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Abstract.

Our aim in this paper is to obtain error expansions in the Gauss—Turan quadrature
formula fjl fOw(t)ydt = > Z?io Ai v fO(1,) + Rns(f), in the case when f is
an analytic function in some region of the complex plane containing the interval [—1, 1]
in its interior. Using a representation of the remainder term R, s(f) in the form
of contour integral over confocal ellipses, we obtain R, 1(f) for the four Chebyshev
weights and Ry, 2(f) for the Chebyshev weight of the first kind. Also, we get a few new
L'-estimates of the remainder term, which are stronger than the previous ones. Some
numerical results, illustrations and comparisons are also given.

AMS subject classification (2000): 41A55, 65D30, 65D32.

Key words: Gauss—Turan quadrature, s-orthogonal polynomials, zeros, multiple nodes,
weight, remainder term for analytic functions, contour integral representation, error
expansion, error estimate.

1 Introduction.

Let w be an integrable weight function on the interval (—1,1). For approx-

imating integrals of the form I(f) = f_ll f(®)w(t) dt we use the Gauss—Turdn
quadrature formulas with multiple nodes

n 2s

(1.1) Qns(£) =D A, f(r) (neN; seNy),

v=1 =0
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which are exact for all algebraic polynomials of degree at most 2(s + 1)n — 1.
The object of this paper is to obtain an expansion for the error

(12) Rn,s(f) :I(f) 7Qn,s(f)

in the case when f is an analytic function in some region of the complex plane
containing the interval [—1, 1] in its interior.

The nodes 7, in (1.1) must be zeros of a (monic) polynomial 7, (¢) which min-
imizes the following integral ®(ag,a1,...,a,-1) = fil n ()25 2w(t) dt, where
Tn(t) =" + ap_1t" "1 4+ -+ -+ ait + ag. In order to minimize ® we must have

1
/wn(t)2s+1tkw(t)dt:0, k=0,1,...,n—1.

-1

These polynomials 7, (t) = m,_ s(t) are known as s-orthogonal (or s-self associ-
ated) polynomials with respect to the weight w. For s = 0 we have the case of
the standard orthogonal polynomials. For details and references about several
classes of s-orthogonal polynomials, as well as their generalizations known as o-
orthogonal polynomials, and corresponding quadrature formulae with multiple
nodes, see the survey paper [13], and some very recent papers [14, 17, 23].

2 The remainder term for analytic functions.

With 7, ¢(z) we denote a polynomial of degree n with positive leading co-
efficient which is s-orthogonal with respect to the weight function w(t) over
(-1,1).

Let T" be a simple closed curve in the complex plane surrounding the interval
[—1,1] and D be its interior. If the integrand f is an analytic function in D and
continuous on D, then we take as our starting point the well-known expression
(cf. [19, 18, 15]) of the remainder term (1.2) in the form of the contour integral

1

" 2mi

(2.1) R (/) 7( Kono(2)£(2) dz.

The kernel is given by

(22) Kn,s(z) = [WTLQ:(’Zg]Z)S—H’ z ¢ [_1, 1]7
where

1 s 2s+1
(23) Qn,s(Z) = [1 [ 712’(15—)]1‘, ’LU(t) dt, neN,

and 7, s(t) is the corresponding (not obligatory monic) s-orthogonal polynomial
with respect to the measure dA(¢t) = w(t)dt on (—1,1). For s = 0, (2.1) and (2.2)
reduce to the corresponding formulas for the Gaussian quadratures.
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The integral representation (2.1) leads to the error estimate

(2.4 RuaP) < S (a0 (2)]) (max £(2)1).

2 zel

where ¢(T") is the length of the contour I
More general, if we apply the Holder inequality to (2.1), we get

o ﬁng(z)f(z) dz

< (i) (frreriae)”

1
= 5_ Kns T /s
o I Ensll 1 £l

where 1 <r < 400, 1/r +1/r' =1, and

£l = (%'f dz|> . 1<7<+o0,

max |f(z r = 400.

In the case r = +o00 (1’ = 1), this estimate becomes

(2:6) o) = 5 (max ) (7).

Evidently, from (2.6) it follows the estimate (2.4), which was investigated in
details in [15]. The case s = 0 was studied by Gautschi and Varga ([7, 8]).
On the other side for r =1 (7' = +00), the estimate (2.5) reduces to

(2.7 R = 5 (1ol (mael ).

which is evidently stronger than (2.4), because of inequality

§ 1K (82| < 00 (mae K, (2)).

The first approach in this sense for Gaussian quadrature rules (s = 0) and
Chebyshev measures was given by Hunter [11].

Two choices of the contour I" have been widely used: 1° a circle with center
at origin and radius p (> 1), and 2° an ellipse with foci at £1.

In this paper we take the contour I' as an ellipse with foci at the points +1
and sum of semiaxes o > 1,

(2.8) E,= {z €C:z= (0 +0o7'e™), 0<0< 27r},

1
2
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and consider the following four weight functions w(t) = w;(t):

(a) wi(t) = (1—¢2)~1/2, (b) wa(t) = (1 — ¢2)1/2+s,
(c) ws(t) = (1 — )" V2(1+6)/2Fs | (d) wy(t) = (1 — t)Y/2F5(1 4 )1/2,

S. Bernstein [1] showed that the monic Chebyshev polynomial (orthogonal
with respect to wy) T, (t) = Ty, (t)/2" ! minimizes all integrals of the form

1 k+1
n(t
/mdt, k>0,
1 V1-—1t2

Thus, the Chebyshev polynomials 7, are s-orthogonal on [—1,1] for each
s > 0. Ossicini and Rosatti [19] found three other weights w;(t), i = 2,3,4,
for which the s-orthogonal polynomials can be identified as Chebyshev poly-
nomials of the second, third, and fourth kind: U,, V,,, and W,,, which are
defined by

sin(n 4+ 1)0
sin 0

cos(n +1/2)0
cos@/2

sin(n +1/2)0

Unt) = sinf/2

’ Vn (t) = Wh (t) =

respectively (cf. [5]), where ¢ = cos §. However, such weights depend on s (see (b),
(¢), (d)). Notice that the weight function in (d) can be omitted from investigation
because of W, (—t) = (=1)"V,,(¢).

Following [7] and [8] we studied in [15] the magnitude of | K, 5(z)| on the con-
tour E,. Precisely, for the weight functions wy(t) (k = 1, 2, 3) we investigated the
locations on the confocal ellipses (2.8) where the modulus of the corresponding
kernels attain their maximum values.

The cases of Gaussian rules with Bernstein—Szegé weight functions and with
some symmetric weights including especially the Gegenbauer weight were stud-
ied by Peherstorfer [20] and Schira [22], respectively. Some of the results have
been extended to Gauss-Radau and Gauss-Lobatto formulas (cf. Gautschi [5],
Gautschi and Li [6], Schira [21], Hunter and Nikolov [12], Milovanovié¢ and
Spalevié [16]).

In this paper we consider error expansions and error estimates for Gauss—
Turdn quadrature formulae (1.2) for weight functions (a)—(d), based on elliptical
contours. The paper is organized as follows. In Section 3 we adapt Hunter’s
approach [11] for Gaussian quadratures in order to obtain error expansions
for Gauss—Turdn quadrature formulae, and then in Section 4 we obtain a few
new estimates of the remainder term (1.2). In particular, we concentrate our
attention on the weight function wq(¢) and obtain some very exact estimates of
the remainder term. Some of them are the smallest, including those from [15].
In Sections 5 and 6 we study estimates of the remainder term (1.2) for the
generalized Chebyshev weights wy(t) and ws(t) (therefore, and for wy(t)), re-
spectively.
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3 An error expansion for Gauss—Turan quadrature formulae.

If f is an analytic function in the interior of F,, then it has the expansion
+o00o
(3.1) f(2) =) anTi(2)
k=0

where oy, = (1/7) f_ll( t2)~Y/2 f(t)Ty(t) dt, which converges for all z in the
interior of E,. The prim in (3.1) denotes that the first term of the sum is
taken with factor 1/2. In terms of ¢ = ge'? (o > 1), z = (€ + £71)/2, Ti(2) is
given by

(32) Ti(z) = 5 (€ +67).

In the sequel we need two auxiliary results (see [11]).

LEMMA 3.1. Ifz ¢ [~1,1], then 1/m, 5(2) = 225 Skf_"_k. Furthermore,
if w is an even function then B, 2,41 =0 (j =0,1,2,...).

PROOF. The zeros of m, s(2) are real, distinct, and all contained in the open
interval (—1,1) (cf. [9]). Then, the proof of this statement is the same as the one
of Lemma 3 in [11]. a

Now, it is not difficult to see that (cf. [10, Eq. 0.314])

(3.3) T Zﬁn, TR e = pe'? 0> 1,

[Th,s(

where

> (k@) —mtk) B B m > 1.

BS}) = (57(5()3)254'—17 ﬂn m — (5
mB o k=1

In particular, if w(—t) = w(t) then
[7Tn s 25+1 Zﬁ n(23+1)—2k, 6 = Qei07 0> 1.
LEMMA 3.2. Ifz ¢ [—1,1], on,s(2) can be expanded as

(3.4) On,s(2 Zvﬂf‘” ko

Furthermore, if w is an even function, then 7;8’)%“ =0(j=0,1,...).
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PROOF. It is well-known that if w(¢) is a weight function then D,, s(¢), defined
by Dys(t) = [mns(t)]?* w(t) is also a weight function (see [4, pp. 214-226]).
The proof of (3.4) can be given in a similar way as the one of Lemma 4 in [11].
Namely, from (2.3) we have

_['p 7Tw<)d NS () ponkt
Qn,S(z) = n,S(t) > —1 t= Z'Vn,kf )
-1 k=0
where
1
(3.5) 70), =2 / W) s (O Unan(®)dt (k= 0,1,..).
1

If w(—t) = w(t), then for each odd k the integrand in (3.5) is odd, and therefore
(s
Vg = 0. O

Now, by the substitution (3.3) and (3.4) in (2.2) we obtain

(3.6) Zw §—2n 9+1) k— 1
where

k
(3.7) = B Ak

7=0

THEOREM 3.3. The remainder term Ry, s(f) can be represented in the form

+oo

(38) Rn s ZaQn(9+l)+k 52367
k=0

where the coefficients ESL are independent of f. Furthermore, if f is an even

function then EELS’)QJ-H =0(j=0,1,...).
PROOF. By substitution (3.1) and (3.6) in (2.1) we obtain

Rns(f) = i (E o;T, E w § 2ns+1)—h— 1>dz
+oo +oo 5)

= E E —2n(s+1)—k—1
<2m / 26 dz>w *

Applying Lemma 5 from [11], this reduces to (3.8), with

S S 1 S S 1 S S
B9 =t Cl=lll Aol u ), k=2
(t 7)

If w(—t) = w(t) and k is odd it follows from (3.7) and Lemmas 3.1 and 3.2 that
W) —

ik = 0 and hence 6( ) =0. O
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REMARK 3.1. Setting f(2) = Topn(s41)+k(2), it immediately follows from (3.8)
that

n

5575;2 = O2n(s+1)+k — Z Z A; UTz(n)(s+1 +k:( ) (k =0,1,2,.. .),
v=11i=0
where o), = f_ll w(t)Tk(t)dt (k=0,1,2,...). Therefore, we conclude that

SR ITOIIES 3 okt

v=11=0

(r) (k=0,1,2,...).

If s = 0 then |€(Ok| < 2f t)dt, and this fact can be used to obtain some
global upper bounds of the remamder term (see Hunter [11]). Unfortunately,
such a conclusion cannot be made in the general case for s > 0, because of the

difficulties in finding sharp upper bounds on | 2n(s 1) +k( )|

4 Error estimates for Gauss—Turan quadrature with Chebyshev
weight function of the first kind.

If ueC, |u] <1, then
“+oo
1 k k—v
(41) (:[-u)”"l‘lz<y>u (1/:0,1,2,)
k=v

In this section we consider the weight w(t) = wy (t), for which 7, (t) = T, (¢).
Using (3.2), with € = ge??, 0 > 1, 2 = (£ +¢71)/2, and (4.1), we obtain

1 1 —(2s41) 1 2s+1
[T (z)]28+1 — |:(§n +£n):| 22s+1£ 25+1)( — )

1+£ 2n
_ 925+l Z <] + 25> g (st 1)—2n;

On the other hand, according to (3.3), with 7, s(t) = T, (t), we conclude that

i+ 2
225+1(—1)j <] ;s S), k= 2]” (] = Oa 1527' . ')7

0, otherwise.

42 B =

According to (3.5), the coefficients in (3.4) are given by

1 2s5+1 ™ :
=(s) _ [T (1)) _ / 254150 (n+k+1)0
Vo =2 /_1 Niners Upir(t)dt =2 ; [cos nd)] — de.
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In order to calculate this integral we use formulas 1.320.5 and 1.320.7 in [10] and
combine them with

[m/2]

sin(m + 1)z "
—_— =2 —2k)x
sinz Z cos(m

where the “second sign” denotes that the last summand has to be halved if m
(s )

is even. In that way we obtain the coefficients Vn 0 an explicit form

2+ 1
(S+ ) k=2nj,2nj +2,...,2n( + 1) — 2
S —V

22571

(4.3) Vns,)k} - UZO (] :07 ]‘7"'7571)7
2m, k=2sn,2sn+2,...,
0, otherwise.

REMARK 4.1. From (4.3) we conclude that _ff)k > 0 for each even £k, as well

s 2s+1 _()
22—_1< s ) Ve < 27,

because of >5_, (*1}) = 22% (cf. [15]).

as

4.1 First type of error estimates.

In general, the Chebyshev coefficients «y, in (3.1) are unknown. However, El-
liot [3] described a number of ways of estimating or bounding them. In particular,
under our assumptions,

2
4.4 < _< )
(14) joul < = (maxe (<)
In order to present this type of the error estimate, we take s = 2. By using
(4.2), (4.3), (3.7), and (3.9), we find £} = 107, £}, = 45,

1 .
e = 2D+ 125° 4957 +78] +40) (k= 24n),

and 5236 = 0 otherwise. Now, by using these results, (3.8) and (4.4), we get

+oo
2 2
‘Rn,Q(f” = gz,i‘ Z a6n+2jn 5'(07)2jn
§=0
71' g4 41253 4 4952 +78j—|—40
< g (maxl7(2)1) > =

j=0
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In order to sum the series on the right-hand side in this estimate we need some
explicit formulas for the functions hg(t) := Y2, nFt"=1 (|| < 1). Tt is easy to
prove that for & > 1, the following recurrence relations are valid

k—1
1+t; (f)hi(t)],

hi(t) = ey (t) +thy_((t),  ha(t) = %_t

hot) = T

The previous sums ijog Y072 (v =0,1,2,3,4) can be calculated by using
the expressions for h,(t), putting t = 1/0", so that we obtain

100" — 50" +1
. <
(4.5) |Rn2(f)] < QW(ZHé%Ei |f(2)|> (02" — 1)
The corresponding result for s =1 is
392n -1
. < T on __1\3°
(46) Raa ()] < 27 (max 7)) 5y

The error estimate for s = 0 has been obtained by Hunter [11] (see also Chawla
and Jain [2]):

(47) Ruo()] < 27 (1mgx | £2)]) =

QZni]_'

REMARK 4.2. The error estimates (4.5), (4.6), and Hunter’s result (4.7) sug-
gest that for a general s (s € Np) the estimate could be expressed in the

form
Sho(—DF(ET) 2R
) (02" — 1)25+1 :

[Rus (/)] < 27 (max | £(2)

z€E,

4.2 Second type of error estimates.

According to (2.7) we study now the quantity L, s(E,) = 5 §EQ | Kp.s(2)] |dz],
where K, (z) is given by (2.2). Since z = 3(£ 4+ &71), £ = e, and |dz| =
2-1/2,/ay — cos 20 d6, where we put

1.
(4.8) aj:aj(g):§(gj+gj), JEN, o0>1,

the quantity L,, s(F,) reduces to

1 °m |Qn S(Z)|(CL2 - COSZQ)l/Q
4.9 Ln,s(Ep) = : do.
(4.9) (B) = / e
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This integral can be evaluated numerically by using a quadrature formula.
However, if w(t) = wi(t) we can obtain explicit expressions for L, ¢(E,) or
for their bounds. By using (3.4) and (4.3), after some computation, we find

1 L (2s+1) 1
(4.10) Qn,S(z) = 227;—1 fn(g — 5_1) Z (SS_ 1/> §2—Vn7
v=0

and, according to (3.2) and (4.8), we have |T},(z)| = 2~/2\/ag, + cos 2nf, where
= %(E + &1 and € = pe?. For another approach to getting K, ¢(2) =
0n.s(2)/mn.s(2)?*T1 in this Chebyshev case, see [15, §3.1].
Thus, in this Chebyshev case, (4.9) reduces to

2s+1 /W |0n.s(2)|(ag — cos 20)1/2
™ 0 (a/2n -+ cos 2n6)s+1/2

(4.11) Ly.o(E,) = de,

where g, s(%) is given by (4.10). Now, we define

. 2s + 1 v—s i(v—s
(4.12) Wi(0,0) == < , )@2 ¢!V =o/2)6

v=0

and prove the following auxiliary result:

LEMMA 4.1. Letr >0, 0> 1 and x = 0*". Then

(4.13) [Ws (0", 0)| ZAkcost,
where
(4.14)  Ag = #Z (23;@)2;’
(4.15) Ay = x("’2’“)/2 <25H) (if;) v k=1,...,s
PROOF. Since |W(o",0)|* = Wi (0", 0)Ws (0", —0), i
W 22(254—1) 25—|—1) (=) gil—)0,
v=0 =0

we get (4.13), where

25+ 1Y (25 +1
a= (U)o ks
v 1
lv—p|=k
v,u=0,1,....s

For k = 0 and k > 1 these coefficients reduce to (4.14) and (4.15), respectively. O
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We also need the following integral

4 cos k6
= ———df >1 € Np.
Ji(a) /0 (a + cos@)2s+1 7 @b seTo

LEMMA 4.2. Letx>1,a=(x+1)/(2y/z), and s € Ng. Then

(110) o) = ZUTCI R g 2y ey e

(z — 1)4s+1 v k+v

This result can be found in the book [10, Eq. 3.616.7].
Now, we are ready to prove the following result:

THEOREM 4.3. Let x = ¢ and a;, Ay and Ay, be defined by (4.8), (4.14) and
(4.15), respectively. Then, for the Chebyshev weight of the first kind, we have

Zk o Ar cos kO
(4.17) Lno(Ee) = 25—1/2 S+1)n/ (agn + cos@)2s+1 0.

Moreover, an estimate of the form

Qs(z)

(4.18) Lns(B,) < 2104(0™),  ®s(z) = = )i

holds, where Qs(x) is an algebraic polynomial of degree 3s, defined by

419)  Qu(x) = 2;)'(_1)’@(% (25V+1) <2VSL:)J;> x

v=0

8 <22j(231—/|—1/>(2]::f>(x 1)231/).

PROOF. Let x = ¢*". According to (4.10) and (4.8) we have

21- 27 < (25 + 1) ;
— (2v—s)n i(v—s/2)2n0
n,s(% - €
|on,s(2)] 06+n\/2(ay — cos 20)1/2 l;) ( v 0
21/2—2$7T

- oGt (ay — cos 26)1/2 Wa(e", 2n0)],

where Wy is defined in (4.12). Then (4.11) becomes

1 77/2 |W‘3(Qn72ng)| do
23—3/2Q(s+1)7L 0 (a2n+0082n9)8+1/2 .

Ln,S(EQ) =

Because of the periodicity of the integrand, it reduces to

B 1 W™, 0)]
Ln.s(Eg) = 25=1/2p(s+1)n / (ag, + cos 0)s+1/2 40,
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Figure 4.1: Log;, of the values Ly s(E,), s = 0,1,...,5, as functions of g, for n = 10 (left)
and n = 50 (right).
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Figure 4.2: The function & — log;o(27r®s(x)) for s =0,1,...,5 (left) and Log,, of the values
Ly,2(E,) (solid lines) and their bounds given by (4.18) (dashed lines) for n = 10, 30, and 50
(right).

and then to (4.17), because of (4.13). Applying Cauchy’s inequality to (4.17) we
obtain

T s 1/2
(420)  Loo(B)<—YT < / S5, Ay cos ko d0> |
0

= 25_1/29(s+1)n (G,Qn +COS€)28+1

Since az, = (0*" + 072")/2 = (z + 1)/(2y/x), using (4.14), (4.15) and (4.16)
we obtain

TN A coskl -
/ 2o Ak coOs do = Z A Ji(ag,) =
0

2541
(agn + cosB)?s =

225+17TZI3(S+1)/2

(m _ 1)4s+1 S

(),

where Qs(z) is given by (4.19). Note that deg@s(x) = 3s. Finally, (4.20)
reduces to L, (F,) < 2m/Qs(x)/(x — 1)%+1 where z = ¢*". s

REMARK 4.3. The polynomials Q¢(x) in (4.19) are

Qo(z) = 1, Qi(z) =1->5z+ 1922 + 92°,

Qa(z) = 1—92 4 362% + 162> + 12512* 4+ 11252° + 1002°,

Qs(w) = 1— 13z + 782% — 2862° + 19402 + 329642° + 15057825 +
+ 14886227 + 342512% + 122527,  ete.
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Figure 4.3: Log; of the values L, 1(F,) (solid line) and its bounds given by (4.6) (dot-dashed
line) and (4.18) (dashed line) for n = 10 (left) and n = 50 (right).

In Figure 4.1 we presented the values of logy, (Ln,S(Eg)), s=0,1,...,5,as a
function of g, when n = 10 and n = 50. The upper graphs (for sufficiently large o)
correspond to the smaller values of s. The values of L,, ;(E,) were calculated by
using (4.17). In Figure 4.2 (left) we presented graphs = — log,,(2n®4(x)) for s =
0,1,...,5, where ®4(x) is given in (4.18)—(4.19). The graphs g — log;,(Ly. s(E,))
and ¢ — log;,(27®4(0*")) for n = 10,30,50 and s = 2 are also displayed in
Figure 4.2 (right). The upper graphs correspond to the smaller values of n.

The function ¢ — logyo(Ly 1(E,)), as well as its bounds which appear on the
right sides in (4.6) and (4.18), are given in Figure 4.3. As we can see, the second
bound (4.18) is very precise especially for larger values of n and p.

REMARK 4.4. For s = 0 the estimate (4.17) reduces to the corresponding
error estimate for Gaussian quadrature obtained by Hunter (see [11, Eq. (5.7)]),
which can be expressed in the form L, o(FE,) = 4(0*" + 1) 'K(2/(0" + 07")),

w/2

where K (k) = [["/"(1—k? sin?#)~1/24d0 (|k| < 1) is the complete elliptic integral

of the first kind.

5 Error estimates for Gauss—Turan quadratures with a generalized
Chebyshev weight of the second kind.

In this section we consider a case with the weight function wy(t) = (1—t2)%/2+s
(the generalized Chebyshev weight of the second kind), for which m, s(z) =
Un(z) = (€71 — ¢7n=1) /(€ — €71). Here, we could not find a general pattern

for the coefficients B: . as in the case of the weight function w; (t). However, we

will show how to find Bff)k for s = 1. The cases for s > 1 are more complicated.
Taking s = 1, we have

1 e—¢t N . 3 3 1 1\
mwSZ(wwfw4>:fg@‘?+§‘ﬁ)@‘aﬁﬂ

sn 303 1\ <X/k+2\ 1
-(-araa) (0 ) e

k=0
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For n > 3, it is not difficult to conclude that B;{éj(nﬂ) = Bil)zj(n+1)+6 =

j (1) —(1) .
(3;2), Br2j(nt1)42 = —Bn 2](n+1)+4 = —3( ), for j =0,1,..., and ﬂnk =0

otherwise. For n = 2 we obtain 52@» = (ﬁz) — (jﬂ) =j+ 1 and ﬁ2,6j+2 =

J Jj—1

ﬁ;lé]_Hl = —3(j372), for j=0,1,..., and BS; = 0 otherwise. Finally, for n =1

we have that Bg] = (=1)/ (j‘j'.’2) for j = 0,1,..., and Bf,l = 0 otherwise. In
1 T e . T o )

the case n = 3, we have Eéygj = (2% + 65 + 3), EgngH = Z(3j% + 135 +9),
eglgﬁz = sélgj% =—-2(j*+4j+3),for j=0,1,..., and enlzc = 0 otherwise.

Forn >3 and j =0,1,..., we get

wn,2j(n+1) = Tw, 25 (n+1)+ 4 ( ] 4 _7 1) 4 (-] + 4] + 3)7
e, _ W _ 2, 3T 2 4.
Wpojtmna)+2 = “Wnojntl)4d = 99 0i(nt1) = Z(j +45+3),

and WSI)C = 0 otherwise. Then, the formulas (3.9) become

1) _ (1) _
€n2j(n+1) = En2j(nt1)+8 — 16(‘7 +45+3),

1) _ (D

. .2 .
Cn2j(n+t1)+2 = En,2j(n+1)+6 — _Z(J +45+3),
(1) _ 3T
Cn2j(nt1)+4 — g(] +45+3),
for 7=0,1,..., and 5( L = 0 otherwise.
In the sequel we derlve the first type of error estimates for n > 3. Thus,
+o0o 4 +oo )
1 1
Boa(£)] = | D2 camenziin | = | DD Qantaitnin sz S5y 20
k=0 v=0j=0
2
_ rlmxeen, @) (1,1 3 Z” )
20in 4 0 29 2] (n+1)

i.e., by calculating h, (1/0>"+1) (v =0,1,2),

W@+Q*V@f“Q—U(

(5.1) Baa (D] < S5

max |/(2)]).

zek,

The corresponding error estimate for s = 0 has been obtained by Hunter [11],

T L) (a7

(5.2) | R (Hfi?aﬁyrﬁ-%E

In order to give the second type of error estimates for the generalized Cheby-
shev weight of the second kind wy(t) = (1 — #2)'/2+5 we need the expression

T 1 i v 28"‘1 1



GAUSS-TURAN QUADRATURES 131

which can be derived from [15, §3.2], as well as the following result for the sum

(5.4) W, (0,0) == i(_l)V(QS:' 1)Q2u—sez‘(u—s/2)9_
v=0

LEMMA 5.1. Letr >0, 0> 1 and x = 0*". Then

S

(5.5) (Wele",0)]" = > (~1)* Ay cos kb,

k=0

where the coefficients Ay are the same as in Lemma 4.1.
We omit the proof of this lemma.

THEOREM 5.2. Let x = ¢* "V and aj, Ay and Ay be defined by (4.8), (4.14)
and (4.15), respectively. Then, for the generalized Chebyshev weight of the second
kind wy(t) = (1 — t2)1/2%5 we have

o~ (D (s+D)
92s+1/2

x/ (ag — cos ) t!
0

(6.6) Lps(E,) =

Yor—o(—=1)k Ay cos(n + 1)k

dé.
(agnt2 — cos(n + 1)6)2s+1

Moreover, the estimate

T
(57) Ln,s(Eg) < 2_5 M25+2(92) (bs(g4n+4)
holds, where
—_1\ k —1
e—0 0+0
. M, = P,
(5.8) k(0) ( B) ) k(g_g_l),

Py is the Legendre polynomial of degree k, and @ is defined in (4.18) and (4.19).
PRrROOF. According to (5.3), (4.8), and (5.4) we have

S

s 1 Z(_l)y (28 + 1) Q(Qu—s)(n+1)ei(u—s/2)2(n+1)9

‘QTMS(Z” = 22s gn+1 ' o(nt1)s

14

v=0

)

= Fgerner | Wa(e" 2(n +1)6)

and also |U,,(2)| = v/(azn+2 — cos(2n + 2)0)/(as — cos 20). In this case, because
of periodicity of the integrand, (4.11) becomes

B o~ (MHD(s+1) /7' (ay — cos @)+t
o (

e n+1
Lns(Be) = 517 a2n+2—cos(n+1)9)3+1/2|WS(g ,(n+1)0)| do.
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Figure 5.1: Log;, of the values Ly s(E,), s = 0,1,...,5, as functions of g, for n = 10 (left)
and n = 30 (right).

By using (5.5), it reduces to (5.6). Applying Cauchy’s inequality to (5.6) we get

oD [ rra N2
(59) Ln,s(EQ) S W (/(; (CLQ — COS 9) s de) X

Y ho(=1)F Ay cos(n + 1)k 1/2
X A
o (aznyo —cos(n+1)0)2s+1

From [10, Eq. 3.661.3)), we obtain
1 (7 2 9 24,2

—/ (ap — cos0)?*12d0 = <%) Pooyo <%) = Mas42(0°).
™ Jo o°— 0

On the other side we note that

| et 0= [ e 0= (1) ) (0> 1),

because of periodicity of the integrand and Lemma 4.2. According to agn42 =
(0" 24 072772) /2, we put = = ¢*" ™, so that ag, 2 = (z+1)/(2y/Z), and then,
the last integral in (5.9) becomes

" Yho(=1)* Ay cos(n + 1)k0 - k k
— = —1)*Ar (-1
o (asnto — cos(n+ 1)8)2s+! dg I;)( )" Ak(=1)"Jx(a2n+2)

225+17Tx(s+1)/2
T g

where Ay and Ay are given by (4.14) and (4.15), respectively. The polynomial
Qs(z) is defined by (4.19). In this way, inequality (5.9) reduces to (5.7). O

REMARK 5.1. An alternative expression for (5.8) is given by ([10, Eq. 3.616.1])
_k—k 2 o
Mi(0) = (207 £y (1) 0™

In Figure 5.1 we presented the values of logy(Ly, s(E,)), s =0,1,...,5, as a
function of ¢, when n = 10 and n = 30. The upper graphs correspond to the
smaller values of s. The values of L,, s(E,) were calculated by using (5.6).



GAUSS-TURAN QUADRATURES 133

-5 |
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1.1 1.2 1.3 1.4 1.5 1.1 1.2 1.3 1.4 1.5

Figure 5.2: Log;, of the values L, 2(E,) (solid lines) and their bounds given by (5.7) (dashed
lines) for n = 10,20, and 30 (left) and Log;q of the values Ly s(E,) for s = 0,1 (solid lines)
and their bounds given by (5.2) and (5.1) (dot-dashed lines) and (5.7) (dashed lines) for n = 10
(right).

The graphs ¢ — logyo(Ln,s(E,)) and o+ log(27 7/ Masi2(0?) D, (0" 1)
for n = 10,20, 30 and s = 2 are displayed in Figure 5.2 (left). The upper graphs
correspond to the smaller values of n. Beside the bound (5.7) (dashed line),
in Figure 5.2 (right) we presented also the Hunter bound (for s = 0) and our
bound (for s = 1), given by (5.2) and (5.1), respectively. These bounds are given
as dot-dashed lines. The upper set of graphs correspond to s = 0 and lower
one to s = 1. As we can see, the second type of bounds (5.7) are very precise
especially for larger values of n and p.

REMARK 5.2. The corresponding error estimate for Gaussian quadrature with
the Chebyshev weight function of the second kind has been obtained by Hunter
(see [11, Eq. (5.8)]). The quantity L, s(E,) given in (5.6), for s = 0 reduces to
Hunter’s result, which can be expressed in terms of the complete elliptic integral
of the first kind, L, o(E,) = (¢* + 0 2)(¢*" ™2 + 1) K (2/(¢" ™ + 077 1)).

6 Error estimates for Gauss—Turan quadratures with a generalized
Chebyshev weight of the third kind.

For the special Jacobi weight function ws(t) = (1 —¢)~/2(1 + t)1/2+5 (the
generalized Chebyshev weight of the third kind) we can obtain the first type of
error estimates in a similar way as for ws(t).

In this section we consider a problem how to obtain the second type of error
estimates for ws(t). According to [15, §3.3] we can find

s (25 +1 1
(6'1) 9”15(’2) - 2571£n+1/2(§1/2 _ 571/2) ;::0 (s _ ,/> 5(2n+1)u'

Since V,,(t) = cos((n + 1/2)0)/cos(0/2), t = cosb, is a Jacobi polynomial with
parameters & = —1/2, § = 1/2 (see [19, 9]), we have the following representa-
tion ([19])

(6.2) Vn(z):TQ%l(u), u:,/lgz.
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Figure 6.1: Log;, of the values Ly s(E,), s = 0,1,...,5, as functions of g, for n = 10 (left)
and n = 30 (right).

THEOREM 6.1. Let x = 02 and aj, Ay and Ay be defined by (4.8), (4.14)
and (4.15), respectively. Then, for the generalized Chebyshev weight of the third
kind ws(t) = (1 — )~ 2(1 4+ t)1/2%5, we have

91/2—s 4 S v —o Ak cos(2n + 1)k6
6.3) L, s(E,) =——FT——= )5+t k=0 dé.
(6.3) Ln,s(E,) Q(n+%)(s+1) /0 (a1 + cos ) \/(a2n+1 + cos(2n + 1)0)2s+1

Moreover, an estimate of the form

(6.4) Lns(Bp) < 2m\/Maeiz(0) @4(0*"+?)

holds, where My, and ®, are defined by (5.8) and (4.18) and (4.19), respectively.
PROOF. According to (6.1), (4.8), (4.12) and (6.2) we have

T 1
— 25_1Q"+1/2\/§(a1 — oS 0)1/2 . Q(n+1/2)s

Wi(e" /2, (20 +1)0)

|Qn,s(z)|

and |V, (2)| = v/(a2nt+1 + cos(2n + 1)0) /(a1 + cos0). Then (4.11) becomes

Ln,S(EQ) =

91/2—s /” (a1 + cosf)5+! \WS(Q"H/Q, (2n +1)0)] a6
) 0 7

PRI (dzmr1 + cos(2n + 1)8)>+172

i.e., (6.3), because of (4.13). Using [10, Eq. 3.661.3]), with a = a; = (o +071)/2,
b=1,k=2s+ 2, we find

1 - ‘ -1 2s5+2 + —1
—/0 (a1 +cos0)*12df = (9 29 ) P25+2(g§1) = Mas42(0),

™

where M}, is defined in (5.8). Now, according to ag,.1 = (0*"*1 + 07277 1) /2,
we put @ = "2 so that ag,+1 = (z +1)/(2/7T).

Finally, applying Cauchy’s inequality to (6.3), as in the proof of Theorem 5.2,
we obtain (6.4). a

In Figure 6.1 we presented the values of logy(Ly, s(E,)), s =0,1,...,5, as a
function of ¢, when n = 10 and n = 30. The upper graphs correspond to the
smaller values of s. The values of L, s(E,) were calculated by using (6.3).
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Figure 6.2: Log;, of the values L, 2(E,) (solid lines) and their bounds given by (6.4) (dashed
lines) for n = 10,20, and 30 (left) and Log;q of the values Ly s(E,) for s = 0,1 (solid lines)
and their bounds given by (6.4) (dashed lines) for n = 10 (right).

The graphs ¢ — log;o(Ln s(E,)) and g — log,o(2m\/Masi2(0) ®s(01"F2)) for
n = 10,20,30 and s = 2 are displayed in Figure 6.2 (left). The upper graphs
correspond to the smaller values of n.

The functions ¢ — log;y(L10,s(E,)) (s = 0,1), as well as their bounds (6.4),
are also given in Figure 6.2 (right). As before, we can see that the bounds of the
second type (6.4) are very precise especially for larger values of n and p.

REMARK 6.1. The corresponding error estimate for Gaussian quadrature has
been obtained by Hunter. For s = 0, (6.3) reduces to Hunter’s result (cf. [11,

Eq. (5.9))
20407 2
LmO(EQ) - Q2n+1 +1 K Qn+1/2 + Q—n—1/2 :
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