApr, Xl 1,5

for all multistep methods which satisfy Dahlquist’s strong root condition. In Sect. 5
we derive upper bounds for the local truncation error || Ay, rf X||—1,, of the stochastic
theta method, the higher order It6-Taylor schemes and the BDF2-Maruyama scheme
in terms of the step size /. In Sect. 6 we use the left-hand side of the two-sided error
estimate to discuss the maximum order of convergence for these k-step methods.

2 Numerical schemes

In this section we rewrite the general k-step method (1.3) as an operator equation
Ap Xy, =0 and introduce the corresponding spaces and norms. The operator formu-
lation is motivated by the discrete approximation theory [32]. Our notion of consis-
tency, stability and convergence will be formulated in terms of the operator Aj. At
the end of this section we present some well-known numerical schemes, which will
be analyzed in more detail in the sequel of this paper.

Given a time grid 7, we define the set G, := G (1, LZ(Q, F, ]Rd)) to be the space
of all adapted and L*(Q):=L*Q, F, P; Rd)—valued grid functions. That s, for ¥}, €
G, the random variables Y}, (#;) are square-integrable and F, -measurable for all #; €
7. Next, we endow G; with the norms (1.4) and (1.5) and we denote the Banach
spaces (Gn, || - llo,n) and (Gp, || - [|-1,n) by Ej, and F, respectively.

Now the operator Ay, : Ej, — Fj, representing the k-step method (1.3) is given by

[ApY3)(t) = Yi(t;) — X; 2.1
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114 R. Kruse

for 0 <i <k — 1 and by

k
[AnYnl(t) = Zajyh(tz#jfk)
Jj=0
— Dyt Yitit)s o Vi), U e jmr ) 22)
fork <i < N and Y}, € E},. Please note, that the initial values f(i e L3(Q, Fis P Rd)
of the k-step method are incorporated into the definition of Aj,. Clearly, if a grid func-
tion X}, is generated by the k-step method (1.3) then A, X; = 0.

.. tivj—, .
Next, we turn to the stochastic increments (I, ™/ k) wed =1, .k and to the incre-

ment function ®. Let A be a nonempty, finite set of multi-indices & = (j1, ..., j¢),
where j; € {0,...,m} fori=1,...,¢. By £ =£(x) € N we denote the length of «.
For @ = (Ji, ..., j¢) € A the stochastic increment Ié" is given by the ¢-fold iterated
stochastic It6-integral

t S1 Se—1 . .
](;’:f / / dW'“(SZ)"'dW‘M(Sl),
ti—1 Jti— ti—1

with dW0(s) = ds. For example, we have I(té)) =t —t;_1 =h and I(t;) =W'@) —
W' (ti—1) € Fy, forr > 0.
For Aj, to be well-defined the increment function ®;, needs to satisfy

Ot V(i) Yu (). (a7 ey ) €LAQUFy PIRY) (23)

.....

for all Y;, € Ej, and ¢; € 3. In the following we will introduce three different numer-
ical schemes and show that (2.3) is fulfilled in each case.

Example 2.1 (Stochastic theta method) Let 6 € [0, 1]. For a time grid 7, the stochas-
tic theta method (STM) is given by the recursion

Yo = Xo,

m (24
Vi = Yoy =h (1= 0B i1, Yim) + 6600, Y ) + Db i, Yie DI,

r=1

for1 <i<N.

Obviously, the STM is a onestep method (k = 1) and one can choose A :=
{(r)|r =0,...,m}. For a given grid function Y, € Ej, the corresponding increment
function <I>2TM is defined by

DM, Y (tiz1), Ya(t), (I e )

= 1 (1= OB i1, Yalti—)) + 06t Vi (1)) + Db (it Yatim ).

r=1
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Characterization of bistability for stochastic multistep methods 115

By assumption (A2) the random variable ®37M (t;, Y), (t;i—1), Yn(t;), (Ie)ye 4) is
square- integrable and F, -measurable.

For the choice 6 = 0 one gets the classic Euler-Maruyama scheme. Unlike the de-
terministic case, the STM converges in general for every choice of 8 with the order
y = % (see the next section). An important application of the STM is the approxima-
tion of stiff stochastic differential equations (see [15]).

Example 2.2 (BDF2-Maruyama) As a prototype for drift-linear k-step methods we
consider the BDF2-Maruyama scheme [6] which is given by

Yo = Xo, Y| =X,

m
Y — gYi—l + %Yi—z = hgbo(l‘i, Yi) + Zlbr(ti—ls YD1,
—
1 & e .
-3 D b (i YIS, 2<i<N. 2.5)
r=1
As before, one can choose A :={(r)|r =0, ..., m}. The increment function ®£P¥

of the 2-step method takes the form

tigj—
OFPF (11, Yi(ti-2), Ya (i), Y @), (e ) e A j—1.2)

2 < . ,
= hgbo(tia Ya(t) + Y b (o1, Yt () — 3 D b (i, i)
r=I1

r=1

for grid functions Y, € Ej; and all #; € t;. Again, by the linear growth condition
(A2), the random variable ®BPF (1, Y, (t;_2), Yy (t;i—1), Ya (1), (Ié’*jd)aeAJ:])z) is
square-integrable and J,-measurable. Hence, the associated operator ABPF : E;, —
Fj, is well-defined.

It turns out that the BDF2-Maruyama scheme also converges with the strong order

= 1. In the deterministic case, linear multistep methods usually are of higher order
than the Euler method. Therefore, one expects a better approximation of the dominat-
ing drift term in systems with small noise and the approximation error is significantly
smaller than the error of the Euler-Maruyama scheme. We refer to [6] for a detailed
discussion.

Now we turn to the higher order It6-Taylor schemes which are based on an iter-
ated application of It6’s formula to the integrands of (1.2), provided that all appearing
integrals and derivatives exist. We refer to the books [21, 25, 26] for a rigorous deriva-
tion.

Example 2.3 (It6-Taylor scheme) As in [21, Chap. 5.4], for y € {5 |n € N}, we con-
sider the finite set of multi-indices

.A,,:{a:(jl,...,jg)H55(a)+n(a)§2y 0r€(ot)=n(a)=y+%},
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116 R. Kruse

where we write n(«) € N for the number of components of o which are equal to 0.
The It6-Taylor scheme of order y is given by

Yo = Xo,
Yi —Yi_ I—Zfot(tt 1, Yi— 1)1', 1<i<N. (2'6)
aeA,
Here, for « = (j1, ..., je¢), the coefficient functions f, : [0, T] x RY — R are de-

fined by
fult,x) = (L7 LI f)(t, x),

where f:[0, T] x R? — R? is the projection with respect to the second coordinate,
ie., f(t,x) =x.The L" are differential operators of the form

+Z T3 ZZ”’ ”ax,ax,

zllrl

d
]
=E b''—, r=1,...,m,
o 0

where b™ denotes the i-th component of the coefficient function " fori =1, ...,d
andr =0,...,m.

If we choose y = 2 then the set A1 consists of all multi-indices of length 1,
ie., A1 ={0),(),...,(m)}, and the coefﬁ01ent functions f, simplify to the drift
and difzfusion coefﬁ01ent functions of the SODE (1.1). Thus the It6-Taylor scheme of
order % is the well-known Euler-Maruyama scheme. One also easily checks that the
choice y = 1 leads to the Milstein method.

The associated increment function d>,IZTS is given by

O175 (1, Vi (b=, Vi (1), U ge A) = D faltiot, Yali—)) )
e A,

where Y}, € Ej. Under the following additional assumption the increment function is
well-defined:

(A3) The assumptions of Theorem 5.5.1 in [21], (i.e., the coefficient functions b"
of the SODE (1.1) are sufficiently smooth such that the functions f, and the
1t6-Taylor expansion exists up to the order y) are satisfied and for all « € A,
there exists a constant L, > 0 such that

[fo(t, %) = fa(t, V)| < Lalx —y| and [ fa(r,x)] < La(1 4 |x])

forall x, y e R? and 1 € [0, T].
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Characterization of bistability for stochastic multistep methods 117

We refer to [28, 33] for methods to approximate iterated stochastic integrals 1§, In
practice higher order schemes often turn out to be costly and this may outweigh
the advantage of the higher order of convergence. Nevertheless, in many important
applications the diffusion coefficients have some special properties which allow to
simplify the It6-Taylor schemes in a way that the use of iterated stochastic integrals
can be avoided. We refer to the corresponding discussions in [21, Chap. 5.8].

3 Definitions and main results

In this section we introduce our notions of consistency and (numerical) bistability of
a multistep method which are motivated by the work of Stummel [32]. For a com-
parison to related notions in the literature and for a more detailed embedding into
the abstract theory of discrete approximations we refer to [3] and [22], respectively.
In the second part of this section we give a precise formulation of our assumptions,
the characterization of the bistability of a multistep method and the two-sided error
estimates. We start with the definition of a consistent multistep method.

Definition 3.1 The multistep method (Aj)s~0 is called consiszent of order y > 0,
if there exist a constant C > 0 and an upper step size bound # > 0, such that the
estimate

|AprE X || —1.0 < CHY (3.1)

holds for all grids t; with h < h, where er denotes the restriction of the exact
solution X of (1.1) to the time grid 7.

The left-hand side of (3.1) is called local truncation error or consistency error
and uses our stochastic version of Spijker’s norm (1.5). The standard procedure of
eliminating convergence errors by successive triangle inequalities from local errors
(see “Lady Windemere’s fan” diagram in [13]) is not sharp enough to produce two-
sided error estimates. Next, we come to the definition of bistability.

Definition 3.2 The multistep method (Ap),~0 is called bistable with respect to the

norms || - |lo.x, || - |=1.x, if there exist constants C, C» > 0 and an upper step size
bound & > 0, such that the operators Ay, : E, — F}, are bijective and the estimate

CillAnYn — AnZpll-1.0 < WW¥n — Zpllo.n < C2lApYn — AnZnll-1.n (3.2)
holds for all Y}, Zj, € Ej, and all grids 7j, with h < h.

If only the right-hand side inequality in (3.2) is true we say that the multistep

method is stable. As we will see below, consistency and stability are sufficient for the

convergence of the multistep method (Ap)p=0.
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118 R. Kruse

Definition 3.3 The multistep method (Aj);~0 is called convergent of order y > 0,
if there exist a constant C > 0 and an upper step size bound # > 0, such that the
operators Ay, : Ej, — Fj, are bijective and the estimate

I X —rf Xllon < ChY

holds for all time grids 7, with & < h. Here X, and r£X denote the solution to
Ajp X = 0 and the restriction of the exact solution X to the time grid 7, respectively.

A bistable multistep method can be characterized by Dahlquist’s strong root con-
dition. The characteristic polynomial p of the k-step method (1.3) is given by

k
0(2) =Zajzj, zeC.
j=0

The strong root condition reads as follows:

Strong root condition If z € C with p(z) =0, then either |z] < 1 or z = 1 is a simple
root of p.

In [6] the authors showed for a different pair of norms that the usual root condition
(all roots of p lie within the unit circle and all roots with modulus 1 are of multiplicity
1) is necessary and sufficient for the stability of a stochastic multistep method. But,
as we will see in the next section, the usual root condition is not sharp enough to
characterize bistability.

For our stability theorem we also need the following Lipschitz-type assumptions
on the increment function ®y,.

(S1) There exists L > 0 such that for all j =k,...,N, Z € L*(Q, F;;, P; R?) and
Yy Gy

.....

tigi—,
— Ot} Vit s Y50 Yo 0) + 20 U ) e iy 0|

L2(Q)
< Lh|Z|l12(q)-

(S2) There exists L > 0 such that forall j =k, ..., N, Yy, Z, € Gy

E[| max
k<i<j

i

D @ty Yty Yultn). B ) A 1my i)

_ )

,,,,,

0<i<np

J
< LY E( max %) — Zu()l?).
n=0
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Characterization of bistability for stochastic multistep methods 119

Now we are in the position to formulate our first main result.

Theorem 3.1 (Characterization of bistability) Assume that the multistep method
(Ap)n>o satisfies p(1) =0, ar # 0 and the Lipschitz assumptions (S1), (S2). Then

(Ap)pso is bistable
if and only if
(Ap)n>o satisfies the strong root condition.

The proof of Theorem 3.1 is deferred to Sect. 4. The next theorem makes use of
the bistability inequality (3.2).

Theorem 3.2 Assume that the multistep method (Ap) -0 is bistable. Then for y > 0
(Ap)n>o is consistent of order y

if and only if
(Ap)n>0 is convergent of order y.

Moreover, there exist constants C1, Co > 0 and an upper step size bound h > 0 such
that the two-sided error estimate

CollARrEX =10 < 1 Xn —rf Xllon < Coll AnrfE Xl 10 (3.3)

holds for all h < h, where X, € Ej, solves Ay X, =0 and rf X denotes the restriction
of the exact solution X to the time grid ty.

Proof Since (Aj)p~0 is bistable there exist an upper step size bound h > 0 such that
the operators Ay, : Ej;, — Fj, are bijective for all 4 < h. Thus, there exists a unique
grid function X, € Ej, such that A, X;, = 0. Applying the bistability inequality (3.2)
to X and the restriction rf X yields the two-sided error estimate (3.3). The first
statement of the theorem is now evident. Il

The rest of this section is devoted to the three approximation schemes which were
introduced in Sect. 2. The first theorem is concerned with the bistability of these
methods and will also be proved in the next section.

Theorem 3.3

(1) Under the assumptions (A1) and (A2) the stochastic theta method and the BDF2-
Maruyama scheme are bistable.
(i1) Under the assumptions (A1), (A2) and (A3) the Ito-Taylor schemes are bistable.

The next theorem deals with the consistency of the approximation schemes and
is based on the following additional assumptions. Here we use the notation of the
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120 R. Kruse

remainder set B(A, ) of the It6-Taylor expansion (cf. [21, Chap. 5.4]) which is given
by

B(A)/):{az(jl’j21"'1jl)|jl:Ov"'vm$a¢~/4yv (jz""ajl)EA)/}'

(C1) The initial values are consisten_t of order y, i.e., there exist a constant C > 0
and & > O such that forall h < h

. — N' y
051‘;];1]{)(_1 |1 X () — X; ||L2(Q) <Ch".

(C2) There exists a constant K > 0 such that
16" (t,x) = b" (s, x)| < K(1 +[x])y/]t — s

forall x e RY, 1,5 € [0, T].
(C3) Forall « € B(A,) we have

T
f E <|fa(s, X(s))|2> ds < co.
0

The assumption (C2) is already used in [21, Theorem 10.2.2] to prove convergence
of the Euler-Maruyama scheme. The assumption (C3) is fulfilled if all coefficient
functions fy, @ € B (A,), satisfy a linear growth condition. Now we formulate the
consistency theorem.

Theorem 3.4

(i) Under the assumptions (Al), (A2), (C1) and (C2) the stochastic theta method
and BDF2-Maruyama are consistent of order y = %

(i1) Under the assumptions (A1), (A2), (A3), (C1) and (C3) the It6-Taylor scheme of
order y is consistent of order y .

The proof is deferred to Sect. 5. From Theorems 3.2, 3.3 and 3.4 one immediately
obtains the following result:

Corollary 3.1

(1) Under the assumptions (A1), (A2), (C1) and (C2) the stochastic theta method
and BDF2-Maruyama are convergent of order y = %

(ii) Under the assumptions (A1), (A2), (A3), (C1) and (C3) the It6-Taylor scheme of
order y is convergent of order y .

Moreover, in both cases, the two-sided error estimate (3.3) is valid.

Remark 3.1 By our choice of the norm (1.4) the convergence in Definition 3.3 and
Corollary 3.1 is understood in the L2-sense. In particular, the numerical solution X,
of the equation A;, X;, = 0 converges uniformly at each grid point to the restriction of
the exact solution X. The L?-convergence implies a good pathwise approximation for
each sample path @ € Q. In addition to this notion of strong convergence we mention
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Characterization of bistability for stochastic multistep methods 121

the concepts of (numerical) weak convergence (see [21, 25, 26]) and of pathwise
convergence (see [18-20]) which, however, are not considered in this paper.

Remark 3.2 One can use a slightly different pair of norms where the maximum occurs
outside the expectation, i.e., [ Vi llo,n := max,er, | Xn(t) — X (#:)] 12, and obtains
similar results. For the stochastic theta method a proof is given in [3].

Remark 3.3 In our approach we work with grid functions only. According to [21,
Chap. 10.6] one can interpolate the numerical approximation to an adapted, contin-
uous stochastic process X, : [0, T] — R? such that X () converges uniformly in ¢
to the exact solution X (#) with the same order that holds at the grids points.

4 Characterization of bistability

In this section we prove the Theorems 3.1 and 3.3. The proofs are done in several
steps, each in an own subsection. First we show that the numerical schemes from
Sect. 2 fulfill the strong root condition and the stability assumptions (S1), (S2). Hence
Theorem 3.3 directly follows from Theorem 3.1.

Next we show that the operator Aj, of the general k-step method (1.3) is invertible
under assumption (S1). In the third subsection we write the k-step method as a sum
of a linear operator and the increment function. We show that the k-step method is
bistable if and only if the linear operator is bistable. Finally, in the last subsection,
we show that the linear operator is bistable if and only if Dahlquist’s strong root
condition is satisfied.

In the last two subsections we apply techniques used by R.D. Grigorieff [12] for a
similar analysis of deterministic multistep methods.

4.1 Proof of Theorem 3.3

In this subsection we show that under the given assumptions the stochastic theta
method, the BDF2-Maruyama scheme and the It6-Taylor scheme of order y satisfy
the stability assumptions (S1), (S2) and the strong root condition. Thus Theorem 3.3
follows from Theorem 3.1.

By the definitions of the operators AflTM , Aff DF and A,ILTS the conditions p(1) =
0, ax # 0 and the strong root condition are satisfied in each case (the roots of the
characteristic polynomial of the BDF2-Maruyama scheme are z; =1, 2z = %). Thus
it remains to prove the stability assumptions (S1), (S2).

First we do this for the stochastic theta method (2.4). Let Y, € Gy, j=1,...,N
and Z € L*(Q, F, i P Rd), then by the Lipschitz-assumption (A2)

[ @5 15, Yi 50, Y1), U eo...m)

.
— 5T 15, Vi (tj-1), Y 1)) + Z, (L) )r=0...om)|

L2(Q)
= Hh@ (bo(tj, Yi(t))) — bo(t./v Ya()j) + Z)>

< LhllZ|l 20

LX(Q)
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where L = 0 K. This proves (S1) for the stochastic theta method. By the inequality
(a4 b+ c)? <3(@a? + b* + ¢?) we obtain for (S2)

i

S (@5 g, Yy, Vi), U ))r=0..m)

n=1
2)

E| max
I<i<j

. 2
l
_ 0 _ 30
<3E | max ;h(l 0) (B (ty-1. Yi(ty-1)) = Bty 1, Zn(ty-1)) )
; 2
0 0
+3E | max 2};9 (b (tys Yi(ty)) — B0(ty, zh(rn)))
n=
. 2
1 m
1
+3E 1???,- Z Z (br (ty=1, Yn(ty—1)) — " (ty—1, Zp, (tn_l))) I(:)
n=1r=1
=TT+1T,+Ts.

We estimate the three summands separately. For 77 Jensen’s inequality and the
Lipschitz-assumption (A2) yield

i
2
71 < 3E | max in*(1=0) 37 bty 1. Yi ) = Bty Zu (1)
<i1=<J
n=1

J 2
<3(1-6)’T Y hE (\b%n_l, Vittg-) = Bty Zntty-1)| )
n=1

J
=33 =0TK*h Y E(|Yulty-1) = Zi(ty-)|)
n=1

J
<Lh) E (0@% |Ya(ti) = Zn (r,-)|2) :

n=0

where the constant L > 0 only depends on 6, T and K. The term 73 is estimated
analogously. By the martingale property of the stochastic It6-integrals we are allowed

to apply Doob’s martingale inequality to term 73. Then we use E(|I(l;7)|2) =h and
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finish the estimate by

. 2
Jj m

T3 < 12E | D (0 (ty—1. Yalty—1)) — B (ty1. Zi(ty-1)) 1))
n=1r=1

J
=123 3 hKE (|Yattg-) = Zut,-D[)
n=1r=1

3

J
<Lh ZE <0r21asxn \Yn(ti) — Zp (ti)|2> .

n=0

Here the constant L > 0 depends on m and K. Altogether we have shown that the
stochastic theta method satisfies assumption (S2).

The BDF2-Maruyama scheme can be written as a linear combination of two
stochastic theta methods with different parameter values for 6, i.e.,

4 1 2h G "
Y, — §Yi71 + gYi72 - ?b @, Y) — Zb (ti-1, YiD 1,

r=1

1 - ti—1
+t3 Zbr(li—z, Yi )1,
r=1

2h h “
=Y; = Yi = b, Vi) = b0, Vi) = OB (i, Yie) G,

r=1

3

m
- [YH — Yo —hbO(ti1, Yii) = ) b (1o, Yiz)l(ti)l] : (4.1)
r=1
Hence we can separate both parts of the scheme and prove the assertion as in the case
of the stochastic theta method.
The It6-Taylor schemes are explicit onestep methods and (S1) is clearly satisfied.
It remains to prove (S2) for the Itd-Taylor scheme of order y. For Yy, Z; € G, and
j=1,..., N we compute

i
ITS Iy
Bl e [ (@175t Y (ty). Yit), Uiy n)
n:

2

— @IS (1,, Zy (ty-1), Zn(ty), (I‘in)OtEAy))
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2
=E| max |3 > [fal-1 Yalt-1) = faltyo1, Zu(ty-)] I
ﬂ=1aeAy
2
<41 ) E max Z [aty=1. Yalty—1)) = fultg—1. Zu(ty-1)] I
aeA, =1

Since |A, | < oo it is sufficient to estimate each summand separately. For all multi-
indices o € A, of the form o = (0,...,0), i.e., £(¢) = n(x), we have I =
1 ha"‘) In this case we apply Jensen s inequality and the Lipschitz-assumption
(A3) and estimate the summand by
; 2
E | max | [ falty-1. Ya(ty-1)) = fulty—1. Zn(ty—1))] Lo’

l<i<j
n=I

T Il
< G lgE(\faan], Yiltg-0) = futy-1, Zn(ty- 1))

r 20(a)—1 d B 5
= (E(oz)!)zLah ;E(‘Yh(tnl) Zh(fn—l)’ )
< T I hze(a)—liE max (Y1) — Zy ()P
B (E(Ol)‘)z “ = 0<i<n hilti h\li .

For multi-indices @ € A, with £(«) # n(a) we have E(I;"l]—' t,-1) = 0 with proba-
bility 1 (cf. Lemma 5.7.1 in [21]) and there exists a constant C such that E(|I¢;’7 |2) <
Cht@+7@) (cf Lemma 5.7.2 in [21] or Lemma 5.1 below). Hence, under the given
assumptions, the stochastic process (S;);=o,... y With

.....

Si = (falty—1. Ya(ty—1)) = fulty—1. Zn(ty-1))) I

n=1

is a discrete, square-integrable martingale. Once again we apply Doob’s martingale
inequality and obtain

E < max |S,~|2> <4E (|S,~|2)
1<i<j

J
= 4ZE (’[fa(tr]—ly Yh(tn—l)) - fa(tn—l» Zh(tn—l))] 1(;
n=1
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J
2
<4CLe Y WO OE(|Yi(ty-1) = Zutty-n)|)
n=1

J
<4CL " @Y R (Orgag Y1) = Zi (r,->|2) :
=i=n
n=0

Since £(«) + n(a) > 1 we have shown (S2) for the Itd6-Taylor scheme of order y.
4.2 Invertibility of Ay,

In this subsection we begin the proof of Theorem 3.1 by discussing the invertibility of
the operator Ay, : Ej;, — Fj, of the general k-step method (1.3). The following lemma
summarizes our result.

Lemma 4.1 Under the assumptions (S1) and ax # 0 there exists an upper step size
bound h > 0 such that the operators Ay, : E, — Fy, are bijective for all h < h.

Proof Let Y), € Fj,. The equation Ay, Xj = Y}, is written in terms of grid functions,
hence we have to solve a system of equations of the form

[AnXnl(1i) = Yy (1;) 4.2)

for all ¢; € 7,. We show that this equation is uniquely solvable for #; € t; if the solu-
tion is already uniquely determined for all ¢; € 7, with j <.

For 0 <i <k — 1 we have [A,Xp](t;) = Xp(t;) — f(,', where f(i denotes
the i-th initial value of the multistep method. Hence Xj(#;) := X i+ Yu(t) e
LZ(Q, Fis P ]Rd) is the unique solution of (4.2) for0 <i <k — 1.

Next assume that for j > k a unique and adapted grid function (X, (#;))o<i<j—1 is
known such that (4.2) holds for all 0 < i < j. Now the equation [A, X ](¢;) = Y, (¢;)
is equivalently written in fixed point form as

Xp(tj) = Fy(tj, Xp(2))),
where Fj (t;, ) : L2(Q, Fy,, P;RY) — L2(Q, F;, P; RY) is given by

k—1

1
Fu(tj, 2) = o <Yh(fj) - Zaixh(tj—i-i—k)

i—0
tidp—
+ Op(tj, Xn(tj—k)s - Xn(tj—1), Z, (IJ " k)aeA,n:L_._,k))

for Z € L3(2, Fi;, P RY). By assumption (S1) we get

] i
<Lh— HZ—Z‘

[P 2 - . 2|, =
L) ax

2@’
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Hence, for i small enough, Fj, (¢, -) is a contraction in LQ(Q, ]-"tj, P; Rd) and there
exists a unique fixed point, which we denote by X, (z;).

By induction we obtain a unique and adapted grid function Xj on the whole time
grid t; which solves Ay, Xj = Y. Therefore the operator A, is invertible under as-
sumption (S1). O

4.3 Reduction to the linear part

An important step for the characterization of a bistable multistep method is to realize
that the bistability only depends on the linear part of the operator A, as long as the
remainder part satisfies a Lipschitz condition. By the linear part we mean the operator
Ly : E, — Fp, which is given by

Y (1), forO<i<k-—1,

Y 0ajYaltivjx). fork<i<N. (4.3)

[LpYn)(@) = {

The residual operator is denoted by 7}, := A, — Lj,. The goal of this subsection is
to prove the following lemma which is a generalization of a corresponding result for
deterministic multistep methods [12].

Lemma 4.2 Under the assumptions (S1), (S2) and ay # 0 the multistep method
(Ap)n>o is bistable if and only if the sequence of operators (L) 0 is bistable.

For the proof we need the following discrete Gronwall-lemma.

Lemma 4.3 Consider constants y1, y» > 0 and a real sequence (x;) j—o,..N, N €N,
with
j—1
Xi <Y1+ an
n=0

forall j=0,...,N.Then x; <yie/?? forall j =0,...,N.

Proof of Lemma 4.2 Note that by assumption a; # 0 and Lemma 4.1 it is clear that
there exists an upper step size bound # > 0 such that the operators A;, and L;, are
both bijective for all & < k. Hence we only have to show that (3.2) holds for one
operator if and only if it holds for the other one.

First we assume that the bistability inequality (3.2) holds for the operator Lj. As
a start we prove that the estimate

%
(E (Omax' \Yn(ti) — Zn(ti) |2))
<i<j

k—1
<G [Z 1Ya(ti) — Zn ()l 120

i=0
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N
+ (E(max )) ] 4.4)
k<i<j

isvalid forall i < h, Yy, Zy € Ej and all 0 < Jj < N. For the proof we fix a step size
h<h,a grid function Y, € Ej, and 0 < j < N arbitrary. For every Z; € Ej, there
exists a unique solution X, € Ej, to the difference equation

Z (Lth (ty) — LpZp, (tn))

n=k

[LihZy)(1), forO<i<j,

(L Xn)(ti) = {[Lth](t,'), forj+1<i <N,

since L, is bijective for all & < h. As in Sect. 4.2 one shows that X}, (t;) = Z,(t;) for
all i < j. By (3.2) we obtain

2
(E ( max |V (1) — zh<rl-)|2))
0<i<j
3
= (E(max |Vh (1) — Xh<t,-)|2>)
O<i<j

<Yr — Xnllon

S CoLpYp — Ly Xpll—1

)

which proves the estimate (4.4). By inserting L;, = Aj; — T}, into (4.4) we get

k—1 i
=G Z 1Yn(t:) — Zn ()l 2 + <E (kfilflgj Z(Lh Y (ty) — LinZi(ty))
i=0 =~ p=k

1
<E ( max |Y,(t;) — Zh(ti)|2>> i
0<i<j

k—1
<G [Z DAGEFAD]PE

i=0

+ (E( max
k<i<j

<Co | 1ARYR — ApZpll—10 + (E<m?
k<i<

Z (AnYn(ty) — TnYn(ty) — AnZp(ty) + TnZn(ty))
n=k

)
)
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For the second summand assumption (S2) yields

i 2
E 1Y) —TyZ
(krgla}j D (@Y (ty) — TuZn(ty)) )
n=k
i
In+i—
= E<kr3ial<)(j > (cbh(r,,, Yi(tg—i0) o Yalty). (e Ve Ay 0

0ty Zalty0)s s Zn ), (" e g, )

2)

J
<Lh) E (Omax AGE Zh(r,->|2> : (4.5)
0 <i=n

Thus
(I =2C2LWE ( maX [Yn(ti) — Zn(t;)] )

j—1
<2C; | 1AnYs — AnZul%, , + Lh Y E ( max | (1) - zh(r,)|2)
=0
From Lemma 4.3 and for all # < min(#, ﬁ) we derive the estimate

j2CoLh

E(m,aX_|Yh(ti)—Zh(ti)|2) |ARYn — AR Zp|%, , e 2600
O<i<j ,

ZC Lh
<A4C |ApYy — AnZy, ||2_1,h AL,

Since Y, € Eh and 0 < j < N were chosen arbltrary the operator Aj, is stable for all
h < min(h, 0, L) i.e., there exists a constant C, independent of & such that

1Y% — Znllon < C2llAnYn — AnZpll—1,n
holds for all Y, Z;, € E},. Further we compute

NARYy — ApZpll—1

)

where we used A, = Lj, + T}, the left-hand side of the bistability inequality (3.2) for
L}, and the estimate (4.5). Altogether we have shown the bistability of the operators
(An)n>o0-

SWLwYn — LuZpll—y p + <E( max
k<j<N

J
D (TaYn () = Th Zu(t)]
i=k

1
< (C_1 +VL(T + 1)) 1Yr — Zpllo,n,
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By interchanging the role of the operators (Aj);~0 and (L)~ appropriately one
proves the bistability of (Lj);~0 analogously. O

4.4 Bistability of the linear part

In this subsection we deal with the missing link between Lemma 4.2 and Theo-
rem 3.1. Thus we have to show the following result:

Lemma 4.4 Under the assumptions p(1) = 0, ax # 0 the sequence of operators
(Lp)n=o is bistable if and only if Dahlquist’s strong root condition is satisfied.

By the assumption p(1) =0 we can write
p(2)=p"@)(z 1),

where p*(z) = Z’]‘.;(l) a";zj is a polynomial of degree k — 1 with a;_, # 0. We intro-

duce the operator L} : E;, — F}, defined by

Yu(@), forO0<i<k—2,

Z];;(l)a}‘-‘Yh(ti+j—k+1), fork—1=<i<N. (4.6)

[LyYnl(t) = {

Note that p* is the characteristic polynomial of the multistep method (L} );<o. More-
over, we have

LpYn(ti) = LpYu(t;) — Ly, Yn(ti—1) 4.7)

foralli =k, ..., N. The following result will be useful for the proof of Lemma 4.4:

Lemma 4.5 Under the assumptions p(1) =0, ay # 0 the sequence of linear opera-
tors (Lp)n>o is bistable if and only if there exist constants Ay, A > 0 such that the
inequalities

k—1 1
2 2
rY < Y (t; 2(E| max |L}Y,(t; <Y,
il hno,h_;ou AGIIEES ( (MSM| RAG] )) <22l Yallon

4.8)
hold for all h > 0 and Yy, € Ej,.

Proof By the linearity of the operators (Lj)n~0 the bistability inequality (3.2) is
written as

CillYullo,n < NLpYull=1,0 < C2llYrllo,n

for Y}, € Ej,. The relationship (4.7) gives

. 2 2
k—1 J
LpyYull-1p= Y, (¢t; E LpY, (¢
ILnYhll=1.n Z(j)n W ()2 + e 2}; WY (t)
J= 1=
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k—1
2 2
= 1Y)l + (E ( max |LiYu(t;) — L} Ya(te—1)| ))
0 k<j<N
]_

1

k—1 !
< § :||Yh(tj)||L2+2(E< max |Lth(tj)| ))
- k—1<
j=0
Conversely, we have

J
LyYu(tj) = ZLth(li) + LjYp(te—1),

i=k
which we use to obtain
k—1 1
Z Y5 ()l 2 +2 <E< max |L,1Yh(tj)| ))
j=0

k=1 j 2\ 2
_ . ) k
—ZuYh(r,,)uLz+2<E(k_rln<e>x<N i;Lth(r,)+Lth(rk_1) ))

j=0

ol

k—1
< 2(1 +3° |a;f|> Ln Yol -1.-

J=0

3 ok—1
ZLth, )) + 3 A+ 20Dl 2

j=0

d

In the next step we collect results on difference equations written in terms of
2_valued grid functions. For Zj € G, the unique solution Yj € Gj, to the equation
LYy = Zy is given by

k=2
Ya(t) =Y 0! Zn(ty) + Z w! Zp (ty), 4.9)
n=0 n=k—1
where for n =0, ...,k — 2 the real sequence (vl."),-:o,_,_, n solves the homogeneous
difference equations
k—1
1 _ P
Zajfvi_kﬂﬂ.—o, i=k—1,...,N, 4.10)
j=0
vf:c‘ii,n, i=0,....k—2,
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for n=0,...,k — 2 and the real sequence (w:.7 )i=0,...,n solves the inhomogeneous
difference equations

k—1

n =4 | =k —
Za;fwi—kﬂﬂ_‘st,nv i=k—1....N, (4.11)
j=0

w! =0, i=0,...,k=2,

1

forn=k—1,...,N with §; ; =0 for i # j and 6;; = 1. It is well-known how the

solutions to the linear difference equations (4.10), (4.11) can be expressed by the
roots of the characteristic polynomial p*(z) = Zl;;(l) aj.‘zf .

Let {; € C,i =1,...,s, be the pairwise distinct roots of p* with multiplicity
ki > 1 (k1 +---+kgs = k—1). A fundamental system of solutions to the homogeneous
difference equation (4.10) is given by

i,k j—K . R
u; = 1_[ vi|g o, i=1,...,5,k=1,...,k, j=0,...,N,
v=j—«+1

where ]_[@ = 1. All solutions (v;?)jzo,MN to (4.10) can be written as

where the coefficients c? € C are uniquely determined by the initial values (in par-

ticular, they are independent of N).
Now consider the real-valued solution (x;);—o,..., vy to the homogeneous difference
equation

k—1
Za;x,’_k_;,_l_;,_j:(), i=k—1,...,N,
Jj=0

xi=0, x2==—, i=0,....k=3.
k—1
For i < 0 we define x; := 0. Then we have

w; = Xi_pyk—2 (4.12)

for the solution to (4.11), since

k-1 k=1

* o071 _ koo, S,
DA iy =D ik =B
—~ —~

Note that (x;);—g
representation as a linear combination of the fundamental solutions (u’j’K) j=1,..,N-

~ solves a homogeneous difference equation. Hence it also has a

.....
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Remark 4.1 Under the usual root condition one can prove that the fundamental so-
lutions to the homogeneous difference equation (4.10) are uniformly bounded for all
N e N. This is sufficient to show that the solution Y, € G, to L, Y, = Z, satisfies

1Yrllo,n < CliZnllo,n

for a constant C > 0 which is independent of .. From this result one derives the
stability of the operators (Lj,);~0 but for a different pair of norms (cf. [12] for deter-
ministic multistep methods).

Proof of Lemma 4.4 By Lemma 4.5 it remains to show that the inequalities (4.8) hold
if and only if the strong version of Dahlquist’s root condition holds.

We first prove that the strong root condition is sufficient for the inequalities (4.8) to
be true. Let Y}, € Ej, denote the solution to LZ Y, = Zy € Fy,. Using the representation

(4.9) gives
)

k=2 1
2 2
DAYED <E( max [v] Zy (1] )) max
0 0<i<N 0<l<N
2

N

Z w] Zn(ty)

=k—

[N

=

k—2 N
n n
< max |v. ||| Z,(¢ E| max w.'| | Zy(t
_ZOOSSN| JIZn(e)ll> + | E | max ;1| T Zn (@)
n= N=K—

k=2
= (o 1) S0l

S e

1

~.

k—2 l

<Cy Z||Yh(t.,~)||L2+2<E( max |L Yi(ty)| )) ,

J=0

where the constant Cy is given by

Cy:= max max |vn|+— max Z |w |
0<n<k—20<i<N 2 0<i<N .

The first part of the inequalities (4.8) is proved if we can show

sup Cy < 00. 4.13)
NeN

But under the strong root condition all roots of p* satisfy |g;| <rg < 1 for i =
1,...,s. Hence there exists a constant C > 0 such that

| <Cry. j=0.....N, (4.14)
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foralli=1,...,sand x =1,...,k;. Since (v;?)jzo,,,.,;v and (x;)j—o,.. n are finite

linear combinations of the fundamental system (u;"() j=0,...,N the estimate (4.14) is
also valid for these sequences. By the relation (4.12) we compute

N i+k—1
n
Z w; Z |Xi —p+k—2| = Z | —n+k— 1|<CZV()<C
_ro
n=k—1 n=k—1 n=k—1

where we used x; = 0 for i < 0. Altogether this proves (4.13).
The right hand side of (4.8) follows directly from

1

k—1 3
Z||Yh(t.,-)||L2+2(E (k max_ [ LY (ty)] ))

j=0

k—1 2\\ 3
Sk||yh||0,h+2<E(k max [Zm DACE k+1+])|:| ))

k—1
< <k+22|a;‘|> Yallon -

Jj=0

Consequently, the strong root condition is sufficient for the inequalities (4.8) and for
the bistability of the operators L.

Conversely, assume that the inequalities (4.8) hold for all # > 0 and Y}, € E}, and
that p does not satisfy the strong root condition, i.e., there exists ¢ € C with p*(¢) =
Oand [¢] > 1. '

First, we focus on the case |{| = 1. Define z; = j@7+7) eR and let Yi(tj) =
zjY forY e LZ(Q, Fry P Rd). Then Y, € Ej, and if we apply LZ to Y, we get

k—1 k—1

. i— —n+j—k
LiYa(t)) = Y ax¥iltyjmir)) = Y ann -+ j —k+ 1) (g7 741 4 277
n=0 n=0
J—k+1 % jkr2 d s =J —j—k+2d
=—¢ P (&) +¢ o) =TT @+t —p (£).
dz dz
Since p* is a real polynomial we also have p*(¢) =0 and thus
max |LjYu(t))] < ip*(C) + ip*(?) <00
k—1<j=n REMIN=0g, dz '
Combining this with (4.8) gives us
k—1 1
2
Al Yallon < ZIIYh(tj)IILz +2<E (k max |Lth(lJ)| )) <00
j=0
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for A1 > 0. On the other hand we have

lim || Y}, |lo,» = 00
h—0

which contradicts (4.8). '
The case |¢| > 1 also contradicts (4.8) by using z; = e +Ej eRfor j eNy. O

5 Consistency

The aim of this section is to prove Theorem 3.4. We deal with each numerical scheme
in a separate subsection.

5.1 Consistency of the stochastic theta method

The consistency of the stochastic theta method is proved by the same arguments as in
[3]. Here we only have to deal with the additional difficulty that the maximum occurs
inside the expectation. But following the estimates in [3] line by line we see that
this fact causes nowhere a problem in the estimate of the drift approximation. Since
the stochastic integrals, which appear in the diffusion approximation, are martingales
we are allowed to apply Doob’s martingale inequality. After this additional step one
proceeds as in [3].

5.2 Consistency of the BDF2-Maruyama method

Under the assumptions (Al), (A2), (C1) and (C2) the consistency of the BDF2-
Maruyama method is proved very similar as in the case of the stochastic theta method.
Again we use the fact, that the BDF2-Maruyama method can be written as a linear

combination of two STMs with different parameter values (4.1). Then both parts are
estimated by the same arguments as for the STM.

5.3 Consistency of higher order Itd-Taylor schemes

In this subsection we prove the consistency of the Itd-Taylor schemes. Choose y €
{% | n € N} such that assumptions (A1), (A2), (A3), (C1) and (C3) are satisfied. For
the estimate we need the following result on It6-Taylor expansions from [21].

Theorem 5.1 Under the assumptions (A1), (A2), (A3) the Ito-Taylor expansion

X)) =X@-1)+ Z Jaltio, X (G + Z Ia[fa(uX('))]Z,l,
aeA, aeB(A,)

holds foralli =1, ..., N, where for o = (j1, ..., j¢) € B(A})

ti S1 Se—1 , ,
Llful X (DT = / / / Fulse, XGO)W (sp) - dW(s1).
ti—1 Y11 ti—
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For the proof we refer to Theorem 5.5.1 in [21]. Now the local truncation error of
the Itd-Taylor scheme of order y takes the form

1
2 2

i
ITS E v ITS E
14K r Xll-1s = 1X (©) = Xoll > + | E | max Zl[Ah rEX1(t))
J:

Again, by assumption (C1), the initial value X is assumed to be sufficiently consis-
tent. Thus we are only concerned with the second summand

1
2 2

i
E AITS EX t
max ;[ ASrEX)())]

= <E<131XN 2[}(@;) -y fa(tj_l,X(tj_l))Ié"]
p

wed,

- (e x, wcxon]

aeB(A,))

1
2>>2
1

2 2

> |E max Zl [fa . XODIP :
aeB(Ay)

IA

where we applied Theorem 5.1 and the triangle inequality. Since the remainder set
B(A,) is finite (cf. [21, Chap. 5.4]) it is enough to estimate each summand sep-
arately. First we consider all multi-indices a € B(A,) with £ = {(a) = n(a), ie.,
a=(0,...,0). For these multi-indices one computes

2

E| max lex [fot('aX('))];],:q

1<i<N
]:

. 2
! tj 51 Se—1
=E | max E / / / Ja(se, X (se))dsg---ds
l<i<N j=1 tji1Jtj—1 fj—1

2

i

=E | max Z 1)'[ fols, X(s))(tj_s)/é Lge

1<i<N |4
j=

! ’ 2 206—1)
f((g_l),> E( max th/t, fals Xty =52Vl
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where we used Jensen’s inequality in the last step. We complete the estimate by

— [ X d h2[ 2
= ((ﬁ 1)l> Z'/;/ 1 | fa (s, X (5))] ) s
(;)ZT/TE(U(‘ (S X(S))|2> s 2[—2'
(( — 1)! 0 [PACK] (i h

By assumption (C3) the integral is finite and by the definitions of .4,, and B(A, ) we
have o € B(A,) with £(a) =n(a) only if L =L(a) =y +1or L =L(a) =y + %
Hence 7>~ = O(h?), which is also the order of the complete term.

Thus it remains to estimate the summands with all indices o € B(A,) such that
n(o) < (o). In this case note that E(/,[ fo (-, X (- )) fi1 | F1,) =0forall i < j (cf.
Lemma 5.7.1 in [21]). Therefore (S;);=1,... ny With §; = Zl] ol fa (G, X (- ))],7 isa

discrete martingale. Furthermore, by Lemma 5.1 below, we have the following esti-
mate of the second moment:

1
(|t L xOl [ ) < a0 @ [ g (17w xR d
t

Jj—1

forall j =1,..., N. Thus we are allowed to apply Doob’s martingale inequality and
obtain
; 2 N 2
tj 1
E| max 2} Io [faC. X)) | | <4E 2; o[faC. X))
= j=

[fal, X (- ))]‘f

spe(eteeron )

T
= 4/ E <|fa(u, X(”))|2) du h[(a)-‘-n(a)_]’
0

where we used the martingale property of the stochastic integrals and Lemma 5.1.
Also in this case we have £(a) +n(«) — 1 > 2y by the definitions of .4, and B(A,).
Hence under the given assumptions the It6-Taylor scheme of order y is consistent of
order y.

Lemma 5.1 Assume that the stochastic process f :[0,T] — RY is stochastically
integrable with respect to the iterated Ito-integral 1. If

/StE(lf(u)lz) du < 00

forall0<s <t <T then

d

LfO].

t
2> : / N ('f(”)|2) du (1 — s) @ Fn@-1
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forall0 <s <t <T and all multi-indices «.

Proof The proof is similar to the proofs of Lemmas 2.1 and 2.2 in [25] and done by
an inductive argument. If £(«) = 1 and hence o = (1), then the estimate holds with
equality in the case j; # 0 by the Ito-isometry. If j; = 0, then the estimate is just
Jensen’s inequality.
Let ¢(«) > 1 with @ = (1, ..., je¢). First consider the case j; = 0. Then by
Jensen’s inequality
)

E(Ia[fo)]i
t 51 Se—1
// /k f(sl)de](sl)"'de‘(sl)

S(t—S)/tE(

2
)ds1
t
=<t—s>f E (| [£OL']") ds:.

where @ = (Ji, ..., je—1) with £(&) = £(«) — 1 and n(@) = n(e) — 1. By the induc-
tion hypothesis we get

A(AVOINNE / TE(1£ ) du (51 - @@

)

/Sl ...fspl f(Se)del (s¢) - .de/é—l(Sz)

t
5/ E(If(u)lz) du (t — s)t@+n@=3,

Therefore

d

L [fO)]

1 t
2) =(- s)/ f E (lf(u)lz) du (t — s)t@+n@=34¢,

t
=/ E (If(u)|2) du (t — S)z(a)m(a)q_

If j¢ # O the It6-isometry gives

i ( )= [E(lron ).

After applying the induction hypothesis one uses n(&) = n(«) to obtain the same
order. g

LfO]

6 Maximum order of convergence

In this section we extend a well-known result from J.M.C. Clark and R.J. Cameron
[8]: They constructed an example to show that, in general, a numerical scheme has the

@ Springer



138 R. Kruse

maximum order of convergence % if it only uses the increments W (t;) — W' (t;—1)
of the driving Wiener processes.

With the same example this result follows in a natural way for the stochastic theta
method and BDF2-Maruyama from the two-sided error estimate (3.3). This is demon-
strated in [3]. Here, we present a generalization of Clark and Cameron’s example to
treat the higher order Itd6-Taylor schemes.

Theorem 6.1 In general, the maximum order of convergence of the Ité-Taylor scheme
of order y is equal to y .

Proof Let y = 75 and consider the (n + 1)-dimensional SODE

dX1(t) =dW' (@), dX2(t) = X1(0)dW2 (@), ..., dXns1(t) = X, )dWH (1),

(6.1)
X(0)=0eR"!

which has the solution

Xi(t)=W'@) = Iy[11), Xo2(t) = Tap[1Th, ...\ Xp1 () = I, asny[115, (6.2)

where we used the notation from Theorem 5.1. First one checks that the first n com-
ponents are exactly approximated by the It6-Taylor scheme of order 5. In order to
keep the notation simple we only show this for the Milstein scheme (n = 2) which is
written as

X,(0)=0€eR?,
t
y
Xn(t)) =Xp(ti—1) + Xh,1(t,'_1)1(’2)+1(’1’2)
Xh,z(ti—l)l(tg) + Xh,l(ti—l)l(t'm)
For the first component we have
N J J
Xi(j) =11y = Whap =Y W) = W =Y 1) = Xa@)).
i=1 i=1

For the second component we get
. . i
Lj lj—1 1 2
Xa(t) =t 1 = fan "+ [ Wedw?s)
tji—1

_ j-1 1 Ij i 1 1 2
=lap[lly  +W (-1 + Wi(s) = W (tj—1)dW~(s)
tji—1
L

i t
=Iap[ll] " + Xna(tj—D1 )+ 1 5
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Now, an inductive argument yields X»(#;) = X, 2(¢;) for all j =0, ..., N. For the
last component we compute

ti ti ti
X3(tj) = X3(tj—1) + Xo(tj—) 15 + X1 (tj-D1 5 5+ 1] 5 3

which shows that the local truncation error of the Milstein method takes the form

2

1<i<N

i
ITS E 2 _ lj
1A SrEXI2, , =E[ max 21(1’2’3)

1

For the general Ito-Taylor scheme of order y = 75, one can prove analogously

i 2

ITS .Ey 2  _ Ij
1AL 7y X112y, = E| max DI ey
si=N|

By using the martingale property and the It6-isometry we arrive at the lower bound

1

T
ITS E y 12
1AL "y Xl =10 = <(n+1)!> he O
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