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Abstract This paper presents a new approach for the evaluation of accurate lateral force
distributions for the Linear Static Analysis (LSA) of Base Isolated (BI-) buildings. In essence,
the proposed lateral force distributions depend on a factor measuring the degree of non-
linearity of the Isolation System (IS) and on the ratio between the effective period of the
BI-structure (Tis) and the fundamental period of the Fixed Based (FB-) structure (Tfb). The
proposed approach is fully compatible with the Direct Displacement-Based Design (DDBD)
method, recently developed by Priestley and co-workers. The proposed lateral force distri-
butions have been derived from the results of a large number of Nonlinear Time-History
Analyses (NTHA), carried out on six numerical models of multi-storey buildings, differing
in storey number (3, 5 and 8, respectively) and fundamental period of vibration (from 0.25 to
0.8 s) in the fixed-base configuration. A great variety of Isolation Systems (ISs), character-
ised by either Elasto-Plastic with Hardening (EPH) or Flag-Shaped (FS) force-displacement
behaviour, have been considered in the NTHA. The numerical parameters of the IS models
have been varied in such a way as to reproduce the actual mechanical behaviour of the main
currently used ISs, including: (i) Lead Rubber Bearings (LRB), (ii) High-Damping Rubber
Bearings (HDRB), (iii) Friction Pendulum Bearings (FPB), (iv) combinations of flat Sliding
Bearings (SB) and Low-Damping Rubber Bearings (LDRB) and (v) Combinations of flat SB
and re-centring devices based on Shape Memory Alloys (SMA). Comparisons between the
storey shear forces derived with the proposed method and those obtained from NTHA clearly
show the great improvements in the accuracy of LSA predictions, when using the proposed
lateral force distributions.
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1 Introduction

The Linear Static Analysis (LSA), also known as Equivalent Static Analysis or Equivalent
Linear Analysis (CEN 1998; ICBO 1997; NEHRP 1997; ASCE 2005), is a simple method
which is particularly suitable for the analysis and design of Base Isolated (BI-) buildings. It is
based on the observation that, in many cases, the response of a BI-building is dominated by its
first mode of vibration, in which the horizontal displacements are concentrated at the IS level,
while the superstructure moves almost like a rigid body. The BI-building is then modelled as
an equivalent elastic SDOF system, whose stiffness is taken equal to the effective stiffness
of the IS, evaluated for the design base displacement. Consequently, a uniform acceleration
profile over the height of the building is assumed and the equivalent static seismic forces
(Fi) are computed by distributing the design base shear (Vb) over the height of the structure,
proportionally to the storey masses (mi):

Fi = Vb
mi

∑
m j

(1)

This is the approach adopted by the European Seismic Code (CEN 1998), for regular low-rise
buildings equipped with IS that can be modelled with an equivalent linear viscous-elastic
behaviour (CEN 1998). The same lateral load pattern is provided by the new Italian Seis-
mic code (DMI 2008), in which the applicability of the LSA is limited to BI-buildings not
exceeding five storeys.

In the US, Chinese and Taiwanese seismic codes (ICBO 1997; NEHRP 1997; ASCE
2005; ICC 2000; GB50011 2001) a different approach is followed, based on the assumption
of an inverted triangular distribution of storey accelerations over the height of the structure,
to account for the higher mode contributions generated by possibly nonlinear behaviour of
the IS. In this case, the equivalent static seismic forces (Fi) are computed by distributing
the design base shear (Vb) over the height of the structure, proportionally to the product of
storey masses (mi) and storey height (hi):

Fi = Vb
mi · hi

∑
m j · h j

(2)

In the US seismic code, the applicability of the LSA is limited to BI-buildings not exceeding
four storeys.

The inverted triangular force distribution defined by Eq. 2 has been found to overestimate
the maximum seismic responses of most BI-buildings (Lee et al. 2001), even when the IS
exhibits a strong nonlinear behaviour or large effective damping values.

As a mater of fact, the use of LSA is somewhat limited by current seismic codes, due to
the difficulty of defining a reasonably conservative distribution of equivalent static seismic
forces, as soon as the behaviour of the isolation system is non-linear and/or the damping
is high. Nevertheless, the linear static procedure is often performed even when a modal
response spectrum analysis is strictly required, to obtain limits on the results of dynamic
analysis.

A completely different approach is proposed in the Japanese guidelines for seismically
isolated structures (MVIT 2001). Storey shear forces are evaluated from a complex relation-
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ship, which depends on the fundamental period of vibration of the BI-structure and on the
elastic, viscous and hysteretic components of the design base shear. Storey shear-force dis-
tributions intermediate between those given by Eqs. 1 and 2 are thus obtained. The Japanese
guidelines do not apply any limitation to the degree of non-linearity of the IS, whereas they
refer to accurate force distributions, which depend on the inherent mechanical characteristics
of the IS.

Recently, two different groups of researchers (Tsai et al. 2003; Lee et al. 2001) proposed
two similar modified equations for the vertical distribution of the equivalent static forces,
considering the influence of the first mode of vibration of the BI-structure. The proposed
equations can be expressed as follows:

Fi = Vb

mi ·
(

1 + ε
He

· hi

)

∑
m j ·

(
1 + ε

He
· h j

) (3)

where ε = ω2
b/ω

2
s , ωs being the circular frequency of the FB-structure and ωb that of the

BI-structure with the superstructure assumed to behave like a rigid body. He represents the
effective height of the equivalent SDOF system of the BI-structure, considering the flex-
ibility of the superstructure. The main difference between the equations proposed by Lee
et al. (2001) and Tsai et al. (2003) is that, with reference to framed structures, the former
assumes He = 0.6H whilst the latter assumes He = H, where H is the total height of the
superstructure. In essence, the force distribution given by Eq. 3 corresponds to a trapezoidal
distribution of storey acceleration over the height of the structure, which tends to a uniform
distribution when ε � 1 (i.e. when the superstructure becomes much stiffer than the IS).
Similarly to Eqs. 1 and 2, the application of Eq. 3 is limited to low-rise buildings whose IS’s
can be modelled as equivalent linear viscous-elastic systems.

Some researchers, such as Kelly (2001), Skinner et al. (1993), Constantinou et al. (1993),
Winters and Constantinou (1993) performed Nonlinear Time-History Analyses (NTHA) to
examine the distribution patterns of lateral inertia forces in BI-buildings with elastic super-
structure. They found that the envelope profiles of the storey shear-forces can significantly
differ from those derived from Eqs. 1 and 2, even when the BI-structure complies with the
requirements for the applicability of LSA. Moreover, they found that the envelope profiles
of the storey shear-forces can vary considerably from one case to another, mainly due to
the following three factors: (i) the degree of non-linearity of the IS and more precisely the
“fatness” of its force-displacement cyclic behaviour, (ii) the number of storeys of the building
and (iii) the fundamental period of vibration of the superstructure in the Fixed-Base (FB)
configuration.

To quantify the degree of non-linearity of the IS, Skinner et al. (1993) introduced the
non-linearity factor NL, defined as the ratio of the area of the hysteresis loops (Wd) at the IS
design displacement (Dd) to that of the corresponding rectangle:

N L = Wd

4 · Dd · Fd
(4)

Fd being the IS force at the design displacement Dd. From Eq. 4, it is seen that the non-linear-
ity factor NL is proportional to the equivalent viscous damping ratio ξ (see Eq. 8). The studies
by Skinner et al. confirmed the importance of the NL factor with respect to the shear-force
distribution in BI-buildings (Skinner et al. 1993).

Efforts have been made to derive enhanced equivalent static force distributions, able to
predict accurately the maximum seismic response of a BI-building, even for medium-rise
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buildings with strongly non linear IS’s. Based on the results of extensive NTHA on multi-
storey framed buildings equipped with IS’s with an idealised bilinear hysteretic force-dis-
placement behaviour, Andriono and Carr (1991a,b) proposed the following equivalent static
force distribution:

Fi = Vb
mi · h p

i∑
m j · h p

j

(5)

It is similar to Eq. 2, except for the exponent “p”. The authors found that p is strongly
correlated to the non-linearity factor NL and the fundamental period of vibration of the
FB-structure (Tfb) (Andriono and Carr 1991b), but they did not provide any analytical or
graphical relationship to derive p as a function of these two parameters.

Similar results have been found by Ryan and York (2007), who proposed an inverted
triangle distribution with an additional top force:

Fi = (Vs − Ft )
mi · hk

i∑
m j · hk

j

(6)

in which Vs is the superstructure base shear (derived from the global base shear Vb based on
the ratio of the superstructure mass to the total mass of the building) and Ft is an additional
static force applied on the top storey of the building. Both the exponent “k” and the additional
top force Ft are expressed, through regression analyses, as a function of the IS equivalent
viscous damping ratio ξ and of the fundamental period of vibration of the superstructure in
the FB configuration (Tfb).

Several studies have been recently conducted for the development of seismic design meth-
ods based on displacements, able to overcome the limitations of the current design approaches
based on forces, which cannot provide appropriate means for implementing concepts of Per-
formance-based Earthquake Engineering (Bertero and Bertero 2002). One of such methods
is the Direct Displacement-Based Design (DDBD) method, proposed by Priestley (1993) and
further developed by Priestley (2003) and Priestley et al. (2007). The fundamental goal of
DDBD is to obtain a structure which will reach a target displacement profile when subjected
to earthquakes consistent with a given reference response spectrum.

The DDBD method has been recently specialized to different structural types, including
frame buildings (Pettinga and Priestley 2005), wall buildings (Sullivan et al. 2005), contin-
uous deck bridges (Kowalsky 2002) and structures with seismic isolation (Casas and Jara
2006; Cardone and Dolce 2007; Cardone et al. 2006; Pietra et al. 2008).

Basically, the DDBD method consists of four steps (Priestley et al. 2007). In the first step,
the target displacement profile of the structure (�i) is assigned. For BI-buildings, this can
be carried out by assigning a suitable displaced shape to the superstructure (e.g. an approx-
imate schematization of its first modal shape) and a target value of the IS displacement
(Dd) and maximum interstorey drift (θd) (Cardone and Dolce 2007). In the second step, the
nonlinear MDOF model of the structure is replaced by an equivalent linear SDOF system,
characterised by a given equivalent design displacement (�d), equivalent mass (meq) and
equivalent damping ratio (ξeq). For BI-buildings, the non-linearities of the MDOF model
are generally concentrated in the IS, which is preliminarily modelled with an equivalent
linear viscous-elastic behaviour, with effective stiffness (kis) and effective damping (ξis)
defined at the target displacement Dd. In the third step, the period of vibration of the equiv-
alent SDOF system (Te) is obtained from Response Spectrum Analysis (RSA) and then
used to derive the equivalent lateral stiffness (Ke) of the SDOF model and, finally, the
design base shear (Vb = Ke · �d). In the last step, the design base shear is distributed
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along the height of structures in proportion to storey masses mi and corresponding dis-
placements �i:

Fi = Vb
mi · �i

∑
m j · � j

(7)

A linear static analysis of the structure is then performed, with the IS modeled through its
effective stiffness at the design displacement Dd, to get stresses and deformations in the
structural members.

Indeed, the lateral force distribution assumed in the DDBD method is very similar to
that of the European seismic code (see Eq. 1). As a consequence, the same above discussed
shortcomings hold also for the lateral force distribution used within the DDBD method.
In particular, significant underestimates are expected as soon as the behaviour of the IS is
non linear and/or the damping is high. Actually, multi-storey BI-buildings equipped with
IS characterised by thin hysteresis loops are strongly first mode dominated, as the results
of a parametric investigation of NTHA on a four-storey three-dimensional framed building
equipped with a great variety of IS types confirm (Cardone and Dolce 2007). In this case,
the equivalent static forces adopted in the DDBD method provide accurate predictions. On
the contrary, when the IS presents relatively large hysteresis loops, the contributions of the
higher modes become more significant, especially in the upper storeys, and this causes the
storey-shear envelope to be more bulged. In this case, the equivalent static force distribution
adopted in the DDBD method turns out to be considerably underestimating.

In this paper, a new approach for the evaluation of accurate lateral force distributions for
the LSA of BI-buildings is proposed. The lateral force distributions are specialised to each IS
type, accounting for its actual nonlinear mechanical behaviour and isolation ratio Tis/Tfb. The
proposed approach is fully compatible with the Direct Displacement-Based Design (DDBD)
method.

2 Isolation systems

Several types of isolation systems are in use today and many new solutions are continuously
proposed and investigated (Skinner et al. 1993; Priestley et al. 2007; Higashino and Okamoto
2006; Naeim and Kelly 1999). The most widely used IS’s include: (i) Lead-Rubber Bear-
ings (LRB), (ii) High-Damping Rubber Bearings (HDRB), (iii) Friction Pendulum Bearings
(FPB) with either single concave configuration (Al-Hussaini et al. 1994) or double concave
configuration with equal friction on the two sliding interfaces (Fenz and Constantinou 2006),
(iv) Combinations of either Low-Damping Rubber Bearings (LDRB) or FPB with Viscous
Dampers (VD), (v) Combinations of flat Sliding Bearings (SB) and LDRB, (vi) Combinations
of flat SB and Steel yielding Devices, (vii) Combinations of flat SB, SMA-based re-centring
devices (Dolce et al. 2000) and VD. In this study the attention is focused on three groups of
IS’s, differing in the shape of their hysteresis loops, namely: (a) HDRB and LRB, (b) single
concave or double concave FPB and SB+LDRB, (c) SB+SMA. The results of this paper
do not apply to the spherical sliding IS’s with adaptive behaviour, recently proposed by Fenz
and Constantinou (2007a,b).

The cyclic hysteretic behaviour of HDRB and LRB can be described by an Elasto-Plastic
with Hardening (EPH) force-displacement model, that of FPB and SB+LDRB by a Rigid-
Plastic with Hardening (RPH) model, finally, that of SB+SMA by a Flag-Shaped (FS) model.
Actually, in accordance with (Naeim and Kelly 1999; Ryan and Chopra 2004; Scheller and
Constantinou 1999), the cyclic behaviour of FPB and SB+LDRB can also be described by
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Fig. 1 Schematic force-displacement behaviour of IS’s responding according to an (a) Elasto-Plastic with
Hardening (EPH) and (b) Flag-Shaped (FS) model

an EPH relation, requiring only the specification of a different value for the yield displace-
ment. In particular, the yield displacement for FPB and SB+LDRB can be assumed lower
than 5 mm while that of LRB and HDRB is greater than 5–10 mm. For simplicity, in the
remaining of the paper, reference will be carried out to RPH and EPH models to distinguish
EPH models with yield displacement lower than 5 mm and greater than 5 mm, respectively.

Figure 1 shows the idealised force-displacement behaviour of IS’s responding accord-
ing to EPH (Fig. 1a) and FS (Fig. 1b) models. The numerical parameters that identify each
model are also reported in Fig. 1. The models present a stiffness k1 before yielding/sliding
(D < Dy) and a lower stiffness k2 during yielding/sliding (D > Dy). The ratios α = k2/k1

and µ = Dd/Dy are the post-yield hardening and ductility ratio of the IS, respectively.
By analogy with the linear systems, the stiffness k1 and k2 can be related to corresponding

periods of vibration of the BI-structure, named T1 and T2 respectively. The yield ratio Fy/W
relates the yield force of the IS to the weight of the structure. Based on the criterion of min-
imizing both top floor accelerations and IS displacements, the optimum values of Fy/W are
found to be in the range of 5–10% under far-fault earthquakes (Skinner et al. 1993; Jangid
2007).

As stated before, in the DDBD method the IS’s are modelled through their effective stiff-
ness kis and effective damping ratio ξis. The effective stiffness is defined as the secant stiffness
to the design displacement Dd (see Fig. 1). The effective stiffness is related to the effective
period of the IS. The effective damping ratio is proportional to the ratio of the area enclosed
by the hysteresis loops Wd to the strain energy Ws at the maximum displacement amplitude
(Chopra 1997):

ξis = 1

4π
· Wd

Ws
= Wd

2π · Fd · Dd
(8)

It is then apparent that a direct proportionality between the effective damping ξis and the
non-linearity factor NL exists (compare Eqs. 4 and 8). The non-linearity factor increases from
0 to 1 as the hysteresis loops change from a zero-area to a rectangular shape. Correspondently,
the effective damping ratio increases from 0% to 63%. For the FS systems, another parameter
has to be specified. It is the strength ratio β, defined as the ratio of the unloading to loading
force at the yield displacement (see Fig. 1b). The parameter β affects the re-centring and
energy dissipating capability of the IS. It ranges from 1 (for SMA only) to −1 (for SB only).
Both the effective damping ξis and the non-linearity factor NL of Flag-Shaped IS strongly
depend on the strength ratio β.

The higher-mode acceleration response of BI-buildings is mainly determined by the degree
of non-linearity of the IS (Skinner et al. 1993). The latter can be estimated by either the
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non-linearity factor NL or the effective damping ratio ξis of the IS. For a given non-linearity
factor, however, there are other IS parameters that may affect the higher-mode acceleration
response of BI-buildings. They are the period ratios (i) T1/Tfb (ii) T2/T1 and (iii) Tis/Tfb.
The period ratio T1/Tfb takes into account the initial elastic stiffness (k1) of the IS. The period
ratio T2/T1 is related to the IS post-yield hardening ratio (α = k2/k1). Each transition of
the IS through its elastic phase determines a transfer of energy from the first-mode to the
higher-modes. The isolation ratio Tis/Tfb mainly dominates the first-mode response of the
BI-buildings, hence its maximum base displacement and base shear. However, it also affects
the degree of coupling and level of excitation of the higher modes. As illustrated in Skinner
et al. (1993), the contributions of the higher-modes to the seismic response of BI-buildings
equipped with bilinear IS reduce when increasing the period ratios T1/Tfb and Tis/Tfb, as
well as when reducing the period ratio T2/T1. Enhanced lateral force distributions for the
LSA of BI-buildings are then expected to depend on the aforesaid IS parameters (i.e. NL,
T1/Tfb, T2/T1 and Tis/Tfb). Actually, only three of them are needed to univocally identify
a given BI-building, once a target value of the IS displacement has been assumed (Step 1 of
the DDBD method) and the associated design base shear has been derived from RSA (Step
3 of the DDBD method). The four IS parameters, indeed, are mutually related through Eq. 4.

In order to customize the new equivalent static force distributions to each IS type, typical
values of the engineering properties of each IS type have been searched for. The typical values
reported below have been collected from different sources, including: literature review, data
from manufacturers, code requirements and common applications. Obviously, the attention
has been focused on the IS mechanical properties mainly related to the DDBD concepts,
such as those defining the displacement capacity and equivalent viscous damping capacity of
the IS. More detailed information on this topic can be found in Skinner et al. (1993), Naeim
and Kelly (1999), Priestley et al. (2007), Kelly (2001), HITEC (1998) and in the data sheets
and product brochures of Bridgestone Inc., DIS Inc., Skellerup Ind., TIS S.p.A., FIP S.p.A.,
ALGA S.p.A.

Figure 2 shows how the phenomenological force-displacement relationship of the three
types of IS’s considered in this study, i.e.: (a) HDRB/LRB, (b) FPB/SB+LDRB and (iii)
SB+SMA can be modeled as a suitable combination of simpler model components.

The cyclic behaviour of LRB/HDRB (see Fig. 2a) is captured by combining in parallel an
Elasto-Perfectly Plastic element, modeling the confined lead core of LRB or the hysteretic
energy dissipation capacity of HDRB, with a Linear Viscous-Elastic element, modeling the
shear stiffness and viscous damping of rubber.

The lead plug exhibits an initial shear modulus approximately equal to 130 MPa, while
that of rubber at 100% shear strain typically ranges from 0.5 to 1.2 MPa, and a yield shear
strain of approximately 7.7% (Skinner et al. 1993; Kelly 1992). The yield displacement of
LRB is, therefore, approximately equal to 7.7% H, H being the height of the device. Typical
heights of LRB vary from 100 to 350 mm (Skellerup Ind.; DIS Inc.; Bridgestone Inc.) and
then, yield displacements ranging from 7.7 to 26.7 mm are expected. In the common practice,
the cross section area of the lead plug is equal to 5–10% the gross section area of rubber
(Robinson 1982; Skinner et al. 1993), so that post-yield hardening ratios of the order of
5–15% are expected (Kelly 2001; Priestley et al. 2007). The maximum displacement capac-
ity of LRB is governed by the allowable shear strain in the rubber and by the global stability
of the device under vertical load. Hence, it is governed by the total height of rubber and the
cross section dimensions of the device (diameter D for circular bearings, side dimensions bx

and by for rectangular bearings). Typically, design displacements between 120 and 350 mm,
corresponding to rubber shear strains of 100–120% and ductility ratios of the order of 10–20,
are assumed for LRB, although much greater rubber shear strains (200–250%) and ductility
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Fig. 2 Combination of basic IS components for the modeling of the mechanical behaviour of (a) LRB/HDRB,
(b) FPB/SB+LDRB and (c) SB+SMA isolation systems

Table 1 Typical effective
damping ratios (ξis) and
non-linearity factors (NL) of
different IS types

IS type Numerical model ξis (%) NL

HDRB 15–20 0.25–0.30
EPH

LRB 20–30 0.30–0.47

(FPB)lub 10–25 0.16–0.40

(FPB)pure RPH 25–32 0.40–0.50

SB+LDRB 15–30 0.25–0.47

SB+SMA FS 6–30 0.10–0.47

ratios (20–40) can be cyclically sustained (Skinner et al. 1993). The aforesaid limits lead
to effective damping ratios ranging from 20% to 30%, corresponding to non-linearity fac-
tors approximately between 0.3 and 0.5 (see Table 1). For the sake of clarity, it is worth to
emphasize once again that the values of effective damping and non-linearity factor reported
in Table 1 refer to the typical design displacements of each IS type. As known, the effective
damping (hence the NL factor) strongly depends on the ductility ratio. Values of the NL
factor out of the ranges listed in Table 1 may be expected for ductility ratios lower or greater
than the design limits, e.g. as a consequence of PGA’s lower or greater than the design value.

The idealised cyclic behaviour of HDRB is substantially similar to that of LRB, except
for the initial elastic stiffness k1 (see Fig. 1), which turns out to be significantly lower than
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LRB. Equivalent yield displacements greater than 25 mm and post-“yield” hardening ratios
between 15% and 25% are expected (Naeim and Kelly 1999). Effective damping ratios of
the order of 15–20% and corresponding non-linearity factors of the order 0.25–0.3 are typi-
cally found (see Table 1). Actually, LRB and HDRB with diameter as large as 1500 mm and
isolator height up to 500–650 mm are commercially available (e.g. see DIS-Inc brochure).
For these latter the (nominal) displacement capacity attains 900 mm.

The cyclic behaviour of FPB/SB+LDRB (see Fig. 2b) is captured by combining, in paral-
lel, a Rigid-Perfectly Plastic element, modeling the frictional behaviour of flat or curved SB,
with a Linear Viscous-Elastic element, modeling the geometry-based re-centring mechanism
of FPB or the shear stiffness and viscous damping of LDRB. Sliding Bearings used in seismic
isolation typically exploit the low friction between PTFE (Polytetrafluoroethylene or Teflon)
pads in contact with lubricated polished stainless steel surfaces (Constantinou et al. 1990).
The dynamic friction coefficient of PTFE-steel Sliding Bearings depends on a number of
factors, the sliding surface conditions, the bearing pressure, the velocity of movement and
the air temperature being the most important ones (Mokha et al. 1990). The friction coeffi-
cient of lubricated PTFE-steel Sliding Bearings normally vary between 2% and 5%, while
increasing up to 10–12% for pure PTFE-steel surface (Dolce et al. 2005). As known (Al-Hus-
saini et al. 1994), the post-sliding stiffness of single concave FPB is defined as W/Rc, where
Rc is the effective radius of curvature of the sliding interface and W the supported weight.
Similarly, for double concave FPB with equal friction on the two sliding interfaces (Fenz and
Constantinou 2006), the post-sliding stiffness is defined as W/(Rc1 +Rc2), Rc1 and Rc2 being
the radii of curvature of the two sliding surfaces. In principle, there is no theoretical limit to
the displacement capacity of FPB, provided that a device with the required dimensions can
be manufactured. Actually, the horizontal displacement capacity of FPB is conditioned by
the acceptability of the corresponding vertical displacement and residual horizontal displace-
ment. Both are a function of the radius of curvature Rc. As a consequence, limitations to the
ratio between the design IS displacement Dd and the radius of curvature Rc are necessary to
limit vertical and residual displacements. Reasonable values of the ratio Dd/Rc are between
µFR, max (e.g. 5% for lubricated interfaces) (Naeim and Kelly 1999) and 15% (Priestley et al.
2007). FPB with radius of curvature, ranging from 1 to 10 m, are commercially available
(Naeim and Kelly 1999). Considering the aforesaid parameters, effective damping ratios of
the order of 10–25% and non-linearity factors approximately between 0.16 and 0.4 are found
for FPB with lubricated surfaces (see Table 1). The idealised cyclic behaviour of SB+LDRB
is substantially very similar to that of LRB, except for the re-centring capacity of the systems,
which relies upon the shear stiffness of rubber (kr). The viscous damping of rubber (≈5%)
leads to greater effective damping ratios (hence higher non-linearity factors) compared to
FPB (see Table 1).

As an alternative to LDRB, the SMA-based re-centring devices, recently designed, imple-
mented and tested (Dolce et al. 2000), can be used. The main advantage of SMA-based
re-centring devices, compared to rubber-based re-centring devices, is the best control of the
force transmitted to the superstructure (Dolce et al. 2007). The SMA-based devices proposed
by Dolce et al. (2000) exhibit a cyclic behaviour which can be schematized as bilinear elastic,
although some energy is also dissipated by SMA, typically resulting in 3–5% damping. An
IS characterised by double Flag-Shaped (FS) hysteresis loops (see Fig. 1c) is obtained by
combining, in parallel, the SMA-based re-centring device with lubricated flat SB (Dolce et al.
2007).

Based on the experimental results of cyclic tests on SMA devices (Dolce et al. 2000), the
following practical values of the design parameters of the SMA device can be assumed: yield
displacement lower than 10 mm and post-yield hardening ratio ranging from 1% to 5%. The
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energy dissipation and re-centring capacity of SB+SMA is governed by the strength ratio
β, defined as (see Fig. 2b):

β = F∗
1 − µFR · W

F∗
1 + µFR · W

(9)

The strength ratio β should be maintained greater than about 0.25, in order to guarantee a full
re-centring behaviour of the IS (Cardone et al. 2006). Based on the selected parameters, the
effective damping ratios of SB+SMA can vary between 6% and 30% and the corresponding
non-linearity factors between 0.1 and 0.47 (see Table 1). In principle, there is no theoretical
limit to the displacement capacity of IS’s based on pre-strained SMA wires. In practice, it
is strongly conditioned by the maximum device dimensions that can be accepted. It seems
reasonable to consider design displacements not greater than 350 mm.

3 Formulation of the 3-MM force distribution

The distributions of the maximum storey shear-forces experienced by BI-buildings with non-
linear IS (see Sect. 5.) are strongly different from the uniform (first-mode) distribution and
show a marked bulge at the mid-height of the building, due to the higher-mode acceleration
response discussed before (see Sect. 2.).

The proposed lateral force distributions present a formulation which is formally given
by Eq. 7, where the “displacement” profile �i is now expressed as a linear combination of
the first three approximate modal shapes of the BI-building with the IS modelled through
its effective stiffness at the design displacement Dd. For this reason, the acronym 3-MM
(3-Mode Method) can be used to identify the proposed approach. It should be observed that
the “displacement” profile of Eq. 7 actually represent the distribution of maximum storey
accelerations generated by the earthquake over the height of the building. Modal acceler-
ation profiles, indeed, have the same shape as the corresponding displacement profiles but
are of opposite sign. Therefore, the actual improvements of the proposed approach mostly
consist in an accurate evaluation of the higher-mode acceleration response of the BI-building.

The step-by-step procedure followed in this study to derive the ‘enhanced’ lateral force
distributions is described in Fig. 3 and summarised below.

– Step 1: NTHA of prototype BI-buildings equipped with a great variety of IS’s, using a set
of seven spectrum-compatible accelerograms;

– Step 2: Average (over seven accelerograms) of the maximum storey shear-forces and max-
imum IS displacements obtained from NTHA. Normalization of the storey shear-force
distributions, assuming Vb = 1;

– Step 3: Evaluation of the isolation ratio Tis/Tfb, based on the maximum IS displacement
obtained in step 2, modelling the BI-buildings as SDOF systems;

– Step 4: Evaluation of approximate modal shapes for the first three modes of vibration of
the BI-building. In accordance with (Skinner et al. 1993), they can be expressed as follows:

φ1i = cos

[(
Tis

T f b

)−1

·
(

1 − i

N

)

· π

2

]

(10)

φ j i = cos

[

(2N − 2) · π

2
· i

N

]

for j ≥ 2 (11)
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Fig. 3 Step-by-step procedure followed in this study to derive ‘enhanced’ lateral force distributions for the
LSA of BI-buildings

where N is the number of storeys of the BI-building and Tis/Tfb its isolation ratio. Eqs. 10
and 11 correspond to the exact modal shapes of a continuous shear building. Frame build-
ings with equal-mass rigid floors and uniform storey-stiffness can be approximated as a
continuous shear building;

– Step 5: Derivation of improved “displacement” profiles and evaluation of the associated
lateral force distributions through Eq. 7, assuming Vb = 1. The new “displacement” pro-
files are obtained as linear combinations of the approximate first three modal shapes derived
in step 4 (see Fig. 4):

�∗
i = φ1i + a2 · φ2i + a3 · φ3i (12)

where φ1i , φ2i and φ3i are the approximate shapes of the first, second and third mode of
vibration, respectively;

– Step 6: LSA of the prototype BI-buildings, using the lateral force distributions obtained
in step 5;
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Fig. 4 Acceleration profiles for the evaluation of enhanced lateral force distributions

– Step 7: Comparison between NTHA and LSA storey shear-forces and evaluation of the
optimal values of the coefficients a2 and a3 based on the least squares method;

– Step 8: Multivariate regression analysis of the optimal values of a2 and a3 obtained in
step 7, as a function of a number of selected IS parameters (NL, T1/Tfb and Tis/Tfb),
related to its nonlinear cyclic behaviour.

At the end of the step-by-step procedure described below, a final check of the general accu-
rateness of the proposed 3-M method has been executed, comparing the storey shear-forces
derived from NTHA with those obtained from LSA, using both standard and the enhanced
force distributions.

4 Numerical models

The main aim of the NTHA was to evaluate the envelopes of the maximum storey shear-
forces associated to the seismic response of prototype buildings of different heights, equipped
with different types of IS. Distributions of equivalent-static-forces compatible with the shear
profiles provided by NTHA have been then derived. NTHA have been carried out by using
the structural analysis program SAP2000 (2004). The modelling assumptions are described
in detail in the next sections, separately for superstructure, IS and seismic ground motion.

4.1 Seismic ground motion

A set of seven natural and artificial ground acceleration-time histories (see Fig. 5a), compati-
ble (on average) with a modified version of the displacement response spectrum provided by
Eurocode 8 (CEN 1998) for soil type C, has been used in the numerical simulation analyses.
Actually, the only difference with respect to the standard EC8-soil C spectrum consists in
the corner period TD, corresponding to the transition from the constant-velocity to the con-
stant-displacement region of the spectrum, which has been taken equal to 4 s instead of 2.5 s.
This assumption is justified by the results of recent studies by Faccioli et al. (2004), which
show that the corner period TD increase almost linearly with earthquake magnitude. Based on
the examination of the shape of displacement spectra derived from a great number of recent
high-quality digital records, Faccioli and co-workers proposed the following relationship for
the evaluation of the corner period TD:
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Fig. 5 (a) Set of ground acceleration-time histories adopted in NTHA. (b) Comparison between the 5%-
damped target response spectrum and the average response spectrum of the selected earthquake ground
motions. PGA=0.5 g

TD = 1.0 + 2.5 · (Mw − 5.7) (13)

where Mw is the moment magnitude of the earthquake. According to Eq. 13, a corner period
of 4 s, as that assumed in this study, corresponds to a moment magnitude Mw = 6.9.

In Fig. 5b the target response spectrum adopted in this study is compared to the average
response spectrum associated to the selected earthquake ground motions. In the NTHA, the
peak ground acceleration (PGA) has been progressively increased from 0.1 to 1 g (step 0.1 g),
in order to cover the range of isolation ratios Tis/Tfb reported in Table 2. In the evaluation of
the effective period of the BI-structure (Tis), reference has been carried out to an equivalent
elastic SDOF system with effective stiffness equal to the secant stiffness at the mean value
(average over 7 accelerograms) of the maximum IS displacement.

In the NTHA, each BI-building configuration was analyzed for a 20 s duration of each
accelerogram, at a time step of 0.01 s. At each time step, shear-forces and displacements at
each level of the BI-structure have been saved and then processed as described in the next
sections.

4.2 Superstructure

Six different prototypes of multi-storeys shear-type frame buildings, differing in the number
of storeys (3, 5 or 8, precisely) and fundamental period of vibration in the fixed-base config-
uration, have been considered for the NTHA. The buildings have been modelled as MDOF
systems with lumped masses. They have been assumed to have same floor mass and same
storey stiffness at all the levels, including the base floor (see Fig. 6). Each floor mass (m) has
been computed referring to residential buildings with gross floor area of 200 m2, resulting
equal to 14 ton. For each prototype building, the storey stiffness (k) has been adjusted to
provide two different target fixed-base fundamental periods of vibration. These latter have
been derived based on two well-known approximate relationships (CEN 1998):

T f b = C · H3/4 (14)
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Fig. 6 Layout of the prototype BI-buildings examined in this study

and

T f b = N/12 (14′)

where C=0.075 for RC buildings, H is the total height (in meters) of the building and N is the
number of storeys. Assuming a constant interstorey height of approximately 3.1 m, the fol-
lowing variations of fundamental period have been considered: (i) Tfb = 0.25 − 0.4 s for the
3-storey building, (ii) Tfb = 0.4 − 0.6 s for the 5-storey building and (iii) Tfb = 0.65 − 0.8 s
for the 8-storey building. 5% damping ratio has been considered for the superstructure.

4.3 Isolation systems

The IS has been modelled with a nonlinear spring element placed at the base floor of the
building (see Fig. 6). As stated before, two different force-displacement models (see Fig. 1)
have been used to the describe the cyclic behaviour of a great variety of IS types (see Fig. 2
and Table 1).

A total of 24 LRB/HDRB (2 yield ratios × 3 elastic periods × 4 post-yield hardening
ratios), 16 FPB/SB+LDRB (2 yield ratios × 2 elastic periods × 4 post-yield hardening ratios)
and 16 SB+SMA (8 strength ratios × 2 post-yield hardening ratios) isolation systems have
been considered in the NTHA.

It is worth to remember that the elastic and post-elastic stiffness of the IS (k1 and k2,
respectively) are related to the elastic and post-elastic period of the BI-building (T1 and T2,
respectively) through the following relationship:

ki = 4π2 · N · m

T 2
i

(15)

where N is the total number of storeys of the building, including the base floor.
Approximately, some 25000 NTHA (56 IS configurations × 6 prototype buildings ×

10 PGA levels × 7 accelerograms) have been performed. For each BI-building configura-
tion, reference to the average seismic response, derived from the selected (7) accelerograms,
has been then carried out. Since the overall behaviour parameters, such as the non-linearity
factor NL, the effective period of vibration Tis, the ductility ratio µ and the maximum dis-
placement capacity Du, depend on the amplitude of the response, the average NTHA results
have been then filtered in order to select only the cases which comply with suitable ranges
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of these parameters (0.15 <NL < 0.65, Tis/Tfb ≥ 2.0, Tis ≤ 4 s, µ < 40, for LRB/HDRB
only, and Du < 350 mm, for SB+SMA only).

Indeed, approximately 1500 average storey shear-force distributions have been selected
and then used to derive the 3-MM lateral force distributions presented in the next sections. It
should be noted that the range of NL factors taken into account is slightly wider than those
typically associated to the IS types under examination (see Table 1). This has been purposely
done, in order to extend the applicability of the proposed formulation. The two limit values
of NL selected (i.e. NL=0.15 and NL=0.65) have a precise physical significance, as shown
in Sect. 6.

5 Non linear analysis results

Figure 7 shows some typical envelopes of maximum storey shear-forces obtained from
NTHA. They are normalized with respect to the maximum base shear, so that Vb = 1 for
all of them. The diagrams of Fig. 7 refer to the 5-storey building with Tfb = 0.6 s, equipped
with different bilinear hysteretic IS’s with the same yield ratio (Fy/W = 0.05). They are
compared to the shear-forces derived from LSA using uniform and inverted triangular lateral
force distributions.

Figure 7 clearly shows that there are three major factors that influence the shape of the sto-
rey shear envelopes: (i) the post-yield hardening ratio α, (ii) the period ratio T1/Tfb, related
to the initial stiffness (k1) of the IS and (iii) the isolation ratio Tis/Tfb, related to the effective
stiffness (kis) of the IS. Changes in the aforesaid parameters yield to variations in the shape
and ‘fatness’ of the IS hysteresis loops, well pointed out by the different values of the non-lin-
earity factor NL associated to each shear envelope. Figure 7a, in particular, shows the effect
of varying the post-yield hardening ratio while keeping the initial stiffness (T1/Tfb = 1),
the yield displacement (Dy = 8.95 mm) and the ductility ratio (µ ∼= 20) unchanged. As can
be observed, the non-linearity factor NL strongly increases as the post-yield hardening ratio
reduces. As a consequence, the shear envelope becomes more and more nonlinear. Figure 7b
shows the effect of varying the period ratio T1/Tfb = 1 while keeping the post-yield hard-
ening ratio (α = 5%), the ductility ratio (µ ∼= 20) and, more importantly, the non-linearity
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Fig. 7 Five-storey prototype building equipped with different bilinear IS’s (Fy/W = 0.05) characterised by
(a) T1/Tfb = 1 and µ ∼= 20, (b) α = 5% and µ ∼= 12 and (c) α = 5% and T1/Tfb = 1.5. Comparison between
shear-forces obtained from NTHA and LSA using uniform and inverted triangular lateral force distributions
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factor (NL=0.57) unchanged. As can be observed, the shear envelope tends to a linear profile
while increasing the period ratio T1/Tfb. A similar result is also found as the isolation ratio
Tis/Tfb increases (see 7c).

There is an apparent correlation between the NL factor and the shape of the shear enve-
lope: as the NL factor increases, the shear envelope becomes more bulged, indicating more
significant higher-mode contributions. However, two further parameters (e.g. T1/Tfb and
Tis/Tfb), appraising the higher-mode contribution to the seismic response of the BI-building,
must be accounted for.

Another interesting observation from Fig. 7 is that both the uniform and the inverted
triangular equivalent-static-force distribution are inadequate to describe the great variety of
situations that can be found. Indeed, the uniform distribution (as well as the force distribution
used in the standard DDBD method) leads to significant underestimates in the prediction of
the maximum seismic stresses, even for relatively low NL factors (say of the order of 0.25–
0.3), especially at the upper storeys of the building. On the other hand, the inverted triangular
distribution results too conservative in many cases. For relatively high NL factor (say of the
order of 0.5–0.6), the inverted triangular distribution provides reasonably accurate results at
the upper storyes while it largely overestimates the maximum seismic stresses at the lower
storeys. Similar considerations hold for the SB+SMA isolation systems, though they take
place for reduced values of the NL factor.

The aforesaid limitations in the use of the LSA for BI-buildings can play a fundamental
role in the accuracy of the DDBD predictions, since the DDBD method expressly relies
upon LSA for the evaluation of the maximum stresses in the structural members. However,
the aforesaid limitations may have important implications also for the force-based design
approaches on which current seismic codes (CEN 1998; ICBO 1997; NEHRP 1997) are
based, as many IS and building configurations examined in this study (e.g. most of the 3- and
5-storey buildings with LRB/HDRB isolation systems) comply with the general requirements
for the applicability of LSA. It is clear that accurate predictions from LSA can be achieved
only by customising the lateral force distributions to the IS characteristics. This may also
give the possibility to extend the applicability of the LSA to a greater number of situations.

6 Proposed lateral force distributions

As stated before (see Sect. 3.), in the proposed formulation, the “displacement” profile �i

is expressed as a linear combination of approximate modal shapes of the BI-building (see
Eqs. 16–18). For completeness, three different “displacement” profiles have been prelimi-
narily considered:

�∗
1i = φ1i (16)

�∗
2i = φ1i + a2 · φ2i (17)

�∗
3i = φ1i + a2 · φ2i + a3 · φ3i (18)

In the previous equations, φ1i, φ2i and φ3i represent the approximate shapes of the first, sec-
ond and third mode of vibration of the BI-building, a2 and a3 are two coefficients depending
on the IS properties and the BI-building characteristics. It should be noted that the displace-
ment profile provided by Eq. 16 is practically the same as that adopted in the standard DDBD
method (Priestley et al. 2007; Cardone and Dolce 2007).
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Inserting the displacement profiles defined before in Eq. 7 with Vb = 1, three alternative
lateral force distributions have been drawn for each BI-building configuration examined in
this study. Consequently, three different storey shear profiles have been derived from LSA
and then compared to those obtained from NTHA, in order to calibrate the coefficients a2

and a3. The optimization of the coefficients a2 and a3 has been carried out by minimising the
differences between LSA and NTHA storey shear-forces with the least square method. The
optimization has been conducted separately for each BI-building configuration, considering
at the same time all the levels of the structure, with the exception of the IS level (Vb = 1 for
both LSA and NTHA shear profiles).

As an example, in Fig. 8 some typical shear envelopes obtained from NTHA are compared
to those derived from LSA using the optimised lateral force distributions presented before.
The comparison is carried out for 3-, 5- and 8-storey buildings (Tfb = 0.4, 0.6 and 0.8 s,
respectively) equipped with different types of IS (LRB, FPB and SB+SMA, respectively)
characterized by relatively high NL factors. For completeness, in the diagrams of Fig. 8 the
storey shear profiles associated to the uniform and inverted lateral force distributions (see
Eqs. 1 and 2) are also reported.

As can be observed, when a displacement profile equal to the first modal shape (1-MM) of
the BI-building is assumed (like in the standard DDBD method), a shear profile very similar
to that associated to the uniform lateral force distribution is obtained. Therefore, significant
underestimates in the LSA predictions are observed, due to the non-linear behaviour of the
IS. The discrepancies between LSA predictions and NTHA results increase while increas-
ing the number of storeys. Considering first and second modal shape (2-MM) according to
Eq. 17, a conservative estimation of the shear envelopes obtained from NTHA is achieved.
The accuracy decreases passing from the upper to the lower storeys of the building. Finally,
when also the third mode is taken into account (3-MM) according to Eq. 18, an excellent
accordance is observed, throughout the height of the structure.

In order to make the proposed approach really attractive for practical purposes, the coef-
ficients a2 and a3 must be expressed as a function of a number of parameters easy to define,
through user-friendly analytical or graphical tools.

6.1 Isolation systems with bilinear hysteretic cyclic behaviour

Figure 9 shows the trend of the coefficient a2 as a function of NL, for different period ratios
T1/Tfb, and the correlation between a2 and a3. Figure 9 refers to (almost) the totality of
NTHA carried out on BI-buildings with bilinear hysteretic IS’s (model EPH of Fig. 1). Only
the filters relevant to the isolation ratio Tis/Tfb (≥2.0) and the effective period Tis (≤4 s)
are applied. In the diagrams, the range where LRB/HDRB and FPB/SB+LDRB typically
fall is highlighted. As expected, a2 increases more than linearly while increasing NL. For
a given NL value, a2 reduces as T1/Tfb increases. a2 rapidly tends to zero as soon as NL
becomes lower than a given limit value, which increases with T1/Tfb. Based on the results
of this study, the coefficient a2 (as well as a3) can be assumed equal to zero for NL< 0.15.
This occurs regardless the value of T1/Tfb and the number of storeys of the building. For
NL< 0.15, therefore, reference can be carried out to the first modal shape only (see Eq. 16),
as in the standard DDBD method.

The main difference between buildings of different height (compare Fig. 9a–c) consists
in the corresponding values of T1/Tfb, which reduce as the height of the building (hence its
fundamental period of vibration Tfb) increases. As a consequence, the range of NL where
only one mode can be considered reliable and accurate narrows.
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Fig. 8 Comparison between normalized (Vb = 1) shear envelopes obtained from NTHA and normalized
shear profiles derived from LSA using different lateral force distributions, for (a) 3-storey, (b) 5-storey and (c)
8-storey buildings (Tfb = 0.4, 0.6 and 0.8 s, respectively) equipped with different types of isolation systems

There is an apparent correlation between a2 and a3. The coefficient a3 increases almost
linearly with a2, reaching a peak for values of the NL factor of the order of 0.6–0.65, inde-
pendently from the value of T1/Tfb. For NL > 0.65 the coefficient a3 rapidly tends to zero.

In order to reduce the computational efforts to find simple analytical expressions of a2

and a3, LRB/HDRB and FPB/SB+LDRB isolation systems have been examined separately
(see Table 2), focusing the attention on the data corresponding to 0.15 < NL < 0.65. As stated
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Fig. 9 (a) 3-storeys, (b) 5-storeys and (c) 8-storeys BI-buildings equipped with bilinear IS’s (EPH model of
Fig. 1): (left) Trend of the coefficient a2 as a function of the NL factor for different period ratios T1/Tfb and
(right) correlation between the coefficients a2 and a3

above, this range largely cover the typical values of NL associated to the two types of IS
herein considered (see Table 1).

6.1.1 Analytical expressions for LRB/HDRB isolation systems

A two stage regression analysis has been carried out to derive the analytical expression of a2

and a3 for LRB/HDRB isolation systems.
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Table 3 Parameters governing the analytical expression of a2 for buildings with LRB/HDRB isolation
systems

Storeys m p q r

3 0.3–0.1 T1/Tfb (valid for T1/Tfb < 3) 2.5 0.5 2.0

5 0.7–0.3 T1/Tfb (valid for T1/Tfb < 2.3) 2.5 0.5 2.0

8 1.0–0.5 T1/Tfb (valid for T1/Tfb < 2) 2.5 0.5 2.0

In the first stage of the analysis, a change of variables (more precisely a scale distortion
of the X- and Y-axis, with respect to the graphical representation of a2 shown in Fig. 9) has
been carried out, to get a linear formulation of the problem. Two auxiliary variables have
been defined:

X E P H = N L p

(
Tis
T f b

)q (19)

YEPH = a2
(

Tis
Tfb

)r (20)

where “p”, “q” and “r” are three numerical parameters which do not depend on the number
of storeys of the building. The optimal values of “p”, “q” and “r” are reported in Table 3,
along with the angular coefficients “m” of the straight lines.

In the diagrams on the left-hand side of Fig. 10, the data set relevant to LRB/HDRB
isolation systems are displayed in the new graphical format. As can be observed, the data
points lie along straight lines passing through the origin, whose inclination depends on the
period ratio T1/Tfb and the number of storeys of the building. The slope of the regression
lines becomes steeper as soon as T1/Tfb reduces. The R-square coefficient (R2) associated to
each regression line varies between 0.92 and 0.99, thus proving the good fit of the obtained
relations. It is worth to note that, for the 3- and 5-storey buildings, the number of regression
lines shown in the diagrams is less than the number of permutations of T1/Tfb considered
(3T1 ×2Tfb = 6T1/Tfb). This is partly due to the recurrence of some combinations of T1/Tfb

and partly to the attainment of limit values of T1/Tfb for which a2 is practically zero over
the considered range of NL.

In the second stage of the analysis, the angular coefficients “m” derived in the first stage
of the analysis have been regressed as a function of T1/Tfb, separately for each prototype
building. The fitting curves of the angular coefficients “m” are shown, together with the
associated R2, in the small diagrams inside the above discussed ones in Fig. 10. The linear
equations expressing “m” as a function of T1/Tfb are reported in Table 3, for each prototype
building. The range of validity of each equation is also reported. In essence, the equations
are cut off as soon as the angular coefficient becomes zero.

The analytical expression of a2 can be represented in explicit form by simply rearranging
the linear relations previously derived:

a2 = m · NL p ·
(

Tis

Tfb

)(r−q)

(21)
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Fig. 10 (left) Regression analysis of a2 and (right) correlation a2 versus a3 for (a) 3-storeys, (b) 5-storeys
and (c) 8-storeys buildings with LRB/HDRB isolation systems

The expression of a2 given before is valid for 0.15 < NL < 0.65. For NL < 0.15, both a2 and
a3 can be assumed equal to zero. For buildings with 4, 6 or 7 storeys, linear interpolation of
the “m” values of Table 3 can be accepted.
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The diagrams on the right hand-side of Fig. 10 show the correlation between a2 and a3. A
linear relationship, with R2 in the range 0.7–0.84, is found. It can be expressed, independently
from the number of storeys, as follows:

a3 = 0.7 · a2 (22)

It is worth to note that the proposed relations (see Eqs. 21 and 22) satisfy the boundary con-
ditions, since both a2 and a3 tend to zero as soon as either NL or T1/Tfb tends to a given limit
value.

6.1.2 Analytical expressions for FPB/SB+LDRB isolation systems

A two-stage regression analysis procedure has been followed also for FPB/SB+LDRB iso-
lation systems. The same auxiliary variables have been preliminary defined (see Eqs. 19
and 20) and the same functional form of a2 has been then obtained (see Eq. 21). Obviously,
different values of “m”, “p”, “q” and “r” have been found (see Table 4). The main difference
with respect to the LRB/HDRB isolation systems is the negligible dependency of a2 from
T1/Tfb, which indeed has no physical relevance for the IS under consideration. The aforesaid
remark is confirmed by Fig. 11a, which shows the fitting curves to the set of data derived from
NTHA results. As can be observed, all the data points (regardless their period ratio T1/Tfb)
line up along three straight lines passing through the origin, whose inclination depends on the
number of storeys of the building only. The values of the angular coefficient “m” are listed
in Table 4, for each prototype building. It is worth to note that the values of m are linearly
correlated to the number of storeys (m = 0.08 · N + 0.68 with R2 = 0.99). For buildings

Table 4 Parameters governing
the analytical expression of a2 for
buildings with FPB/SB+LDRB
isolation systems

Storeys m p q r

3 0.90 1.50 1.80 2.10

5 1.10 1.50 1.80 2.10

8 1.30 1.50 1.80 2.10
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Fig. 11 (a) Regression analysis of a2. (b) correlation between a2 and a3 for buildings with FPB/SB+LDRB
isolation systems
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Fig. 12 (a) Regression analysis of a2 and (b) correlation between a2 and a3 for buildings with SB+SMA
isolation systems

with a number of storey equal to 4, 6 or 7, therefore, a linear interpolation of the values of
“m” reported in Table 4 can be carried out. The coefficient a3 can be expressed as a function
of a2 by means of the following parabolic relationship (see Fig. 11b):

a3 = a2 · (1 − 0.5 · a2) (23)

6.2 Isolation systems with double Flag-Shaped cyclic behaviour

Figure 12 shows the scatter plot of the data relevant to the SB+SMA isolation system, in
the modified XFS − YFS plane. The filters applied to the data of Fig. 12 are those relevant
to the isolation ratio Tis/Tfb (≥2.0), effective period of vibration Tis (≤4 s) and maximum
displacement capacity Du (<350 mm). No filter to the NL factor has been applied.

The same auxiliary variables defined before (see Eqs. 19 and 20) have been adopted. As a
consequence, the same functional form of a2 (see Eq. 21) has been obtained. In this case, how-
ever, the optimal values of the coefficients “q” and “r” practically coincides, thus eliminating
the dependence of a2 from the isolation ratio Tis/Tfb. The optimal value of the coefficient
“p” can be assumed approximately equal to 2.

As can be observed in Fig. 12a, all the data points, derived from NTHA results, line up
along straight lines passing through the origin, whose inclination depends on the strength
ratio β (see Eq. 9) only. The angular coefficient (m) of the regression lines of Fig. 12a, indeed,
can be expressed as a function of the strength ratio β through the following hyperbolic law
(see Fig. 13):

m = 30.4
(
2.4 − (β + 1)1.2)2.75

(24)

which has been derived with the last squares method.
The coefficient a3 turns out to be linearly correlated to a2 (see Fig. 12b), in accordance

with the following relationship:

a3 = 0.5 · a2 (25)
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Fig. 13 Regression analysis of the angular coefficient “m” (see Fig. 12) for buildings with SB+SMA IS’s

For SB+SMA isolation systems, therefore, the coefficients a2 and a3 do not depend either
on the number of storeys of the building or on the period ratios T1/Tfb and T2/T1, at least in
the period ranges examined in this study (see Table 2). The coefficients a2 and a3 (hence the
higher-mode contributions to the proposed lateral force distributions) significantly increase
with the strength ratio β and (for a given β) with the NL factor. Both a2 and a3 tend to zero
when NL tends to zero.

7 Application and verification of the proposed approach

The proposed 3-M method has been developed by expressing the “displacement” profile of
the structure (�i in Eq. 7) as a linear combination of the first three approximate modal shapes
of the BI-building (see Eq. 18), in which the coefficients of combination depend on the main
IS parameters (NL, T1/Tfb, Tis/Tfb and β, precisely).

The LSA of BI-buildings is mainly performed with the scope of evaluating maximum
stresses (and displacements) in the superstructure. At the beginning of the LSA, indeed, the
isolation system is completely defined, having been designed based on the response of an
equivalent SDOF system. From the appropriate response spectrum the design values of the
base shear (Vb) and IS displacement (Dd), as well as the effective period of vibration of the
BI-building, are drawn. The main differences between force-based and displacement-based
design method are relevant to the characteristics of the equivalent SDOF system and to the
target parameters selected at the beginning of design. The LSA of BI-buildings is carried
out on a MDOF model of the structure with the IS modelled through its effective stiffness
at the design displacement. According to the proposed approach, the following step-by-step
procedure should be followed when LSA is performed:

Step 1: Determine the fundamental period of the superstructure in the fixed-base config-
uration (Tfb). If modal analysis results are not available, reference can be carried
out to the approximate equations recommended by some seismic codes (e.g. see
Eqs. 14 and 14’).

Step 2: Evaluate the elastic (T1), post-elastic (T2) and effective (Tis) periods of vibration
of the BI-structure, modelling the BI-building as a lumped-mass linear SDOF
system, with stiffness equal to k1, k2 and kis, respectively (see Fig. 1).

Step 3: Calculate the period ratios T1/Tfb, T2/T1 and Tis/Tfb.
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Step 4: Derive the approximate modal shapes (φji) of the BI-building from Eqs. 10 and 11,
with the IS modelled through its effective stiffness (kis) at the design displacement
(Dd).

Step 5: Calculate the non-linearity factor NL of the IS at its design displacement (Dd).
The general expression of the NL factor given in Eq. 4 can be specialized to each
type of IS’s considered in this study as follows:

N L = (α − 1) · (1 − α)

µ · [1 + α · (µ − 1)]
for LRB/HDRB (26)

N L = µF R

µF R + Dd
Rc

for FPB (27)

N L = µF R

µF R + kr ·Dd
W

for SB+LDRB (28)

N L = 1

1 + F∗
2

µF R ·W
for SB+SMA (29)

where:
µ = Dd/Dy is the ductility ratio,
α = (T2/T1)

−0.5 is the post-yield hardening ratio,
µFR is the friction coefficient of the sliding bearings,
Rc is the radius of curvature of FPB,
kr is the elastic stiffness of LDRB,
W is the total weight of the building (base floor included),
F∗

2 is the force of SMA at the design displacement Dd.
Step 6: (e.g. for bilinear hysteretic IS’s): Using Eq. 20, with the values of “m”, “p”, “q” and

“r” listed in Tables 3 and 4, determine a2 based on the values of T1/Tfb, Tis/Tfb and
NL derived in step 3 and 5, respectively. Alternatively, the charts shown in Fig. 14
can be used. The charts of Fig. 14 are the graphical representation of Eq. 21, valid
for LRB/HDRB and FPB/SB+LDRB isolation systems: a2 is obtained entering
a proper graph (identified by the number of storeys of the building) with a given
value of NLp · (Tis/Tfb)

r−q to intercept the line associated to a given value of
T1/Tfb. For Flag-Shaped IS’s a similar procedure can be outlined (see Sect. 6.2.).

Step 7: Determine a3 from Eqs. 22, 23 and 25.
Step 8: Evaluate the “displacement” profile of the BI-building (�∗

i ) from Eq. 18, using the
approximate modal shapes derived in step 4 and the values of a2 and a3 obtained
in step 6–7.

Step 9: Distribute the design base shear (Vb) along the height of the building according
to Eq. 7, in proportion to storey masses mi and corresponding storey “displace-
ments”�∗

i , to get the equivalent static lateral forces (Fi) for LSA.
Step 10: Perform a LSA of the superstructure and compute the design forces of the structural

members.

The step-by-step procedure described before can be applied to low-to-medium rise frame
buildings (Tfb ≤ 0.8 s), with floor mass and storey stiffness values almost uniform over the
height of the structure. The only requirements for the IS are: (i) NL < 0.65, (ii) Tis/Tfb > 2.0
and (iii) Tis < 4.0 s.
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Fig. 14 Charts for the graphical evaluation of a2 for multi-storeys (N = 3 − 8) BI-buildings, equipped with
LRB/HDRB or FPB/SB+LDRB isolation systems
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It should be noted that the base shear Vb, obtained from RSA of the equivalent SDOF
system, includes only the effects of the first mode of vibration of the BI-structure. This is
adequate for determining the required shear capacity of the IS. The lateral force distributions
proposed in this study, however, directly account for the effects of the higher modes. There
is no need to apply any dynamic amplification factor to approximately consider the potential
increase in the design forces due to higher mode effects (Priestley et al. 2007). On the other
hand, the variability of the IS mechanical behaviour with air temperature, loading rate and
magnitude of vertical load, as well as the changes in the IS mechanical properties due to age-
ing and differences within the same production lot, should be considered in the analysis. In
accordance with some seismic codes (e.g. Eurocode 8; CEN 1998), this can be carried out by
performing an upper and lower bound analysis, assuming the most unfavourable IS character-
istics for accelerations and IS displacements, respectively. Generally speaking, accelerations
and inertia forces induced by the earthquake should be evaluated taking into account the
maximum expected value of effective stiffness and the minimum expected value of effective
damping and friction coefficient (upper bound analysis). Conversely, IS displacements should
be evaluated taking into account the minimum expected value of effective stiffness, effective
damping and friction coefficient (lower bound analysis). Using prearranged distributions of
equivalent static force (like those provided by the current seismic codes), therefore, the LSA
of the building should be performed only for the upper bound analysis, in which a higher base
shear is attained. Following the proposed approach, on the contrary, the LSA of the building
should be performed during both analyses, as the equivalent static force distribution changes
with the IS parameters (NL, Tis/Tfb, T1/Tfb and T2/Tfb).

Figure 15 compares some typical normalized (Vb = 1) storey-shear envelopes derived
from NTHA with the corresponding storey-shear profiles obtained from LSA, using the pro-
posed 3-MM lateral force distributions with Vb = 1. For comparison, in the diagrams of
Fig. 15, the storey-shear profiles obtained from LSA, using uniform and inverted-triangular
lateral force distributions, are also reported. The comparison is carried out, separately, for
(a) 3-storey, (b) 5-storey and (c) 8-storey buildings, equipped with different LRB, FPB and
SB+SMA isolation systems. The selected IS configurations refer to typical values of NL
for each IS type (see Table 1). The IS parameters remain almost the same passing from one
prototype building to another. The IS configurations considered in Fig. 15 are the same as
those of Fig. 8.

The comparisons of Fig. 15 clearly point out the great accuracy of the proposed 3-M
method, compared to that attained with the current seismic code-based LSA approaches (see
uniform and inverted triangular distributions). Indeed, using the 3-MM lateral force distri-
butions, the percent errors between NTHA and LSA storey shear-forces never exceed 5%,
for all the cases of Fig. 15. More importantly, it is apparent that there is no constant dynamic
amplification factor (Priestley et al. 2007) that can guarantee a degree of accuracy, over the
entire height of the structure, case studies comparable to that of the proposed approach.

The aforesaid observations are substantiated by Table 5, which shows, for each IS type,
the percentage of cases (over approximately 1500 case studies) in which the error between
NTHA and LSA storey shear-forces fall within given percent ranges. Two different error
indexes are considered in Table 5. The first index, named Ei, represents the error relevant to
the i th level of the building:

Ei = V LSA
i − V NTHA

i

V NTHA
i

(30)
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(c)

(b)

(a)

Fig. 15 Comparison between normalized (Vb = 1) storey-shear envelopes obtained from NTHA and cor-
responding storey-shear profiles obtained from LSA using the proposed lateral force distributions for (a)
3-storey, (b) 5-storey and (c) 8-storey buildings equipped with different IS types

Positive values of Ei mean that the LSA storey-shear overestimates the corresponding NTHA
storey-shear.

The second index, indicated by MSE in Table 5, represents the mean standard error over
all the storeys of the building:
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Table 5 Percentage of cases (over approximately 1,500 analyses) in which the error at the i th level of the
structure (Ei) and the mean standard error over all the storeys of the building (MSE) fall within given percent
ranges

IS type −20% ≤
Ei < −10%

−10% ≤
Ei < 0%

0% ≤ Ei <

10% (0% ≤
MSE < 10%)

10% ≤ Ei(MSE) <

15% (10% ≤ MSE <

15%)

15% ≤ Ei (MSE) ≤
25% (15% ≤ MSE <

25%)

LRB 1 % 14 % 83 % 1 % 1 %

HDRB (97%) (2%) (1%)

FPB 0% 7 % 81 % 5 % 7 %

SB+LDRB (76%) (14%) (10%)

SB+SMA 2 % 5 % 88 % 4 % 1 %

(97%) (3%) (0%)

MSE =
√

∑N
i=1 E2

i

N
(31)

As can be observed, in approximately 5–15% of the cases, the error index Ei is between 0 and
10%, while in approximately 80–90% of the cases it is between −10% and 0%. Considering
the MSE index, it can be noted that, for the LRB/HDRB and SB+SMA isolation systems,
in some 97% of the cases, the MSE is less than 10%. A slightly worse degree of accuracy is
observed for the FPB/SB+LDRB isolation system.

In Fig. 16 the storey shear distributions obtained through LSA, using different lateral
force distributions (see Eqs. 1–3 and 5–7), are compared to those computed by NTHA. The
comparison is carried out for the 5-storey building, endowed with two different IS’s, whose
mechanical characteristics are: (a) Fy/W = 0.05, Dy ∼= 5 mm, T1 = 0.6 s, α = 5%, µ ∼= 30
(corresponding to ξis ∼= 24% and NL∼=0.38) and (b) Fy/W = 0.05, Dy = 10 mm, T1 = 0.9s,
α = 5%, µ ∼= 20 (corresponding to ξis ∼= 29% and NL∼=0.46). These IS parameters are
fully compatible with those selected by other authors in their studies (Tsai et al. 2003; Ryan
and York 2007; Andriono and Carr 1991b).

As can be observed in Fig. 16, the shear profiles obtained from LSA, using the lateral force
distributions proposed by other authors, significantly differ from the NTHA results and the
3-MM lateral force distributions of this study. Such discrepancies can be basically ascribed
to three main aspects: (i) different assumptions in the IS modelling, (ii) different criteria in
the selection of the input ground motions and (iii) different approach in the examination of
the NTHA results. In the studies by Tsai et al. (2003) and Lee et al. (2001), for instance, ref-
erence is made to an equivalent viscous-elastic model, which could be suitable for HDRB-IS
(as explicitly recognized by the authors), but not for IS’s characterised by a strong nonlinear
behaviour or large values of the effective damping (e.g. LRB, FPB, etc.). The lateral force
distribution proposed by Andriono and Carr (1991b), on the other hand, has been derived by
examining the maximum seismic response of BI-buildings, with bilinear hysteretic IS’s, gen-
erated by individual earthquake records. The lateral force distribution proposed by Ryan and
York (2007), instead, has been obtained by examining the median values of the peak storey
shear-forces generated by a suite of ground motions, whose response spectra did not match
any target response spectrum. In the present study, on the contrary, reference has been made
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Fig. 16 Five-storey BI-building endowed with bilinear IS’s characterised by (a) Fy/W = 0.05., Dy ∼= 5 mm,
T1 = 0.6 s, α = 5%, µ ∼= 30 (i.e. ξis ∼= 24% and NL ∼= 0.38) and (b) Fy/W = 0.05., Dy = 10 mm,
T1 = 0.9 s, α = 5%, µ ∼= 20 (i.e. ξis ∼= 29% and NL ∼= 0.46). Comparisons of normalized storey shear
distributions obtained from LSA using different lateral force distributions, including that proposed in this
study

to the mean values of the peak storey shear-forces generated by a set of seven accelerograms
compatible (on average) with a specified target response spectrum, as required by most of
the current seismic codes (CEN 1998; ICBO 1997).

The lateral force distributions developed in this study, therefore, besides being perfectly in
line with the DDBD approach, are also suitable for the implementation in the current force-
based seismic design codes. This can be carried out within the LSA methods, by modelling
the IS through its effective stiffness and effective damping at the design displacement (equiv-
alent linear viscous-elastic behaviour). The use of lateral force distributions, that account
for the higher mode contributions (like those derived in this study), may allow to extend the
applicability of the LSA methods to many situations for which current seismic codes require
the use of Nonlinear Time-History Analysis (CEN 1998; ASCE 2005).

8 Summary and conclusion

A new approach for the evaluation of accurate lateral force distributions for the Linear Static
Analysis (LSA) of Base Isolated (BI-) Buildings has been presented. The proposed lateral
force distribution Fi is proportional to the “displacement” profile �i, which is expressed as a
linear combination of the first three approximate modal shapes of the BI-building (see Eq. 18),
with the IS modelled through its effective stiffness at the design displacement Dd. For this
reason, the acronym 3-MM (3-Mode Method) has been used to identify the proposed method.
The combination coefficients of the modal shapes are expressed as a function of a number of
IS parameters, accounting for its actual nonlinear mechanical behaviour. The combination
coefficients have been derived from the results of an extensive Nonlinear Time History Anal-
yses (NTHA) investigation, carried out on 3-, 5- and 8-storey shear-type framed buildings,
equipped with a variety of isolation systems, including: (i) Lead Rubber Bearings (LRB) and
High Damping Rubber Bearings (HDRB), (ii) Friction Pendulum Bearings (FPB) and com-
binations of flat Sliding Bearings (SB) with Low-Damping Rubber Bearings (LDRB) and
(iii) Combinations of flat SB and Shape Memory Alloys (SMA)-based re-centring devices.
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Particular care has been taken in the selection of the IS characteristics for NTHA, in order
to comply with the typical values of IS parameters adopted in the current practice.

Based on the comparisons between the storey-shear envelopes derived from NTHA and
the corresponding storey-shear profiles obtained from LSA, using different lateral force dis-
tributions, the following considerations can be drawn:

(i) currently used lateral force distributions, that neglect (or consider roughly) the contri-
bution of higher modes, can significantly underestimate (or overestimate) the seismic
response of BI-buildings, in case of nonlinear IS’s;

(ii) the storey-shear profiles predicted by the proposed 3-M method are in excellent agree-
ment with those obtained from NTHA, throughout the height of the building (percent
errors at the i th storey lower than 10% in most of the examined cases);

(iii) the proposed 3-M method is accurate even in circumstances under which the LSA code
approaches cannot be applied, i.e. for buildings with more than 4–5 storeys equipped
with IS’s that cannot be modelled with an equivalent linear viscous-elastic behaviour.

This study clearly proves that accurate predictions from the LSA of BI-building with nonlinear
IS’s can be achieved only specialising the lateral force distributions to the IS characteristics.
The proposed 3-M method is expected to be a suitable tool for the evaluation of realistic
equivalent-static-forces for the analysis and design of BI-buildings. The use of the proposed
3-M method also gives the possibility to extend the applicability of the LSA to a greater
number of situations.

In the current version, the proposed 3-M method can be applied to low-to-medium rise
frame buildings (Tfb ≤ 0.8 s) with floor mass and storey stiffness values almost uniform
over the height of the structure. The only requirements of the IS are: (i) non-linearity factor
NL (see Eq. 4) less than 0.65, (ii) isolation ratio Tis/Tfb greater than 2.0 and (iii) effective
isolation period (Tis) lower than 4 s.

Further developments of the proposed 3-M method should include: (1) the examination of
the influence of the beam-column stiffness ratio, which affects both the fundamental period
of vibration and the modal shapes of frame buildings, (2) the examination of the validity of
the method for different structural types (e.g. shear-wall systems) and (3) the verification of
the limits of validity of the method for BI-buildings with non-uniform distribution of storey
masses and/or storey stiffnesses over the height of the structure.
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