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Abstract Existing unreinforced masonry buildings frequently suffer out-of-plane local
collapse mechanisms when undergoing earthquake ground motion. The energy damping that
occurs during the motion, due to impacts of a wall against the foundation or against other
walls, is a relevant parameter on the response. An experimental investigation has been car-
ried out to estimate the dissipation of kinetic energy that takes place during free oscillations.
Restraint conditions allow for two-sided rocking (wall resting on a foundation) and one-sided
rocking (wall resting on a foundation adjacent to transverse walls). Five specimens have been
tested, modelling walls acted out-of-plane (façades). When one-sided rocking is under con-
sideration, different depths of the contact surface between façade and transverse walls are
considered. In the case of two-sided rocking, the experimental coefficient of restitution is
slightly lower than the analytic coefficient. In the case of one-sided rocking, an analytic for-
mulation is proposed and this is compared against experimental data. Although the coefficient
of restitution of one-sided rocking is less than half that of two-sided rocking, it is not equal to
zero. Thus, it cannot induce a sudden stop of the motion. Hence, nonlinear time history anal-
yses performed under this assumption may prove unsafe. Moreover, a comparison has been
carried out between overturning maps, induced by twenty natural accelerograms, computed
for the analytic coefficient of restitution and those computed for the experimental coefficient
of restitution. The increased energy dissipation reduces the frequency of overturning and
causes a more regular behaviour.

Keywords Impulsive energy dissipation · Experimental coefficient of restitution ·
Analytic coefficient of restitution · Two-sided rocking · One-sided rocking

L. Sorrentino (B) · O. AlShawa · L. D. Decanini
Dipartimento di Ingegneria Strutturale e Geotecnica, Università degli Studi di Roma “La Sapienza”,
via Antonio Gramsci 53, 00197 Rome, Italy
e-mail: luigi.sorrentino@uniroma1.it

123



1618 Bull Earthquake Eng (2011) 9:1617–1642

1 Introduction

Existing unreinforced masonry buildings frequently suffer out-of-plane local collapse mech-
anisms when affected by strong earthquake ground motion (Decanini et al. 2000, 2004;
D’Ayala and Speranza 2003). In recent years several authors have assessed the earthquake
stability of such mechanisms through non linear time history analyses (Griffith et al. 2003;
Lam et al. 2003; Liberatore and Spera 2003; Goretti et al. 2007; Lagomarsino and Resemini
2009). The advantages of dynamic analyses compared to static analyses are well known. The
structural behaviour is modelled more accurately and the role of conventional assumptions is
markedly reduced. However, in order to obtain meaningful results a careful representation of
the non linear mechanical behaviour of the response and of energy dissipation is necessary.

Up until now, the investigation of the estimation of energy damping and of its relevance
to the response has received little attention in scientific literature. In particular, experimental
tests have been very limited. Nonetheless, previous studies have shown that energy damping
can be crucial to the response (Yim et al. 1980; Sorrentino et al. 2008a).

From a theoretical point of view, the most common approach is that of the conserva-
tion of angular momentum, used in conjunction with the classical hypotheses of impulsive
dynamics: infinitesimal duration of impact, no displacement during impact, instantaneous
variation of velocity during impact (Housner 1963; Spanos et al. 2001; De Lorenzis et al.
2007; Sorrentino et al. 2008b). This approach makes the estimation of energy damping pos-
sible for any mechanism for which the geometrical parameters are known. For example,
Housner (1963), in considering two-sided rocking (in the following abbreviated as 2s), finds
an analytic velocity reduction factor ean,2s (also referred to as the analytic coefficient of
restitution), equal to:

ean, 2s = θ̇+

θ̇− = 1 − 2
mR2

IO

sin2 α (1)

with θ = rotation of the wall, dot indicating derivative with respect to time, superscript + (−)
value after (before) impact, m = mass of the wall, R = distance of the centre of mass from
the rocking hinge (Fig. 1), Io = polar moment of inertia with respect to the rocking hinge,
α = angle between the vertical line through the rocking hinge and the inclined line through
the rocking hinge and the centre of mass (Fig. 1). If the wall is homogeneous the previous
equation becomes:

ean, 2s = 1 − 3

2
sin2 α = 2ς2 − 1

2
(
ς2 + 1

) (2)

with ς = h/b, height-to-thickness ratio of the wall.
The larger the coefficient of restitution, the smaller the energy dissipation. According to

this approach, both material properties and size of the body are irrelevant upon damping. The
Housner model for energy dissipation has been proved accurate on average, albeit with some
scatter, by tests on a marble block rocking on a marble foundation (Liberatore et al. 2002).
Similar results have been obtained previously for a concrete block with an aluminium base
rocking on a steel foundation (Aslam et al. 1980): the experimental coefficient of restitution
was equal to 0.925, compared to an analytic one of 0.942. Conversely, experimental damping
has been found to be smaller than expected in very stocky oscillators, rather far-off from the
height-to-thickness ratios of unreinforced masonry walls (Priestley et al. 1978; Lipscombe
and Pellegrino 1993).
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Fig. 1 Parapet wall: geometrical parameters and displaced configuration. g = gravity acceleration

Energy dissipation in rocking mechanisms has also been interpreted in terms of equivalent
viscous damping, with values of approximately 3% in a parapet wall with ς = 8 (Lam et al.
1995), and 5% in a vertical spanning strip wall with ς = 14 (Griffith et al. 2004).

Granite blocks, with ς = 3 ÷ 8, rocking on a granite foundation have also been tested
in free oscillations (Peña et al. 2007). The experimental coefficient of restitution, eexp, was
found to converge to ean,2s, as ς increased.

No experimental program on unreinforced masonry wall energy damping seem to have
been carried out so far. Previous tests (Lam et al. 1995; Griffith et al. 2004) have not been
interpreted within a general theoretical framework, such as that of impulsive mechanics.
Moreover, no tests whatsoever have been performed on one-sided rocking mechanisms. So
far there is no mechanical model to assess energy dissipation for this kind of boundary
condition, although it can be rather frequent in historical constructions. Therefore, previous
investigators have assumed very small energy dissipation, usually equal to two-sided rocking
(Hogan 1992), or very large energy dissipation, with no motion after impact (Liberatore and
Spera 2003).

All the previous considerations suggest the advisability of an experimental program
focused on energy dissipation in unreinforced masonry rocking mechanisms. The program
will be presented in Sect. 2. In Sect. 3 a refined assessment of the coefficient of restitu-
tion, experimentally calibrated, will be presented. Moreover, an analytical formulation of the
coefficient of restitution for one-sided rocking will be proposed. In Sect. 4 other parameters,
measured during the tests, will be discussed. In Sect. 5 the influence of a refined estimation
of energy dissipation on non linear time history analyses of rocking mechanisms will be
examined. Finally, in Sect. 6 conclusions are presented.

2 Experimental tests

2.1 Test setup

The experimental campaign described here investigates rocking energy dissipation with the
variation of: (1) boundary condition, (2) wall height-to-thickness ratio, (3) contact depth
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Fig. 2 a Two-sided rocking, b one-sided rocking, c wall fractured above the base in order to get a different
height-to-thickness ratio

between façade and transverse walls (one-sided rocking only), (4) unit material, (5) effect of
test repetition.

Two boundary conditions are taken into account: (a) wall resting on a foundation (under-
going two-sided rocking, Fig. 2a); (b) wall resting on a foundation and adjacent to two trans-
verse walls (undergoing one-sided rocking, Fig. 2b). The rocking walls are meant to model
unreinforced masonry façades moved out-of-plane by earthquake-induced inertia forces. The
condition of a two-sided rocking wall is typical of parapet, boundary, or archaeological walls
(Fig. 3a). The condition of a one-sided rocking wall is peculiar to façades built without an
efficient interlocking with transverse walls, due either to poor construction, or to building
readjustments or to inadequately repaired damage from a previous earthquake (Tobriner et
al. 1997, Fig. 3b).

The walls tested have characteristics which are common in Mediterranean existing build-
ings in terms of aspect ratios (height/thickness and length/thickness ratios) and materials,
but the size is reduced to meet cost and facility limitations (Table 1). The height-to-thickness
ratio was varied because it is the governing parameter of energy dissipation, according to
the impulsive mechanics approach of Eq. (2). In order to increase the number of tests and
because of the very limited damage accumulation observed, the walls were fractured at an
intermediate bed joint, thus obtaining a shorter specimen (Fig. 2c). Height/thickness ratio
varies between 6.5 and 14.6 (Table 2). In one-sided rocking tests, the ratio between contact
depth and wall length was also varied (Fig. 4). This makes it possible to simulate different
transverse-wall densities and their influence on energy dissipation.

The specimens are solid, single-wythe. The program provides for five walls to be rocked
(façades), and two walls to be used as transverse walls in one-sided rocking tests. Transverse
walls and two of the façades are built using tuff units, quarried in Riano (Central Italy);
the units are 370 mm long, 123 mm wide, 110 mm thick. The remaining three façades are
manufactured with solid clay bricks, 235 mm long, 113 mm wide, 53 mm thick. This makes
it possible to assess the influence of the unit material on energy dissipation. The mortar is
always pozzuolanic (1:0.1:3, lime:cement:pozzuolan), laid in 10 mm joints in brick masonry
and in 20 mm joints in tuff masonry. Units were wetted before laying. The faces of the
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Fig. 3 a Wall prone to two-sided rocking: Pecile in Villa Adriana, Tivoli (close to Rome, Italy); b Wall after
one-sided rocking: Oratory of San Giuseppe dei Minimi, L’Aquila (Central Italy), after the April 6, 2009
earthquake

Table 1 Walls’ main features

a used as transverse walls in
one-sided rocking tests

Wall Size (length × height × thickness) Unit
(mm × mm × mm)

1 1420 × 1090 × 113 Solid clay brick

2 1440 × 1630 × 113 Solid clay brick

3 1500 × 1780 × 123 Tuff

4 1030 × 1630 × 113 Solid clay brick

5 1130 × 1800 × 123 Tuff

6–7a 1490 × 1820 × 260 Tuff

transverse walls adjacent to the façades were plastered, in order to reduce the roughness
of the contact surface. All the walls are built on a masonry foundation laid in a steel case.
The fracture induced in the rocking hinge always occurred at the interface between unit and
mortar.

The behaviour of the walls due to the imposed displacement is a rigid body one. There-
fore, material mechanical properties do not have a great effect. However, some tests were
performed in order to obtain a more complete description of the specimens. More extensive
details are presented elsewhere (Sorrentino et al. 2008c; Decanini et al. 2009), here only
mean values are reported.

The brick’s mean bulk specific weight is 18.1 kN/m3, while mean compressive strength
is 45.5 MPa. This value, although reasonable, might be an overestimation, because the test
was performed on the entire unit (Binda et al. 1996).

The tuff’s mean bulk specific weight is 12.8 kN/m3, while mean compressive strength is
5.9 MPa. The first value is lower and the second value higher than reported in the literature
(Augenti and Parisi 2009). However, Latium tuff frequently presents such features.
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Table 2 Height of specimens obtained from walls of Table 1, by means of fracturing at an intermediate bed
joint

Specimen Height (mm) Height/Thickness Number of valid tests
performed: two-sided

Number of valid tests
performed: one-sided

CD= 260 CD= 120 CD= 60
( mm) ( mm) ( mm)

1a 1090 9.6 10 0 0 0

1b 800 7.1 9 9 10 0

1c 820 7.3 0 16 21 17

2a 1630 14.4 15 29 16 29

2b 1360 12.0 19 13 14 14

3a 1630 13.3 5 29 26 18

3b 1280 10.4 8 17 20 0

4a 1560 13.8 0 − − −
4b 1170 10.4 19 − − −
5a 1790 14.6 28 − − −
5b 1190 9.7 20 − − −
5c 800 6.5 21 − − −

The mortar’s mean bulk specific weight is 17.5 kN/m3. Its mean compressive strength is
7.4 MPa. Mean tensile strength, measured through the cylinder splitting test, is 1.25 MPa.
Such figures are comparable with those reported in the literature (Bernardini et al. 1984), but
are nonetheless rather high. They help to explain the limited damage accumulation and the
monolithic behaviour observed.

Test repetition was examined in terms of variation of energy dissipation and variation
of displacement capacity. Both proved to be limited. Therefore walls 1-3, which were ini-
tially only to be tested in one-sided rocking, were also tested in two-sided rocking. The total
number of tests performed is 614. However, only 452 were considered valid, due to instru-
ment malfunction, disturbed initial conditions and so on. Moreover, tests with a residual top
out-of-plumb larger than 1.5 mm were also excluded. The 1.5 mm limit was chosen as a
tolerance comparable to the one for the perfectly vertical and adjacent positioning of façade
and transverse walls.

During each test only displacements are measured, because the accelerations feel the effect
of the sudden reduction of velocity upon impact. Six inductive displacement transducers are
used (Fig. 5) in order to evaluate the activation of degrees of freedom other than the expected
out-of-plane rotation, as explained in the following paragraph. Channel 5 was only used in
one-sided rocking tests, in order to evaluate possible deformation upon impact against trans-
verse walls. The instruments were fixed on external frames. Preliminary tests ruled out any
disturbance of the frames due to the rocking of the wall. Sampling frequency, initially set at
100 Hz, was increased to 400 Hz, the value used by previous investigators (Liberatore and
Spera 2001b).

Several possibilities were considered in order to release the displaced wall. Initial solu-
tions (the burning of a rope or hand release) were rejected because they led to a disturbance
of initial conditions. Eventually, due to the monolithic behaviour observed, the wall was laid
against a safety structure, with rotation θ slightly larger than the instability rotation (θ = α).
Then, the wall was very slowly pushed by means of a screw device. Figure 6 illustrates a
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Fig. 4 One-sided rocking: contact depth, CD, between façade and transverse walls

Fig. 5 Experimental setup. Position of the six transducers

sample time history of the displacement measured by a transducer. Initial velocity, estimated
by means of numerical derivation, is very close to zero.

2.2 Wall kinematics

Theoretically, the rocking wall shall be considered a single-degree-of-freedom oscillator.
However, following the approach by Liberatore and Spera (2001a), five transducers are used
in order to check if additional degrees of freedom are activated. The five instruments (Fig. 5,
no. 0–4) make it possible to check if the motion is just a rotation.

Given the geometric parameters and the global coordinate axes in Fig. 7a, the time-varying
total length (initial, l, + variation, �l) of the i-th transducer can be expressed as a function
of the degrees of freedom of the wall. Four degrees of freedom are contemplated (Fig. 7b).
With reference to the centre of the base: v,w = displacement parallel to x, y axis, φ =
rotation around the z axis; additionally: θ = rotation around the x axis passing through the
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Fig. 6 Sample time history record. Displacement, �l, measured by transducer 3, dashed line, and velocity,
solid line, obtained by means of numerical derivation. b is a zoom of a on the window of significant motion

relevant base corner. Considering the walls’ geometric characteristics and the absence of any
excitation, it has been postulated that complete uplift and rotation around y axis do not occur.

Following the approach in Liberatore and Spera (2001a), for each of the five instruments,
0–4 (Fig. 7c), it is possible to state the following equation:

li + �li = ∣∣ui,7
∣∣ =

√√√√√

⎛

⎝
6∑

j=1

ux
i,j

⎞

⎠

2

+
⎛

⎝
6∑

j=1

u
y
i,j

⎞

⎠

2

+
⎛

⎝
6∑

j=1

uz
i,j

⎞

⎠

2

(3)

Assuming that the instruments are initially horizontal and anchored on the vertical sym-
metry axes of the two lateral faces, the vector components of Eq. (3), for transducers 0–3,
are:

ui,1 =
⎧
⎨

⎩

0
li
0

ui,2 =
⎧
⎨

⎩

0
−ri · s · cos βi

−ri · sin βi

ui,3 =
⎧
⎨

⎩

−f · k

b · s

0
ui,4 =

⎧
⎨

⎩

v

w

b · sin |θ |

ui,5 =
⎧
⎨

⎩

f · k · cos φ + b · s · sin φ · cos θ

f · k · sin φ − b · s · cos φ · cos θ

−b · sin |θ |
ui,6 =

⎧
⎨

⎩

−ri · s · cos (βi + |θ | ) · sin φ

+ri · s · cos (βi + |θ | ) · cos φ

ri · sin (βi + |θ | )

k =
{ −1, i = 0, 1

+1, i = 2, 3

s =
{

sgn (θ) , θ �= 0
sgn

(
θ̇
)
, θ = 0

(4)

with geometrical parameter f shown in Fig. 7a, and li , ri , βi shown in Fig. 7d for the i-th
transducer. The sums of the components in the right hand side of Eq. (3) can be simplified
in the following equations:
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Fig. 7 Geometric and kinematic parameters of the rocking façade: a geometry and global axes; b xy, yz plan
kinematics; c displaced configuration of the façade and vectors, ui,j , related to the variation of length of the
displacement transducer; d geometric parameters of the i-th instrument

6∑

j=1

ux
i,j

= v + f · k · (cos φ − 1) + ri · s · sin φ · sin βi · sin |θ |

6∑

j=1

uy
i,j

= li + w + f · k · sin φ − ri · s · cos φ · sin βi · sin |θ | (5)

6∑

j=1

uz
i,j

= ri · [sin (βi + |θ |) − sin βi]

For the 4-th transducer only ui,1 changes in Eq. (4):

u4,1 =
⎧
⎨

⎩

−l4
0
0

(6)

with k = 1 in u4,3 and u4,5. Accordingly, the first two expressions in Eq. (5) become:
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Fig. 8 Sample time history computed by solving the system of four non linear equations obtained from
Eq. (3). t = time. Normalised degrees of freedom (Fig. 7): a displacement parallel to x axis; b displacement
parallel to y axis; c rotation around x axis, αind = reduced value of the angle α in order to take into account the
indenting of the mortar with respect to the unit face, and the building tolerances of the wall along the height;
d rotation around z axis

6∑

j=1

ux
4,j

= −l4 + v + f · (cos φ − 1) + r4 · s · sin φ · sin β4 · sin |θ |
(7)

6∑

j=1

uy
4,j

= w + f · sin φ − r4 · s · cos φ · sin β4 · sin |θ |

The four kinematic unknowns v,w, θ, and φ are determined by numerically solving,
for each time step, four non linear equations obtained from Eq. (3) by considering four
instruments. Usually transducers 0–1, and 3–4 are used, leaving transducer 2 as backup for
instrument malfunctioning. Angular velocity θ̇ has been numerically computed from angular
displacement.

In Fig. 8 the time histories of the four degrees of freedom of a sample test are presented.
It is evident that only the rotation out of plane θ (Fig. 8c) assumes significant values. None-
theless, the maximum value of rotation, φ, around the vertical axis is non zero, as observed
also by Peña et al. (2007).

In the range of the h/b ratios examined in this experimental campaign, rotation θ deter-
mined by solving the system of four nonlinear equations based on Eq. (3) is very similar to
that determined using the following simplified expression:
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Fig. 9 a Comparison between rotations θ determined solving the system of four non linear equations obtained
from Eq. (3) and solving Eq. (8). The two curves are almost perfectly superimposed. b Normalised maximum
absolute values of the four degrees of freedom for the time history tests, TH, on specimen no. 5a (Table 2)

θ ∼= arctan

(
�li

hi

)
(8)

with hi = height of the i-th transducer above the rocking hinge level, i = 3, 5. A comparison
between the two rotations is presented in Fig. 9a.

The other kinematic parameters oscillate close to zero. Such oscillations and the residual
figures are at least partially related to small vibrations at the anchorage of the transducer
to the wall and to instrument tolerance. This behaviour was observed in most of the tests
performed (Fig. 9b).

The absence of appreciable sliding is in agreement with what has been suggested at a
theoretical level (Shenton 1996). According to this model, no sliding will occur during free
oscillations if the static coefficient of friction, μs , satisfies the following inequality:

μs ≥ 3ς

1 + 4ς2 (9)

Equation (9) is always satisfied if μs > b/h. The largest value of b/h of the walls tested
is approximately 0.15, far below what is expected for the static coefficient of friction in the
masonry, which usually falls within the 0.6–0.7 interval (Rankine 1863).

On the contrary, if forced oscillations are considered, sliding or slide-rotation is possible
even if μs > b/h, depending on the magnitude of the horizontal component of the ground
acceleration ẍg . This helps to explain why sliding and slide-rotations have been observed by
other investigators in forced vibration tests on stockier blocks (Ageno and Sinopoli 1991).

The lack of noticeable sliding and the very limited damage accumulation, in terms of
mortar crushing or loss of monolithicity, have made it possible to repeat the tests several
times. Only in the case of one-sided rocking did the upper corners of the façade suffer
progressive dislocations that finally prevented additional experimentation.
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Fig. 10 Ratio between initial rotation θ0 and nominal value of α(= arctan (b/h), refer to Fig. 1), varying
the time history, TH

3 Experimental estimation of energy dissipation

The experimental coefficient of restitution, eexp, was estimated for each time history. The
application of the initial displacement by means of the screw device has shown that the exper-
imental instability displacement is usually smaller than the nominal instability displacement
(Fig. 10). This phenomenon can be explained in terms of the local rounding of the rocking
hinge, the indenting of the mortar with respect to the unit face, and the building tolerances
of the wall along the height.

Once rotation θ was determined as explained in Sect. 2.2, and if the initial rotation had been
applied with the screw device up to the instability threshold, rotation θ was normalised with
respect to a reduced value of the angle α, αind = θ0, with θ0 = initial rotation. Based on the
piece-wise linear formulation by Housner (1963), acceptable for slender rocking elements,
eexp after n impacts can be estimated according to the following equation:

eexp = 2n

√√√√√√
1 −

(
1 − |θn|

αind

)2

1 −
(

1 − |θ0|
αind

)2 (10)

with | θn | = maximum absolute rotation after the n-th impact. If α is used, instead of αind , eexp

is in average larger by 5 % in one-sided rocking, while in two-sided rocking it is larger by
less than 0.5 %.

The values of eexp obtained by applying Eq. (10) to the tests here described coincide
substantially with those obtained using the expression proposed by Peña et al. (2007), valid
irrespective of the h/b ratio:

eexp = 2n

√
cos (α − |θn|) − cos α

cos (α − |θ0|) − cos α
(11)

with α = αind .
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Fig. 11 Ratio between experimental, eexp , and analytic, ean, coefficient of restitutions varying the number
of impacts, n. a Two-sided rocking, 2s; b one-sided rocking, 1s; ean,1s is given in Eq. (14)

As shown by both Eqs. (10) and (11), the value of eexp can be affected by the number n

of impacts considered. In Fig. 11 this aspect is illustrated for both two-sided and one-sided
rocking. In the first case, energy dissipation remains constant to a large extent throughout the
time history. In one-sided rocking, on the other hand, energy dissipation is more markedly
amplitude-dependent. Correspondingly, if the initial rotation is disregarded, the value of eexp

does not change sensibly in two-sided rocking, while it is usually larger in one-sided rocking.
In Fig. 11a and in the rest of the paper, the value of eexp, of a two-sided rocking test has

been divided by ean,2s (Eq. 2) in order to obtain a comparison with a parameter which can
be calculated for any given wall, even one that has not been tested. In calculating ean,2s a
nominal value of α has been assumed. In this way ean,2s can be readily calculated, even if the
rounding of the corner or the indenting of the mortar joint is not known. Moreover, even for
the stockiest wall tested here, a 20% difference between α and αind yields a 1% difference
in the value of ean.

Equation (2) clearly does not apply to one-sided rocking. If impacts with the base and
the transverse walls happen at the same time, and rotation around a corner continues with a
simple change of sign, no rocking occurs, because no change in the hinge takes place. How-
ever, a different solution can be found if it is assumed that the impacts against the base and
against the transverse walls happen in two close but separate instants. This is actually what
happens if there is a gap between façade and transverse walls, as observed in shake table tests
(Al Shawa et al. 2009). After the impact against the base, which involves an initial change in
the rocking hinge, an impact against the upper corner can be hypothesised (Fig. 12). If the
conservation of angular momentum is assumed, and one supposes that the impulse passes
through this upper corner, it is possible to obtain the following expression of the analytic
coefficient of restitution of the impact against transverse walls, ean,tr :

ean, tr = 1 − 2
mR2

IO

cos2 α (12)

If the wall is homogeneous the previous equation becomes:

ean, tr = 1 − 3

2
cos2 α = 2 − ς2

2(ς2 + 1)
(13)
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Fig. 12 Model of the impact against the transverse walls as three separate impacts and as a rocking around
the upper corner, A

It is worth noting that the equations are independent of the size of the gap between
transverse walls and façade. This gap is practically inescapable, due either to construction
tolerances or to the space left by the mortar in a previously filled vertical joint.

In the range of usual values of the aspect ratio, ean,tr is negative. Only for ς <
√

2,
does ean,tr > 0. A negative value for the coefficient of restitution implies a rebound, which
is what has been observed. Moreover, in the range of h/b tested, ranging between 6.5 and
14.6, ean,tr varies between −0.47 and −0.49. Within the framework assumed, the size of the
impact surface between façade and transverse walls is irrelevant. The tests performed also
investigated this aspect by varying parameter CD.

After this impact, a third impact against the base can be assumed. Thus, in practical terms,
in one sided rocking the impact can be modelled by multiplying the velocity by ean,2s twice
and by ean,tr once. Thus, an analytic coefficient of restitution for one sided rocking, ean,1s ,
can be defined as:

ean,1s =
(

1 − 3

2
sin2 α

)2 (
1 − 3

2
cos2 α

)
(14)

In Fig. 11b, and in the rest of the paper, the value eexp of a one-sided rocking test has been
divided by ean,1s . It is evident that |ean,1s | << ean,2s , and this is mainly due to ean,tr .

In two-sided rocking, the value of the ratio between experimental and analytic coefficients
of restitution, eexp/ean,2s , is less than one (Fig. 13a). As already observed (Fig. 11a), the
results do not markedly depend on amplitude and they appear stable both within each test
series and moving from one specimen to another. This is probably due to the presence of the
mortar in the rocking hinge layer, which makes contact condition similar in all tests. Only
one test series shows much smaller values for the ratio compared to all the others (Fig. 13a).
If the entire time history is taken into consideration, and if this series is disregarded, the mean
value of eexp/ean,2s is approximately 0.95. If all series are considered, the ratio is smaller,
being equal on average to 0.93. eexp/ean,2s = 0.95 can probably be taken as an approximate
estimation of the coefficient of restitution in a parapet wall whose rocking stability has to
be assessed by means of non-linear time history analyses. The ratio eexp/ean,2s is close to
one, irrespective of the aspect ratio of the wall. This means that Housner formulation of the
coefficient of restitution, Eq. (2), shows the right trend with h/b, but underestimates energy
damping. In Sect. 5 the influence of higher energy damping will be investigated.

In one-sided rocking, the results are more scattered compared to two-sided rocking
(Fig. 13b). Unlike two-sided rocking, energy dissipation is amplitude-dependant: the larger
the velocity, the larger the dissipation (and the smaller e, Table 3). As a rule of thumb, if
we suppose that damping remains constant with amplitude, a coefficient of restitution of
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Fig. 13 Ratio between experimental and analytic coefficients of restitution, eexp/ean, in each test series. Test
series are identified by means of the aspect ratio, h/b. a Two-sided, 2s, and b one-sided, 1s, rocking. In b CD
is the contact depth between façade and each of the transverse walls (Fig. 4)

Table 3 One-sided rocking. Mean values of the ratio between experimental and analytic (Eq. 14) coefficients
of restitution, eexp/ean,1s , considering different windows in the experimental time histories

Complete Disregarding the first half cycle Considering only the first half cycle

1.05 1.34 0.72

1.05ean,1s may be assumed. An improvement is obtained if a linear relationship between non
dimensional peak rotation before impact, | θ− |/ α, is assumed:

eexp

ean, 1s

= 1.17 − 0.453

∣∣θ−∣∣

α
(15)

However, when performing a forced-vibration non-linear time-history analysis, there is
no peak rotation. Therefore, it is useful to express Eq. (15) in terms of velocity before impact,
θ̇−, obtained by equating kinetic and potential energies.

This velocity can be made non dimensional, considering the overturning velocity, θ̇r , i.e.
the velocity required to overturn a block at rest:

θ̇2
r = 2

mgR

IO

(1 − cos α) (16)

with g = gravity acceleration. Thus, Eq. (15) becomes:

eexp

ean, 1s

= 1.18 − 0.473

(
θ̇−

θ̇r

)2

(17)

Nonetheless, there is a significant scatter in the experimental data, as the coefficient of
determination is equal to 0.41.

The experimental coefficient of restitution remains stable test after test, within a test series.
The unit material has no effect on the ratio eexp/ean,1s , and the ratio shows no clear trend
with h/b.
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Fig. 14 Two-sided rocking. Comparison between experimental and analytic time histories. a Literature mod-
els; b experimentally calibrated models. Due to numerical sensitivity issues, all analytic models assume
θ0 / α = 0.985

The size of the contact surfaces between façade and transverse walls, measured by contact
depth CD (Fig. 4), has no systematic influence on energy damping. Therefore, it may be
assumed that the analytic model of Eq. (14) is qualitatively correct. However, it is reasonable
to assume that a minimum amount of contact depth is necessary in order to avoid material
failure at impacts.

It is worth noting that the experimental coefficient of restitution in one-sided rocking,
although much lower than in two-sided rocking, is not zero as tentatively suggested by
Liberatore and Spera (2003). As a matter of fact, the two researchers themselves regarded
this assumption as probably being over-optimistic. On the basis of the tests presented here,
it may be stated that numerical analyses performed assuming ean,1s = 0 are unsafe, as shown
in Sect. 5.

If the analytic coefficient of restitution for two-sided rocking (Eq. 2) is used to reproduce
experimental time histories, poor results are obtained (Fig. 14a). On the other hand, an exper-
imentally calibrated coefficient of restitution markedly enhances agreement (Fig. 14b). The
still-not-perfect match may be partially due to the amplitude dependency of the eexp/ean,2s

ratio, which is present, albeit weak, and to the lack of symmetry of the actual wall. A better
match has been obtained using a three-branch moment-rotation relationship (Doherty et al.
2002; Sorrentino et al. 2008a), but using the same experimentally calibrated coefficient of
restitution.

The same comparison was performed for one-sided rocking (Fig. 15a). Here it may be
observed that the analytic coefficient of restitution of Eq. (14) is a marked improvement on
the ones proposed in the literature, which either underestimate (Hogan 1992) or overestimate
(Liberatore and Spera 2003) energy damping. The agreement between experimental and
analytic time histories is improved if the analytic coefficient of restitution is experimentally
calibrated or made amplitude dependant (Fig. 15b). The still not perfect match may be related
to the presence of negative rotations, due to the gap existing between façade and transverse
walls. Therefore, the last portion of the experimental time history features small-amplitude
two-sided rocking, which the analytical model of one-sided rocking is not able to reproduce.
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Fig. 16 Mean values of ratio between initial (instability) rotation angle θ0 and nominal angle α (Fig. 1), in
each test series

4 Additional experimental parameters

In addition to the experimental coefficient of restitution, the response of the walls tested was
investigated by observing several parameters, presented here as mean values of each test
series.

The non-dimensional initial rotation is rather stable in a single test series (Fig. 10), even
in the case of the heaviest walls tested. However, it can be significantly scattered from wall
to wall, and from test series to test series. This is true for both two-sided and one-sided rock-
ing experiments, although the initial rotation is usually larger in two-sided rocking than in
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Fig. 17 For each test series, mean values of non-dimensional period of the wall, T1/4, of the first quarter
cycle of the time history multiplied, as in Housner (1963), by the frequency parameter p = √

mgR/IO

one-sided rocking (Fig. 16). Such behaviour is probably due to mortar debris accumulation
in the rocking hinge layer, not only during rocking but also when changing test setup. As
a matter of fact, when the hinge layer was cleaned between two test series, the initial rota-
tion increased (Decanini et al. 2009). Mean non-dimensional initial rotation θ0 / α is 0.91 in
two-sided rocking and 0.73 in one-sided rocking.

The non-dimensional period of the wall, with reference to the first quarter of the first
cycle, is usually close to or larger than 4 (Fig. 17), indicating a non-dimensional initial rota-
tion close to one (Housner 1963). A larger scatter in the initial period may be observed in
two-sided rocking. As suggested by theoretical considerations (Housner 1963; Sorrentino et
al. 2008b), the period is amplitude-dependant (Figs. 6, 9a). As already observed in the case
of non-dimensional initial rotation, the non-dimensional period of the first quarter of the first
cycle is usually stable in each test series.

The number of cycles of each test series can be very scattered (Fig. 18). This must be due
to the very small amplitude of the last oscillations, the imperfection of the rocking hinge,
and so on. Contrary to what has been observed about nondimensional initial rotations and
period, the scatter in the number of peaks may be observed even within a single test series.
The number of cycles is of course higher in two-sided rocking, because the system is less
damped.

Considerations similar to those developed regarding the number of cycles apply to the
non-dimensional duration of free rocking (Fig. 19).

In two test series of two-sided rocking, the symmetry of the specimen response was investi-
gated by pushing the wall in a test and by pulling the wall in the following test. With reference
to the mean initial rotation measured when pushing the specimen, when pulling the wall the
initial rotation changes by 13% in one case and by and 3% in the other. The coefficient of
restitution varies by 2 and by 4% respectively, if the entire time history is considered. Such
changes may be related to the tests previously performed both on the walls and on building
tolerances. In the rest of the paper, symmetric behaviour has always been assumed.
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Fig. 18 Number of cycles, n, in each test series. The scale of y-axis is different in a and b
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Fig. 19 Non dimensional duration, pD, of free rocking in each test series. The scale of y-axis is different in
a and b

Finally, the possible amplification of out-of-plane motion, due to deformation, was inves-
tigated. The displacement time history at the centre of the wall, measured by instrument no.
5 (Fig. 5), was compared to displacement at the same height of the same instrument, obtained
from rotation θ. This comparison is presented in Fig. 20, for both a sample time history and a
complete test series. In the case of the test series, the maximum displacements after the first
impact are compared. The ratio between such top rates oscillates around 1, with mean value
of 1.01 for CD = 60 mm, and mean value of 1.05 for CD = 260 mm. Because maximum
displacements are in the order of a few millimetres, the wall’s maximum deformation is a
fraction of a millimetre and about 1/5000 of specimen length.
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Fig. 20 Amplification of out-of-plane displacement at the centre of the wall due to impact against transverse
walls. a Sample time histories of displacement at the side and at the centre of the façade. b Ratio between
maximum displacements at the side and at the centre of the façade, after the first impact, for a test series

5 Influence of the coefficient of restitution upon earthquake performance
of rocking walls

The influence of a more accurate estimation of energy dissipation upon the earthquake per-
formance of rocking walls was appraised by means of numerical analyses. The numerical
procedure has been validated elsewhere (Sorrentino et al. 2006a).

First of all, the response of a two-sided rocking façade was studied in terms of overturning
maps (Plaut et al. 1996; Sorrentino et al. 2006b). Each overturning map plots the response of
a wall excited by a recorded accelerogram. Each point of a map represents the overturning
(gray) or non overturning (white) of the wall for the selected accelerogram whose amplitude,
A, has been scaled to AS , and whose duration, D, has been scaled to DS . The scaling of
the signal can be interpreted as a scaling of the wall. The response of the selected wall to
a signal with amplitude scaled by AS/A, is equal, according to Housner (1963) piece-wise
linear model, to the response of wall whose α is scaled by A/AS . This is to say that increasing
the amplitude of the record is equivalent to increasing the geometric slenderness of the wall.
The response of the selected wall to a signal with duration scaled by DS/D, is equal to the
response of a wall whose R is scaled by (D/DS)2. Therefore, an increased duration of the
accelerogram is equivalent to reducing the size of the wall in a non-linear fashion.

201 discrete values of amplitude and duration are considered, scaled to between 50 % and
150 % of natural values. Thus, each map is the result of 40401 time histories. 20 accelero-
grams were used, whose main features are reported in Table 4.

Figure 21a illustrates a sample map computed in Sorrentino et al. (2006b), where e =
ean,2s (Eq. 2). The boundary between overturning and non overturning domains has a non-
smooth, non-connected shape.

In Fig. 21b the same map is computed for e = 0.95 ean,2s . As could have been expected,
the number of overturnings decreases.

If this comparison is performed for all of the 20 accelerograms considered, Fig. 22a shows
that the reduction of the coefficient of restitution can have a varying effect on the number
of overturnings, NO . This phenomenon may be related to the time of occurrence of the
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Fig. 21 Overturning map for a two-sided rocking block (α = 0.1 rad, R = 3 m, Fig. 1). a e = ean,2s

(Sorrentino et al. 2006b); b e = 0.95ean,2s . Overturned façades are represented by gray dots. For record
details refer to Table 4
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Fig. 22 a Normalised number of overturnings, NO , b Average normalised number of changes overturning–no
overturning scaling duration and amplitude for 20 natural signals (Table 4), for e = ean,2s (Sorrentino et al.
2006b) and for e = 0.95ean,2s

overturning. If such critical response is obtained due to an initial excitation pulse, an increase
in the energy dissipated through impact is irrelevant, because no impact has occurred. How-
ever, if the overturning occurs after a few impacts, a reduced value of e plays a role, because
the wall will have a smaller velocity after hitting the base. On average, in the 20 maps com-
puted, the reduction in the number of overturnings was equal to 25 %, with a minimum of 3
% and a maximum of 89 %.

Another aspect that Fig. 21 reveals is that the reduction of e reduces the scatter of the
response as well. In order to measure the scatter of the response in each map, two numerical
indexes were defined: ND and NA. These are the number of changes (overturning-no over-
turning), scaling up the duration and the amplitude respectively, normalised by the number of
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Fig. 23 Overturning map for a one-sided rocking block (α = 0.1 rad, R = 3 m, Fig. 1). a e = 0;
b e = 1.05ean,1s . Overturned façades are represented by gray dots. For record details refer to Table 4

overturnings (in order to take into account how many changes were actually possible). In Fig.
22b the average of ND and NA is presented for both the analytic (a) and the experimentally
calibrated (b) coefficient of restitution. The response appears more ordered in the second
case. On average, in the 20 maps computed, the reduction of scatter (as previously defined)
was equal to 43 %. Therefore, increased energy dissipation not only reduces the overturning
of a wall, but also makes its assessment more robust.

With reference to the same set of 20 natural accelerograms, overturning maps of a one-
sided rocking wall were computed. Such maps have a shape similar to that already observed
for two-sided rocking. In Fig. 23 the comparison is performed between a zero coefficient of
restitution, and an experimentally calibrated coefficient of restitution. From such comparison
it is clear that the first assumption is unsafe. In one-sided rocking, a reduction of e might be
relevant in one direction of rotation, but not in the other. The explanation of this performance
is similar to that given for two-sided rocking. In one direction an initial pulse of the excitation
might push the façade against the transverse walls, whereas in the other it might induce an
overturning without previous significant impacts.

6 Conclusions

In this paper the role of energy damping on the earthquake performance of unreinforced-
masonry rocking mechanisms has been evaluated. An experimental campaign considered the
influence of several parameters on energy dissipation, measured by means of the so-called
coefficient of restitution. Two boundary conditions have been taken into account: two-sided
rocking (typical of a parapet wall) and one-sided rocking (façade adjacent to transverse walls).
The experimental estimation of the coefficient of restitution was compared to the analytical
coefficient of restitution.

In the case of two-sided rocking this coefficient is well known in the literature. The ratio
between experimental and analytic coefficients is approximately 0.95. This 5% difference,
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apparently negligible, has important consequences. First of all the accuracy of the reproduc-
tion of experimental time histories is markedly increased. Secondly, a reduced coefficient of
restitution significantly reduces the number of overturnings and the scatter of the response.

In the case of one-sided rocking, an analytic coefficient of restitution was suggested.
The coefficient was obtained following an impulsive mechanics approach. According to this
approach the coefficient is not dependant on the size of the contact surface between façade
and transverse walls. The tests confirmed this somewhat unexpected behaviour. In one-
sided rocking, unlike two-sided rocking, energy damping is markedly amplitude-dependant.
Therefore, in addition to an average ratio between experimental and analytical coefficients
of approximately 1.05, a quadratic formulation with non-dimensional velocity at impact has
been proposed.

In both two-sided and one-sided rocking, neither the material of the units nor the height-
to-thickness ratio play any systematic role. The behaviour of the specimens is rather stable
when the tests are repeated.

Other experimental parameters have also been considered. Displacement capacity is
always smaller than what might be estimated based on geometry alone, and it is sensitive
to imperfection in the rocking hinge. With reference to the tests performed, experimental
displacement capacity is equal on average to 91% of geometrical value in two-sided rocking,
while in one-sided rocking it is on average equal to 73%. However, such capacity remains
fairly stable within a single test series. The same happens to the period of the first quarter of
cycle. On the contrary, number of impacts and duration of rocking can be very scattered.

A kinematic formulation accounting for four possible degrees of freedom has shown that
rocking rotation accounts for most of the motion, and sliding displacements are negligi-
ble. However, this conclusion might be attenuated if forced vibrations, stockier blocks, and
different materials at interface are considered.

Finally, the numerical analyses performed have shown the importance of an accurate esti-
mation of energy dissipation in order to take advantage of time history analyses in the seismic
assessment of local collapse mechanisms in unreinforced masonry structures. Such refined
estimation of energy dissipation shall also be considered when calibrating equivalent static
procedures based on non-linear time history analysis.
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