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Abstract
This study investigates model errors caused by the rigid-foundation assumption in dynamic 
Soil-Structure Interaction (SSI), which has been widely accepted in the past decades to 
reduce computational effort. A linear two-dimensional model is used for a qualitative anal-
ysis that compares the dynamic responses of a rigid system, comprising a rigid foundation 
embedded in a layered half-space with a superstructure mounted on top, and a correspond-
ing flexible system with the same parameters but a flexible foundation with a variable stiff-
ness. The Indirect Boundary Element Method combined with non-singular Green’s func-
tions of distributed line loads is employed to calculate the system responses accurately. 
Transfer functions computed for a range of parameters show that the rigid-foundation 
assumption leads to overestimating the system natural frequency and changes the peak 
deformations to a different extent. It is also shown through a case study of 42 earthquakes 
that the rigid-foundation assumption may either overestimate or underestimate the system 
responses by up to approximately 50%, and in some cases even by approximately 100%, 
depending on the frequency content of excitation and SSI dynamic characteristics.

Keywords Soil-structure interaction · Flexible foundation · Foundation of variable 
stiffness · Structure responses · Layered half-space · System frequency · Indirect boundary 
element method

List of symbols
βb, βf, βj, βR  Shear-wave velocity of the structure, the foundation, the jth sub-layer, the 

bedrock, respectively
�∗
b
 , �∗

f
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 , �∗

R
  Complex valued shear-wave velocity of the structure, the foundation, the 

jth sub-layer, the bedrock, respectively
νb, νf, νj, νR  Poisson’s ratio of the structure, the foundation, the jth sub-layer, the bed-

rock, respectively
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ρb, ρf, ρj, ρR  Mass density per unit length of the structure, the foundation, the jth sub-
layer, the bedrock, respectively

ξb, ξf, ξj, ξR  Damping ratio of the structure, the foundation, the jth sub-layer, the bed-
rock, respectively

H  Structure height
a  Foundation half-width
c  Foundation embedment
D  Soil-layer thickness
ω  Circular frequency of incident wave
θ  Incident angle
Γ1  Foundation-soil interface
Γ2  Two vertical outlines of the superstructure
Ω1  Domain of half-space except foundation
Ω2  Domain of superstructure with foundation
N1, N2  Total elements along two boundaries, respectively
pj, rj  Horizontal and vertical fictitious loads, respectively
i  Imaginary unit
η  Dimensionless frequency of incident wave
λj  Shear wavelength in the soil layer
ub, wb, θb  Horizontal, vertical and rotational components of the superstructure dis-

placements, respectively
x  An arbitrary point
Gu1, Gu2  Matrix of displacement Green’s functions in two domains
Gσ1, Gσ2  Matrix of traction Green’s functions in two domains
P1, P2  Fictitious-load vector in two domains
US1, US2  Displacements in two domains
TS1, TS2  Tractions in two domains
Uf  Displacement vector of free-field ground motion
Tf  Traction vector of free-field ground motion

1 Introduction

The two or three-dimensional rigid-foundation model with the foundation on the surface 
of, or embedded in, a half-space representing the soil, with or without a superstructure on 
top, has commonly been assumed in studies of Soil–Structure Interaction (SSI) in the past 
decades. This assumption, by reducing the number of degrees of freedoms, facilitates com-
putationally efficient analyses, while still providing relatively accurate results. However, it 
leads to overestimating wave scattering by the foundation and the overall flexibility of an 
SSI system, especially for short wavelengths (Trifunac et al. 1999). This paper addresses 
these issues by formulating a flexible-system model, which considers a foundation with 
variable stiffnesses, to investigate the errors produced by the rigid-foundation assumption 
in SSI problems. A specific focus of this study is on the effects of foundation flexibility on 
the system responses and its dynamic characteristics.

The rigid foundation model for SSI studies was established around 1970 and has 
widely been used since then. This was acceptable several decades ago when com-
puter abilities were limited. For the model, the structures and the half-space are usu-
ally treated as two independent substructures at first, and system responses are then 
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obtained by interfacing the two parts together via dynamic equilibrium of the rigid 
foundation. For this process, foundation impedance functions play an important role in 
describing both the stiffness and damping characteristics of underlying soil, as well as 
relating superstructure to the underlying soil. In the past few decades, many researches 
were dedicated on calculation of impedance functions through various methods, most 
of which are numerical ones. (Luco and Wong 1987; Gucunski 1993; Zhao et al. 2018; 
Fu et al. 2017, 2019). The substructure method is used in this paper to provide a bench-
mark to verify the results.

For the SSI model with a foundation of limited flexibility, it is challenging to sepa-
rate each constituent part of the substructure model and use impedance functions in 
modelling and calculations, it is, therefore, less common to involve foundation flex-
ibility in SSI-related studies (Spyrakos and Beskos 1986; Jeremić et al. 2009; Anasta-
sopoulos and Kontoroupi 2014; Romero 2013; Pitilakis and Karatzetzou 2015). On the 
other hand, a foundation may behave rigidly when its stiffness is large enough (Liou 
and Huang 1994; Chen and Hou 2009; Gaitanaros and Karabalis 1988), however, many 
building foundations encountered in engineering practice do not have a large enough 
stiffness for this assumption to be justified. Nevertheless, the validity of rigid founda-
tion assumption in SSI is seldomly verified and the role of foundation flexibility is 
rarely studied. From the limited existing studies, it can be concluded that foundation 
flexibility is important for assessing the dynamic behaviours of embedded foundations 
by a hybrid boundary element method—finite element method (BEM–FEM) approach 
(Iguchi and Luco 1981). It is also shown that the radiation damping for flexible founda-
tions is significantly lower than that for rigid foundations in the same soil, that motions 
of the foundation are highly dependent on its flexibility (Todorovska et al. 2001a), and 
that both the vertical and horizontal motions are significantly influenced by the relative 
stiffness ratio of the foundation and the soil medium (Chen and Hou 2015). A clear 
reduction of the system frequency has been reported for a single-degree-of-freedom 
oscillator model on a semi-circular foundation to incident harmonic waves, because 
a non-rigid foundation adds extra flexibility to the system (Liang et al. 2016; Jin and 
Liang 2018). Also, a flexible foundation allows intermediate and short waves to enter 
the foundation-building interface, which makes building responses spatially complex 
(Gičev et al. 2015, 2016; Wolf 1985).

While many of the above-mentioned investigations concentrated only on the foun-
dation responses without superstructure taken into account (Liou and Huang 1994; 
Chen and Hou 2009, 2015; Gaitanaros and Karabalis 1988; Iguchi and Luco 1981), 
this paper presents an SSI model consisting of a flexible embedded foundation with a 
superstructure on top of it for calculation of system responses. The half-space is sim-
plified to a multi-layered site to consider the site dynamic characteristics in the model. 
Note that the terms flexible foundation or rigid foundation used in the paper refer spe-
cifically to the foundation itself, whereas these terms in some other studies correspond 
to the SSI system and fixed-base structure, respectively. The objectives of the paper 
are to: (1) propose an Indirect Boundary Element Method (IBEM) approach to obtain 
results of high accuracy, (2) propose a method to represent transfer functions of a flex-
ible system whose motions are strongly spatially varied, (3) investigate the effects of 
foundation flexibility on the system responses and characteristics, (4) evaluate errors 
of the rigid foundation assumption in SSI problems for a qualitatively to guide future 
related studies, and (5) perform a series of case study analyses, for which the building 
and site data are available to provide reference values for engineering practice.
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2  Methodology

2.1  Modelling of flexible foundation

A two-dimensional SSI model, shown in Fig. 1, consists of a structure supported by a foun-
dation embedded in a layered half-space. Both the structure and the foundation are reduced 
to a rectangular body, while, together with the half-space, they are assumed to be linear-
elastic, viscously-damped and homogeneous. Although during strong earthquake events, 
both the soil and the structure are likely to experience some degree of non-linearity, evalu-
ation of rigid foundation models under such conditions is out of the scope of this paper. 
The structure has a height of H, is characterized by shear-wave velocity βb, Poisson’s ratio 
νb, mass density ρb per unit length in the y-direction and damping ratio ξb, whereas the 
foundation has dimensions 2a × c in the x- and z-directions, respectively, and is character-
ized by shear-wave velocity βf, Poisson’s ratio νf, mass density ρf per unit length in the 
y-direction, and damping ratio ξf, respectively. No relative displacements are permitted at 
the structure-foundation interface. The entire soil layer has a thickness D, and the material 
properties of jth sub-layer are shear-wave velocity βj, Poisson’s ratio νj, mass density ρj per 
unit length in the y-direction and damping ratio ξj, respectively, whereas the bedrock is 
characterized by shear-wave velocity βR, Poisson’s ratio νR, mass density ρR per unit length 
in the y-direction and damping ratio ξR, respectively. The system is excited by a harmonic 
incident wave propagating from the bedrock, with particle motions in XOZ-plane, circular 
frequency ω, and incident angle θ with respect to the horizontal direction.

For convenience of the following calculations, symbol Γ1 represents the foundation-soil 
interface, and perfect bond is assumed along Γ1 with no separation or uplift, while Γ2 rep-
resents the two vertical outlines of the superstructure. Domain Ω1 is the half-space except 
the foundation, and Ω2 is the superstructure with the foundation, respectively.

Fig. 1  SSI model consisting of an elastic foundation and superstructure embedded in a layered half-space 
and subjected to incident harmonic waves from the bedrock
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2.2  IBEM approach

Two scattering fields within domains Ω1 and Ω2, respectively, are produced by incident har-
monic waves, and an IBEM approach is used to calculate the scattering fields. To that end, 
the domains are divided into horizontal sub-layers, and, accordingly, it is assumed that N1 ele-
ments are used along boundary Γ1 (including the foundation bottom), and N2 elements are 
used along boundary Γ2, respectively. Then a set of fictitious horizontal harmonic loads, pjei�t , 
and fictitious vertical harmonic loads, rjei�t , whose amplitudes are unknown, are imposed 
onto each element of two domains, as shown in Fig. 1. The loads acting on the elements of Γ1 
of domain Ω1 comprise fictitious-load vector P

1
:

and those acting on the elements of both Γ1 and Γ2, of domain Ω2 comprise vector P2:

where superscript T denotes vector transpose. The time factor, ei�t , in which, i =
√
−1 is 

the imaginary unit, is omitted hereafter for convenience.
The displacements and tractions of a point x in domain Ω1 are

where G
u1
(x) and G

��
(x) are the matrices of displacement Green’s functions and traction 

Green’s functions, respectively (Wolf 1985; Liang et al. 2013a, b):

The components of the matrices in Eq. (4) are the Green’s functions of distributed loads 
acting along straight lines; for example, symbol Gu1(�, p

j

1
) corresponds to the horizonal 

displacement response of point x to the excitation from the distributed line load acting in 
the horizontal direction on the jth element. By using this type of Green’s functions, no sin-
gularity is anticipated in the IBEM model, which results in good accuracy and efficiency 
of numerical calculations. Also, this type of Green’s functions satisfies automatically the 
traction-free conditions on the top horizontal surface of the domain, thus, no meshing is 
needed on the ground surface and structure top. Similarly, the displacements and tractions 
of a point in domain Ω2 are as follows:
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The boundary conditions of the model are, first, the continuity of displacements and 
tractions along boundary Γ1:

where Uf(x) and Tf(x) are the displacements and tractions of the free-field ground motion 
for incident harmonic waves. Second, the boundary Γ2 must be traction-free:

If N1 target points are chosen from boundary Γ1 ( x = x1, x2, ... , xN1
 ) and N2 target 

points are chosen from boundary Γ2 ( x = x1, x2, ... , xN2
 ) (usually one target point from 

one element for IBEM perform optimally), a set of linear equations of order N1 + N2 can be 
written as follows:

in which

Then unknown vectors P
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2
 are solved from Eq. (8). The responses at the structure 

top, U
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(x)(|x|≤a, z=−H) = {us2_x(x), us2_z(x)} , are calculated by substituting locations 

x = (x, z)
|||||x| ≤ a, z = −H into Eq. (5a).

The horizontal, vertical and rotational components of displacements are coupled in 
a flexible system, which is described by the transfer functions of the system, but can be 
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2.3  Verification of accuracy

Figure  2 is a comparison of the spectral amplitudes of transfer functions, ||ub(x)|| and 
||wb(x)

|| , of a rigid system (with a rigid foundation and a rigid structure) between the 
method presented in this paper and that of Liang et al. (2013b). The numerical param-
eters are assumed as follows: ρR/ρj/ρb/ρ0 = 1, νR = νj=νb = ν0 = 1/4, ξR = ξj=ξb = ξ0 = 0, 
βR/βj = 2 (j = 1, 2, 3, …), b/a = 0.5, H/a = 0.5, and vertically incident P- or SV-waves 
are used as excitations. The dimensionless frequency is defined as � = �j∕2a = �a∕��j , 
where �j is the shear wavelength in the soil layer.

In Liang et al. (2013b), a model of a shear wall supported by a rigid foundation is 
used, and the system responses are calculated by a substructure method, for which no 
wave motions are assumed within the foundation. Furthermore, the structure (i.e. the 
shear wall) is also simplified as a rigid body for comparison. While for the method pre-
sented in this paper, the stiffness of foundation and structure is set to be 10 times that of 
the soil layer, i.e., βf/βj = 10 and βb/βj = 10, so that the foundation and the structure are 
essentially reduced to rigid bodies. However, it should be noted that their wavelength 
is only 1/10 of that in the soil layer, thus, their element meshing needs to be at least 10 
times that of the soil layer to ensure accuracy. For the modelling purposes in this study, 
we use N1 = 1800 (300 for each lateral side and 600 for half of the bottom) and N2 = 600 
(300 for each lateral side), which results in a computationally demanding task, while 
only 1/10 of elements are used in Liang et al. (2013b).

The transfer functions are independent of spatial location along x-axis for rigid struc-
tures. The two results agree well, validating the method proposed in this paper. A small 
discrepancy is, nevertheless, observed for � ≥ 0.4 , because even denser meshing than 
N1 = 1800 and N2 = 600 is necessary for high frequencies. However, since the results 
presented so far are acceptable, it was deemed that enough calculations have been car-
ried out to verify the proposed approach.

(10b)wb(x) =
us1_z(x) + us1_z(−x)

2
x ∈ (|x| ≤ a, z = −H)

(10c)�b(x) =
us1_x(x) − wb(x)

|x| x ∈ (|x| ≤ a, z = −H).

Fig. 2  Comparison of transfer functions between the method proposed herein (circles) and that in Liang 
et al. (2013b) (solid line) for vertically incident waves: a SV-wave, and b P-wave
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3  Numerical results and analysis

3.1  Model parameters

The results discussed in this chapter are presented in terms of the following dimension-
less parameters of the uniform half-space: ρR/ρj=1, νR = νj=1/4, ξR = ξj=0.02 and βR/βj = 1 
(j = 1, 2, 3, …), respectively. The foundation embedment is b/a = 0.5, mass density 
ρf/ρj = 0.2 (which makes it generally correspond to a basement-type foundation), damp-
ing ratio ξf = 0.02 and Poisson’s ratio νf = 1/4. The structure mass density is also taken 
as ρb/ρj = 0.2, damping ratio as ξb = 0.02 and Poisson’s ratio as νb = 1/4. The foundation 
flexibility is represented by a dimensionless ratio of foundation-to-soil shear wave veloc-
ity, βf/βj, while the structure flexibility is represented by a similar ratio of structure-to-soil 
shear wave velocity, βb/βj, respectively. The two ratios are referred hereafter to as founda-
tion stiffness and structure stiffness for short.

Complex-valued material parameters are obtained by the correspondence principle and 
denoted by an asterisk:

As the values of βf/βj and βb/βj vary in the following analysis, we use the following 
approximations:

to ensure a constant damping in the structure and foundation, i.e., the energy dissipation 
caused by material damping is linked to the shear wave velocity of the soil, instead of that 
of their own.

A measurement of equivalent shear-wave velocity of the structure βb is not easy, so this 
value of the structure may be roughly evaluated from the following formula

or from a recommended method for a framed structure (Todorovska etal 2001b). The 
equivalent shear-wave velocity βf of a basement-type foundation may be taken approxi-
mately the same as that of the structure, while for a piled foundation, this value is roughly 
evaluated from the following formula

in which, βconcrete and β1 are shear-wave velocities of reinforced concrete, and Apiles and 
Asoil are the projection areas of piles on XOY-plane and of the soil on XOY-plane except 
the piles, respectively. For a nine-story reinforced concrete building in Pasadena, Califor-
nia (Millikan Library) whose shear wave velocity is roughly evaluated as βb = 379.3 m/s 
by Eq.  (13) in the NS direction, it gives βb/βf  =  1 for the building with basement-type 

(11)�∗ ≈ �(1 + i�)

(12a)�∗
j
≈ �j + i�j�j

(12b)�∗
f
≈ �f + i�j�j

(12c)�∗
b
≈ �b + i�j�j

(13)� b =
�b�

2H

(14)�pile =
Apiles × �concrete + Asoil × �j

Abase
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foundation, and it gives βb/βf = 1.44 for a hypothesis Millikan Library with piled foun-
dation for an pile area Apiles = Abase/15 and a hypothesis shear-wave velocity of reinforced 
concrete piles βconcrete = 4000  m/s, while it gives βb/βf  =  1.76 for Apiles = Abase/10 and 
βconcrete = 4000 m/s. The foundation stiffness βf/βj generally corresponds to a representation 
of foundation types. Although βf < βj is rare in engineering practice, βf /βj = 0.5 is consid-
ered in the following study, to give a group of values (βj/βf = 0.5, 1, 2 and ∞) to study the 
roles of foundation flexibility in soil-structure interaction.

The variation of values for ratio βb/βj corresponds to different site classifications from 
hard to soft soil. The site classification criterion according to a design code (ASCE/SEI 
7–10; 2010) is listed in Table  1. For a nine-story reinforced concrete building in Pasa-
dena, California (Millikan Library), whose shear wave velocity is roughly evaluated 
as βb = 379.3  m/s by Eq.  (13) in the NS direction, it gives βb/βj  =  1.27 for its own site 
(βj = 298.7 m/s, site class D), and βb/βj = 3.79 for a soft site in Mexico City (βj = 100 m/s, 
site class E), while in our case βb/βj = 0.76 for a moderately hard site (βj = 500 m/s, site 
class C), βb/βj = 0.47 for a hard site (βj = 800 m/s, site class B), and βb/βj = 0.25 for a rock 
site (βj = 1500 m/s, site class A), respectively.

3.2  Analysis of structural responses

Figure 3 shows the spectral amplitude of the transfer functions, ||ub(x)|| , ||wb(x)
|| and ||�b(x)|| , 

at the structure top for parameters βf/βj = 0.5, βb/βj = 0.5 and H = 2. The dimension-
less frequency varies as 0 < 𝜂 < 0.8 , and four incident angles, � = 5◦, 30◦, 60◦, 90◦ , are 
assumed for incident P- and SV-waves, i.e., eight wave passages in total are considered. It 
is observed that although the structure and its foundation are very flexible, with stiffnesses 
only half of the surrounding soil, the transfer functions are approximately independent of 
x-coordinate for up to the first 2 resonances ( 𝜂 < 0.3 ). For the rigid foundation assumption, 
the structural responses in two directions are uncoupled, i.e. ub(x) = 0 for the vertically 
incident P- waves, and wb(x) = 0 and �b(x) = 0 for vertically incident SV-waves. For the 
flexible foundation assumption, the conclusion that motions are uncoupled in two direc-
tions at least until first two resonances.

For medium and high frequencies (higher than the first two resonances, 𝜂 > 0.3 ), the 
3 transfer functions ub(x) , wb(x) and �b(x) gradually begin to vary along x-axis, but their 
resonances are still recognizable in the frequency domain. It is noted that the structural 
rotation, ||�b(x)|| , tends to concentrate in the middle of the structure top, the horizontal trans-
lation, ||ub(x)|| , at the two edges, but the vertical translation, ||wb(x)

|| , appears to be distrib-
uted arbitrarily.

Figure 4 shows the spectral amplitude, ||ub(x)|| of the transfer function at the structure top 
for the vertically incident SV-wave and for structural stiffness βb/βj = 0.5. Four values of 

Table 1  Site Classification in 
ASCE/SEI-10 (ASCE/SEI 7–10; 
2010)

Site class Shear wave velocity of 
soil in top 30 m

A 1500 m/s < βj
B 760 m/s < βj < 1500 m/s
C 360 m/s < βj < 760 m/s
D 180 m/s < βj < 360 m/s
E βj < 180 m/s
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the foundation stiffness are considered, βf/βj = 0.5, 1, 2 and ∞ (from left to right), and three 
structure heights are as assumed, H = 1, 2 and 3 (from top to bottom). For the short structure 
(H = 1), even when foundations are very flexible (βf/βj=0.5 and 1), the transfer function is still 
nearly independent of the x-coordinate for frequencies 𝜂 < 0.4 . This upper limit of � is higher 

Fig. 3  Spectral amplitude of transfer functions at the structure top for: a horizontal displacement b vertical 
displacement, and c rotational displacement. (a) ub(x) (b) wb(x) (c) �b(x)
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than what is shown in Fig. 4 for stiffer structures (βb/βj = 1 and 2). For the medium-height and 
high structures (H = 2 and 3), the upper limit may reach up to � = 0.3 . It is concluded that the 
transfer functions hardly depend on the x-coordinate at least up to the first resonance for all 
cases. It is also noted that the local crests and troughs of the spectrum retain a similar shape, 
when the foundation stiffness varies, despite being shifted in frequency. The rigidity of the SSI 
system depends evidently on the frequency such that a system may act rigidly at low frequen-
cies but becomes flexible at high frequencies.

Further, since the spectral shapes in Fig. 3 are similar to one another in the resonant fre-
quency range for different wave passage effects, the transfer functions are normalized as fol-
lows and shown in Fig. 5:

(15a)||ub|| = ||ub∕uf||

(15b)||wb
|| = ||wb∕wf

||

Fig. 4  Spectral amplitude of transfer function ||ub(x)|| at the structure top for different structure heights and 
foundation stiffness values for vertically incident SV-waves (βb/βj = 0.5)

Fig. 5  Spectral amplitude of normalized transfer functions for different wave passage effects (βf/βj = 0.5, 
βb/βj = 0.5, H = 2)
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 where ub , wb and �b are the mean values of transfer functions amplitudes ||ub(x)|| , ||wb(x)
|| and 

||�b(x)|| at the structure top, respectively, uf and wf are the free-field ground motion ampli-
tudes in the two directions. Figure 5 is for the same parameters as Fig. 3, i.e. βf/βj = 0.5, 
βb/βj = 0.5 and H = 2. The critical angle for incident harmonic waves is known to be:

It is shown that the wave passage effects are generally absent in the normalized 
responses until the first resonance, except for incident SV-waves with 𝜃 < 𝜃

critical
 , because 

of wave type transformation. The absence of wave passage effects is helpful in the study of 
this paper, because the amplitudes of foundation input excitations are eliminated from sys-
tem responses, and only the natural characteristics of system manifest themselves.

For frequencies above the first resonance, the wave passage effects have more variations 
along x-axis for rotation amplitude |||�b

||| than for translation amplitudes ||ub|| and ||wb
|| . It is dif-

ficult to remove wave passage effects at frequencies where transfer functions begin to 
depend on x-coordinate. As the following analysis mainly concentrates on the resonances 
in the horizontal direction corresponding to the first peak of ||ub(x)|| , the normalized ampli-
tude ||ub|| for vertically incident SV-waves is used to represent the system responses to study 
the errors caused by the rigid foundation assumption. The vertical displacement transfer 
function, ||wb

|| , will be studied in future papers.
Both transfer functions ||ub|| and |||�b

||| have the same resonant frequencies, but the second 
resonance of |||�b

||| is much more clear than that of ||ub|| . The resonant frequency of ||wb
|| is 

larger, because the wave propagation velocity in the vertical direction is mainly related to 
P-wave velocity in the structure.

3.3  Effects of foundation stiffness

Figure 6 shows the spectral amplitude of the normalized transfer function of ||ub|| under the 
excitation of vertically incident SV-waves for a range of structural and foundation prop-
erties. In each plot, the different lines correspond to four values of foundation stiffness 
(βf/βj = 0.5, 1, 2 and ∞). The plots in the different columns show results for three cases 
of structure height (H = 1, 2 and 3), and the plots in the different rows correspond to three 
structural stiffness values (βb/βj = 0.5, 1 and 2), respectively. It is shown that as the founda-
tion flexibility ratio βf/βj increases, the transfer function has a higher resonant frequency 
and a wider peak, approaching the case of the rigid foundation. The vertical transfer func-
tion ||wb

|| has similar properties. The flexibility of foundation is more influential for rigid 
structures (βb/βj = 0.5) than for flexible structures (βb/βj = 1, 2), i.e., the rigid foundation 
assumption introduces more errors for models with rigid structures.

Figure  7 shows the spectral amplitude of the normalized transfer function ||ub(x)|| 
along structure height, i.e. for x ∈ (−H ≤ z ≤ b, x = ±a) , at resonant frequency for ver-
tically incident SV-waves. It is known that compared with a fixed-base structure, flex-
ible half-space in a soil-structure-rigid foundation system dampens down the amplitude 
of system responses and decreases the resonant frequency of the responses. While for 
a soil-structure-flexible foundation system, flexible foundation amplifies the amplitude 

(15c)
|||�b

||| = ||�b∕uf||

(16)�
critical

= tan−1

√
1

1 − 2�
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Fig. 6  Spectral amplitude of normalized transfer function ||ub|| for different foundation stiffness

Fig. 7  Spectral amplitude of normalized transfer function ||ub(x)|| along structure height, i.e. for 
x ∈ (−H ≤ z ≤ b, x = ±a) , at resonant frequency for vertically incident SV-waves
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of foundation displacement and structure displacement for most cases, whereas it still 
decreases the resonant frequency. However, it is also noticed in the figure that, for 
less cases of slender flexible structures (βf/βj = 0.5 and H/a = 3; βf/βj = 1 and H/a = 3), 
foundation flexibility yet dampens down the spectral amplitude slightly. For this case, 
structure displacement is characterized by an inflection point on structure height, 
above which, foundation flexibility begins to dampen down the amplitude of structure 
response.

Foundation flexibility plays two roles in an SSI system in the way that, a flexible 
foundation may act as a weak local layer in the half-space and amplifies the responses, 
while on the other hand, it may also act as an additional damper in the half-space and 
dampens down the responses. The predominance of the two roles depends on particu-
lar parameters of an SSI system. As the rigid foundation assumption is widely used in 
SSI-related studies, the assumption may probably underestimate structure responses and 
leads to unconservative evaluation.

In order to describe the properties of the transfer functions, especially near the reso-
nant frequency, three indicators are introduced, namely the system frequency, system 
damping and system peak amplitude. The system frequency, �̃�b , is defined as the peak 
frequency of the transfer functions. The system damping is measured from the transfer 
function by the half-power method:

where �1 and �2 are the frequencies to the left and right of the system frequency, respec-
tively, at which the response drops to 1∕

√
2 of its maximum value. The system damping is 

reflected in the general shape of the transfer function peak. It was considered that the half-
power method was adequate for evaluating the system damping (Fu et al. 2018).

Figure 8 shows the 3 indices of transfer function ||ub|| with respect to structural stiff-
ness described by βb/βj, for a range of 0 < βb/βj<2 in this study. For very flexible struc-
tures with βb/βj < 0.5, it makes generally no differences whether the flexible foundation 
model or the rigid foundation model is assumed, because the large flexibility of the 
structure makes that of the foundation uninfluential. With structures becoming stiffer 
(βb/βj > 0.5), the system frequency (normalized as �̃�b = 𝜆j∕2a = �̃�ba∕𝜋𝛽j for conveni-
ence) of the flexible foundation model is evidently smaller than that of rigid foundation 
model, especially for short and light structures (H/a = 1, 2), because the structure itself 
is rigid. For the case of βf/βj = 0.5, the ratio �̃�b(flex)∕�̃�b(rigid) may fall as low as 50%, and 
for the case βf/βj = 1, the ratio may reach 70%, while for βf/βj = 0.5, the ratio is less than 
90%.

It is noticed that the system frequency for some short structures (H/a = 1) is as high as 
0.6. For this case, the transfer function is still approximately independent from x-coordi-
nate before the first resonance. For example, for structural parameters βf/βj = 2, βb/βj = 2 
and H/a = 1, the transfer function is generally constant along x-axis up to � = 0.8.

The system damping of the flexible foundation model is smaller than that of the rigid 
foundation model, especially for short structures (H/a = 1, 2), and the flexible foundation 
models are characterized by a sharper peak of the transfer function. Correspondingly, 
the system peak amplitude of the former is larger than the latter, although an abnormal-
ity can be observed for β/βj = 0.5 and H/a = 3. On the other hand, the system damping 
tends to be independent of the foundation stiffness for high structures (H/a = 3), whose 
transfer functions have also very sharp peaks.

(17)𝜉b =
𝜔2 − 𝜔1

𝜔2 + 𝜔1



91Bulletin of Earthquake Engineering (2021) 19:77–99 

1 3

4  Responses in time domain

Four instrumented buildings located in California are chosen to establish their SSI mod-
els to study the errors produced by the rigid foundation assumption in time domain for 

Fig. 8  Parameters of transfer function ||ub|| for different foundation stiffness
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actual recorded earthquakes: the Hollywood Storage Building (CSMIP Station No. 24236, 
CSMIP stands for California Strong Motion Instrumentation Program) (Trifunac et  al. 
2001; Duke et al. 1970), the Millikan Library (NSMP No. 5407, NSMP stands for National 
Strong Motion Program) (Luco et al. 1986, 1987), a building in Sherman Oaks (CSMIP 
Station No. 24322) (NIST GCR 2012), and a building in Walnut Creek (CSMIP Station 
No. 58364) (NIST GCR 2012). Strong motion observation data collected on the buildings 
in several earthquake events, instead of arbitrary earthquake records, are used as input exci-
tation to be in agreement with the site dynamic characteristics of the buildings. The 3D 
building structures were simplified to 2D models to obtain an estimation of the errors pro-
duced by the rigid foundation assumption.

The Hollywood Storage Building is supported by a reinforced concrete basement on 
Raymond concrete piles, whose penetration lengths are 3–9  m below the basement. No 
data on foundation mass was found, so the assumed values ρbase = ρb and ρpile = ρ1 are used 
in the model, where ρbase and ρpile are the mass density of the basement of a depth of 2.74 m 
and of the piles of a penetration length of 6 m (an average penetration length of 6 m is used 
for convenience), respectively, and ρ1 is the mass density of the first soil layer. From these 
assumptions, foundation mass Mf = 1.34 × 107 kg is obtained for the model. No data on the 
shear-wave velocities were available either, thus, the shear-wave velocity of the structure 
and of the basement is approximately evaluated from Eqs. (13) and (14). Poisson’s ratio 
νb = 1/3 is used for the structure, and structural mass, Mb, is assumed as uniformly dis-
tributed along its height. For the SSI model with a rigid foundation, Mf = 1.34 × 107 kg is 
assumed to be distributed uniformly within the foundation. The parameters of the Holly-
wood Storage Building are listed in Table 2, and the building site is simplified to a multi-
layered half-space with parameters listed in Table 3.

For the Sherman Oaks building, its foundation consists of a two-story basement, beams-
on-grade and friction piles, and the assumed values ρbase = ρb and ρpile = ρ1 are also used 
for its model. According to NIST GCR (2012), the fixed-base periods in 2 directions were 
estimated from an FEM model to be 2.72 s and 2.67 s, however, it seems that such long 
periods are unreasonable for the building. We re-estimated the fixed-base periods to be 
0.65 s and 0.59 s according to a Chinese design code (GB 50,009–2012).

The Millikan Library and the Walnut Creek building both have a basement-type founda-
tion. No data on the mass of the Walnut Creek building was found, so a rational estima-
tion of the mass of the Millikan Library was also used for the Walnut Creek building. The 
structural parameters of other three buildings, evaluated by a similar process as for the 
Hollywood Storage Building as well as site parameters are all listed in Tables  2 and 3, 
respectively.

Table 4 shows the ratios of system frequency, �̃�b , and peak amplitudes, ||umax

b
|| , for the 

flexible and rigid foundation models for the 4 buildings. The rigid foundation model 
introduces a 10% error in the system frequency, and about 10%–20% error in the peak 
amplitude. The errors in the system frequency indicate a shift of the whole spectrum 
along η-axis, which may result in significant errors in evaluating structural responses to 
seismic excitations in the time domain.

Figure 9 shows the dynamic responses on the structure top of the Hollywood Storage 
Building in the time domain in the NS direction. The excitation, as shown in Fig. 9a, is 
a normalized acceleration record with a peak value of 0.1 g obtained at the ground floor 
of the building in the NS direction during the San Fernando earthquake in 1971. It is 
assumed in the building model that the input excitation propagates from the bedrock. 
Figure 9b shows the responses of the flexible foundation model, presented as a time his-
tory, üb(t) , (left) and a response spectrum of that time history, RS

{
üb
}
 , (right). Finally, 
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Fig. 9c shows the responses of the rigid foundation model. In the left-hand-side column, 
the value next to the asterisk is the maximum roof acceleration, while that in the bottom 
right-hand-side corner is the mean roof acceleration from the time window between 0 
and 80 s. The calculation of responses in the time domain was conducted in three steps. 
First, the time history of acceleration records was mapped to the frequency domain by 
the Fourier transformation. Then structural responses, such as those shown in Fig.  6, 
were calculated at 2048 + 1 equally spaced frequency points from 0 to 25 Hz, and were 
multiplied by the acceleration records at the corresponding points to obtain the response 
in the frequency domain. Finally, the responses were mapped back into the time domain 
by the inverse Fourier transformation.

It can be seen that the maximum response found in the time history of the rigid founda-
tion model is 84.8% that of the flexible foundation model, while the mean responses found in 
the time history and the maximum value of response spectrum of the rigid foundation model 
are 110.3% and 83.7%, respectively, those of the flexible foundation model. The dynamic 
responses in the time domain for the four buildings in 42 earthquakes are summarized in 
Table 5 (for the building short direction) and Table 6 (for the building long direction), for 
which the excitations were the acceleration records obtained on the ground floor of each build-
ing in the respective direction (https ://stron gmoti oncen ter.org/). 

Figure  10 shows the ratio of the 3 responses (the maximum response in the time his-
tory, mean response in time history, and maximum response spectrum) of the rigid founda-
tion model to these of the flexible foundation model. The x-axis corresponds to each event 
in Tables 5 and 6, and y-axis is the percentage value. The responses of the rigid foundation 

Table 2  Buildings for case studies

Parameters Hollywood storage 
Building

Sherman oaks building Millikan library Walnut creek building

c 2.74 m (Based)
 + 6 m (Piled)
 = 8.74 m (Total)

6.2 m (Based)
 + 9.9 m (Piled)
 =16.1 m (Total)

4.3 m 4.2 m

H 45.6 m 50 m 43.9 m 39.2 m
Mf 7.03×105 kg (Based)

 + 1.27×107 kg (Piled)
 = 1.34×107 kg (Total)

3.47×106 kg (based)
 + 4.22×107 kg (piled)
 = 4.57×107 kg (total)

1.43×106 kg 1.43×106 kg

Mb 1.17×107 kg 1.66×107 kg 1.07×107 kg 1.07×107 kg
�b 249.0 kg/m3 158.8 kg/m3 416.8 kg/m3 189.9 kg/m3

𝜉b 2 % 2 % 2 % 2 %
�b 1/3 1/3 1/3 1/3
Short a 7.77 m (NS) 18.15 m (NS) 11.65 m (NS) 15.9 m (EW)

�b∕2� 0.83 Hz 1.54 Hz 2.16 Hz 1.52 Hz
�b 151.5 m/s 308.0 m/s 379.3 m/s 238.3 m/s
�f 151.5 m/s (Based)

404.3 m/s (Piled)
308.0 m/s (Based)
377.1 m/s (Piled)

379.3 m/s 238.3 m/s

Long a 33.15 m (EW) 28.8 m (EW) 12.55 m (EW) 22.6 m (NS)
�b∕2� 2.0 Hz 1.69 Hz 1.26 Hz 2.1 Hz
�b 364.8 m/s 338.0 m/s 221.3 m/s 329.3 m/s
�f 364.8 m/s (Based)

404.3 m/s (Piled)
338.0 m/s (Based)
377.1 m/s (Piled)

221.3 m/s 329.3 m/s

https://strongmotioncenter.org/
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model are about 50%–150% those of the flexible foundation model, i.e. the errors of the rigid 
foundation model are up to about 50% in evaluating the dynamic responses of the SSI prob-
lem, and sometimes may even reach 100%. As a flexible foundation itself adds extra flexibility 
to the system, it is sometimes assumed that a rigid foundation model is conservative for evalu-
ating the system responses. But this is not always the case—a rigid foundation model may 
either overestimate or underestimate the system responses. Further, it is interesting to observe 
that both overestimation or underestimation may occur equally frequently, depending on the 
frequency content of seismic excitation. The Hollywood Storage Building and the Sherman 

Table 3  Site parameters for case studies

P-wave velocity
(m/s)

S-wave velocity
(m/s)

Thickness
(m)

Mass density
(kg/m3)

Damping ratio 
(%)

Hollywood storage building
 1 332.2 184.7 15.2 2050.4 2
 2 731.5 362.7 15.2 2082.4 2
 3 1120.4 554.7 30.5 2082.4 2
 4 1137.2 624.8 41.5 2082.4 2
 Bedrock 1740.4 1045.5 ∞ 2082.4 2

Sherman oaks building
 1 320 160 2.7 2040.8 2
 2 410 205 6.7 2040.8 2
 3 520 260 13.7 2040.8 2
 4 660 330 23.8 2040.8 2
 Bedrock 1028 514 ∞ 2040.8 2

Millikan library
 1 597.4 298.7 5.49 1846.9 2
 2 774.2 387.1 4.26 1846.9 2
 3 908.4 454.2 3.66 1846.9 2
 4 975.4 487.7 6.71 1846.9 2
 5 1219.2 609.6 82.29 1846.9 2
 6 1524.0 762.0 16.16 1846.9 2
 Bedrock 1889.6 944.8 ∞ 1846.9 2

Walnut creek building
 1 672 336 5.0 1846.9 2
 Bedrock 868 434 ∞ 1846.9 2

Table 4  Ratios of system 
frequency �̃�b and peak amplitude ||umax

b
|| between flexible and rigid 

foundation model

Building name Short direction Long direction

�̃�b_Flexible

�̃�b_Rigid

|umax

b_Flexible||||u
max

b_Rigid

|||

�̃�b_Flexible

�̃�b_Rigid

|umax

b_Flexible||||u
max

b_Rigid

|||

Hollywood storage building 0.96 1.09 0.94 1.07
Sherman oaks building 0.90 1.25 0.92 1.08
Millikan library 0.93 0.85 0.93 0.81
Walnut creek building 0.93 0.91 0.93 0.98
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Oaks building both have pile foundations, while the Millikan Library and the Walnut Creek 
Building have a basement-type foundation, and it is also noticed that the errors produced by 
the rigid foundation model appear similar for all four buildings, irrespective of their founda-
tion type.

For the Hollywood Storage Building analyzed in the NS direction, the shear-wave veloc-
ity of foundation is about twice that of the underlying soil (βf/β1≈2), and the errors produced 
by of the rigid foundation model are smaller than average. For the Sherman Oaks Building, 
which is similar, the model errors do not differ significantly from the average. It is, therefore, 
incorrect to use the rigid foundation model to evaluate structural responses in the time domain 
for βf/β1 = 2 at least.

5  Conclusions

The errors produced by the rigid foundation assumption in SSI problems are studied using 
linear-elastic two-dimensional models comprising a foundation with variable stiffness val-
ues, embedded in a layered half-space and with a superstructure on top of it. The accuracy 
of simulations is investigated by reducing the model to a rigid system, whose solutions 
were obtained previously by a substructure method. The results were presented for vary-
ing foundation-to-soil stiffness ratios and for different values of the structural stiffness and 
height, in both the frequency and the time domain. The main findings of the study are as 
follows:

1. Case studies are carried out on 4 buildings of a height between approximately 
40–50 m. Two of them had pile foundations on a soft soil with the shear wave velocity 
less than 200 m/s (one building is of plan configuration 15 m × 66 m and of fixed-base 
frequency 0.83 Hz–2.0 Hz in 2 directions, respectively; another is of plan configuration 

Fig. 9  Analysis of the Hollywood Storage Building model in the NS direction during the San Fernando 
earthquake: a acceleration data recorded at the ground floor, b roof response of flexible foundation model, 
and c roof response of rigid foundation model
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26 m × 58 m and of fixed-base frequency 1.54 Hz–1.69 Hz in 2 directions, respectively), 
and other 2 had basement-type foundations on a moderately stiff soil with the shear 
wave velocity of about 300 m/s (one building is of plane configuration 23 m × 25 m and 
of fixed-base frequency 2.16 Hz–1.26 Hz in 2 directions, respectively; another is of plan 
configuration 32 m × 45 m and of fixed-base frequency 1.52 Hz–2.1 Hz in 2 directions, 
respectively). It is shown that the errors produced by the rigid foundation assumption in 
SSI problems may be up to 50% in evaluating the dynamic responses, and sometimes 
may even reach 100%. A rigid foundation model may either overestimate or underes-
timate the dynamic responses, and the overestimation or underestimation was approxi-
mately equally probable in the 42 analyzed earthquake events. This conclusion applies 
to both the basement-type and the pile foundations.
2. There is a difference in the system frequency between the flexible foundation model 
and the rigid foundation model, and the rigid foundation model leads to larger discrep-

Table 5  Dynamic responses in time domain of four buildings in short direction

(I) Responses for rigid foundation model. (II) Responses for flexible foundation model

Earthquake Year üb(t) RS
{
üb
}

Maximum (g) Mean (g) × 10–2 Maximum (g)

(I) (II) (I) (II) (I) (II)

Hollywood storage building (NS)
 Kern County 1952 0.465 0.248 11.8 6.267 1.960 1.047
 San Fernando 1971 0.178 0.210 4.311 3.912 0.839 1.002
 Whittier Narrow 1987 0.271 0.175 9.449 3.758 1.656 0.909
 Northridge 1994 0.204 0.207 2.896 4.006 1.077 1.440
 Chinohills 2008 0.215 0.215 3.573 6.015 1.405 1.332
 Encino 2014 0.069 0.081 0.155 0.080 0.343 0.235

Sherman oaks building (NS)
 Lander 1992 0.245 0.278 6.547 8.615 1.253 1.497
 Whittier Narrow 1987 7.704 8.168 1.307 1.500 0.313 0.341
 Northridge 1994 0.176 0.177 2.779 2.656 0.913 0.906
 Chatsworth 2007 5.420 7.736 0.079 0.088 0.224 0.355
 Chinohills 2008 0.164 0.153 2.004 1.792 1.043 0.887
 Encino 2014 0.055 0.061 0.362 0.402 0.175 0.233

Millikan library (NS)
 Lytle Creek 1970 0.353 0.257 9.449 7.959 1.663 1.349
 San Fernando 1971 0.368 0.289 6.198 3.831 1.631 1.147
 Whittier Narrow 1987 0.244 0.242 7.041 4.685 1.572 1.349
 Yorba Linda 2002 0.189 0.147 4.459 3.064 0.886 0.686
 San Simeon 2003 0.500 0.426 17.72 12.01 4.109 2.324

Walnut creek building (EW)
 Livermore 1980 0.344 0.243 7.602 5.574 1.500 1.150
 Livermore Aftershock 1980 0.264 0.228 4.668 5.574 1.194 1.002
 LomaPrieta 1989 0.341 0.347 8.170 10.43 2.142 2.479
 Alamo 2008 0.178 0.203 1.712 1.615 0.593 0.768



97Bulletin of Earthquake Engineering (2021) 19:77–99 

1 3

Table 6  Dynamic responses in time domain of 4 buildings in long direction

(I) Responses for flexible foundation model. (II) Responses for rigid foundation model

Earthquake Year üb(t) RS
{
üb
}

Maximum (g) Mean (g) × 10–2 Maximum (g)

(I) (II) (I) (II) (I) (II)

Hollywood storage building (EW)
 Kern County 1952 0.261 0.290 6.104 6.250 1.608 1.869
 San Fernando 1971 0.201 0.202 2.278 2.428 0.648 0.843
 Whittier Narrow 1987 0.334 0.371 5.815 6.851 1.573 1.766
 Northridge 1994 0.247 0.241 3.803 3.515 1.578 1.532
 Chinohills 2008 0.217 0.246 3.555 3.971 1.409 1.719
 Encino 2014 0.095 0.089 1.520 1.457 0.426 0.314

Sherman oaks building (EW)
 Lander 1992 0.186 0.197 6.105 5.388 1.225 1.038
 Whittier Narrow 1987 0.140 0.165 1.942 1.866 0.421 0.482
 Northridge 1994 0.124 0.146 2.020 8.403 0.584 0.742
 Chatsworth 2007 0.051 0.093 6.707 7.097 0.236 0.350
 Chinohills 2008 0.106 0.167 1.946 2.212 0.555 0.889
 Encino 2014 0.060 0.109 3.403 4.945 0.144 0.321

Millikan library (EW)
 Lytle Creek 1970 0.411 0.386 12.29 9.375 2.496 1.428
 San Fernando 1971 0.302 0.188 5.989 5.075 1.506 1.422
 Whittier Narrow 1987 0.222 0.205 4.251 3.679 1.368 1.114
 Yorba Linda 2002 0.208 0.186 4.736 3.839 1.557 1.208
 San Simeon 2003 0.347 0.526 14.11 20.10 2.314 3.914

Walnut creek building (NS)
 Livermore 1980 0.368 0.397 6.246 6.468 1.502 1.782
 Livermore Aftershock 1980 0.446 0.397 7.213 5.983 2.386 2.063
 LomaPrieta 1989 0.417 0.336 6.413 6.550 1.701 1.550
 Alamo 2008 0.133 0.131 1.712 1.665 0.521 0.504

Fig. 10  Ratios between rigid foundation model and flexible foundation model for: a maximum response in 
time history, b mean response in time history, and c maximum value of response spectrum. (Red circle—
Hollywood Storage Building, gray star—Sherman Oaks building; green rectangle—Millikan Library, blue 
triangle—Walnuts Creek building.)
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ancies in the system frequency with increasing structural stiffness. The system damping 
of the flexible foundation model is usually lower than that of rigid foundation model.
3. For a linear-elastic SSI system with a flexible foundation, the transfer functions are 
nearly independent from spatial location up to the first resonance. Although the transfer 
functions begin to be spatially dependent with increasing frequency, higher-order reso-
nances are still recognizable. Also, the horizontal and vertical motions are uncoupled 
for the systems with a flexible foundation up to the first resonance, while they begin to 
be slightly coupled in the higher frequency range.
4. For the shear-wave velocity ratio of foundation to underlying soil less than 2, it is 
incorrect to use the rigid foundation model assumption to evaluate the structural 
responses.

The conclusions in this paper were reached using 2D models with uniformly distrib-
uted mass and stiffness and give an initial estimation of the accuracy of the rigid founda-
tion assumption in SSI problems. However, real buildings are 3D structures; moreover, the 
foundation exterior and interior walls may significantly influence the bending stiffness. A 
further research using full 3D models of realistic buildings is, therefore, planned in future.
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