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Abstract The deterioration of human health

with age is manifested in changes of thousands

of physiological and biological variables. The

contribution of some of such changes to the

mortality risk may be small and cannot be reliably

detected by existing statistical methods. A cumu-

lative index of health/well-being disorders, which

counts changes in observed variables on the way

of losing health, may be an appropriate way to

take the effects of such variables into account. In

this paper we investigate regularities of the aging-

related changes in human health/well-being/sur-

vival status described by such an index using the

new version of the quadratic hazard model of

human aging and mortality. We found that the

shape and the location of the mortality risk,

considered as a function of the introduced health-

related index, changes with age reflecting the

decline in stress resistance and the age-depen-

dence of the ‘‘optimal’’ health/well-being status.

Comparison of these results with findings from

early studies using the Cox’s-like model of risk

function indicates that the results are likely to

describe regularities of deterioration in human

health during the aging process.

Keywords Cumulative index �Mortality model �
Relative risk � Risk function � Stress resistance

Abbreviations
DI Cumulative index of health/well-being

disorders

NLTCS The National Long Term Care Survey

QHM Quadratic hazard model

Introduction

The age pattern of human mortality curve for the

adult, old, and oldest old ages often serves as the

demographic characteristic of the aging process.

Such characterization which is partly justified by

the absence of other data on aging-related

changes in a human organism must be used with

care. The limitations of such interpretation are

discussed by Yashin et al. (2002). The presence of

additional data (observed covariates) creates a

potential for a more detailed characterization of

forces involved in the aging-related changes, for

example, by evaluating contribution of each

covariate to the mortality risk using the Cox’s

regression model. Such an approach is efficient

when the sample size of the data is large enough
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to reliably estimate a high dimensional vector of

regression coefficients directly relating measured

variables to the risks of disease, or death, and

when the hypothesis on proportionality of respec-

tive hazards is realistic. However, when contribu-

tion of each measured variable to the mortality

risk is small and the sample size of the data is not

large enough, it is not possible to reliably evaluate

the effects of each covariate. In such cases the

cumulative indices of health/well-being disorders

(DIs) (also known as ‘‘frailty indices, FI’’) repre-

sent a reasonable alternative. Statistical proper-

ties of such indices have been recently

investigated using different survey data (Goggins

et al. 2005; Kulminski et al. 2006a, b; Mitnitski

and Rockwood 2006; Mitnitski et al. 2005). The

results of these analyses suggest that the DIs can

describe the aging-related changes in health/well-

being/survival status in humans. In particular, the

analyses show an accelerated increase in the

average value of the DIs with age. The DIs are

good predictors of death in different settings

(Goggins et al. 2005; Kulminski et al. 2006a;

Mitnitski et al. 2002; Mitnitski et al. 2005;

Rockwood et al. 2006). It is shown (Woo et al.

2006) that the DIs can characterize the health

status. The DIs are good predictors of institu-

tionalization (Rockwood et al. 2006). It is also

found that the properties of the DIs depend to a

large extent on how many deficits are accumu-

lated and to much less extent on specificity of the

deficits included in their construction (Mitnitski

et al. 2005; Rockwood et al. 2006).

Yashin et al. (2006) investigated properties of

the DI using the modified Cox’s regression model

to capture possible non-proportionality of hazard

rate. The results indicate that the mortality risk

may be described by the non-symmetric U-

function of the DI. A surprising finding was the

non-zero value of the ‘‘optimal’’ DI, correspond-

ing to the minimal value of risk, as well as the age

dependence of this optimal value. It was also

found that the shape of the U-function of the

mortality risk changed with age showing the

‘‘narrowing’’ pattern for the absolute mortality

risk. Such age-dynamics was associated with the

decline in the resistance to stress with age. In

contrast, the opposite, ‘‘widening’’ pattern of the

age dynamics was observed for the relative risk.

This effect was interpreted as an increase in

relative contribution of (unobserved) factors and

processes associated with senescence compared

to the observed DI. It would be useful to check

whether these findings are the artifacts of the

model used, or they reflect the properties of the

processes involved in deterioration of health/

well-being/survival status in humans. In this

paper we apply the extended version of the

quadratic hazard model (QHM) of human mor-

tality and aging to investigate the dynamic

properties of the DI constructed from the NLTCS

data and evaluate its effect on the mortality risk.

The results are compared with those obtained

earlier using an extended version of the Cox’s

regression model (Yashin et al. 2006).

Data and methods

Data: the cumulative index

of health/well-being disorders (DI)

To make the results of this study comparable with

those obtained using the modified Cox’s regres-

sion model (Yashin et al. 2006), we constructed

the DI using the same subset of disorders (32

questions from the NLTCS detailed question-

naires). This subset is mostly similar to those

assessed from the Canadian Study of Health and

Aging (Mitnitski et al. 2001) including: difficulty

with eating, dressing, walk around, getting in/out

bed, getting bath, toileting, using telephone, going

out, shopping, cooking, light house work, taking

medicine, managing money, arthritis, Parkinson’s

disease, glaucoma, diabetes, stomach problem,

history of heart attack, hypertension, history of

stroke, flu, broken hip, broken bones, trouble with

bladder/bowels, dementia, self-rated health, as well

as problems with vision, hearing, ear, teeth, and

feet. All these disorders (called deficits) are

assessed in five NLTCS waves. Following Mitnit-

ski et al. (2001), we define the DI as an unweight-

ed count of the number of such deficits divided by

the total number of all potential deficits consid-

ered for a given person. For instance, if an

individual has been administered 32 questions

and responded positively (there is a deficit) to 6

and negatively (no deficit) to 24 of them, then the
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DI for this person will be 0.2. In this way, we

avoid the problem of missing answers counting

only those questions explicitly answered in a

survey.

Methods

We use the same notations as in Yashin et al.

(2006) for the DI and its dynamics, and use the

non-symmetric quadratic hazard instead of mod-

ified Cox’s proportional hazard. We describe the

individual trajectories of the DI using stochastic

process Yt, satisfying stochastic differential equa-

tion with two components describing regular and

stochastic changes of this index with age (see the

Appendix). In constructing the hazard rate, we

took into account the evidences that the risks of

death considered as functions of covariates are

usually U- or J-shaped (Witteman et al. 1994). An

important concern is that the U-shaped risk

function may be non-symmetric. To reflect this

possibility, we introduced a function ft (see (1))

which characterizes the ‘‘optimal’’ trajectory of

an age-dependent covariate (i.e., the DI), i.e., the

trajectory for which the mortality risk is minimal.

It seems at the first glance that there is no need to

introduce such a function for the DI, since its

‘‘optimal’’ value is always likely to be zero.

However, the application of the modified Cox’s

regression model revealed that ft differs from zero

for both males and females, so we consider a

general case to statistically verify this finding

using the same data but a different model. Then,

the quadratic hazard model constructed in such a

way will reflect the probability of death at the age

interval [tk,tk+1) conditionally on measurements

of Yt and survival up to age tk. Assume that this

probability, Q(tk, Ytk
), depends only on values of

Ytk , Q tk;Ytkð Þ ¼ 1� e�l tk;Ytkð Þ tkþ1�tkð Þ, where

l tk;Ytkð Þ ¼l0
tk
þ ftk � Ytkð Þ2l11

tk
I Ytk � ftkð Þ

þ ftk � Ytkð Þ2l12
tk

I Ytk[ftkð Þ:
ð1Þ

The possible asymmetry of the risk function is

captured by the different terms which measure

the contribution of the covariates’ deviations to

the one or the other side from the optimal

trajectory ft(lt
11 and lt

12).

We also hypothesize that not only the mini-

mum value but also the shape of this U-function

may change when individuals get older. For

example, one or both branches of the U-risk

function may become steeper or flatter with age

and this change should be unnecessarily the same

for both branches. This feature is captured by the

age-dependence of the introduced lt
11 and lt

12

functions.

The baseline hazard lt
0 was estimated as a

Gompertz or a logistic function. We compared 22

different models each based on different assump-

tions about age dynamics of the covariate Yt and

the structure of functions f t
1 and ft. The details of

respective models are described in the Appendix.

Results

Potential gain in life expectancy

Similarly to the modified Cox’s model (Yashin

et al. 2006), the QHM has an advantage of being

consistent with the traditional mortality models

used by demographers and epidemiologists. Spe-

cifically, averaging the QHM with respect to the

DI, we will have the age pattern of the total

mortality for the elderly described by standard

demographic life tables (models QH0 or QH100,

see Appendix). Estimating the QHM conditional

on the DI, we will evaluate contribution of the DI

into the risk of death. The important property of

the QHM is that its best estimate conditional on

the DI, selected as a result of comparison with

other similar models, will allow also for estima-

tion of the age pattern of the baseline mortal-

ity lt
0 when Yt = ft, i.e., when individuals will

follow an optimal trajectory. This can be achieved

by eliminating the harmful effects associated with

the DI due to preventive measures or by com-

pensating interventions.

Our analysis shows that in all cases the logistic-

function based models provided better estimates

than the Gompertz models. The total mortality

rates (1) evaluated from the NLTCS data approx-

imated by the logistic function as well as the

baseline hazard lt
0 (for males and females) are

shown in the upper left panel of Fig. 1.
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One can see that controlling for the DI would

result in substantial reduction in the mortality

rates for both sexes after age 65. This reduction

gives rise to an increase in residual life expectan-

cies after age 65 up to 23.0, and 19.2 years for

females and males, respectively, compared to 15.4

and 10.5 years without such a control. That is,

controlling for the DI after age 65 results in

additional 7.6 and 8.7 years of life gained by

females and males, respectively.

Features of homeostatic regulation

The analysis shows that the quadratic function f t
1

from equation (A1) fits the data better than the

linear one for both sexes that is in agreement with

empirical estimates of the DI mean age patterns

in the NLTCS (Kulminski et al. 2006a) and the

results of the modified Cox’s regression analyses

(Yashin et al. 2006). These functions estimated

for males and females are shown in the upper

right panel of Fig. 1. It is seen that after age 67

the female function is higher than the male one,

although not substantially, that agrees with the

empirical analyses of the NLTCS data (Kulminski

et al. 2006a). The estimate of the initial distribu-

tion of Yt is shown in the bottom right panel of

Fig. 1. Our analysis show that the estimates of f t
1

and p(Yt1 ) are model insensitive, i.e., they are the

same in the QHM and the modified Cox’s

regression model (see Yashin et al. 2006).

The ‘‘optimal’’ trajectory of the DI

Surprisingly, the results of early analyses of data

on the risk of death considered as a function of

the DI at different ages suggested the possibility

that the minimum of function ft can be reached at

non-zero trajectory of the DI. Application of the

modified Cox’s regression model (Yashin et al.

2006) revealed that the best fitting linear trajec-

tory of ft significantly differs from zero for
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females and non-significantly for males. Applica-

tion of the QHM to the same data resulted in zero

estimates of ft for males and non-zero ft for

females (see Tables 1 and 2). The likelihood ratio

test shows that models QH103 (non-zero linearft)

and QH106 (zeroft) do not differ significantly for

females (P = 0.19, Table 1) and are identical for

males (Table 2).

The estimates of these functions for model

QH103 are shown in the lower left panel of Fig. 1.

Therefore, the conclusion about non-zero optimal

trajectories for females must be interpreted with

caution because it might be an artifact of the

model specification (the significant difference

from zero in the Cox’s model becomes non-

significant in the QHM). Nevertheless, both the

QHM and the modified Cox’s regression model

show that, at each age, there is an interval of the

DI values for which there is not substantial

relative increase in the mortality rate which

constitutes the left branch of the U-shaped hazard

function and that the range of the respective DI

values increases with age. Zero estimates of ft in

the case of the QHM along with non-significant

difference of ft from zero in the case of the

modified Cox’s regression model (Yashin et al.

2006), suggests that males may have different

relationship between the DI and the mortality

risk than females and, contrary to females, the

minimum risk may be reached at zero values of

DI. Statistical testing does not confirm the null-

hypothesis about similarity of f t
1 and ft. This

indicates that mechanisms involved in regulating

processes associated with accumulation of deficits

do not tend to follow the optimal trajectory ft.

The shape of the risk function and its changes

with age

Our analysis shows that the risks of death evalu-

ated as functions of the DI are U-shaped for

Fig. 2 Estimated mortality rate (l (t,Yt)) and relative risk
(RR(t,Yt)) for the quadratic hazard model (QH103)
applied to the NLTCS data on the DI. Thick white lines

denote the ‘‘optimal’’ trajectory of the DI (ft) (note that
for males ft = 0). Thin black and white lines correspond to
different levels of l t;Ytð Þ and RR(t,Yt)
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females and that the U-shape is non-symmetric

experiencing age-related changes. Since the min-

imum of risk is estimated at zero DIs for males,

there is only the right branch in the U-shape for

males (i.e., the risk function for males is actually

J-shaped). The function lt
11 in the QHM describes

how the left branch of the U-function of risk

changes with age (see the middle left panel of

Fig. 1). Note that since ft = 0 for males, the

function lt
11 is shown only for females. One can

see that the trajectory of lt
11 declines with age. This

means that the left branch of the U-shape of the

risk function becomes flatter with age. Similarly,

the function lt
12 shows how the right branch of the

U-function changes with age (see the middle right

panel of Fig. 1). One can see that the trajectories

of lt
12 increase with age for both females and

males. This corresponds to a narrowing of the right

branch of the U-shape with age for both sexes. The

trajectory of lt
12 increases faster in males that

results in a faster narrowing of the U-shape in

males as compared to females.

Figure 2 shows the shaded contour maps of the

estimated total mortality l (t,Yt) and the relative

risk RR(t,Yt) for the best fitting model (QH103,

see the Appendix) applied to the NLTCS data on

the DI.

This figure illustrates the dynamics of the total

mortality and the relative risk in the QHM that is

similar to that observed in the modified Cox’s

regression model (see Yashin et al. 2006): the

relative risks show the clear tendency to decline

with age for the right branch of the risk function

(and also for the left branch for females), whereas

the total risk of death shows the opposite

tendency and the width of the U-function of risk

is getting narrower with age.

Discussion

The quadratic hazard model given by (1) has a

completely different structure of the hazard rate

than the extended Cox’s like model used in

Yashin et al. (2006) for the analysis of the same

index (see (A8) in the Appendix). In the Cox’s

like model, the observed covariate Yt and unob-

served factors (represented by the baseline haz-

ard) produce the multiplicative effect on the

mortality risk. In contrast, the effects of these two

groups of factors are additive in the quadratic

hazard model. Despite the substantial difference

in the model structure, the results of the two

analyses show remarkable similarity. Both anal-

yses show that the control for the deficits used in

our study could save about 9 and 8 years of life

expectancy after age 65 for males and females,

respectively. Note that the constructed DI does

not include all the deficits developing in an aging

human organism. That is why the evaluated years

to the average life expectancy may well be an

underestimation of what is biologically possible.

Both studies confirm an accelerated increase in

functions f t
1 estimated for both sexes, which is

also consistent with empirical estimates of the

average age trajectory of the DI from other data

(Mitnitski et al. 2005) and from the NLTCS data

(Kulminski et al. 2006a). The question on inter-

pretation of the regular component which in-

cludes the function f t
1 in the stochastic differential

equation for Yt deserves a special attention. One

reason is that the deficits not included in the list

or deficits, which were not yet measured, may

provide an important contribution to the mortal-

ity risk. Since the deficits selected to construct the

DI may miss some biologically important compo-

nent, the biological interpretation of changes in

the DI with age requires a further study.

The properties of an index constructed as an

unweighted count of measured deficits were

investigated by Rockwood et al. (2006), Rock-

wood and Mitnitski (2006) and Kulminski et al.

(2006b). It was found that the properties of the

DIs depend to a large extent on how many deficits

are accumulated and to much less extent on

specificity of the deficits included in their con-

struction. The underlying paradigm of the DI is

that it can capture systemic effects of health

deterioration by measuring a wide set of health

disorders, which could reflect aging-associated

physiological changes in an individual. In other

words, a frail person will suffer from more distinct

health problems (of any type!) than a non-frail

counterpart. Then, the nature of each specific

deficiency appears to be considerably less impor-

tant than their aggregate ability to reflect vulner-

ability of a whole organism. The validity of such

concept is confirmed by a number of studies in
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different settings (Australian, Canadian, Chinese,

American) using different types and numbers of

deficits to define the DI.

Finding such important properties of a simple

index, however, does not exclude other ap-

proaches to study dynamic aspects of health

deterioration. For example, the weighted counts

of selected deficits could be more relevant when

certain health events (e.g., stroke or heart attack)

can make a substantial contribution to the mor-

tality risk. Weighting may also be useful in

explaining male–female difference in ft in both

models. The profiles of deficit about, for example,

shopping, cooking and self-rated health can be

different in males and females. Fitting a regres-

sion model to assign weights could be a good idea

when the data allow for reliable evaluation of all

regression coefficients. This, however, is not

always the case in respective studies. One more

approach could deal with introducing several

indices of cumulative deficits describing disability,

co-morbidity, cognitive impairment, etc.

Both analyses show that the increments of the

absolute mortality risk associated with the same

deviation of the DI from its ‘‘optimal’’ value tend

to increase with age. This means that the width of

respective U-function of risk gets narrower with

age, indicating the aging-related decline in resis-

tance to stress. This finding is in line with the

results obtained in animal aging studies, which

show a strong connection between the stress

resistance and longevity, as well as the decline

with age in resistance to many stresses (Seme-

nchenko et al. 2004). These findings support the

idea that resistance of human organisms to

stresses induced by the increments in the DI

declines with age.

Both studies capture the opposite behavior of

the absolute and relative risks with increasing age.

An increasing role of unobserved factors included

in a baseline hazard is confirmed by the widening

of the U–function of relative risk with age. It is

most likely that such behavior of the age trajec-

tories of relative risks manifests the increasing

role of senescence in the total mortality compared

to selected risk factors, when individuals get

older. It also means that the use of constructed

index does not cover all effects of senescence-

related factors.

Our analysis also confirms the surprising

finding (Yashin et al. 2006) that the optimal

trajectory, ft, of the DI differs from zero for

females, although in the case of the QHM the

difference is not significant. Nevertheless, the

analysis confirms the previous observation, that

there is an interval of the DI values forming the

left branch of the U-shaped hazard for which

there is not substantial relative increase in the

mortality rate, and that the range of such DI

values increases with age. The presence of this

range of the index values means that the adap-

tation (hormesis) effects may take place: to reach

the minimum of the mortality risk, organisms may

need to have a non-zero value of the DI. The fact

that this effect is more pronounced in females

than in males (for whom it is non-significant in the

case of the Cox’s model and absent in the case of

the QHM) is in agreement with other observa-

tions of male/female differences, which show that

females have a lower total mortality but have a

higher morbidity rate than males. The causes

responsible for the non-zero optimal trajectories

of the DI deserve a special attention. One reason

could be unobserved behavioral factors charac-

terizing health status and affecting dynamics of

the DI. For instance, the fact that a person has

broken his/her bones may indicate that he/she is

more physically active, is in a good physical

shape, and has a relatively good potential for a

long life. The person can also modify his/her

behavior after acquiring a certain number of

deficits, thereby reducing the mortality risk. The

presence of unobserved deficits may also contrib-

ute to this effect.

In sum, the two studies performed with a

simple cumulative index using different models

confirm the earlier finding that this index is useful

for studying dynamic aspects of the aging-related

changes in a human organism. The new findings

confirmed in both analyses include a non-zero

optimal age trajectory of the DI, the age-related

decline in resistance to stresses associated with

the DI variability, sex difference in all evaluated

patterns, and the fact that adaptive mechanisms

responsible for the dynamics of DI do not tend to

keep the DI around its optimal trajectory corre-

sponding to the minimum of mortality risk. The

similarity in the results of analyses obtained using
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two different models indicates that the evaluated

effects are likely to be not the artifacts of

particular models but reflect natural regularities

of the aging-related deterioration of health/well-

being/survival status in humans. These findings

require further development of biological back-

ground, explaining regularities of deficits accu-

mulation in aging human organism, and

connection between observed and unobserved

components of this process.
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Appendix

General model

Let Xt, Yt be two stochastic processes describing

the life history of an individual. The process Xtk

is equal to zero if an individual died in the age

interval [ tk,tk+1), and it is equal to one if he/she

survived until age tk+1. The process Yt is a

discrete time stochastic process describing obser-

vations of a health-related index (covariate).

Assume that this process satisfies the following

equation:

Ytkþ1
¼ Ytk þ atk f 1

tk
� Ytk

� �
tkþ1 � tkð Þ

þ r1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tkþ1 � tk
p

etk ; k[1;Yt1 ;
ðA1Þ

where etk
~ N(0,1), Yt1

~ N( ~f 1
t1

,r0
2). Let

~Ytk
t1 ¼ Yt1 ; . . . ;Ytk , k = 1... n be a random vector

of observations of the process Yt at ages t1 ,..., tk.

Denote by Q tk; ~Ytk
t1

� �
the conditional probability of

death at the interval [tk,tk+1) of an individual given

an observed trajectory ~Ytk
t1 , i.e., Q tk; ~Ytk

t1

� �
¼

P Xtk ¼ 0 ~Ytk
t1 ;Xtk�1

¼ 1
��� �

. Assume that this prob-

ability depends only on values of Ytk
as follows:

Q tk; ~Ytk
t1

� �
¼ 1� e�l tk;Ytkð Þ tkþ1�tkð Þ; ðA2Þ

with l (tk, Ytk
) given by (A1). For the likelihood

function we need conditional distributions of Ytk

given the observations ~Ytk�1
t1 . From (A1),

p Ytk
~Ytk�1

t1

��� �
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p tk � tk�1ð Þ
p

r1

e
�

Ytk
��Ytk�1ð Þ2

2 tk�tk�1ð Þr2
1 ;

ðA3Þ

where

�Ytk�1
¼ Ytk�1

þ atk�1
f 1
tk�1
� Ytk�1

� �
tk � tk�1ð Þ;

ðA4Þ

for k > 2, and

p Yt1ð Þ ¼ 1ffiffiffiffiffiffi
2p
p

r0

e
�

Yt1
�f 1

t1

� �2

2r2
0 : ðA5Þ

Consider N independent observations of indi-

viduals in the above described scheme. Denote by
~Y

ti
ni

ti
1

the observed trajectories of the process Yt for

ith individual, where ni is the number of observa-

tions of the process Yt for ith individual. Let di = 1

if ith individual died in the interval (ti
ni
; ti

niþ1),

di = 0 if he/she survived until age ti
niþ1 and di = 2

if an individual is lost to follow up at the last

observation (censored at age tni
i ). The contribu-

tion of ith individual into the likelihood function is

Li
~Y

ti
ni

ti
1

; ~X
ti
ni

ti
1

; di

� �
¼P ~Y

ti
ni

ti
1

; ~X
ti
ni

ti
1

; di

� �

¼ p ~Y
ti
ni

ti
1

� �
P ~X

ti
ni

ti
1

~Y
ti
ni

ti
1

; di

����
� �

¼ p Yti
1

� �Yni

k¼2

p Yti
k

~Y
ti
k�1

ti
1

���
� �

Yni�1

k¼1

1�Q ti
k;

~Y
ti
k

ti
1

� �� �

1�Q ti
ni
; ~Y

ti
ni

ti
1

� �� �I di¼0ð Þ

Q ti
ni
; ~Y

ti
ni

ti
1

� �I di¼1ð Þ
;

ðA6Þ

where the respective probabilities are given by

(A2)–(A5). The likelihood function is a product

of Li
~Y

ti
ni

ti
1

; ~X
ti
ni

ti
1

; di

� �
, i = 1... N.
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Application to the NLTCS data on the

cumulative indices of deficits (DIs)

We applied different variants of the general

model to the DIs calculated from the NLTCS

data for males and females. In all models,

we assumed that atk = aY and l1j
t ¼ al1jþ

bl1j t � tminð Þ, j = 1, 2, tmin = 65. We calculated

the models for one- and 2-year follow-up (the

results are shown for the 1-year follow-up). That

is, the observed value of the DI is assumed to be

constant during the respective interval after the

observation. Note also that this model assumes

that we consider the fact of death only during the

respective (1- or 2-year) time interval after the

observation (i.e., if an individual dies within the

specified time interval then he/she is considered

to be dead, otherwise the individual is considered

to be censored). The following models denoted as

QH0-QH10, QH100-QH110 use different specifi-

cations of functions f t
1 and ft.

Model QH0

This is the model with the Gompertz mortality

l0
t ¼ al0 ebl0 t�tminð Þ without the quadratic hazard

term and observations of the DI. Parameters to

be estimated are: al0 and bl0 .

Model QH1

f 1
t and ft are linear functions of age,

f 1
t ¼ af 1 þ bf 1 t � tminð Þ, ft ¼ af þ bf t � tminð Þ: In

all models QH1-10, we use the Gompertz mor-

tality l0
t ¼ al0 ebl0 t�tminð Þ: In models QH1-10 and

QH101-110, we estimated parameters al0 , bl0 ,

al11 , bl11 , al12 , bl12 , aY, r0, and r 1. The QH1

model-specific parameters are: af 1 , bf 1 , af, and bf.

Model QH2

The same as QH1, but with equal f 1
t and ft:

f 1
t ¼ ft ¼ af þ bf t � tminð Þ. The QH2 model-

specific parameters are: af and bf.

Model QH3

f 1
t is a quadratic and ft is a linear function of age,

f 1
t ¼ af 1 þ bf 1 t � tminð Þ þ cf 1 t � tminð Þ2,

ft ¼ af þ bf t � tminð Þ: The QH3 model-specific

parameters are: af 1 , bf 1 , cf 1 , af, and bf.

Model QH4

The same as QH1, but with fixed ft:

ft ¼ a�f þ b�f t � tminð Þ , where the parameters af
*

and bf
* were empirically estimated from the data

on mortality. The QH4 model-specific parameters

are: af 1 and bf 1 .

Model QH5

ft
1 is a linear function of age,

f 1
t ¼ af 1 þ bf 1 t � tminð Þ, and ft ¼ Ŷt, where Ŷt is

the trajectory of mean values of Y at ages t

estimated from the data and smoothed using the

moving average method with window 7. The QH5

model-specific parameters are: af 1 and bf 1 :

Model QH6

The same as QH3, but with fixed zero ft. The QH6

model-specific parameters are: af 1 , bf 1 and cf 1 .

Model QH7

ft is a linear function of age, ft ¼ af þ bf t � tminð Þ,
and f 1

t ¼ Ŷt, where Ŷt is the trajectory of mean

values of Y at ages t estimated from the data and

smoothed using the moving average method with

window 7. The QH7 model-specific parameters

are: af and bf.

Model QH8

f 1
t and ft are fixed: f 1

t ¼ ft ¼ a�f þ b�f t � tminð Þ,
where the parameters af

* and bf
* were estimated

from the data on mortality.

Model QH9

f t
1 and ft are fixed: ft ¼ a�f þ b�f t � tminð Þ, where the

parameters af
* and bf

* were estimated from the

data on mortality, and f 1
t ¼ Ŷt, where Ŷt is the

trajectory of mean values of Y at ages t estimated

from the data and smoothed using the moving

average method with window 7.
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Model QH10

f t
1 and ft are fixed: f 1

t ¼ ft ¼ Ŷt, where Ŷt is the

trajectory of mean values of Y at ages t estimated

from the data and smoothed using the moving

average method with window 7.

Model QH100–110

Similar to QH0-QH10 but use the logistic base-

line mortality rate

l0
t ¼ al0 ebl0 t�tminð Þ

	
1þ r2

2

al0

bl0

ebl0 t�tminð Þ � 1
� �� �

ðA7Þ

in place of the Gompertz mortality rate

l0
t ¼ al0 ebl0 t�tminð Þ. Here r2 is an additional param-

eter to be estimated.

Extended Cox’s model

Here we briefly describe the extended Cox’s

model analyzed in Yashin et al. (2006) and cited

in this paper. Generally, this is the model given by

(A1)–(A6) with the Cox-like proportional haz-

ards instead of (1):

l t;Ytð Þ ¼l0ðtÞe b2þb4tð Þ Yt�ftð ÞI Yt�ftð Þ

þ b3þb5tð Þ ft�Ytð ÞI Yt\ftð Þ: ðA8Þ

Here the notations for Yt and ft are the same as

above, I �ð Þ is an indicator function, which equals

1, if the inequality in the parentheses is true, and 0

otherwise, b2, b3, b4, and b5 are regression

coefficients. Possible asymmetry of the risk func-

tion is captured by the different regression coef-

ficients b2 andb3, which measure the contribution

of the covariates’ deviations to the one or the

other side from the optimal trajectory ft. The

linear dependence of regression coefficients on

age allows for capturing age-related changes in

the shape of the risk function.

In Yashin et al. (2006), we analyzed models

Cox0–Cox10 and Cox100–Cox110, which are the

respective analogues of QH0–QH10 and QH100–

QH110, i.e., the models with similar specifications

of f 1
t , ft, at, and mortality rates (A8) with the

Gompertz baseline hazards l0 tð Þ ¼ l0eb1t for

Cox0–Cox10 and the logistic baseline hazards

l0ðtÞ ¼ l0eb1t



1þ r2
2l0 eb1t � eb1tmin
� �

=b1

� �
for

Cox100–Cox110.
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