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Abstract This paper presents a Bayesian methodology for updating the seismic hazard

curves. The methodology is based on the comparison of predictive exceedance rates of a

fixed acceleration level (given by the seismic hazard curves) and the observed exceedance

rates in some selected sites. The application of the methodology needs, firstly, the defi-

nition of a prior probabilistic seismic hazard assessment based in a logic tree. Each main

branch corresponds to a probabilistic model of calculus of seismic hazard. The method

considers that, initially (or a priori), the weights of all branches of the logic tree are

equivalent. Secondly, the method needs to compile the observations in the region. They are

introduced in a database containing the recorded acceleration data (during the instrumental

period). Nevertheless, the instrumental period in stable zones (as France) shows only very

low acceleration levels recorded during a short observation period. Then, a method to

enlarge the REX (number of observations) is presented taking into account the historical

data and defining ‘‘synthetic’’ accelerations in the sites of observation. The synthetic REX

allows to expand the period of observation and to increase the acceleration thresholds used

in the Bayesian updating process. The application of the Bayesian approach leads to a new
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and more objective definition of the weights of each branch of the logic tree and, therefore,

to new seismic hazard curves (mean and centiles). The Bayesian approach doesn’t change

the probabilistic models (seismic hazard curves). It only modifies the weights of each

branch of the logic tree.

Keywords Bayes � Probabilistic � Seismic � Hazard

1 Introduction

In recent years, increasing efforts have been devoted to the assessment of the reliability of

PSHA results. Different procedures have been tested and many publications have provided

useful information on this subject (e.g. Selva and Sandri 2013; Mezcua et al. 2013;

Humbert and Viallet 2008). Considering the high uncertainties in probabilistic seismic

hazard assessments (PSHA) and the importance of PSHA results for the seismic design, it

is pertinent to focus on the issue of consistency-checking of the PSHA results.

This article presents a Bayesian methodology for testing probabilistic seismic hazard

analyses (PSHA) and to propose an alternative approach to determine the logic tree

weighting scheme. We present a general Bayesian methodology in which the results of

different probabilistic models included in a logic tree and the recorded data (which are

independent from the data used in the PSHA) are used together to try reducing the

uncertainties in a PSHA. In this sense, the main objective is not to develop a new PSHA

model, but to allow, through a Bayesian approach, the explicit evaluation and comparison

between predictions and observations to offer a rational approach to modify the prior

weights of a logic tree.

2 Methodology

The Bayesian approach developed to update the seismic hazard is based on the comparison

of the exceedance rates of some acceleration thresholds predicted by the probabilistic

models of a logic tree (seismic hazard curves) and the exceedance rates really observed

from available records in a set of seismic network stations (recorded data coming from

instrumental data or ‘‘synthetic’’ data coming from historical data).

The method uses the Bayes theorem. Following this theorem, the conditional probability

of occurrence of an event A, given that other event B was produced, is defined by:

PðA=BÞ ¼ PðB=AÞ � PðAÞ
PðBÞ ð1Þ

Applying the method to the seismic hazard, we can replace A by the exceedance rate of

a fixed acceleration threshold predicted by a probabilistic model (this information is

typically provided by the seismic hazard curves) and B by the exceedance rate of the same

acceleration threshold following the available observations (called here REX or Return of

Experience). Then:
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PðModel=ObservationÞ ¼ PðObservation=ModelÞ � PðModelÞ
PðObservationÞ ð2Þ

In a logic tree with N branches defining N input models of a seismic hazard calculation,

the weight given to each branch of the logic tree is equivalent to the probability of the

model, P(Model). The updating method consist on calculating the conditional probability

of each model knowing the observations included in the REX, P(Model/Observation), that

determines the posterior value of the weight of the logic tree branch.

If the method is initialized considering that the N branches of the logic tree are

equivalent (equal probability), then the weight of each logic tree branch (or the probability

of a model «i») is:

PðModeliÞ ¼
1

N
ð3Þ

The objective consists in quantifying the following part of Eq. (2):

PðObservation=ModelÞ
PðObservationÞ ð4Þ

P(Observation) is independent on the models and is equivalent to a normalization factor.

Then, the sum of P(Modeli/Observation) is equal to 1 (sum of weights a posteriori = 1).

Performing the integration of Eq. (2) on the set of N models/branches of the logic tree, we

have that:

XN

i¼1

PðModeli=ObservationÞ ¼
1

N
� 1

PðObservationÞ �
XN

i¼1

PðObservation=ModeliÞ ¼ 1

ð5Þ

Therefore,

1

N
� 1

PðObservationÞ ¼
1

PN
i¼1 PðObservation=ModeliÞ

ð6Þ

To define P(Observation/Modeli), the model of earthquakes occurrence is supposed to

follow a Poisson distribution with parameters k and t:

Pðn; tÞ ¼ e�ktðkðMÞtÞn

n!
ð7Þ

P(n,t) is the probability to observe n earthquakes of magnitude greater than M during a

period of observation t, and k is the annual exceedance rate of these earthquakes.

If the recording stations are supposed to be independent, the probability to observe the

exceedance of an acceleration level follows a Poisson distribution law (Beauval et al.

2007).

Nevertheless, if the occurrence of an earthquake of magnitude M implies the excee-

dance of an acceleration level at some stations, then there is a correlation among the

different stations. The exceedance of an acceleration level follows, in this case, a more

general distribution, the negative binomial distribution (Woo 1999):
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PðObservation=ModeliÞ ¼ exp lnC
Ai

k � 1
þ NREX

� �
� lnC

Ai

k � 1

� �
� lnC NREX þ 1ð Þ

� �

� 1

k

Ai
k�1

� 1� 1

k

� �NREX

ð8Þ

• Ai is the number of exceedances of an acceleration level, A*, predicted by the

probabilistic model «i» on the global set of sites of stations of REX:

Ai ¼
XL

j¼1

kij A
�ð Þ � Tj ð9Þ

• L is the number of selected stations of REX, Tj is the cumulative number of years of

observation at station «j» , and kij (A*) is the annual exceedance rate of acceleration

level A* fixed by the seismic hazard curve calculated at the site of station «j» fol-

lowing the probabilistic model «i».

• The parameter k is indicative of the correlation among stations of the REX. If k tends to

1, the negative binomial distribution goes towards a Poisson distribution. The

parameter k is the average number of sites impacted by one earthquake. This parameter

can be defined, for example, using synthetic catalogues, a reference GMPE and

calculating the number of stations that exceeds the threshold of acceleration selected.

However, the use of non-correlated stations (considering a certain distance among

stations) is preferred (although not always possible).

• NREX is the number of total exceedances of the acceleration level A* observed

(recorded) at L stations of REX.

We obtain finally that:

PðModeli=ObservationÞ ¼
PðObservation=ModeliÞPN
i¼1 PðObservation=ModeliÞ

ð10Þ

And P(Modeli/Observation) represents the weight of the model i in the logic tree.

The updating method of the seismic hazard modifies the ‘‘a priori’’ weight or probability

of each probabilistic model P(Modeli) = 1/N with the ‘‘a posteriori’’ weight defined by

Eq. (10). These updated or posterior weights are adopted to weigh the results and to

calculate a new seismic hazard (median, mean and centiles 15 and 85%).

Therefore, the updating method of the seismic hazard doesn’t affect the individual

calculation of the exceedance rates of the acceleration levels predicted by the prior

probabilistic seismic hazard curves. It only adjusts the weights associated with each

probabilistic model. Thus, the updating method only changes the final mean, median and

centiles seismic hazard curves. These statistical values (seismic hazard curves) are affected

by the weights assigned to the individual seismic hazard curves of the individual models.

The updating is performed using a comparison of probabilistic predictions with

recorded and/or estimated observations (REX) at L stations. From this comparison we

obtain new weights (or probabilities) of the N branches of the probabilistic logic tree. After

the definition of the N posterior weights, the probabilistic results are post-processed

considering the new weighting scheme, to calculate new seismic hazard curves at the same

observation points of the REX.
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The choice of the stations for the analysis of the REX could have a significant impact on

the posterior weights of the branches. The final seismic hazard curves could vary

depending on the stations selected to build the REX.

For this reason, the selection of the REX is an important part of the updating method.

The considered REX must be representative of the study region and, preferably, it should

cover the largest possible period of observation.

3 Prior model used

With the objective to apply the described methodology to a case study, we adopted the

logic tree developed during the initial phases of the SIGMA project (www.projet-sigma.

com).

The logic tree contains: 24 main logic tree branches associated with three seismotec-

tonic models (Carbon et al. 2012), four GMPEs or attenuation relations (Akkar and

Bommer 2010; Atkinson and Boore 2011; Zhao et al. 2006; Berge-Thierry et al. 2003) and

two seismic catalogues. The combination of these hypothesis leads to the definition of

3 9 4 9 2 = 24 main branches.

As the purpose of the analyses is to verify the applicability of the Bayesian update, we

decided to use only the main logic tree branches (24 main branches). Then, we didn’t

consider the secondary branches associated to other uncertainties (as k and b of the

Gutenberg-Richter law, maximum magnitude, Mmax, and thickness of the seismogenic

crust, H). This choice was made to simplify the analysis of the results. Nevertheless, the

Bayesian method can be applied to any more complex logic tree.

The minimum magnitude considered in the PSHA used for the test is Mw = 4.5. For

this reason, the REX (number of observations at the selected sites) should take into account

only events with magnitudes greater than 4.5.

4 Definition of the REX database

The instrumental REX file including the acceleration records of the French seismic net-

work (Réseau Accélérométrique Permanent, RAP) contains 970 acceleration records. 232

records come from earthquakes with magnitudes equal or greater than 4.5. The maximum

PGA recorded (SAOF station) was 117 cm/s2 and only 71 records have a PGA greater than

10 cm/s2.

The French seismic network is composed by 84 stations across the entire French ter-

ritory (Fig. 1). The majority of the stations are located in the most active seismic areas of

France: the Alps and the Pyrenees.

The historical REX, developed to enlarge the period of observation of instrumental

period, was created using the Sisfrance database. It contains 1700 intensity records from

year 463 to end of 1961. 1141 records have an epicentral intensity equal or greater than V

(Fig. 2). Intensities lower than V were removed.

The objective of the historical REX is to calculate the hypothetical or synthetic

acceleration values probably generated at the stations of the REX during the historical

events. The generation of synthetic accelerations has been performed as follows:
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• Calculation of epicentral distance from the earthquake epicenters to the recording

station.

• Calculation of peak ground acceleration (PGA) values that would have been probably

generated at the stations. The acceleration values can be obtained using 2 methods:

Fig. 1 Seismic stations of the French seismic network, RAP (green dots) and earthquakes included in the
instrumental REX (yellow dots). The pink triangles correspond to the selected RAP stations in the SIGMA
region
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• Calculation of punctual (or site) intensities at the stations using intensity prediction

equations defined in terms of epicentral intensities and epicentral distances (i.e.

Mezcua et al. 2004; Martin et al. 2008; Carbon et al. 2007). Then, acceleration

values are calculated using the punctual intensity and appropriate intensity-PGA

Fig. 2 Seismic stations of the French seismic network, RAP (green dots) and earthquakes included in the
historical REX (yellow dots). The pink triangles correspond to the selected RAP stations in the SIGMA
region
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relations. (i.e. Gómez Capera et al. 2007; Faccioli and Cauzzi 2006; Panza et al.

1997; Decanini et al. 1995; PS92 règles 1995; Atkinson and Kaka 2007). Therefore,

the historical REX could be calculated using different relations, giving a range of

predicted PGAs. Then, the uncertainty associated to the relation selected could be

used in the updating approach. For example, an updating could be performed with

each PGA-intensity relation and, then, a ‘‘mean’’ posterior weight for each branch

of the logic tree can be calculated (as done in Viallet et al. 2017).

• Calculation of acceleration values using GMPE’s. We used the GMPE specially

developed for France during the SIGMA project (Drouet and Cotton 2015), and

Cauzzi and Faccioli (2008).

The historical REX database only retained those records with an epicentral distance

lower than 150 km. For larger distances, the intensity and the peak ground acceleration at

the site is too low to be considered for an updating process.

The final historical REX contains 12,549 synthetic PGA records. These synthetic

records correspond to the hypothetical recorded data at the RAP seismic stations located

less than 150 km from the epicenter.

The analysis and filtering of the instrumental and historical REX lead to the definition of

the number of observations. For example, analyzing the REX, we could find the number of

observations in a selected set of stations, associated to earthquakes with magnitude greater

than a defined threshold and exceeding a minimum PGA level.

5 Application of the Bayesian updating of a PSHA in the South-East
of France

To test the application of the Bayesian update to the seismic hazard and to assess its

relevance, we performed a series of sensitivity tests to analyze the effects of the different

input data in the updating process. For example, we analyzed the effect of the correlation

among stations, the effect of the duration of the observation period in the updating process,

the effect of the selection of a single site or a set of sites, the effect of the acceleration

threshold and the effect of the use of instrumental and historical data, etc. The complete set

of tests performed are described in Secannel and Martin (2014).

To perform these tests, we used the simplified logic tree composed of 24 branches and

different REX (PGA observations) defined considering different hypothesis: instrumental

or historical data, several acceleration thresholds, different equation to estimate acceler-

ations from intensities, etc.

The interpretation of the tests is performed comparing the specific REX developed for

the test (observations during a period of time) and the exceedance rates of an acceleration

threshold at the selected stations (i.e. Fig. 3). The exceedance rates at the selected stations

are obtained as follows: (i) multiplying the seismic hazard curve of each station by the

number of years of observation and (ii) adding the results of each station.

For example, the Fig. 3 shows the prior mean exceedance rate (bold blue line) predicted

by 24 branches of the logic tree compared with the exceedance rates derived from the

observations (REX red dot). The test of the figure was performed considering 11 stations,

with a period of completeness of each station of 112 years (events occurred from 1850 to

1962) and a historical REX generated using an intensity-PGA relation and considering an

acceleration threshold of 50 cm/s2.
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The updated mean exceedance rate (bold red line, Fig. 3) shows that the mean posterior

exceedance rates are closer to observations (biggest red point, situated at axis value equal

to 50 cm/s2) than the mean prior exceedance rate. In this case, the posterior exceedance

rates are higher than the prior exceedance rates. It means that the updating of the seismic

hazard lead to an increase of the seismic hazard.

Figure 4 shows the comparison between the observed exceedances of 50 cm/s2 in the 11

selected stations during the 112 years of observations and the 24 predictions associated to

the 24 branches of the logic tree. The observed exceedances were calculated using his-

torical information. We considered that for a threshold of 50 cm/s2, the period of com-

pleteness is 112 years. Figure 5 shows the a posteriori weights defined by the Bayesian

update for the 24 branches of the logic tree. It can be observed that the branches of the

logic tree that shows a prediction closer to the observed number of exceedances (13) have a

higher posterior weight than the branches that predicts a number of exceedances further

from the observations. For example, the branch 24 predicts 3.085 exceedances of 50 cm/s2

and the associated weight is 0.001. This is one of the branches that predicts a lower number

of global exceedances. On the contrary, the branch 1 that predicts a global number of 5.643

exceedances (one of the highest predicted number of exceedances) and it has a posteriori

weight equal to 0.156. None of the 24 branches of the logic tree is able to predict the 13
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observed exceedances. This fact can be explained by the reduced logic tree used (only 24

main branches of the logic tree), by the relative short period of observation (112 years) or

also by a non-adequate predictive model. In a real case, we could expect that the obser-

vations could be predicted by some of the branches of a complex logic tree (with thousands

of branches or more).

Figure 6 shows the same type of test considering 11 stations and the instrumental REX

obtained considering an acceleration threshold of 5 cm/s2 (and considering the operational

period of each station) (Fig. 7).

The updated mean exceedance rate (bold red line, Fig. 4) shows that the mean posterior

exceedance rates are also closer to observations. However, in this case, the posterior

Fig. 4 Comparison of PGA = 50 cm/s2 exceedance rates predicted by 24 branches of the logic tree during
the working period of the selected stations and the historical REX (13). Set of 11 stations. Acceleration
threshold = 50 cm/s2

Fig. 5 A posteriori weights predicted by the Bayesian update methodology after comparison of
observations and predictions (24 a priori weights were equivalent). Set of 11 stations. Acceleration
threshold = 50 cm/s2. Historical REX
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exceedance rates are lower than the prior exceedance rates. Therefore, the updated seismic

hazard is lower than the prior seismic hazard (Fig. 8).

A battery of tests (similar to the previously presented) was performed. They allow

defining some basic rules to envision an application of the Bayesian updating method to the

PSHA. The main rules (even if some of them seem obvious) to take into account during the

application of the Bayesian updating method are the following:

• Logic tree: The logic tree should represent an exhaustive and mutually exclusive set of

alternatives. In an ideal case, the observed or estimated REX should be into the range

of predictions of the probabilistic models.

• Number of sites: The use of more than one site of observation in the updating process

increases the number of observations. Nevertheless, the effects of the updating process

could not be equivalent at all sites because of the different shape of the seismic hazard

curves in different sites. For engineering applications, even if the hazard function is

normally needed only in one site, it is preferable to consider more observation sites

(around the calculation site) in order to increase the number of possible comparisons

observation-prediction.

• REX: The number of observations (exceedances of a fixed acceleration level during a

period of time) is important. Preferably, it should be highest as possible because the

updating process is more effective.

• Period of observations: It was observed that greater the period of observation, higher

the effect of the updating method. This rule indicates that historical REX should be

used (if possible) in order to enlarge the number of observations.

• The threshold of acceleration used for the updating process: The updating process is

always performed using a pre-defined acceleration threshold. Then, the results of the

updating process are well defined for the accelerations of the seismic hazard curve near

to the considered acceleration threshold. The level of the acceleration thresholds used

should preferably be in agreement with the accelerations associated to the return

periods of analysis.

Fig. 8 A posteriori weights predicted by the Bayesian update methodology after comparison of
observations and predictions (24 a priori weights were equivalent). Set of 11 stations. Acceleration
threshold = 5 cm/s2. Instrumental REX
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We insist that the a posteriori (or updated) weights affecting to each seismic hazard

curves of a logic tree don’t change the prior seismic hazard curves. Only the weight

associated to each seismic hazard curve is modified or affected by the updating process.

The a posteriori weights give a more objective estimation of the weight (or confidence) of

the predictive model according to the available data.

Others authors used Bayesian approaches to modify prior weights to the different

branches of a logic tree. For example, Woo and Aspinall (2015) performed a Bayesian

updating of existing PSHA in UK. They showed how their Bayesian updating process

provides a systematic means for modifying inputs according to empirical data observations

acquired post hoc. If the original model parameters were on the side of conservatism, the

updating may output reduced hazard results. Woo and Aspinall (2015) introduced a

zoneless model in the updating process and the updated weights suggested a reasonable

weight for a zoneless model.

In our logic tree, no zoneless methods were used. Nevertheless, zoneless models could

be used because these models, based on past seismicity, could provide better predictions of

seismic hazard. The use of zoneless models could provide a more exhaustive and mutually

exclusive prior logic tree.

If the updating method is used with the complete logic tree, the posterior weights of the

logic tree can be directly used to define a more likely median seismic hazard curve.

Moreover, the updating method could be used also considering only the main branches of a

logic tree (using the best-estimate seismic parameters of seismic sources). Then, the

weights of the main branches of the logic tree could be used to define a more objective

weights of the main branches of the logic tree (i.e. branches associated with a seismo-

tectonic model or with a GMPE) based on their likelihood, in a similar way than the

Sherbaum method (Scherbaum et al. 2009) give a quantitative weight for each GMPE used.

Some other similar approaches were also developed in OECD (2015).

6 Conclusions

The method is justified from the mathematical point of view. It provides an objective way

to define the weights of the different branches of the logic tree instead of using the common

and subjective methodology based on expert judgment. The method can be applied in all

cases and there are no mathematical constraints. The application of the method offers the

possibility to use the data specific to the region and to decrease the uncertainties. This

study will be complemented in the future through an extensive use of historical observation

as described in Viallet et al. (2017). Moreover, zoneless models will be introduced in the

logic tree to provide a more exhaustive and mutually exclusive set of alternatives in the

logic tree.

Globally, the effect of the Bayesian updating method is to give a higher weight to the

probabilistic models that predicts exceedance rates closer to the observed data (REX) and a

lower weight to the probabilistic models predicting exceedance rates far from the observed

data.

Therefore, the global effect of the Bayesian updating process is to bring closer the

predictive probabilistic model to the actual observations.

There are, however, limitations in its application and we have to keep in mind con-

straints due to each context in which it is intended to be applied.
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Some main rules to be taken into account during the application of the Bayesian

updating method were defined. They are associated mainly to the definition of the prior

logic tree, to the definition of the REX (number of observations) and to the definition of the

threshold of acceleration used in the updating process.

The updating method can be used to update the weights of the complete logic tree and to

obtain more likely median and centiles seismic hazard curves. Besides, it could be used to

define more objective weights of the main branches of the logic tree. These weights could

be compared to the weights of branches of the logic tree obtained using other existing

methods (Scherbaum et al. 2009; OECD 2015). Such approaches will contribute to reduce

epistemic uncertainties in PSHA that could not be addressed through expert’s judgments.
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