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Abstract In this paper we consider ordinary differential equations with a

known

Lyapunov function. We study the use of Runge—Kutta methods provided with a dense
output and a projection technique to preserve any given Lyapunov function. This
approach extends previous work of Grimm and Quispel (BIT 45, 2005), allowing
the use of Runge—Kutta methods for which the associated quadrature formula does

not need to have positive or zero coefficients. Some numerical experiments sh
good performance of the proposed technique.
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224 M. Calvo et al.

1 Introduction

In geometric integration the development of numerical methods must be addressed
not only by stability and accuracy requirements. They must also reproduce some geo-
metric property of the differential system such as first integrals, symmetries, symplec-
tic structure, etc. In the last years there has been great interest in this topic and a lot of
work has been done about it. Information about geometric integration can be found
for example in Budd & Iserles [2], Budd & Piggott [3], Hairer, Lubich & Wanner
[11], Leimkuhler & Reich [15], McLachlan & Quispel [16—18] and Sanz-Serna &
Calvo [23].

In this paper we will deal with autonomous initial value problems for systems of
ordinary differential equations

Y =fo@),  yt) =y eR", (1.1)

having a smooth Lyapunov function V: Q — R, where Q is a domain of R (see
e.g. [14, 22]). More precisely, we assume that the flow of (1.1) satisfies

a(y):=VV(Qy) - f(») <0 VyeqQ,

and the function V is bounded from below. Therefore V = %V(y(t)) < 0 for each
solution y(¢) of the differential system that stays in 2. Furthermore, V is said to be
a strict Lyapunov function if < holds outside the set of equilibrium points £ = {y |
f(y) = 0}. We remark that we have taken autonomous flows and Lyapunov functions,
but the following approach also holds for nonautonomous problems.

We are interested in numerical methods that reproduce that property of the differ-

ential system. Thus, a one-step method given by

Yn+1 =Pp(yn), n=0,1,2,...
is said to have the Lyapunov function V if

V(yn+1)§V(yn), n:0,1,2,....

In this case, the Lyapunov function V is said to be strict if < holds outside the set
of fixed points Ej, = {y | ®5(y) = y}. Methods of low order for which a Lyapunov
function V of the differential system is also a discrete Lyapunov function have been
considered for example in [7, 19, 20, 26].

Grimm and Quispel in [9] proposed projection-based methods that can preserve
an arbitrary smooth Lyapunov function and can have arbitrarily high order. However,
this approach applied to the case of a Runge—Kutta method with coefficients (a;;, b;),
has the limitation that it must have an associated quadrature formula with nonnega-
tive coefficients b; > 0. This implies that relevant methods, such as the well-known
Dormand and Prince 5(4) pair, used in the Matlab ODE suite [25], the pair 5(4) of
Fehlberg [12, I1.5], or the pair 6(5) of Calvo et al. [5], cannot be suitable for this kind
of problems. In this paper we present a modification of the method proposed by these
authors so that, by using a dense output for the Runge—Kutta formula, any Lyapunov
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Projection methods preserving Lyapunov functions 225

function can be preserved even for methods with negative coefficients b;. Dense out-
put for most Runge—Kutta methods of practical interest can be found in the literature
(see for example [12, pp. 188], [5, 8, 21, 24]). Both the Grimm—Quispel methods
as well as ours can be easily extended to systems of ordinary differential equations
having more than one Lyapunov function.

The structure of this paper is as follows. In Sect. 2 we present the new approach for
preserving Lyapunov functions and we analyze the order of the resulting numerical
approximation. Next, in Sect. 3, we present some numerical experiments showing the
performance of the proposed technique. Finally, some conclusions are established in
Sect. 4.

2 Methods preserving Lyapunov functions

We start from an s-stage explicit Runge—Kutta (RK) method ¢, of order p with given
coefficients a;;, b;, provided with a dense output of order p, usually p > p — 1, with
§ > s stages, given by the equations:

N
Ynto =Ya+h Y bi®)gi. 0€[0,1] .1
i=1

i—1
gi=f<yn+h2aijgj>, i=1,...,s. 2.2)

j=1

The proposed methods calculate an approximation y, 41 to the solution of (1.1) at
the time #,,1 = f, + h, from the values (t,, y,), according to the following three-steps
algorithm:

Step 1: After calculation of the internal stages (2.2), compute V,+1 = @5 (y,), ap-
proximation given by the basic RK method:

N
Far1=yn+h Y bi(l)gi.

i=1

Step 2: Compute the approximation V;,4 to the Lyapunov function:

m
Var1 =V () + /’le?Ol(yn_;_c;k),

i=1

where b}, cf,i =1, ..., m, are respectively, the coefficients and nodes of the
Gaussian quadrature formula in [0, 1] with m nodes, and the values y, .+ >~
Yty +cfh), i =1,...,m, are calculated from (2.1)~(2.2) correspondiné to
the dense output of the RK method.

Step 3: Compute y, 1, projection of ¥+ onto the (N — 1)-dimensional manifold

M={y|lgy):=V(Q)— Vi1 =0}
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226 M. Calvo et al.

These new methods are inspired by the projection-based methods described by
Grimm and Quispel in [9]. There, the authors use in Step 2 the same RK formula
as in Step 1 to approximate the Lyapunov function. In consequence, the coefficients
b; of that formula have to be non-negative, i.e. b; > 0,i =1, ...,s. However, we do
not need to impose any restriction about the coefficients of the basic RK formula. In
relation with the requirements of our Step 2, it is well known that there exist Gaussian
quadrature formulas with m nodes for any integer positive m, so we will easily be able
to choose the most appropriate method for each situation. It will not be either difficult
to get a dense output of the underlying RK method as required there.

As far as Step 3 is concerned, some known projection techniques calculate the
projected value in the form

Y1 = Ynt1 + ApWh, 2.3)

where w, = w,(yn, h) € RV defines the direction of the projection and A, =
An(¥n, h) € R is chosen so that y,41 € M. Thus, standard projection ([11], pp. 106)
computes y,+1 by solving the constrained minimization problem

Minimize [[yo41 — Fur1ll - subject to g(yus1) =0.

If the norm considered is the Euclidean, || - ||2, the Lagrange’s necessary conditions,
after approximating Vg (y,11) & Vg(Jn11), lead to the system

Ynt1 =Yn1 + A VE(ny1) With g(yu41) =0.

Then we say that y,y; is the orthogonal projection of ¥,,+; onto M, which is of the
form (2.3) with w,, = Vg(¥,+1). Another example of projection of type (2.3) can be
seen in [4], where the authors propose to choose the direction w,, as the unit vector

_ Qoh()’n)_ah(yn)
" llenGm) — @r )l

Here ¢, denotes an embedded method to the RK method ¢;, whose solution is pro-
jected onto the manifold.
After choosing the direction wj,, we have to solve the non-linear equation for A,

V(on(yn) + 2wp) = Va1 =0, (2.4)

by using some iterative scheme, for example, by applying the Newton’s method.
The new projection methods preserve the Lyapunov function V. In fact, we can
write

m
Vi) = Var1 = VOn) +h Y _bFaOuser) < V),

i=1

since i > 0 and the coefficients b > 0 for all i.
If the differential system has a strict Lyapunov function V, it would be desirable
that the discrete Lyapunov function corresponding to the new methods were strict
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too. In fact, we have

m
VOurD) < V) & Y bfale) <O.

i=1

Since b} > 0 forall i and a(y) < 0, the last inequality is violated only if all Yn+ct are
critical points of (1.1), and this is quite unlikely. Note that if the solution y(¢) is not
close to an equilibrium point, in the sense that || y(¢) — y*|| > d > 0 for all ¢ and for all
equilibrium point y*, then there exists 2* = h*(d) such that || y(t, +c}h) — Ynterll <
d for all & < h* and the discrete Lyapunov function is also strict.

From now on, we will denote by y(#, + k) the local solution at #, + A, i.e., the
solution of the differential system in (1.1) that satisfies y(¢,) = y;, evaluated at t,, + .

Proposition 2.1 The local error for V calculated according to Step 2 satisfies
VO (ta +h) = Vi1 = O, k=min{jp + 1, 2m).
Proof If we integrate V = a(y) between ¢, and t, +h and then we apply the Gaussian
quadrature formula we obtain
m

2m 1 m
V(y(ta+h) =V () + h|:Zb;“oz(y(tn +cfh)) + 1/’(2m()§') /O []e- cl’.k)2d1':|,
i=1 ’ i=1

where V¥ (t) = a(y(t, + th)) and & € (0, 1). Since we can write
a(y(tn + ¢f 1) = aGinser) + ORI,
and ¥2" (&) = O (h*™), the result follows. 0

Now, we will give sufficient conditions that guarantee the existence of solution
for A in (2.4). They will allow us to obtain the order of the new Lyapunov function
preserving projection methods. The following results follow the ideas in [4] where
explicit RK methods preserving invariants were studied.

Theorem 1 Let us consider the projection method which preserve V described above
by Steps 1 to 3. IfVV(yn)T - Wy (Yn, 0) # 0, then we have:

(1) There exists h* > 0 so that (2.4) defines a unique function A, = A(yy,, h) for all
h € [0, h*].
(i1) The order of the projected method is > min{p, p + 1, 2m}.

Proof The proof follows closely the one of Theorem 4.1, part (i), in [4], by consider-
ing the function

v(h, A) = V(gn(yn) + Awy) — Vg

= V(gn(yn) +2wa) = V() —h Y bia(uier),

i=1
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228 M. Calvo et al.

which is continuously differentiable in some open ball with center in (0, 0) if we
suppose that the functions involved are smooth. g

Remark:

1. If standard orthogonal projection is used, i.e. wy,(y,, ) = VV (¢ (y,)), then
the sufficient condition in Theorem 1, VV (y,)” - w, (yn, 0) # 0 is equivalent to
||VV(yn)||% # 0, and so it is equivalent to VV (y,) # 0.

2. If directional projection of Calvo et al. is considered [4], then

Cpr1(yn)

= + O(h),
1Cp11(m)ll2 "

Wy (Yn, h)

where Cj 4 (yn)h’”rl is the leading term of the local error of the RK method @,
embedded to ¢;. Hence,

VVOD - wan, 0) #0 & VV (3 Cpii(yn) #0.

Theorem 2 Let us consider the projection method which preserve V described
by Steps 1 10 3. If VV(@r,(ya)" - wa(yn, h) = BOWA + ORFY), with r > 1,
B(y,) #0, and 2r <min{p, p + 1, 2m}, then we have:

(i) There exists h* > 0 so that (2.4) defines a function A, = M(yn, h) for all h €
(0, h*]. Moreover, A, is the only function satisfying A(y,, h) = O(h").
(ii) The order of the projected method with A, is > min{p, p + 1,2m} —r.

Proof (i) We define the real function z(k, i) by
2, 1) = h 2 [V @n() + i w) = Vi |, for b £0.

By applying Taylor’s theorem and taking into account the hypothesis imposed, we
can write

z2(h, ) = h_Z’[V(w(yn)) + ph" V'V (@n () wy

M2h2r

2

+ w! Hy (on (yn))wn + OR") — Vn+li|

2
= uB(y) + %w,? Hy (04 (n))wn + O(h)

where Hy is the Hessian matrix. Thus, we can define
2
20, ) = lim 2(h, j1) = B ) + = wn im0 Hy () wa (3, 0)

and z(h, ) is continuous for & > 0. Furthermore, the function dz/du is also contin-
uous in a neighborhood of (0, 0), and we have

z(0,0) =0, a—Z(O, 0) = B(yn) # 0.
ou
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Projection methods preserving Lyapunov functions 229

Therefore, the implicit function theorem guarantees the existence of #* > 0 and a
unique function u = p(h) such that «(0) = 0 and z(h, u(h)) =0 for all h € [0, h*].
This means that A, (h) = h" ;e (h) is the only solution of (2.4) for all & € (0, h*] satis-
fying A, (h) = o(h").

(i1) To know the order of the projected method, we write

z(h, 1) = z(h,0) + g—Z(h, 0O)u +O(u?),

where

2h,0) = h™2 [V(@n()) = Va1 | = O+,
2 1.0) = 220,00+ O) = B + Oh)
o o

with [ = min{p, p + 1, 2m}. It implies that © = O(h!~2>"*1) and so A, = ORI~ *1).
Therefore, the order of the projected method is > 1 —r. 0

Remark The above theorem guarantees the existence of a solution A(y,,h) for
h small enough, but uniqueness cannot be ensured in general if VV(y,)! -

Wy (Yu,0) =0.

3 Numerical experiments

We now present some numerical experiments to show the behavior of the new pro-
jection methods which preserve Lyapunov functions.

The V-preserving methods considered here are based on well known explicit
Runge—Kutta formulas, used in the Matlab package [25]. They have been imple-
mented by using either fixed or variable step size strategies. Thus,

e BS32 will denote the 4-stage embedded RK pair of order 3(2) derived by Bogacki
and Shampine [1]. The step size control is done taking into account the estimate of
the local error, obtained by the difference between the 3th-order and the 2nd-order
approximations [12, I1.4].

e pBS32 denotes the method preserving V obtained from BS32 as described in
Sect. 2. It uses a dense output of order 3 with no additional f-function evalua-
tions over the pair, given in [#,, #,41] by the Hermite interpolant obtained from the
values (#,, v, f (yn)) and (ty41, Yn+1, f (Yn+1)). The method pBS32 also uses the
Gaussian quadrature formula in [0, 1] with 2 nodes.

e BS3 represents the 3-stage 3th order method in the pair BS32, implemented with
fixed step size.

e pBS3 is used to represent the method preserving Lyapunov functions obtained as
described in the previous item, but now taking BS3 as the basic method instead of
BS32.

e DP54 will denote the 7-stage embedded 5(4) RK pair of Dormand and Prince [6],
of course implemented with variable step size.
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230 M. Calvo et al.

Fig. 1 Duffing equation (3.1): Duffing equation, BS3, h=0.4, te[0,150]
phase portraits, ¢ € [0, 150] 15 : : : : : : :
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i
05
€> 0
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-15 : ; : : : ; :
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
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15 T T T T T T T
exact
1t . i
05
= o
>
-0.5
1
-15 : : : : : : :
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
X(t)
Duffing equation, pBS3, h=8/15, te[0,150]
15 T T T T T T T
exact
i
0.5F
€> 0
-0.5
1k
-15 : : ‘ . : : :
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
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Fig. 2 Duffing equation (3.1):
phase portraits,

Duffing equation, DP54, rtol=atol=10"%, te[0,150]

15 T

— —_10-3
rtol = atol = 10 exact
- DP54
1 L : - . 4
05h - N R ' * NN 1
= i
or e 1
= .
LR
—05f S p
RROVIEI
s N : . ]
-15 | . . | | | |
2 -15 -1 -05 0.5 1 15 2

0
x(t)
Duffing equation, pDP54, rtoI=atoI=1O'3, te[0,150]
15 T T T T T T

exact
+  pDP54
1k : . i
iy ':,-’ N . = N
0.5F iy - Q) NN = \ b
o
— ¢
= 3
of i 4
= R
-
-0.5r “es 1
)
1t B = . _-. i
15 . . . . . . .
-2 -15 -1 -0.5 0.5 1 1.5 2

0
x(t)

e pDP54 represents the method that preserves Lyapunov functions, obtained from
DP54. In this case, it is possible to construct a continuous formula of order 4 that
does not require any additional function evaluation of the form (2.1) with § = 6,
where g;, i =1, ..., 6, are the function evaluations corresponding to the 5th order
method. For this projected method pDP54 we have used the Gaussian quadrature
formula with 3 nodes.

e DP5 is the 6-stage formula in DP54 of order 5, implemented with a fixed step size.

e pDP5 is used to represent the V-preserving method obtained as pDP54, but now
from the underlying formula DP5.

The numerical results presented here correspond to standard orthogonal projec-
tion. Thus, we have taken the unit vector w;, = VV (3,+1)/IVV (Jn+1) |2 as the di-
rection in the step from (#,, yy).

Let us notice that the coefficients b; of the formulas in BS32 are all positive. There-
fore, the projected method proposed by Grimm and Quispel in [9] can be considered
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Fig. 3 Duffing equation (3.1):
V(y(t)) against ¢, h = 0.7 (top),
rtol = atol = 0.006 (bottom)

0.3
0.2

0.1r

0.4

0.3r
0.2

0.1

-0.3
0

Duffing equation, h=0.7

exact
—— pBS3
— — pBS3(GQ)
- - —BS3

150

Duffing equation, rtol=atol=0.006

exact
- - —BS32
—— pBS32
— — pBS32(GQ)

for that pair. We will refer to that method as pBS32(GQ) or pBS3(GQ), respectively,
according to whether variable or fixed step size is used.
Note also that pBS3 uses 4 function evaluations per step because to compute
the dense output, the FSAL stage f(7,+1) must be calculated, whereas BS3 and
pBS3(GQ) only require 3 function evaluations per step.
The first test problem is the Duffing equation without external forcing given

by [10]:
X 4ax' —x+x>=0, 3.1)
with a constant a > 0, which can be written as the first-order system
x' =y, y/=x—x3 —ay. 3.2)
Since V(x,y) = y2 —xr4 %x“ has V = —2ay2 <0, it is a Lyapunov function

for (3.2).
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Fig. 4 Duffing equation (3.1):
error in V against rtol, m = 1
and m = 4/3 are reference
straight lines with slopes 1 and
4/3, respectively

Duffing equation, te[0,150]

log lerror in VI

~14

107 . . .

10 -8 -6 4 2

10 10 10
log (rtol)

Fig. 5 Duffing equation (3.1):
global error against & (top) or 10°

Duffing equation, te[0,150]

rtol (bottom), m =3, m = 1 and
m =4/3 are reference straight i
lines with slopes 3, 1 and 4/3, 107 1
respectively —
§ 107 b ]
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o
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10 °F —5— pBS3
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- ‘ ‘ R et =
107 107 107 107 107" 10°
log (h)
Duffing equation, te[0,150]
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log llglobal errorll
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1072 - —6— pBS32(GQ) |
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‘ :
107 10 10

log (rtol)
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Fig. 6 Duffing equation (3.1):
global error against rtol, m = 1
is a reference straight line with
slope 1

Duffing equation, te[0,150]

log liglobal errorll

107% 107° 107°

107° 107" 107

p
log (rtol)

Fig. 7 Duffing equation (3.1): Duffing equation, te[0,150]

global error against function 10°
evaluations —*— BS3
—&— pBS3
107 F —o— pBS3(GQ) | |
E -4
O 10"t J
-
()]
® | -
o 10° i
i)
o
o 10° ]
o
107
-12 L L L L
10 3 4 6 7 8
10 10 10 10 10

10
log (NFCN)

In the numerical experiments we have taken as initial condition at ¢ = 0 the point
yo = (1.6,0), and as value of the parameter a = 0.01. The integrations have been
carried out for r € [0, 150].

We show in Fig. 1 the phase portraits corresponding, respectively, to BS3,
pBS3(GQ) and pBS3, each one compared to the exact solution. We have taken the
step size h = 0.4 for BS3 and pBS3(GQ), and & = 8/15 for pBS3, to compare meth-
ods at equal work. Recall that pBS3 employs 4 function evaluations per step whereas
the other two methods only employ 3. The phase portrait is incorrect as for BS3,
whose numerical solution goes to the equilibrium point (—1, 0) in a wrong way, as
even for pBS3(GQ), which ends up at the wrong equilibrium point (1, 0). However,
the new projection method pBS3 already exhibits the proper behavior even though it
uses a larger step size. It can also be seen that if we reduce the step size & and we
take & = 0.3, then the projection method pBS3(GQ) also gives rise to a correct phase
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Fig. 8 Second test problem L : _X2 2 _
apunov system with V=x"+y“, BS3, h=0.5
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Fig. 9 Second test problem
(3.3): phase portraits,

Lyapunov system with V=)g+y2, DP54, rtol=atol=1 072
rtol = atol = 10~2, 1 € [0, 150] ' ‘ ‘ ‘ ‘ ‘ ‘

0.5r

y(t)

0.5 e

. . . . .
-1.5 -1 -0.5 0 0.5 1 1.5 2

portrait, whereas the standard method BS3 still shows an incorrect behavior going
towards the point (1, 0).

This good behavior of the new projection methods has been also observed for
variable stepsize. In Fig. 2 the results for DP54 and pDP54 can be seen, both for
relative and absolute error tolerances rtol = atol = 1073,

In Fig. 3 we represent the approximation of the Lyapunov function V against
time ¢. On the left-hand side, the new method pBS3 is already exhibiting the cor-
rect behavior for the large step size h = 0.7. It is closely followed by the other
V -preserving method pBS3(GQ), whereas the faster decay corresponds to the stan-
dard method BS3. On the right-hand side, for variable step size with rtol = atol =
0.006, the two projected methods, pBS32 and pBS32(GQ), have a similar behavior,
both closed to the exact solution, and it is much better than the corresponding to the
standard pair BS32.

In Fig. 4 the error in V at the final point of the integration interval against rtol
is represented for BS32 and pBS32 in a log-log scale. There, we can see again the
superior performance of the projection method. The slope 4/3 of the auxiliary straight
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Fig. 10 Second test problem
(3.3): global error against rtol,
m =1 is a reference straight line v BS32

with slope 1 —o— pBS32(GQ)
—8&— pBS32
10°H - = —m=1

Lyapunov system with V=)€+y2, te[0,150]

log llglobal errorll

107 10 10"B 10” 10°
log (rtol)
Lyapunov system with V=)3+y2, te[0,150]

T
—%— DP54
, | | —B—pDP54
10° F| - — —m=1 1

log llglobal errorll

10° L L L L
-12 -10 -8 -6 —4 -2

10 10
log (rtol)

line indicates that this method behaves as if it had order 4, according to the tolerance
proportionality theory [13].

The two graphics in Fig. 5 show the performance of the global error at the end of
the integration against either the step size i or rtol, respectively, in a log-log scale.
Once again we observe the superior performance of the projection methods over the
standard ones. The slopes of the reference straight lines show that all the methods
have order 3, except our pBS32 that behaves as a fourth-order method for variable
step size. Analogous results have been obtained for DP54 and its projected method
pDP54, as it can be appreciated in Fig. 6. For small tolerances, both methods behave
like Sth-order methods as expected.

Figure 5 shows that projection methods give smaller errors than the standard, non-
projected, method, and the new projection technique gives slightly smaller errors that
those of Grimm and Quispel. To compare the efficiency of the methods with the same
work, we display in Fig. 7 the global error against the number of function evaluations
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Fig. 11 Second test problem

. 2
(3.3): error in V against A (top) LyapunoY system with V=)€+y , Fe [0,150]

0
or rtol (bottom), m =3, m =4, 10 % BS3
m=1and m =4/3 are —o— pBS3(GQ)
reference straight lines with 0% 5 95_23 ,
slopes 3,4, 1 and 4/3, e
respectively 4

log lerror in VI
3
&

o
)
&
T

107
log (h)
Lyapunov system with V=)3+y2, te[0,150]

—*— BS32
. —&— pBS32(GQ)
10" r| —=— pBS32

- — —-m=1

4 — — m=4/3

log lerror in VI

107" 107° 107 107 107 107
log (rtol)

for BS3, pBS3 and pBS3(GQ) when ¢ € [0, 150]. Now, the efficiency of the two pro-
jection methods is very similar, and they perform more efficiently than the standard
method BS3.

Our second test problem is given by the equations:

X =—y—x(1—/x2 427,
Y =x—y(1—/x2 4+ y1)2

This system has the Lyapunov function V(x,y) = x> + y>. We have taken
yo = (1.6, 0) as initial condition, and [0, 150] as the integration interval. As is pointed
out in [9], the exact solution starting outside the circle centered in (0, 0) with radius
one is attracted to that circle, staying there later on.

(3.3)
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Fig. 12 Second test problem

. 2
(3.3): error in V against A (top) Lyapunov system WIFh V=X2+y » te[0,150]

or rtol (bottom), m =5, m =6 —DpP5 |
and m = 1 are reference straight , || —=—pDP5
lines with slopes 5, 6 and 1, L i :ig

respectively

log lerror in VI

10 107" 10°
log (h)
, Lyapunov system with V=x2+y2, te[0,150]
10 —%— DF'5‘4 ‘
—&— pDP54

- — —m=1

log lerror in VI

107" 107" 10°° 10°° 107" 1072

-Iog (rtol)

In Fig. 8 we show the phase portraits obtained, respectively, for BS3, pBS3(GQ)
and pBS3. In order to compare them at equal work, we have taken the step size h =
0.5 for the two first methods, and & = 2/3 for the third one. There we can see that only
pBS3 exhibits the right behavior. If smaller step sizes are used, the other two methods
also provide the right phase portrait, but the standard method BS3 always requires
smaller step sizes than the projection methods to get it. Figure 9 shows the results
obtained for variable step size with error tolerances rtol = atol = 10~2 for DP54 and
pDP54. They are wrong for the standard method and correct for the projected method
preserving V.

In Fig. 10 we have represented the Euclidean norm of the global error at the end of
the integration versus the error tolerance, respectively for BS32 and DP54, each one
together with its projected methods. In the left graphic window, the two V -preserving
methods obtain practically the same results, and they are better than those of BS32.
The auxiliary straight line with slope one shows that the global error behaves in the
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three methods as O(tol). In the right graphic window we observe the superior perfor-
mance of pDP54 over DP54, more noticeable for small tolerances.

Graphics in Fig. 11 represent the error in the Lyapunov function at the end point
versus either the stepsize i or the error tolerance rtol for the Bogacki—Shampine
method and the V-preserving methods constructed from it. In both cases, our method
gives the better results. It can be seen that the projection methods behave as 4th-
order methods in the V-error. Analogous comments can be done about the numerical
results in Fig. 12 for the Dormand and Prince method and the methods preserving V
derived from it.

4 Conclusions

In this paper new projected methods preserving Lyapunov functions have been stud-
ied. They are based on an explicit RK method provided with dense output, together
with a quadrature formula with positive weights. The preservation of the Lyapunov
function is achieved after projecting at each step the numerical solution onto the ap-
propriate manifold. These new methods are a modification of the Grimm and Quispel
ones in [9], but they do not require the non-negativity of the coefficients b; of the
underlying RK method. Numerical experiments have highlighted the superior perfor-
mance of the new methods over the standard ones.
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helpful suggestions.
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