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Abstract.

We study the semidiscrete Galerkin approximation of a stochastic parabolic partial
differential equation forced by an additive space-time noise. The discretization in space
is done by a piecewise linear finite element method. The space-time noise is approx-
imated by using the generalized Lo projection operator. Optimal strong convergence
error estimates in the Lo and H~! norms with respect to the spatial variable are
obtained. The proof is based on appropriate nonsmooth data error estimates for the
corresponding deterministic parabolic problem. The error estimates are applicable in
the multi-dimensional case.
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1 Introduction.

In this paper we will study the finite element approximation of the linear
stochastic parabolic partial differential equation

(1.1) du+ Audt =dW, for 0 <t < T, with u(0) = o,

in a Hilbert space H with inner product (-,-) and norm || - ||, where u(¢) is an
H-valued random process, A is a linear, selfadjoint, positive definite, not neces-
sarily bounded operator with a compact inverse, densely defined in D(A) C H,
where W (t) is a Wiener process defined on a probability space (2, F,P) and
ug € H.

For the sake of simplicity, we shall concentrate on the case A = —A subject to
homogeneous Dirichlet boundary conditions, where A stands for the Laplacian
operator and H = Ls(D), where D is a bounded convex domain in R d=1,2,3,
with a sufficiently smooth boundary 9D.
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Such equations are common in applications. Many models in physics, chem-
istry, biology, population dynamics, neurophysiology, etc., are described by sto-
chastic partial differential equations, see Da Prato and Zabczyk [7], Walsh [28],
etc. The existence, uniqueness, and properties of the solutions of such equations
have been well studied, see Curtain and Falb [4], Da Prato [5], Da Prato and
Lunardi [6], Da Prato and Zabczyk [7], Dawson [9], Gozzi [11], Peszat and
Zabczyk [22], Walsh [28], etc.

Let E(t) = e *4, ¢t > 0. Then (1.1) admits a unique mild solution, see Da
Prato and Zabczyk [7, Theorems 5.2, 5.4],

(1.2) u(t) = E(t)up + /Ot E(t—s)dW(s), for0<t<T,

where the integral is understood in It6 sense. We will review the Hilbert space
valued It6 integral in Section 2.

The numerical approximation for (1.1) started with the work by Greksch and
Kloeden [12], Gyongy and Nualart [15]. Further contributions include Allen,
Novosel and Zhang [1], Benth and Gjerde [2], Davie and Gaines [8], Du and
Zhang [10], Gyongy [13, 14], Hausenblas [16, 17], Kloeden and Shott [18], Lord
and Rougemont [19], Printems [23], Shardlow [24], Theting [25, 26], Yan [29],
etc.

The difficulty of the numerical approximation of (1.1) is to approximate the
noise in a suitable way. Let us review some ways to approximate the noise used
in literature. Consider the one-dimensional problem

20y - Tty = T
ot T 022 T Bt
(1.3) w(0,2) = up(x), 0<z <1,

u(t,0) =wu(t,1) =0, t>0,

(t,x), 0<t<T,

where 9?W /0tdx denotes the mixed second-order derivative of the Brownian
sheet. The integral formulation of (1.3) has the form

1 t 1
u(t, ) = / Gz, y)uoly) dy + / / G, y) AW (s,1),

where Gy(z,y) = 2> 7 | sinnmzsin mrye_(m)zt is the fundamental solution of
Ve (t, &) — vga(t, ) = 0, v(0,z) = ¢(x), v(t,0) =v(t, 1) =0,
so that .
o) = [ Gula)oty) dy.

Let 0=ty < t;--- <ty =T be a partition of [0,T], t, =nk,n=0,1,2,..., N,
where k is the time step. Let 0 = 29 < 1 < --- < z7 = 1 be a partition
of [0,1], z; = jh, j = 0,1,2,...,J, where h is the space step. Allen, Novosel
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and Zhang [1] approximate the space-time white noise W by using the following
piecewise constant functions on a partition [t,—1,t,] X [zj—1,2;], 1 < n < N,
1<j<Jof[0,7] x[0,1],

AW (t,z) ~ AW (¢, 2) = PW(ta) 4y g, - 1 XN:ZJ: VR X () () dt dz
) ~ ’ - 8t8x - k}h P et 77n] Xn X] ’
where
_ 1a th—1 Stgtnv . _ 1; Tj—1 Sxéx_ﬂ
Xn(t) = {0, otherwise, X;(7) = {O, otherwise,
and

B 1 \/t“
"= kn ),

;
/ dW (¢, z) = N(0,1),
n—1YTj—1
where N(0, 1) is the standard real-valued Gaussian random variable and 7,,; are
independent and identically distributed (iid). It is obvious that 9%W /dtdz €
L5(0,1) for fixed ¢t € [0,T], w € Q. Applying the standard finite element and
finite difference methods to (1.3) with &2W /8tdx replaced by 82W /dtdx, they
obtain the corresponding error estimates. See also Davie and Gaines [8], Gyongy
[13, 14] for a quasi-linear parabolic stochastic partial differential equations with
finite difference method, Du and Zhang [10] for some special noises.

Shardlow [24] approximates the noise by spectral method. Let P; denote the
operator taking f to its first J Fourier modes, i.e.,

J
PJf = Z(faej)eja

Jj=1

where e; = V2sinjmx, j = 1,2,..., are the eigenvectors of A = —9? /022 subject
to Dirichlet boundary condition. Then he approximates the Wiener process over
the time step (t,,—1,tn) by

tn
AWy (n) = / Py AW (s),
tn—1

which is a L (0, 1) function. The numerical method evaluates this function at the
grid points z; = jh,j = 1,2,...,J. See also Hausenblas [16, 17] for a quasi-linear
parabolic stochastic partial differential equations in a very general approach.

Moreover, Benth and Gjerde [2], Theting [25, 26] use the chaos expansion
theory and finite element methods to consider the approximation of (1.1).

In the present paper, we approximate the space-time noise by using the gen-
eralized Lo-projection operator (1.4) and then introduce the finite element for-
mulation for (1.1) in the semidiscrete case. By using the error estimates for
deterministic parabolic problem, we can prove optimal strong error estimates
in both Ly and H~! norms. Our proof is quite simple and applicable in the
multi-dimensional case.
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Let Sy, be a family of linear finite element spaces, i.e., S}, consists of continuous
piecewise polynomials of degree < 1 with respect to triangulation 7 of D.
For simplicity, we always assume that {S,} C H} = H}(D) = {v € La(D),
Vv € Ly(D),v|op = 0}. Let H® = H*(D) = D(A*/?) for any s € R and denote
its norm by | - |, = ||4%/% - ||.

We find that W (t) € H~', see Lemma 3.5 in Section 3. To introduce the finite
element formulation for (1.1), we will use the generalized Lo-projection operator
P, : H-' — S), defined by, see Chrysafinos and Hou [3],

(1.4) (Pov,x) = (v,x), VYx €8, CH' Yoe H
where (-, -) denotes the pairing between H~' and H'. One can easily show that

Py, is well defined by introducing a basis {p; fihl and solve for Pyv = Zj\;hl 0 ;

from the equations ( ;.Vzhl a9, i) = (v, ;). Also it is evident that when v €
Ls(D), Pyv is the standard Lo projection operator, see Thomée [27].

The semidiscrete problem corresponding to (1.1) is to find the process up (t) =
up(,t) € Sp, such that

(1.5) duyp, + Apup dt = P, dW,  for 0 < t < T, with up(0) = Pruy,

where Ay, is the discrete analogue of A = —A with the Dirichlet boundary
condition defined by

(Ahw7X) = (va VX)V Vwa X € Sh~
With Ej,(t) = e~ ¢ >0, (1.5) admits a unique mild solution

uh(t) = E}L(t)Phuo + /0 Eh(t — S)Ph dW(S)

Let E be the expectation. For any Hilbert space H;, we define Lo(Q2; Hy) by

Lo (; Hy) = {v L Ellv]E, = /Q [v(w)Il, dP(w) < OO},

with the norm [|v| L, 0:m,) = (Ellv],)"?.
Let LY = HS(Q'Y?(H),H) denote the space of Hilbert-Schmidt operators
from Q'/2(H) to H, where Q is the covariance operator of W (t), see Section 2.

Our main results in this paper are the following;:

THEOREM 1.1. Let up and u be the solutions of (1.5) and (1.1), respectively.
Assume that ||A(*8_1)/2||Lg < oo for some (3 € [0,1]. Then we have, fort > 0

and ug € Ly(S%; HP),
(1.6)  Nun(t) = w(®) | Laqesrry < CRP ([uoll b,y sy + 1AV o).

In particular, if W(t) is an H-valued Wiener process with Tr(Q) < oo, then we
have, for t >0 and ug € Lo(Q; HY),

(1.7) un(t) — w(t) || Lym) < Ch(||u0||L2(Q;H1) + TT(Q)1/2)-
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THEOREM 1.2. Let up and u be the solutions of (1.5) and (1.1), respectively.
Assume that ||A(B71)/2HL(2) < oo for some 3 € [0,1]. Then we have, for0 <t < T

and ug € Lo(S%; HP), with ), = log(T/h?),
(18) Nlun(t) = ul)ll py0.a-1y < CRP (luoll 1y 0,e) + Call AP~ 1g).

In particular, if W(t) is an H-valued Wiener process with Tr(Q) < oo, then we
have, for 0 <t < T and ug € La(2; H'),

(L) llun(t) = wl®)ll yqouir—sy < CH2 (ol ygaurrry + 0 TH(Q)).

We remark that similar error estimates can be obtained in the fully discrete
case. The proofs are similar to the semidiscrete case. We will not discuss them
here. For example, the backward Euler scheme is to find U™ € Sy, U™ = u(t,),
such that,

Un — Un—l . 1 tn 0
(110) T + AhU = E/ Ph dW(t), n 2 ]., U" = Phuo,

tn—1

where we approximate the noise over (¢,_1,t,) by

/t” Py dW(t) = Py (W (tn) = W(tn-1)).

tn—1

With () = (1+ X)~!, we can rewrite (1.10) in the form

t7l
Uur = T(kAh)Unil +/ r(kAp)PrdW(s), n>1,

tn—1

(1.11)
UO = P}LU/O.

Following the proof of error estimates for u, — w, we can prove similar error
estimates for U™ — u(t,,). This was first done in the temporally semidiscrte case
by Printems [23] and later in the completely discrete case by Yan [29]. In this
paper, we will only focus on the proofs of the error estimates in the spatially
semidiscrete case.

This paper is organized as follows. In Section 2, we discuss the It integral
with respect to the Wiener process in Hilbert space. In Section 3, we consider
the regularity of the solution of (1.1). In Section 4, we prove error estimates for a
deterministic problem. We then give, in Section 5, the proofs of our main results.

2 Preliminaries.
In this section, we will give a short discussion of the It6 integral with respect
to the Wiener process W (¢t) in Hilbert space.

2.1 The stochastic integral with respect to an H-valued Wiener process.

A family W (t), t > 0, of H-valued random variables is called a Wiener process
on H, if and only if, see [7] and [30],
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(i) W(0) =
(ii) for alrnost all w € Q, t — W(t,w) is a continuous function,
(iii) W(t) has independent increments,
(iv) LW (t) =W (s)) = LW (t = 5)), 0 < s <t
L(X

Here ) denotes the law, or the distribution, of the H-valued random variable
X, i.e., the probability measure on H defined by

L(X)(A) =P{w: X(w) € A}, forany A € B(H),

where B(H) is the Borel o-algebra of H, i.e., the smallest o-algebra containing
all closed (or open) sets of H.

It turns out that if W (t) is a Wiener process on H, then, for arbitrary ¢,
L(W(t)) is a Gaussian probability measure on H with the mean 0 and the
covariance operator tQ), i.e.,

LW (1)) = N(0,tQ),

where () is a linear, self-adjoint, positive definite, bounded operator with finite
trace, i.e., Tr(Q) < co. We then call the above W (t) an H-valued Wiener process
with covariance operator @, Tr(Q) < co.

There is a natural class of operator-valued processes, which can be stochas-
tically integrated with respect to an H-valued Wiener process W (t). Denote
by Q'/?(H) the image of the operator Q'/2 on H. Denote by L(H) the space
of bounded linear operators on H, and by L(QY?(H),H) the space of all
Hilbert-Schmidt operators from Q'/2(H) into H, i.e.,

LY(Q'*(H), H) = {weL(Q”Q Z||¢gj||2<00},

where {g;}52, is an arbitrary orthonormal basis of Q'/?(H). Its norm is denoted
by

oo 1/2
1¥lleg = <Z ||¢gj|2> ,
j=1

where LY = LY(Q'/?(H), H).
Denote by LZ([0,T]; L3) the separable Hilbert space of all measurable pro-
cesses o, with values in L9, such that

1/2

T
2]l 2 (0,77 L9) = (/0 E||x(t)\|%g dt) < 0.

For any () € L%(]0,7T]; L3), we can define the stochastic integral

T
(2.1) /0 ¥(t) dW(¢)
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in the standard way as in the stochastic integral with respect to the scalar Wiener
process W (t).

2.2 The stochastic integral with respect to a cylindrical Wiener process.

The construction of the stochastic integral for an H-valued Wiener process
W (t) above requires that W (t) is H-valued, which implies that @ is a trace class
operator. Here we shall extend the definition of the stochastic integral to the case
of a cylindrical Wiener process. Let @ be a linear, self-adjoint, positive definite,
bounded operator on H, not necessarily in the trace class, but with a bounded
sequence of positive eigenvalues {v;};°; and a corresponding orthonormal basis
of eigenvectors {e;}7°, in H. Thus @ is not necessarily compact, for example,
@ = I. By a cylindrical Wiener process with covariance operator @, Tr(Q) <
00, we mean the series, see Da Prato and Zabczyk [7], Peszat [21], Peszat and
Zabczyk [22],

(2.2) W)=Y~ Past), t>o0,
=1

where {§;(t)} is a family of real-valued, independent, Brownian motions. In the
special case @ = I, W(t) is defined by

(2.3) W(t) =Y epi(t), t>0.
=1

We observe that (2.2) is divergent in Lo(; H) if @ is not in the trace class,
in which case W (t) is not an H-valued process. In fact, for arbitrary ¢ > 0,

1/2€lﬁz

Z%Eﬁz —tZ%—tTr

However, let Hy be an arbitrary Hilbert space such that the embedding of
Q'Y?(H) into Hy, is Hilbert-Schmidt. Then we have the following lemma, see [7,
Proposition 4.11].

LEMMA 2.1. The cylindrical Wiener process (2.2) defines a Hy,-valued Wiener
process with some covariance operator Qp, .
For arbitrary h € H, the process

(2.4) Z% (h,e))Bi(t)

is a real-valued Brownian motion and

(2.5)  E((h1,W(t))(ha, W(s))) = min(t, s)(Qh1,h2), forhi, hy € H.
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For any (-) € L%([0,T]; L3), we can define the stochastic integral with respect
to the cylindrical Wiener process as follows:

T oo T
(2.6) A w@dww>—g;A Bt dlgr, W (1)),

where {g;}°, is an arbitrarily orthonormal basis in Q'/?(H), and the integral
on the right is the standard It6 integral.
Let us consider three special cases.

(i) If @ = I, then we can choose g; = ¢;, and hence (g;, W(t)) = G;(¢) by (2.4),
therefore the stochastic integral is

T oo T
Aw@mw—;Awwmmw

(ii) If W (t) is a Wiener process with Tr(Q) < oo, then Q'/? is Hilbert-Schmidt
and H;, = H. In this case, the stochastic integral defined by (2.6) is
consistent with the stochastic integral defined in (2.1).

(iii) More generally, in the present paper we assume that HA(B_U/QHLQ < oo for
some (3 € [0, 1], i.e.,

||A(»6’71)/2||2Lg - ZWHA([#U/%ZHQ < 00,
1=0
which implies that Hy, = HP=1, see Lemma 3.5 in Section 3. Thus W (t)
is H~'-valued, which suggests that we should use the generalized Lo-

projection operator in the formulation of finite element method for (1.1).
We remark that the following isometry property holds for the cylindrical

Wiener process W(t)
T
| v
0

3 Regularity of the mild solution.

2 T
- [ ElwoBy .

(2.7) E’ i

In this section we will consider the regularity of the mild solution of (1.1). We
have

THEOREM 3.1. Let u(t) be the mild solution (1.2) of (1.1). If ||A(ﬁ71)/2|\Lg <
oo for some 8 € [0,1], then we have, for fized t € [0,T],

(3.1) Nlu®)llpy a5y < C(HuoHLg(Q;Hﬁ)+HA(B_1)/2||L2>7 for ug € Ly(Q; HP).

In particular, if W(t) is an H-valued Wiener process with covariance operator
Q,Tr(Q) < oo, then we have

(3:2) Nu®ll 0y < Cllwoll o + Tr(Q)'/?),  forug € Lo(Q H).
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To prove this theorem, we need some regularity results which are related to

the fact that F(t) = e *4 is an analytic semigroup on H. For later use, we collect
some results in the next two lemmas, see Thomée [27] or Pazy [20].

LEMMA 3.2. Let a,5 € R and let I > 0 be any integer. We have

(3.3) IDLE(t)v]s < Ct=B=/2 |, fort >0, 21+ 6> a,
and
t
(3.4) / sa|DiE(5)v|%ds < C‘v‘gl—&-ﬁ—a—l? fort>0, a>0.
0

LEMMA 3.3. For arbitrary o > 0, 0 < 6 < 1, we have

(3.5) |A“E(t)|| < Ct~*, fort >0,
and
(3.6) |A=A(I — E@t)|| < Ct’, fort>0.

PrROOF oF THEOREM 3.1. By (1.2), we have, for arbitrary § > 0, using
stability property of E(t) and isometry property,

2

IN

3.7 E(u®)3) 2E(|E(t)uo|%)+2E‘/OtA'B/zE(ts)dW(s)

IN

t
2Buof}) + 2B | AP2E( )3 ds.

With {e;}{°, an arbitrary orthonormal basis on H, we have, using Lemma 3.2,

t o0 t
[ 1a2Ee = 9lgas = 2 [ 147EE 90 e P ds
Jj=1

>t
3 / B(5)Q e, 3 ds
j=1

C31QY e}, = CACI2|3,.

j=1

IA

Together with (3.7) this shows (3.1).
In particular, if W (¢) is an H-valued Wiener process with Tr(Q) < oo, then
we can choose 3 = 1 because

o0 o0
1112y = S 1Q2e I = 37 = T(Q). .
j=1 j=1
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If d = 1, then we may specialize to Q = I:

COROLLARY 3.4. Let u(t) be the solution of (1.1) and A = —0?/0z* with
D(A) = HE(0,1) N H%(0,1). Assume that W (t) is a cylindrical Wiener process
with Q@ = I. Then we have, for every B € [0,1/2),

u@)Il L, 0y < C(LA+ l[uollp, ,p0)),  foruo € Ly(; HP).

PROOF. It is well known that A has eigenvalues \; = j*n?, j = 1,2,...,
and corresponding eigenfunctions ¢; = V2sinjrz, j = 1,2,..., which form an
orthonormal basis in H = L3(0,1). Thus, we have

o oo
A2y = ST ACD 22 = S A8,
j=1 j=1
which is convergent if § € [0,1/2).
The proof is complete. |

We note that in Theorem 3.1, we require the condition HA(B_I)/QHLS < oo for
B € [0,1]. The following lemma shows that this condition is equivalent to saying
that W (t) is H?~'-valued. In particular, W(t) € H~!, which is important for
the finite element formulation of (1.1).

LEMMA 3.5. Assume that W (t) is a Wiener process with covariance opera-
tor Q. Assume that A and @ have the same eigenvectors. Then there exists an
operator @, Tr(Q) < oo, such that the following statements hold.

(i) If ||A(5*1)/2||Lg < 00 for some 8 € [0,1], then

W(t) = i Qefi(t), t=>0,

=1

defines an flﬁ_l-valued Wiener process with covariance operator Q In
particular, Q@ = Q if Tr(Q) < oco.
(i) IFW(t) =352, QY2eiBi(t), t > 0, is an HP~'-valued Wiener process with

the covariance operator Q, then
||A(5_1)/2HL3 < o0, for some 8 €10,1].

PrOOF. We first prove (i). With {7, e;}5°, the eigensystem of @ in H, it is
easy to show that g = Q'/%¢; = %1/261 is an orthonormal basis of QY/2(H).
In fact,

(90 91) 12y = (@291, Q"% gr) = (1, ex) = S
Note that

Do lalioy =D APTIEQV R P = |ACTD2 g < oo,
=1 =1
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which means that the embedding of Q'/2(H) into H?~' is Hilbert-Schmidt. By
Lemma 4.11 in Da Prato and Zabczyk [7], W (t) defines an H”~'-valued Wiener
process with covariance operator Q, Tr( ~) < o0. It is obvious that Q = Q if
Tr(Q) < .

We now turn to (ii). Since W (t) = 327°, Q'/2e,3,(t), t > 0, is an H~-valued
Wiener process with the covariance operator Q, Tr(@) < 00, we have

E|W(t)[3_; < <.

With {\;, e;}72, the eigensystem of A in H, we have

00 2

> QYPesi(t)

=1

EW(t);, = E

-1

oo
= BY N ()’ = A0 g,
=1

which implies that ||A(ﬁ’1)/2||Lg < oo for § € [0,1]. The proof is complete. O

4 Error estimates for a deterministic problem.

In order to prove our error estimates for the stochastic partial differential
equations, we need some nonsmooth data error estimates for the corresponding
homogeneous deterministic parabolic equation.

Let us first consider the stationary problem

(4.1) —Au=f in D, with u =0 on 9D,
where f € H™1.

The variational form of (4.1) is to find u € H} such that
(4.2) (Vu, V) = (f,0), Vo€ Hy,

where (-,-) denotes the duality pairing between H~' and H_.
Let S;, C H{ be the finite element space. The semidiscrete problem of (4.2)
is to find uy, € Sy, such that

(43) (vuh7 VX) = <f7 X>v VX € Sh.

By the Lax—Milgram lemma, there exist unique solutions u € H} and uy, € S,
such that (4.2) and (4.3) hold. Moreover the following stability result holds:

(4.4) luly < C|f|-1, YfeH
The standard error estimates read:

(4.5) lun — ull < Ch*|uls, s =1,2.
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Let G : H~' — H} denote the exact solution operator of (4.1), i.e., u = G f.
We define the linear operator Gy, : H'-S, by Gn f = up, so that up, = G, f €
S, is the approximate solution of (4.2). It is easy to see that Gy, is selfadjoint,
positive semidefinite on H, and positive definite on S;,. Introducing the elliptic
projection Ry, : Hi — S, by

(VRyv,Vx) = (Vv,Vx), Yve€ H}.

We see that G, = RpG, and Rpv is the finite element approximation of the
solution of the corresponding elliptic problem with exact solution v. By (4.5),
we get

|Rrv — v]| < Ch%Jvls, s=1,2.

Hence, using (4.4) and the elliptic regularity estimate, we have
(4.6) [(Gh=G)fll = (Bn — DGl < CP?|Gfls = CR°|f|s—2, fors=1,2,

which we need below.
Let Ey(t) = e tr with A, = G, and let E(t) = e7** with A = G~1. We
then have the following error estimates for the deterministic parabolic problem.

LEMMA 4.1. Let Fy,(t) = Ex(t)Py — E(t). Then

(4.7) HFh'U”L(x,([O,T];H) < Chﬁ‘ﬂﬁ, forv e HB, 0<p<l,
and
(48) ||FhUHL2([0,T];H) S Ch6|’l)|ﬁ,1, fO'f' v E Hﬁ717 0 S ﬂ S 1.

Further, in the weak norm,

(4.9) 1Envllr orpi-1) < ChP|s_1, forve HP7', 1<3<2,
and, with ¢, = log(T/h?),

(4.10)  [1Foll, orprr1y < Ch talolp—a,  forve HP72, 1< <2,

PRrROOF. We denote u(t) = E(t)v, up(t) = Ep(t)Pnv, and e(t) = up(t) —u(t) =
Fy,(t)v. We first show (4.7). By the stability properties of the Lo projection
operator P}, and the solution operators Ey,(t) and E(t), we have
(4.11) lle(®)]| = ||En(t)Prv — E(t)v|| < 2||lv]], fort>0, veH.

We will show that
(4.12) le(t)|| < Chlv|y, fort>0, ve H.

Combining this with interpolation theory, we get (4.7).
To show (4.12), let us consider the error equation

(4.13) Grer +e = p,
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where p = —(G), — G)u;. We note that Gpe(0) = 0 for
(4.14) (Gre(0),w) = (Pyv —v,Gpw) =0, forwe H,

since Gpw € Sy,
By the energy method, we can show, see Thomée [27, Lemma 3.3],

lle(@®l < Oililg(SHPt(S)” +llp(s)ll), t=0.

Obviously, by (4.6) and Lemma 3.2,
()l = (Gh = G)ue|| < Chlug| -1 < Chvly,

and
sllpe(s)[| < Chslue(s)l1 < Chlvls.

Hence (4.12) follows and therefore we get (4.7).
We next show (4.8). By interpolation theory, it suffices to show that

(4.15) lellzy o177,y < Clv]-1,
and
(4.16) lell . (o,r;) < Chllvll.

Taking the inner product of (4.13) with e, we get
(Ghet>e) + (67 6) = (p? 6)-

Integrating with respect to ¢, we get, noting that Gre(0) = 0 and using the
inequality (p,e) < 5([lol* + [le]|?),

T T
(4.17) (Gre(T), e(T)) + / lell? d < / loll? dt.
Obviously, by (4.6) and Lemma 3.2,
T T T
(4.18) / loll? dt < / 1(Gh — Gue]? dt < C12 / [uf? dt < CR2 o2,
0 0 0

which implies that (4.16) holds.
To show (4.15), we note that, by Lemma 3.2 and its discrete counterpart,

T T
(4.19) / lef? a < 2 / (lunl + ul®) dt < 2ol , + 2f,.
where |v|_1 j is a discrete seminorm defined by

0|15 = (Gro,v)? = (|G} ?0]].
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Since [v]-1 = sup{(v,w)/|w|; : w € H'}, see Thomée [27, Chapter 6], we thus
have, with w = Gpv, v € H™1,

,G ,G
Z (U hv) _ (U hv) — |U|—1,ha

s = sup )
V-1 = u —_
! P IGhol (v, Gro)i/2

weH! |w|1

since
|Ghv|% = (AGhU,GhU) = A(Ghv,Ghv) = (AhGhU,GhU) = (v,Ghv),

where A, = G . Hence by (4.19), we get fOT le]|? dt < 4]v|?,, which implies
that (4.15) holds.
We now turn to (4.9). It suffices to show that

(4.20) e(®)—1 < Chllo].
and
(4.21) le(t)|-1 < Ch2|v|1.

By (4.17) and (4.18), we have

(4.22) (Gre,e) = |e|2_1,h < Ch?||v|*.
Using
(4.23) lel-1 < le|-1,n + Chlle],

which follows from, by (4.6),
le21 = (Gne,e) + (G = Gu)e,e) < lef2y ), + Ch? el
we obtain, by (4.11)
le|—1 < le[-1,n + Chlle|]| < Chllv]],
which is (4.20).
By (4.17) and (4.6), we obtain

1 t t
)10 = Grel)e®) < 5 [ ol ds < On* [l s < Cntpi
0 0

Combining this with (4.12) and (4.23), we get (4.21).
It remains to show (4.10). Integrating (4.13) with respect to ¢, we have, with

&(t) = [y e(s)ds, p(t) = [, p(s)ds,

(4.24) Gre+é=p,  &0)=0.

Taking the inner product of (4.24) with e, we get, since e = &,
d

1d o o od
(Gnes ) + 5 P = (3re) = £(5:2) = (p,2).
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After integration, we have, noting that €(0) = 0,

T , 1 , T I T
| ek snas<5lemiE = [ Geds= ol - [ o

IN

IN

T
2( / ||p|ds) sup[é(s)]l
0 0<s<T

By a kick-back argument, we obtain

T T 2
[k sas<e( [ s
0 0
h? T
[ elids+ [ lolas
0 h?

h2 T
¢ [ s P ulads € [ hlulyds < Chtyfol .
0 h?

Noting that

T
[ 1elas
0

IN

and, similarly,

T
/ loll s
0

h2 T
/ lollds + / loll s
0 h2T

Ch2||vH+Ch2/ lula ds
h2
Ch?|[v]| + Ch*log(T/h?)||v|| < ChEy]|v]],

IN

IN

we therefore get

T
(4.25) /0 le|? y  ds < CR*Gr|v]* |,
and

T
(4.26) /O le|? 1 ds < CRG ||,

By (4.19), (4.23), and (4.25), we obtain

T T T
/ le|2,ds < C/ \e|2,1,hds+Ch2/ lle]|? ds
0 0 0

CRBJuf?, +CR2ul? | < CR2GJof?,,

IN

and, by (4.26)
T
/0 le|21 ds < CR* G [[v]|* + Ch*|[u]|* < Ch*4 |lv])*.

Now (4.10) follows from the interpolation theory. The proof is complete.

T
e+ ([ olas) sup 1ece)

843
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5 Proofs of Theorems 1.1 and 1.2.

In this section, we prove Theorems 1.1 and 1.2.

PROOF OF THEOREM 1.1. We have, with E(t) = e~ ‘4,
u(t) = E(t)ug + /Ot E(t —s)dW(s),
and, with Ej,(t) = e t4n
up(t) = Ep(t) Pyug + /Ot En(t — s) P, dW (s).
Denoting e(t) = up(t) — u(t) and Fy(t) = Exn(t)Py, — E(t), we write
“(t) = Bu(t)Phao — Blt)ua + [ (But — )Py~ Bt ) AW (s
= Fp(t)ug + /Ot Fp(t—s)dW(s) =1+ 1II.

Thus

el ocimy < 20111 Loy + 1 || Lyc0sm)) -
For I, we have, by (4.7) with v = uy,
1| = | Fn(t)uoll < ChPlug|s, for0< <1,

which implies that ||1||1,q.m) < ChﬁHuOHL?(Q_Hﬁ), for0 < g <L
For II, we have, by the isometry property,

2 t
= [ 15t sy as
0

t
VT o) = HE [ Bt spaws

(o) t
S [ IF - QP as
=1

where {e;} is any orthonormal basis in H.
Using (4.8) with v = Q'/2¢;, we obtain

111 oy < €Y RPIQ 2l = C Y KA D2Q
=1 =1
= ORI,

which completes the proof of (1.6).
In particular, if W (¢) is a Wiener process with Tr(Q) < oo, then we can choose
f=1in (1.6) and obtain (1.7), since ||I||7, = Tr(Q). ]
2
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As in Corollary 3.4, we may specialize to Q = I if d = 1:

COROLLARY 5.1. Let up and u be the solutions of (1.5) and (1.1), respec-
tively. Assume that A = —9%/0x? with D(A) C H(0,1) N H2(0,1). If W(t)
is a cylindrical Wiener process with Q = I, then we have, for t > 0 and
up € Lo(Q; HP),

lun(®) = u(®)ll Lo < CHAQ+ ol ouimy)s Jor 0 <6< 1/2.
Now we turn to consider the proof of Theorem 1.2.

PrOOF OF THEOREM 1.2. Using the same notation as in Theorem 1.1, we
have, by (4.9),

1Nl 2y 0ii-1) < OhﬁHHuO”Lz(Q;Hﬁ)v for0 < g <1

For II, we have, by the isometry property, and (4.10) with v = Q/2¢,,

2 2

t t
111 oy = B| [ Bre=aw(s)] =B [472R 0wy

t fe’e]
— /0 |A=Y2E, (t — s)7y ds < CH*°03 D APV |2
=1

IA

C’h2(3+1)£%HA(B_I)/QHQL%,

which completes the proof of (1.8).
In particular, if W (t) is a Wiener process on H with Tr(Q) < oo, then we can
choose =1 in (1.8) and obtain (1.9). O

COROLLARY 5.2. Let up and u be the solutions of (1.5) and (1.1), respec-
tively. Assume that A = —0%/0x° and D(A) = H}(0,1) N H?(0,1). If W(t) is
a cylindrical Wiener process with Q = I, then we have, for 0 < t < T and
ug € Ly(Q; HP), with £, = log(T/h?),

lun(t) = u@®)l 1, -1y < ChP (1 + lullvollp, o ey),  for 0< B <1/2.
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