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Abstract Different positions exist about the physical interpretation of horizontal to vertical
spectral ratios (HVSR) deduced from ambient vibrations. Two of them are considered here:
one is based on the hypothesis that HVSR are mainly conditioned by body waves approaching
vertically the free surface, the other one assumes that they are determined by surface waves
(Rayleigh and Love, with relevant upper modes) only. These interpretations can be seen as
useful approximations of the actual physical process, whose reliability should be checked
case-by-case. To this purpose, a general model has been here developed where ambient
vibrations are assumed to be the complete wave field generated by a random distribution
of independent harmonic point sources acting at the surface of a flat stratified visco-elastic
Earth. Performances of the approximate interpretations and complete wave field models have
been evaluated by considering a simple theoretical subsoil configuration and an experimental
setting where measured HVSR values were available. These analyses indicate that, at least as
concerns the subsoil configurations here considered, the surface-waves approximation seems
to produce reliable results for frequencies larger than the fundamental resonance frequency
of the sedimentary layer. On the other hand, the body waves interpretation provides better
results around the resonance frequency. It has been also demonstrated that the HVSR curve
is sensitive to the presence of a source-free area around the receiver and that most energetic
contribution of the body waves component comes from such local sources. This dependence
from the sources distribution implies that, due to possible variations in human activities in
the area where ambient vibrations are carried on, significant variations are expected to affect
the experimental HVSR curve. Such variations, anyway, only weakly affect the location of
HVSR maximum that confirms to be a robust indicator (in the range of 10%) of the local
fundamental resonance frequency.
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1 Introduction

Ambient vibrations induced by both natural and anthropic sources are ubiquitous on the Earth
surface and cover a large frequency interval (Peterson 1993). Under different denominations
(microseisms, seismic noise, etc.) these vibrations have been explored since the beginning
of modern seismology (e.g., Ferrari et al. 2000). However, in the recent years, the number of
studies devoted to the analysis of ambient vibrations has undergone a dramatic increase (see,
e.g., Bonnefoy-Claudet et al. 2006a): such a growing interest towards the characterization
of seismic noise has been driven by the possibility to use such a small amplitude ground
motion for cost effective seismic characterization of subsoil (e.g., D’Amico et al. 2008 and
references therein) and the parameterization of building dynamical response (e.g., Wenzel
and Pichler 2005). Among all, at least two international projects (EVG1-CT-2000-00026
SESAME, NATO-SfP980857) have been devoted to this argument. In the following some
new results obtained in the frame of the last project are summarized.

The NATO Sfp980857 project focused on the development and application of fast and
cost effective procedures for the study soil-structure interaction and vulnerability assess-
ment in seismic areas. In this frame, most part of the work has been devoted to free-field
and building vibration monitoring aiming at the seismic characterization of the local subsoil
and parameterization of building dynamical properties. In particular, spectral ratios between
free-field and building vibrations (Standard Spectral Ratios or SSR) have been considered
to parameterize resonance properties of the buildings (see e.g., Parolai et al. 2005a; Gallipoli
et al. 2008), while Horizontal to Vertical Spectral Ratios (HVSR) has been used to char-
acterize resonance phenomena potentially responsible for the local enhancement of seismic
ground motion (e.g., Nakamura 1989; Bard 1999; Mucciarelli and Gallipoli 2001).

HVSR have been extensively studied to detect the fundamental resonance frequency of
a sedimentary cover (see, e.g., Haghshenas et al. 2008 and references therein) and retrieve
information on the subsoil seismic layering (Arai and Tokimatsu 2004, 2005; Parolai et al.
2005b; Picozzi and Albarello 2007; Herak 2008). These last inversion procedures rely on
two major competing hypotheses. On one side, Nakamura (2000) and Herak (2008) provide
arguments supporting the idea that the HVSR curve is controlled by body waves. On the
other side, it is suggested (e.g., Arai and Tokimatsu 2004, 2005; Lunedei and Albarello
2009a) that a major role is played by surface waves (both Rayleigh and Love phases with the
relevant upper modes). Both models allows a correct interpretation of the HVSR maxima as
representative of the fundamental resonance frequency of the sedimentary layer (Bard 1999)
but provide divergent interpretations of the HVSR amplitudes. Of course, all the Authors
are aware that both these positions represent approximations of the actual wave-field, that is
expected to be a mixture of body and surface waves (e.g., Bonnefoy-Claudet et al. 2006a). On
the other hand, such approximations are mandatory in order to set up a numerically feasible
tool for the direct modeling of HVSR curves that can be implemented into an automatic inver-
sion procedure (e.g., Picozzi and Albarello 2007, Herak 2008). Thus the open problem is the
assessment of the respective reliability of these alternative interpretations in the frequency
range of interest.

This problem has been intensely discussed in the frame of the project NATO Sfp project.
To supply new arguments to this debate, implications of the above alternative interpretations
of HVSR curve have been examined and compared with a new and more general physical
representation of the ambient vibrations wave field, that allows to take into account both the
contributions of body and surface waves. In order to evaluate the actual feasibility of these
alternative models and in particular of approximate descriptions (body waves vs. surface
waves) respective theoretical HVSR curves have been evaluated for each model in the case
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of a simple subsoil configuration previously considered by Bonnefoy-Claudet et al. (2006b)
and at an Italian test site where experimental HVSR data are available along with seismic
parameters of the local subsoil.

2 Theoretical models of the HVSR curve deduced from ambient vibrations

In general, two aspects are of major concern in the study of HVSR from ambient vibrations.
The first one is the definition of optimal experimental setting and post processing procedures
to individuate features useful for practical purposes (see, e.g., Mucciarelli 1998; Picozzi et al.
2005; Chatelain et al. 2008). The second one concerns the physical interpretation and mod-
eling of the ambient vibrations wave field. This is a fundamental pre-requisite to establish
a link between observations and subsoil structure and thus using ambient vibrations to infer
dynamical properties of the subsoil (Arai and Tokimatsu 2004, 2005; Parolai et al. 2005b;
Picozzi and Albarello 2007; Herak 2008). On this topic, a strong debate has developed in
the last years. Experimental studies (see the extensive review provided by Bonnefoy-Claudet
et al. 2006a) provide a number important insights but remain inconclusive about some of
important aspects, as discussed below. A good agreement exists about the fact that microse-
isms, i.e. low frequency ambient vibrations ( < 0.5 Hz), are mainly associated to natural
processes (oceanic waves, storms, etc.), while microtremors, i.e. high frequency ambient
vibrations ( > 1 Hz), are mainly associated to human activities. Both natural and anthropic
sources contribute to vibrations in the intermediate frequency range. As a consequence of
the possible strong variability of these sources at several time and space scales, ambient
vibrations are considered an inherently stochastic phenomenon (e.g., Okada 2003). Thus,
the possibility to exploit random vibrations for the seismic characterization of the subsoil
relies on the availability of reliable models linking specific average aspects of environmental
vibrations and subsoil seismic parameters. Experimental studies indicate that surface waves
are present in the ambient vibrations wave field (e.g., Okada 2003) but provide contradic-
tory results as concerns their relative importance with respect to body waves. Theoretical
models relative to single sources (Tokimatsu 1997) and numerical simulations (Lachet and
Bard 1994; Fäh et al. 2001; Bonnefoy-Claudet et al. 2006b; Bonnefoy-Claudet et al. 2008)
provide more straightforward indications, suggesting that the role of surface waves at fre-
quencies larger than the resonance frequency f0 of the local subsoil become increasingly
important when the seismic impedance contrast at sediment-bedrock interface increases.
It also results that the Rayleigh waves contribution becomes progressively less important
below the resonance frequency (Sherbaum et al. 2003). Furthermore, the location of ambi-
ent vibrations sources with respect to the receiver also affects the expected wave field. In
particular, one can see that when source-receiver distances r are larger than the wavelength
λ0 = VS/ f0, where VS is the S waves velocity in the sedimentary cover, surface waves
contribution become dominant. However, no convincing definitive result is provided about
the respective role of body and surface waves around and below the resonance frequency.
It is worth noting that this uncertainty does not affect the good correspondence between
HVSR maxima and f0, that has been well established on empirical basis (Haghshenas et al.
2008).

Nakamura (2000) provided some arguments supporting the idea that HVSR (at least as
concerns its amplitude at the resonance frequency f0) directly represents the response func-
tion for S waves (FS( f0)) at the top of a sedimentary layer overlying a rigid bedrock. In
the case that both soil and bedrock are characterized by a weakly dissipative behavior, com-
plex response function Fβ( f ) (where f is the frequency) relative to the body waves phase
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β (S of P) vertically propagating from depth can be computed numerically (e.g., Tsai 1970).
In the hypothesis that the Nakamura (2000) model holds, one has

H V S R( f0) = |FS( f0)| . (1)

Herak (2008) generalizes this position by assuming that the ambient vibrations are constituted
by body waves moving vertically. In this case, amplitudes of P and S phases respectively con-
trol vertical and horizontal ground motion components. If one also assumes that impinging P
and S phases have the same amplitude in the bedrock, HVSR at the surface is determined by
the respective amplifications of these phases induced by seismic properties of sedimentary
layers overlying the bedrock. In this position, the HVSR curve can be modeled as the ratio
between transfer functions relative to S waves (horizontal components) and P waves (vertical
component):

H V S R( f ) = |FS( f )|
|FP ( f )| . (2)

In both these models, no hypothesis is advanced about the sources responsible for the observed
ambient vibrations and surface waves are considered to play a negligible role only. However,
this assumption is not compatible with the fact that surface waves actually exist in the ambient
vibrations wave field as ubiquitously revealed by experimental studies (e.g., Okada 2003).
Furthermore, due to different attenuations relative to body and surface waves, it appears
more plausible that most of active sources relatively distant from the sensor will provide a
contribution in terms of surface waves larger that that of body waves.

By taking these aspects into account, a different interpretation has been proposed by
several Authors (e.g., Fäh et al. 2001; Konno and Ohmachi 1998; Scherbaum et al. 2003)
which is based on the hypothesis that surface waves play a major role in the definition of
observed HVSR curves. The most general approach in this frame has been provided by
Arai and Tokimatsu (2004, 2005) that takes into account both Rayleigh and Love waves
(with the relevant upper modes) to model HVSR curves in the frame of a probabilistic
approach. In this model, ambient vibrations are assumed to be constituted by plane waves
randomly propagating in all the directions with different modes (Aki 1957). These are the
result of the random activation of independent harmonic point forces applied at the sur-
face of flat layered elastic Earth. The distribution of sources is assumed to be characterized
by a uniform probability distribution all around the receiver. The plane waves constituting
ambient vibrations are interpreted as surface waves (Rayleigh, Love and relative modes)
and thus a link can be established between the seismic layering of the subsoil and expected
average HVSR. This model has been recently generalized (Lunedei and Albarello 2009a)
to include the effect of material damping in the case of weak dissipation (see the short
outline of this formalization in Appendix A). It is worth noting that, since plane waves
are considered only, sources taken into account in the model should be located sufficiently
far away from the receiver to warrant that this assumption is realistic. This implies that a
source-free area exists around the receiver. Several choices are possible about the dimen-
sion of this source-free area (e.g., Arai and Tokimatsu 2004; Lunedei and Albarello 2009a)
and such choices significantly affect the expected HVSR curve. This dependence from a
conventional position, represents a weak point of this modeling approach. Anyway, some
dependence on the sources/receiver configuration cannot be ignored (see, e.g., Fäh et al.
2001; Bonnefoy-Claudet et al. 2006b; Bonnefoy-Claudet et al. 2008). Another problem con-
cerns the effect of modal truncation. It is well known that strong seismic impedance contrasts
increase the importance of surface waves upper modes in transferring seismic energy. Since
propagation of these upper modes is conditioned by subsoil features at deeper depth with
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respect to those affecting fundamental modes, their correct modeling requires the artificial
introduction of deep layers in the model to avoid unrealistic truncations of such modes
(see, e.g., Arai and Tokimatsu 2004, 2005). On the other hand, the characteristics of such
deep layers are very poorly constrained by observations and this introduces a possible biases
in the model.

Since it is well known (e.g., Bonnefoy-Claudet et al. 2006a) that both body waves and
surface waves contribute to ambient vibrations, the above competing interpretations can be
seen as useful approximations whose validity should be checked case by case. A possibility
in this sense, at least as far as a flat visco-elastic layered Earth is considered, can be pro-
vided by modeling the complete wave field without any selection of the involved phases and
avoiding as long as possible other approximations (e.g., Harkrider 1964; Aki and Richards
1980; Ben-Menahem and Singh 2000). This general approach is numerically troublesome
and the solutions require numerical integrations which are very slow to converge when both
the sources and the receiver are located at the same depth. This drawback is of major impor-
tance in simulating ambient vibrations, that are presumed to be generated by shallow sources
and are revealed by sensors located on the surface (e.g., Bonnefoy-Claudet et al. 2006b).
This problem has been solved by Hisada (1994) and its numerical code has been used by
Bonnefoy-Claudet et al. (2006b, 2008) to simulate the effect of a distribution of independent
random sources. This formalization has been generalized by Lunedei and Albarello (2009b)
in the frame of a formally coherent probabilistic model. This model allows to compute aver-
age powers of ambient vibrations in the assumption that these are generated by random
independent harmonic point sources distributed with uniform probability around the receiver
and that subsoil is considered a flat layered visco-elastic medium. The basic elements of this
generalization are shortly outlined in Appendix B. The resulting model is computationally
feasible, despite of the relatively strong numerical efforts required to obtain stable solutions
(run times are of the order of some hours on a standard personal computer). Despite of the
fact that it is actually a theoretical model only, due to its generality it can be considered as a
useful benchmark for checking the effectiveness of approximated interpretations discussed
above in the situations of possible interest.

3 Comparison of theoretical HVSR deduced from approximate and complete
wavefield models

Since body-waves (Eqs. 1, 2) and surface-waves (Appendix A) models represent alterna-
tive possible approximations of the actual ambient vibrations wave field, their feasibility in
specialized situations has to be checked case by case. An example of this kind of assess-
ment is described in the following and concerns the simple subsoil configuration in Table 1
(Bonnefoy-Claudet et al. 2006b). The S- and P-waves transfer functions Fβ( f ) used to eval-
uate the expected HVSR curve implied by the Nakamura and Herak models (Eqs. 1 and 2,
respectively) can be computed analytically in the form

Fβ( f ) =
{

cos

[
2π f

H

Vβ,a(2π f )

]
+ i

ρa Vβ,a(2π f )

ρbVβ,b(2π f )
sin

[
2π f

H

Vβ,a(2π f )

]}−1

, (3)

where f is the frequency, H the thickness of the soft sedimentary layer, Vβ the complex
velocity of phase β and the indexes a and b respectively refer to the soft layer and bedrock
(Kramer 1996). The complex velocity Vβ accounts for material damping. If one expresses
damping in terms of seismic quality factor Qβ of the body wave of concern, one has
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Table 1 Seismic profile in
Bonnefoy-Claudet et al. (2006b) Thickness (m) VP (m/s) VS(m/s) ρ(kg/m3) Q P QS

25 1, 350 200 1, 900 50 25
∞ 2, 000 1, 000 2, 500 100 50
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Fig. 1 Expected patterns of the VS transfer function (FS ) and HVSR curves deduced for the subsoil con-
figuration in Table 1, in the hypothesis of Herak (FS /FP ), Lunedei and Albarello (“Surface waves”) and that
obtained by using the general probabilistic formulation in Appendix B (“Complete”) in the hypothesis of a
uniform distribution of sources all around the receiver (r1 = 0 and r2 = 100 km)

Vβ(2π f ) = V e
β

1 − 1
π Qβ

log
(

f
fref

)
(

1 + i
1

2Qβ

)
, (4)

where V e
β is the elastic velocity of the body waves of concern (see values in Table 1) and

fref is a reference frequency here considered equal to 1 Hz (Aki and Richards 1980). The
S-waves response function is shown, by dashed line, in Fig. 1. In the hypothesis of Nakamura,
its maximum should coincide with the observed HVSR maximum, according with Eq. 1. A
very slight different pattern is obtained for the HVSR curve in the Herak hypothesis (Eq. 2).
One can see (Fig. 1) that, at least as concerns the range of frequencies here considered, the
two approaches show minor differences only. On the same plot, the theoretical H/V curve
obtained by using the surface waves approximation described in Appendix A is also reported.
As expected, in the presence of a sharp impedance contrast at the basis of the sedimentary
layer (about 6.5), HVSR curve seems to be controlled by ellipticity of Rayleigh waves
(Tokimatsu 1997; Konno and Ohmachi 1998). Since at f0 vertical components of Rayleigh
waves vanish both as concerns the fundamental and upper modes (e.g., Fäh et al. 2001), the
expected HVSR curve shows a very large peak in correspondence of the resonance frequency
(Fig. 1). It is worth noting that, as remarked by Nakamura (2000) this large peak appears
at a frequency slightly different (1.9) from the actual value of f0 (2 Hz). Such a difference
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has been discussed by Malischewsky and Scherbaum (2004) on the basis of theoretical argu-
ments and has been attributed to the properties of Rayleigh waves ellipticity (for a more
general discussion about Rayleigh waves particle motion in simple subsoil configurations,
see Malischewsky et al. 2008).

All these results have been compared with those obtained by using the more general
model of the ambient vibrations wave field described in Appendix B. Due to its generality,
this model has been here considered as a benchmark for the alternative approximate formu-
lations. Resulting HVSR curve has been obtained by posing r1 and r2 respectively equal to
0 and 100 Km, and it is plotted with solid line in Fig. 1. It can bee seen that HVSR resulting
from the more general model presents one peak only, near the S-waves resonance frequency
f0. It is worth noting that in this case, the HVSR maximum provides a slight overestimate
of the resonance frequency (2.1 Hz vs. 2.0). A second major feature concerns the amplitude
of the HVSR maximum, that results smaller than that computed by both the approximate
models. One can also see that a fairly good agreement exists in the frequency range above
f0 (> 3 Hz) among the HVSR curves.

In order to better understand differences observed in Fig. 1, one should also take into
account other differences among approximate and complete wave field models. An impor-
tant aspect concerns the geometry of sources responsible for the ambient vibrations wave
field. The distribution of sources and in particular their average distance from the receiver
is recognized to significantly affect the shape of expected HVSR (e.g., Bonnefoy-Claudet
et al. 2006b). The HVSR in the hypothesis that a dominant effect is played by vertically
incident and resonant body waves are assumed to be independent from the distribution of
sources. Instead, in the hypothesis that surface waves dominate ambient vibrations, HVSR
strongly depends on the dimensions of a source-free area around the receiver (Lunedei and
Albarello 2009a). In order to make more evident the effect of different configurations in the
sources/receiver geometries, a new HVSR curve has been computed with the formulation of
Appendix B by assuming a circular source-free area around the receiver with a radius of 100
m. The results of this new run are reported in Fig. 2 along with HVSR curves provided in
the frame of surface waves interpretation. One can see that in this case, the correspondence
between the HVSR curves obtained with the more general model and that deduced from
surface waves only improves around the resonance frequency. Furthermore, one can see that
the HVSR peak deduced from the general model increases with respect to the corresponding
one in Fig. 1 and reaches values higher than those relative to the expected S-waves response
function (FS in Figs. 1 and 2). These results imply that HVSR curve (but as concerns a small
interval around the resonance frequency f0) resulting from the activity of relatively distant
sources is essentially determined by surface waves polarization (both Love and Rayleigh)
and this is true both above and below f0.

4 Comparison of theoretical HVSR curves with observations at a test site

The considered site is located nearby the famous Pisa Leading Tower, one of the most impor-
tant monuments of Italy. The site has been extensively studied in the past and noticeable
efforts have been devoted for the geotechnical characterization of the Tower foundations
(Jamiolowski and Pepe 2001 and references therein). A summary of available information
is reported by Foti (2003). The subsoil is mainly constituted by succession of clayey and
sandy silts at least up to 70 m from the ground level. Seismic measurements carried on by
using a cross-hole configuration has provided VS and VP profiles at the site. Laboratory and
in situ measurements have been used to characterize attenuation properties of the shallow

123



526 Bull Earthquake Eng (2010) 8:519–534

1 2 3 4 5 6 7 8 9 10
0

1

2

3

4

5

6

7

8

9

10

Frequency (Hz)

H
V

S
R

Surface Waves
F

S
Complete Field (r

1
=100 m)

Fig. 2 Expected patterns of the S-waves transfer function (FS ) and HVSR values deduced for the subsoil
configuration in Table 1 by the model in Appendix A (“Surface waves”) and that obtained by using the more
general probabilistic formulation in Appendix B (“Complete”) with a source free area around the receiver
(r1 = 100 m and r2 = 100 km)

subsoil. As concerns the laboratory test (Lo Presti et al. 1997), many high quality samples
from the clayey layers in the depth range 12 ÷ 17 m have been retrieved and tested. The
damping ratio was evaluated during a series of cyclic torsional shear tests identifying values
ranging between 2 and 3% in the very small strain range (< 0.01%). These values remains
nearly constant with frequency. Further in-situ information on the damping profile has been
obtained from seismic tests (Foti 2003).

HVSR measurements have been carried on at a site located nearby (100 m apart) the Lead-
ing Tower, at the center of the City in a very crowd area. Tourists were walking near the sensors
and an intense vehicular traffic took place all around the measurement area. Ambient vibra-
tions measurements have been carried on by using the digital tromograph Tromino (www.
tromino.it) and HVSR estimates have been obtained by following the procedure described
in D’Amico et al. (2008) in line with indications provided by international agreements (see
SESAME European project 2005). The resulting HVSR have been reported in Fig. 3 (solid
line) and shows a clear maximum at the frequency of about 1.3 Hz with an amplitude of 2.4.

Theoretical HVSR curves have been computed for the Pisa test site by using the subsoil
parameters in Table 2 that have been deduced from Foti (2003). The results of these com-
putations carried on by considering the complete wave field model, the surface waves and
body waves approximations (by following Lunedei and Albarello 2009a, b and Herak 2008)
are reported in Fig. 3.

In general, all the theoretical HVSR curves mimic the overall shape of experimental HVSR
with maximum values in the range 1 ÷ 2 Hz and an amplitude in the range 2 ÷ 4. However,
significant differences also exist. To evaluate such differences on a quantitative basis, the
overall misfit of each considered model has been computed in terms of standard deviation

123

www.tromino.it
www.tromino.it


Bull Earthquake Eng (2010) 8:519–534 527

1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

3

3.5

4

Frequency (Hz)

H
V

S
R

Surface Waves
F

S
/F

P
Complete Field
Experimental

Fig. 3 Comparison of measured HVSR curve at the Pisa test site with patterns predicted by using different
ambient vibrations models with the experimental subsoil configuration in Table 2. In particular, the theoretical
HVSR curves deduced in the hypothesis of Herak (FS /FP ) and of Lunedei and Albarello (“Surface waves”)
are considered along with the one obtained by using the general probabilistic formulation in Appendix B
(“Complete Field”) with r1 = 0 and r2 = 100 km

Table 2 Seismic profile of the
subsoil at the Pisa test site
derived from Foti (2003)

Thickness (m) VP (m/s) VS (m/s) ρ(kg/m3) Q P QS

3 750 150 1, 600 10 10
2 1, 150 150 1, 600 10 10
3 1, 550 200 1, 600 18 18
4 1, 550 150 1, 900 18 18
9 1, 450 150 1, 900 18 18
8 1, 750 250 1, 700 25 25
11 1, 650 200 1, 700 25 25
9 1, 850 300 1, 700 25 25
3 2, 300 600 1, 700 25 25
∞ 1, 900 400 1, 700 25 25

(squared root of the average squared residual) with respect to the experimental HVSR curve.
As a whole, the worse result has been obtained by using the body waves approximation with
a misfit value (0.57) much larger than that relative to surface waves approximation (0.40).
As expected, the best fitting model results to be the one based on the complete wave field
solution (0.32). This result corroborates the choice of the complete wave field model as a
benchmark for other approximations.

However, beyond these general evaluations one can see that the comparison of the theo-
retical and experimental HSVR shapes confirms results deduced in the previous section. In
particular, one can see that, in the frequency range above the resonance frequency (roughly
estimated by the maximum of the observed HVSR), surface waves approximation provides
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results that are better agreement with observations with respect to those provided by the
body waves approximation. On the contrary, the amplitude of HVSR maximum is largely
overestimated by the surface waves approximation and well reproduced by the body waves
approximation.

5 Conclusions

A new general model has been presented to compute theoretical HVSR values of ambient
vibrations at the surface of a weakly dissipative layered Earth. In this model, average spectral
amplitudes of ambient vibrations have been modeled as the complete wave field generated
at the surface of the Earth by a uniform distributions of independent point-like harmonic
sources. Due to its generality, this model can be considered a benchmark for approximate
alternative models that requires less computational efforts with respect to the general model
here presented. In particular, two alternative models have been considered, that are based
on the assumption that ambient vibrations are controlled by body waves and surface waves
respectively. To evaluate the feasibility of this new model and the major differences with
results provided by the alternative approximate models, two subsoil configurations have
been considered. In the first case, a purely theoretical setting has been examined. In the sec-
ond case, complete and approximate models have been used to compute theoretical HVSR
curves at a test site in Italy where experimental HVSR data were available along with data
concerning seismic parameters of the local subsoil. In general, the two applications provide
similar results.

In particular, it results that the maximum of the expected HVSR curve is a robust estimator
(within a range of about 10%) of the fundamental resonance frequency of the sedimentary
cover f0. On the other hand, in line with results of previous experimental and theoretical
studies (e.g., Haghshenas et al. 2008), it has been seen that HVSR amplitudes (whatsoever
the underlying model is) at the resonance frequency both underestimate and overestimate the
actual response function relative to S-waves. Furthermore, the present study corroborates and
generalizes findings provided by previous analyses (Tokimatsu 1997; Bonnefoy-Claudet et al.
2006b) as concerns the dominance of surface waves for ambient vibrations at frequencies
larger than f0. Apparently, at least for the specific subsoil configurations here considered, the
body waves model fails to reproduce the HVSR amplitudes but as concerns a small interval
around f0 where the amplitude of Rayleigh waves vanishes. In this frequency domain, there
is a fair correspondence between HVSR amplitudes provided by body waves approximation
and that deduced from the more general model. This suggests that body waves probably play
a significant role only in a limited (whether very important for practical purposes) frequency
band. This suggests that a more effective inversion procedure should possibly consider both
body waves and surface waves approximation, each relative to a different frequency band
(around and above f0 respectively).

Another important consequence of the results here obtained, is the fact that the shape of
the HVSR curve around f0, strongly depends on the radius of the source free area around the
receiver. This is a basic point for practical measurements of HVSR from ambient vibrations.
A direct implication is that at the same site, different HVSR shapes around f0 (and mark-
edly different maximum amplitudes) can be the effect of different distributions of human
activities around the receiver up to distances of the order of hundreds meters. In general,
in many cases (e.g., in urban areas), it is not possible to evaluate the minimum distance of
sources responsible for observed ambient vibrations neither its eventual variations in time.
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This implies that no firm conclusion can be drawn from the inversion of HVSR shape around
and below the resonance frequency.
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Appendix A

Aki (1957) describes ambient vibrations as a stochastic wave field constituted by a linear
combination of independent harmonic plane waves with aleatory amplitudes, propagating in
all directions on the Earth surface. The waves are assumed to be dispersive and multimodal,
in that multiple phase velocities are allowed for each frequency. Arai and Tokimatsu (2004)
have interpreted such plane waves as surface waves generated by a continuous distribution of
independent harmonic point-like sources with stochastic amplitudes located at the surface of
a flat layered elastic Earth. The same model has been generalized by Lunedei and Albarello
(2009a) to include the effect of weak material damping. In this situation, any correlation
between the average spectral amplitudes of propagation modes is lost and thus, the average
spectral power relative to each mode can be computed by separately combining the relevant
Love and Rayleigh contributions generated by a generic source. This contribution in terms
of power spectral density Pn(ω) relative to the angular frequency ω has the form

Pn(ω) =
∫

M
[|An (ω; r, φ)|2] r dφ dr , (5)

where the integrand represents the average contribution to the n−th surface waves propa-
gation mode of sources located in a unitary surface element at a distance r and azimuth φ

with respect to the receiver. The bulk of the model is the evaluation of the above integrand
as a function of the average spectral power of harmonic sources active in the unitary area,
position and average orientation of sources in the relevant area and the seismic layering of
the subsoil.

To evaluate the spectral amplitudes in Eq. 5 in the case that sources are sufficiently far
away from the receiver that surface waves dominate the wave field, the contribution of single
harmonic sources in the unitary surface element has to be computed. It results (Aki and Rich-
ards 1980; Ben-Menahem and Singh 2000; Lai and Rix 2002) that, if a generic point-like
source in the form F(t) ≡ (Fx , Fy, Fz

)·e−iωt is assumed, ground motion spectral amplitudes
at the receiver relative to Love and Rayleigh phases in the visco-elastic domain result to be

[
AL ,n(ω; r, φ)

]
φ̂

= Fx sin φ − Fy cos φ

4
√

2πωr
· e−αL ,nr · B0,n (6)

[
AR,n(ω; r, φ)

]
r̂ = − e−αR,nr

4
√

2πωr
· [i · Fz · B3,n − (Fx cos φ + Fy sin φ

) · B1,n
]

(7)

[
AR,n(ω; r, φ)

]
ẑ = e−αR,nr

4
√

2πωr
· [Fz · B2,n − i · (Fx cos φ + Fy sin φ

) · B3,n
]

, (8)

where B j,n , for j = 0, 1, 2, 3, contains the Love or Rayleigh phase and group velocities and
the eigenfunctions of the n−th mode, wile αβ,n is the attenuation coefficient of the n−th
mode of the β−kind wave (see Lunedei and Albarello 2009a for more details).
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Being NL(ω) and NR(ω) the number of active Love and Rayleigh modes respectively,
ambient vibrations result from the superposition of NL(ω)+2NR(ω) uncorrelated stochastic
wave fields. The average spectral power of each of these fields can be computed from the
average of the squared amplitudes (6÷8). A continuous distribution of sources is assumed to
exist on an appropriate region of the Earth surface, C(r1) ≡ {(x, y) ∈ R

2
∣∣ x2 + y2 ≥ r2

1

}
,

which excludes the circle with radius r1 ≥ 0. This last area is considered to be source-free
in order to warrant the dominance of surface waves and the validity of the plane-waves
approximation. In this view, the average power of sources active in the unitary surface ele-
ment in the principal directions is σ 2σ 2

i (i = x, y, z): σi are the cosine directors (ergo
σ 2

x + σ 2
y + σ 2

z = 1).
With this position, the power contribution of each mode can be written in the form (Lunedei

and Albarello 2009a)

PH L ,n(ω) ≡
∫

C(R1)

M
[
AL ,n(ω; r, φ)

]2
φ̂

· r dφ dr

= σ 2

32ω
· ∣∣B0,n

∣∣2 ·
(
σ 2

x + σ 2
y

)
· e−2αL ,nr1

2αL ,n
(9)

PH R,n(ω) = σ 2

32ω
·
{

2σ 2
z · ∣∣B3,n

∣∣2 +
(
σ 2

x + σ 2
y

)
· ∣∣B1,n

∣∣2} · e−2αR,nr1

2αR,n
(10)

PV R,n(ω) = σ 2

32ω
·
{

2σ 2
z · ∣∣B2,n

∣∣2 +
(
σ 2

x + σ 2
y

)
· ∣∣B3,n

∣∣2} · e−2αR,nr1

2αR,n
(11)

(notice the dependence on the choice of the inner radius r1).
On this basis, the effective velocities for the Love and Rayleigh components of the ambient

vibrations, according to Arai and Tokimatsu, have the form
[
V̂L(ω)

]
φ̂

= ω · ξ

arccos
[∑

n
PH L ,n(ω)

PH L (ω)
· cos

(
ω

�VL ,n(ω)
· ξ
)] (12)

[
V̂R(ω)

]
r̂

= ω · ξ

arccos
[∑

n
PH R,n(ω)

PH R(ω)
· cos

(
ω

�VR,n(ω)
· ξ
)] (13)

[
V̂R(ω)

]
ẑ

≡ ω · ξ

arccos
[∑

n
PV R,n(ω)

PV R(ω)
· cos

(
ω

�VR,n(ω)
· ξ
)] , (14)

where P•(ω) ≡∑n P•,n(ω).
The corresponding expected HVSR curve results from the expression

H V S R(ω) ≡
√

PH (ω)

PV (ω)
, (15)

where

PH (ω) ≡

√√√√√
⎡
⎣NL (ω)∑

n=1

PH L ,n(ω)

⎤
⎦ ·
⎡
⎣NR(ω)∑

n=1

PH R,n(ω)

⎤
⎦ (16)

PV (ω) ≡
NR(ω)∑
n=1

PV R,n(ω). (17)
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It is worth noting that the effective velocities and HVSR only depend on the relative ratios
among the source power along the different directions: in other words, cosine directors σi

are of concern only.

Appendix B

In the same approximations in Appendix A, the general solution of the wave motion equation
relative to a stratified medium (see, e.g., formula (11) of Hisada 1994) has been considered.
Here, displacements are given as the combination of a number of integrals of Bessel functions
times some coefficients (which are called Hs and V s in the Hisada’s formalization) and are
linear functions of the source components (see, e.g., Lamb 1904; Harkrider 1964; Tokimatsu
1997). As shown in Lunedei and Albarello (2009b) the displacements at origin (where the
receiver is located) can be defined as

ur (r, ϑ) = ũr (r) · (Fx · cos ϑ + Fy · sin ϑ
)+ u∗

r (r) · Fz (18)

uϑ(r, ϑ) = ũϑ(r) · (−Fy · cos ϑ + Fx · sin ϑ
)

(19)

uz(r, ϑ) = ũz(r) · (Fx · cos ϑ + Fy · sin ϑ
)+ u∗

z (r) · Fz, (20)

where

ũr (r) ≡ −
+∞∫
0

{
R1,H (k) · d J1(kr)

d(kr)
+ L H (k) · J1(kr)

kr

}
dk (21)

u∗
r (r) ≡ −

+∞∫
0

{
R1,V (k) · J1(kr)

}
dk (22)

ũϑ(r) ≡
+∞∫
0

{
R1,H (k) · J1(kr)

kr
+ L H (k) · d J1(kr)

d(kr)

}
dk (23)

ũz(r) ≡
+∞∫
0

{
R2,H (k) · J1(kr)

}
dk (24)

u∗
z (r) ≡ −

+∞∫
0

{
R2,V (k) · J0(kr)

}
dk. (25)

The coefficients of the Bessel functions are

L H (k) ≡ H1
1�(0; 0)/F�

R1,H (k) ≡ V 1
1�(0; 0)/F�,

R2,H (k) ≡ V 1
2�(0; 0)/F�

for � = x or � = y (it is the same, since the linearity in the source components), and

R1,V (k) ≡ V 1
1z(0; 0)/Fz

R2,V (k) ≡ V 1
2z(0; 0)/Fz,
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where the Hs and V s functions are given by Hisada (1994). Then, a ring C(r1, r2) ≡{
(x, y) ∈ R

2
∣∣∣ r1 ≤ √x2 + y2 ≤ r2

}
is considered that is uniformly filled by independent

random sources with average power density (the average squared amplitude) in the same form
of Appendix A. Square amplitude of u j (r, ϑ), for j = r, ϑ, z, integrated on C(r1, r2) can
be obtained by a little algebra, as shown in Lunedei and Albarello (2009b). By passing to a
Cartesian frame, these variances are the total power components along the pricipal directions
at the origin

VT OT
x (ω) = πσ 2

⎧⎨
⎩

3

4
σ 2

x

r2∫
r1

[
|ũr (r)|2 + |ũϑ(r)|2

]
r dr

−1

2
σ 2

x

r2∫
r1

{� [ũr (r)
]� [ũϑ(r)

]+ 
 [ũr (r)
]
 [ũϑ(r)

]}
r dr

+1

4
σ 2

y

r2∫
r1

|ũr (r) + ũϑ(r)|2 r dr + σ 2
z

∫ r2

r1

∣∣u∗
r (r)

∣∣2 r dr

⎫⎬
⎭, (26)

VT OT
y (ω) = πσ 2

⎧⎨
⎩

1

4
σ 2

x

r2∫
r1

|ũr (r) + ũϑ(r)|2 r dr + 3

4
σ 2

y

∫ r2

r1

[
|ũr (r)|2 + |ũϑ(r)|2

]
r dr

−1

2
σ 2

y

r2∫
r1

{
� [ũr (r)

]� [ũϑ(r)
]+ 
 [ũr (r)

]
 [ũϑ(r)
]}

r dr

⎫⎬
⎭

+ σ 2
z

r2∫
r1

∣∣u∗
r (r)

∣∣2 r dr

⎫⎬
⎭ , (27)

VT OT
z (ω) = πσ 2

r2∫
r1

{
|ũz(r)|2

(
σ 2

x + σ 2
y

)
+ 2

∣∣u∗
z (r)
∣∣2 σ 2

z

}
r dr; (28)

we remark that these quantities depend on ω, because the integrands are so.
These integrals require to be evaluated numerically, so it is necessary to set two suitable

values for r1 and r2. Unlike the case described in Appendix A, no more physical constraint
prevents from putting r1 = 0, while r2 has to be chosen case by case on the numerical
estimate of the integrals convergence. After computing integrals, HVSR is given by formula
(15), where

PH (ω) ≡
√

VT OT
x (ω) · VT OT

y (ω) (29)

PV (ω) ≡ VT OT
z (ω) . (30)

In this case also, the HVSR only depends on the average power of source components
σi (i = x, y, z).
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