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Abstract Gravity walls retaining dry soil are modeled as a system of two bodies: (a)
the gravity wall that slides along the wall-foundation soil boundary and (b) the critical
soil wedge in the soil behind the wall. The strength of the system is defined by both
the frictional and the cohesional components of resistance. The angle of the prism of
the critical soil wedge behind the wall is obtained using the limit equilibrium method.
The model accounts for changes in the geometry of the backfill soil behind the wall by
considering the displacements at the end of each time step under limit equilibrium.
The model shows that the standard (single) block model is over-conservative for the
extreme case of critical-to-applied-seismic acceleration ratios less than about 0.30, but
works well for cases where this ratio ranges between 0.5 and 0.8. The model is applied
to predict the seismic displacement of gravity walls (a) tested in the shaking-table and
(b) studied numerically by elaborate elasto–plastic analyses.

Keywords Gravity walls · Critical acceleration · Seismic displacement · Large
displacement · Critical rupture angle · Sliding-block models

Abbreviations
B backfill (=retained soil)
B-cr the critical soil wedge at the backfill next to the wall
FEM Finite element method
i increment
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I interface
MO Mononobe-Okabe method
0 initial configuration
RE the Richards–Elms method
s seconds
sl sliding-block model
W wall

Notations
am The maximum value of the acceleration in the applied

acceleration history
bBcr−i The contact length of the critical soil wedge with the

retained soil at increment “i”
bB−i The contact length of a soil wedge with inclination not

necessarily equal to the critical with the retained soil at
increment “i”

bW The length of the base of the wall
cB, cw, cI The cohesional component of resistance (a) in the re-

tained soil, (b) at the wall- foundation soil interface and
(c) at the wall-backfill interface, respectively.

d differential
di The length of the soil-retaining wall interface at incre-

ment “i”
g the acceleration of gravity
H0 The height of the soil behind the wall at the initial con-

figuration (Fig. 1)
Hi The height of the soil behind the wall at increment “i”
kc−0 The critical horizontal acceleration factor for relative

motion of the wall-retaining soil system of Fig. 1 (at the
initial configuration)

kc−i The critical horizontal acceleration factor for relative
motion of the wall-retaining soil system of Fig. 1 at incre-
ment “i”

kc−B−i The horizontal acceleration factor for relative motion of
the wall-backfill system at increment “i” when the soil
wedge behind the wall that slides has inclination αB−i

kc−RE The critical horizontal acceleration factor for relative
motion of the wall-backfill system, according the Rich-
ards-Elms method (=kc−0)

kc−sl The critical horizontal acceleration factor for relative
motion of the sliding-block model

k(t)g The applied horizontal acceleration history
kig The applied horizontal acceleration at increment “i”
Pa−MO The lateral force estimated by the MO method
SW−i, SB−i, SI−i Dimensionless parameters given by Eq. 7b
SW−0, SB−0, Sl−0 Dimensionless parameters given by Eq. 7b by replacing

the subscript “i” with the subscript “0”
Xi Dimensionless parameter given by Eq. 7a
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X0 Dimensionless parameter given by Eq. 7a by replacing the
subscript “i” with the subscript “0”

t time
uW The absolute value of the distance moved by the wall
uW−nogech The wall displacement when changes in geometry are ne-

glected
usl The absolute value of the distance moved by the sliding-block

model
Vs Shear wave velocity
WBcr−i The weight of the critical soil wedge at increment “i”
WB−i The weight of the soil wedge with inclination not necessarily

equal to the critical at increment “i”
Ww The weight of the wall
ZW−i The factor defined by Eq. 3b
ZW−0 The factor defined by Eq. 3b by replacing the subscript “i”

with the subscript “0”
ZBcr−0 The factor defined by Eq. 12b

Greek
αW The inclination of the base of the wall
αBcr−i The inclination of the base of the critical soil wedge at incre-

ment “i”
αB−i The inclination of the base of the soil wedge not necessarily

equal to the critical at increment “i”
αBcr−0 The inclination of the base of the critical soil wedge at the

initial configuration
γ The unit weight of the soil behind the wall
δ Angle defining the inclination of the wall-retained soil inter-

face (Fig. 1)
�

→
uW−i the distance moved by the wall at increment “i”

�
→
uB−cr−i The incremental distance moved by the backfill at increment

“i”
θ The inclination of the soil behind the wall (Fig. 1)
λi The factor defined by Eq. 1
φB, φw, φI The frictional component of resistance (a) in the retained soil,

(b) at the wall- foundation soil interface and (c) at the wall-
backfill interface, respectively

Introduction

The concept of allowable displacements, as the basis of seismic design of gravity walls,
has been gaining in importance (e.g. Whitman 1990; Iai 2001). Simplified models
predicting seismic ground displacements are less accurate than methods using finite-
elements and elasto–plastic constitutive models, but have the advantage of simplicity
that makes them accessible to practicing engineers. In addition, they are effective in
performing parametric analyses, which are often needed in geotechnical engineering,
as the value of soil parameters and the input earthquake motion are usually not known
with confidence.
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Simplified analyses predicting the seismic displacement of gravity walls under a
horizontal seismic excitation are based on the Mononobe–Okabe (MO) method and
Newmark’s sliding-block model (e.g. Iai 2001). The MO method (Mononobe 1924;
Okabe 1924) estimates the lateral force, Pa−MO, on gravity walls retaining dry soil
by using frictional resistance and inertia forces. The force Pa−MO acts on the wall
from the wedge in the soil behind the wall with inclination that corresponds to the
maximum pressure applied on the wall.

Newmark’s model (Newmark 1965) consists of a block on an inclined plane. Crit-
ical acceleration factor, kc−sl, is the minimum factor that when multiplied by the
acceleration of gravity, g, gives the horizontal acceleration which is just sufficient to
cause movement of the block. Every time during the earthquake that the applied hor-
izontal acceleration is larger than the critical acceleration (kc−sl g), the block slides
downwards. The total displacement of the block is equal to the sum of these partial
displacements that are caused by the momentary slides.

The above-mentioned method for the prediction of seismic displacement of grav-
ity walls has been initially proposed by Richards and Elms (RE) (1979). In the RE
approach, the force acting on the wall by the retained soil is estimated by the MO
method, as a function of the seismic acceleration applied on the retained soil. The
critical horizontal acceleration factor for relative motion of the wall-backfill system,
denoted as {kc−RE}, is estimated by considering the equilibrium of forces acting on
the wall. As in the condition of limiting equilibrium the seismic acceleration acting
on the retained soil equals (by definition) the critical acceleration, kc−RE must be
obtained by iteration (Iai 2001). For best predictions (e.g. Kotta et al. 1988), the
applied acceleration history is estimated by equivalent linear dynamic analyses that
consider the dynamic characteristics of the backfill. The seismic displacement of the
wall is estimated using the critical acceleration factor kc−RE, and the applied accel-
eration history. In particular, it is assumed that the seismic displacement of the wall
is equal to the seismic displacement of Newmark’s sliding block with similar critical
acceleration when the same applied seismic excitation is applied.

Recently, Stamatopoulos and Velgaki (2001a) proposed a model of a two-body
system of kinematically compatible components to predict the seismic displacement
of gravity walls. Even though extensions of the RE model had been developed (e.g.
Zarrabi-Kashani 1979), such a kinematically compatible model predicting the seismic
displacement of gravity walls had not been proposed previously. Consistently with
the RE method mentioned above, the configuration of the wall-backfill system was
modeled using two bodies: (a) the wall that slides along the wall-foundation soil and
(b) the wedge that slides along the plane of least resistance in the retained soil. Ana-
lytical expressions giving (1) the angle of the prism of the soil wedge, and (2) the
corresponding value of the critical acceleration were obtained using the principle of
limit equilibrium.

As described by Stamatopoulos and Velgaki (2001a), the new method generally
produces an interface force between the wall and the retained soil, which is different
from the MO force. Yet, just prior to relative movement, the two methods predict
similar interface forces. The reason is that the MO solution was obtained using the
equilibrium of only the critical wedge in the retained soil, while the new solution
considers the equilibrium of a two-body system that includes both the wall and the
critical soil wedge. Only just prior to relative movement, the dynamic effects of the
wall do not affect the solution. As a consequence, the new method predicts similar
critical acceleration, but different seismic wall displacement than the RE approach.
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Stamatopoulos and Velgaki (2001a, b) considered the simplified case of (a) only
frictional soil resistance and (b) small wall displacement, where the effect of the defor-
mation of the retained soil on forces can be neglected. The present study extends the
simplified case to the general one of (a) both frictional and cohesional components of
resistance and (b) both small and large wall displacements.

Model outline

Figure 1 gives the geometry of the wall-backfill system considered. The problem is
defined by (a) characteristics of the wall: its weight per unit length Ww, the inclination
of its base, αW, the inclination of its interface with the retained soil (90◦ − δ), and the
width of its foundation, bW, (b) characteristics of the soil behind the wall: its inclina-
tion to the horizontal, θ , its unit weight, γ , and its height at the wall interface, H0, (c)
the frictional and cohesional components of strength (1) in the retained soil, φB and
cB, (2) at the wall - foundation soil interface φw and cw, and (3) at the wall-backfill
interface φI and cI and (d) the horizontal applied seismic acceleration history {k(t)g},
where k(t) is a dimensionless function of time, and g is the acceleration of gravity. The
geometry is assumed dry (i.e. above the water table).

The seismic movement of the wall-backfill system of Fig. 1 is modeled using the
two-body sliding system of Fig. 2. Total contact is assumed between the two bodies. At
the initial configuration, the first body corresponds to the gravity wall and the second
to the critical wedge in the soil behind the wall. According to the limiting equilibrium
method (e.g. Sarma 1999), the inclination of this wedge in the soil behind the wall is
the inclination that produces instability with the minimum possible applied horizontal
acceleration.

As a result of the applied shaking, gravity walls move outwards, away from the
retained soil. Assuming that contact always exists between the wall and the retained
soil, the outward wall movement causes deformation of the retained soil near the wall.
In typical walls, the resistance on the wall-backfill interface is less than on any other
internal sub-planes in the retained soil. It is inferred that, according to the law of limit
equilibrium (where the slip surface develops at the location where relative motion
occurs for the least value of applied acceleration), the internal slip sub-plane between
the two bodies should remain in the wall-backfill interface. This implies that the first

Fig. 1 Gravity wall and retained soil geometry considered in the present study
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(b)

(a)

Fig. 2 The two-body sliding system used to predict the seismic displacement of the wall-backfill
system of Fig. 1: a Geometry and b forces acting in the two bodies

body of the two-body system is always the wall, while the second body is always part
of the soil behind the wall.

Unlike the first body, the second body changes its shape with displacement. The
analysis is performed incrementally with seismic excitation k(t) applied in small time
increments. The change in shape of the second body can be determined by applying
the limit equilibrium condition at each time step.

Analytical solution algorithm

Wall–soil interaction

At each time increment “i”, the seismic excitation is ki and the parameters that define
(a) the inclination of the base, the weight, the contact length of (i) the first body and
(ii) the second body of Fig. 2 and (b) the interface angle and length between the two
bodies, are (a) (i) αw, Ww, bw, (ii) αBcr−i, WBcr−i, bBcr−i and (b) δ and di, respectively.
The parameters αBcr−i, WBcr−i, bBcr−i and di are not known a priori, and depend on
the distance moved. The algorithm estimating them is given later. In addition, the
strengths below both bodies and at the interface are (a) φw and cw, (b) φB and cB and
(c) φI and cI, respectively.
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Fig. 3 The deformation of the wall-backfill system with displacement at increment “i”. The solid
and dotted lines give the initial and final configurations of the increment, respectively. The increment
�uW−i is shown large for clarity. Points O and O′ are the points where the slip sub-planes in the
backfill start of increments “i” and “i + 1”, respectively

At each increment, the first body (or the wall) is displaced by �
→
uW−i along the

wall–foundation soil interface (Fig. 3). The second body (or the critical wedge behind
the wall) is displaced by �

→
uBcr−i along the slip surface of the backfill. Unlike �

→
uBcr−i,

the direction of �
→
uW−i does not change in the analysis. Thus, the absolute value of the

distance moved by the wall, uw, equals the sum of all the absolute values of �
→
uW−is.

It is assumed that at each time increment the total contact between the two bodies
of Fig. 2 is retained along the shearing surface. Thus, the component of the movement
perpendicularly to this surface should be the same for both moving bodies, or,

�uW−i

�uBcr−i
= cos(−δ − αBcr−i)

cos(−δ − αW)
= λi, (1)

where at increment “i”, �uW−i and �uBcr−i are the absolute value of displacements
in the direction of movement of the wall and backfill wedge respectively.

Figure 2b gives the forces acting in the two bodies. The equation of motion of the
first body, in the direction of sliding is:

WW

g
(d2uW/dt2) = 1

cos φW
· [WW sin (αW − φW) + Pa cos (φI + φW − αW − δ)

−cWbW cos φW− cIdi sin (φW − δ − αW)+ kiWW cos (αW − φW)
]
.

(2a)

Similarly, at each increment, the equation of motion of the second body in the sliding
direction is:

WBcr−i

g
(d2uBcr−i/dt2) = 1

cos φB
· [

WBcr−i sin (αBcr−i − φB)

−Pa cos (φI + φB − αBcr − δ) − cBbBcr−i cos φB

+cIdi sin (φB − δ − αBcr−i) + kiWBcr−i cos (αBcr−i − φB)
]

.

(2b)
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The governing equation of the sliding system is obtained from Eqs. (1), (2a) and
(2b) as

d2uW/dt2 = ZW−ig(ki − kc−i), (3a)

where

ZW−i = WW cos
(
αW − φW

)
cos

(
φI − αBcr−i − δ + φB

) + WBcr−i cos
(
αBcr−i − φB

)
cos

(
φI − αW − δ + φW

)

WW cos φW cos
(
φI − αBcr−i − δ + φB

)
λi + WBcr−i cos φB cos

(
φI − αW − δ + φW

) λi

(3b)

and

kc−i = AA/BB, (3c)

where

AA = [
WW sin (φW − αW) + cWbW cos φW

]
cos (φI + φB − αBcr-i−δ)

+ [
WBcr-i sin (φB − αBcr-i) + cBbBcr-i cos φB

]
cos (φI + φW − αW−δ)

+ cIdi cos φI cos (φW − φB + αW − αBcr-i) ,

BB = WW cos (φW − αW) cos (φI + φB − αBcr-i−δ)

+ WBcr-i cos (φB − αBcr-i) cos (φI + φW − αW−δ) .

Definition of the critical soil wedge

As will be illustrated later, the only shape factor in the parameters of Fig. 1 defining
the geometry of the backfill that changes as the wall is displaced is the backfill height.
At increment “i”, this height is denoted as Hi.

The interface length of the two bodies can be expressed in terms of Hi and δ as

di = Hi/ cos(−δ). (4)

Also, at increment “i” the length of a potential slip surface and the weight of a soil
wedge behind the wall with inclination not necessarily equal to the critical, denoted
as bB−i and WB−i, respectively, can be expressed in terms of the corresponding incli-
nation of the soil wedge behind the wall, αB−i, as:

bB−i = Hi
1 − tan δ tan θ

cos αB−i(tan αB−i − tan θ)
, (5)

WB−i = 0.5γ H2
i
(1 − tan αB−i tan δ)(1 − tan δ tan θ)

tan αB−i − tan θ
. (6)

In addition, the following dimensionless symbols are introduced:

Xi = 2WW/(γ H2
i ), (7a)

SW−i = 2cWbW/(γ H2
i ), SB−i = 2cB/(γ Hi), SI−i = 2cI/(γ Hi). (7b)

Then, according to Eq. 3c, the horizontal acceleration factor for relative motion of
the two-body system of Fig. 2 when the angle of inclination of the soil wedge is αB−i
equals

kcB−i = AAB/BBB, (8a)
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where:

AAB =
{

X (G − M) + SW−i

√
1 + M2 + SI−i

[
G − M − (1 + GM) D

]}

· [(1 + AB) (1 + FD) − (B − A) (F − D)
]

+
{
(DAi − 1)

DK − 1
Ai − K

· (B − Ai) + SB−i ·
(

1 + A2
i

)
· 1 − DK

Ai − K

−SI−i
[
B − Ai − (1 + AiB) D

]
}

· [
(1 + GM) (1 + FD) − (G − M) (F − D)

]

(8b)

and

BBB = X · (1 + MG) · [
(1 + FD) (1 + AiB) − (F − D) (B − Ai)

]

+ (DK − 1) (DAi − 1)

Ai − K
· (1 + AiB) · [

(1+FD) (1+GM) − (F − D) (G − M)
]

,

(8c)

where

M = tan αW, D = tan δ, K = tan θ , B = tan φB, G= tan φW, F = tan φI, Ai = tan αB−i.

The critical rupture angle αBcr−i corresponds to the value of αB−i that minimizes
kcB−i in Eq. 8. An analytical solution estimating αBcr−i is given by Stamatopoulos
et al. (2001). Alternatively, αBcr−i can be obtained numerically by searching the factor
αB−i that minimizes kcB−i in Eq. 8. As illustrated by Stamatopoulos et al. (2001),
kcB−i is a parabola in terms of (tan αB−i), having a single well-defined minimum. It
is inferred that estimating numerically (tan αBcr−i), and thus αBcr−i also, is a simple
matter using for example the bisection method (e.g. Dahlquist and Bjorck 1974).

Once the inclination αBcr−i has been obtained, WBcr−i and bBcr−i can also be
obtained from Hi, δ, θ , αBcr−i and γ , using Eqs. 5 and 6 by replacing αB−i with αBcr−i.

Changes of geometry with outward wall displacement

It was stated above that the wall at each time increment “i” is displaced outwards by
�

→
uW−i, while the critical soil wedge is displaced by �

→
uBcr−i. Figure 3 gives, in enlarged

scale of incremental displacement, the induced deformation. It can be observed that
the only shape factor in the parameters of Fig. 1 defining the backfill that changes as
the wall is displaced is the backfill height. In particular, the height of the backfill at
increment “i” equals

Hi = H0 −
i−1∑

k=1

[�uw−k((sin αBcr−k)/λk − sin αw)]. (9)

Figure 3 also shows that a part of the cross-sectional area of the backfill, denoted
as �AL−i, is lost in the analysis. Yet, when the increment �uW−i is sufficiently small,
the effect of the lost part can be neglected. The reason is that this area is proportional
to the square of (the small increment) �uW−i.

Once the deformed shape is estimated, the new inclination of the critical soil wedge
from the new point at the base of the wall-backfill interface (point O′ of Fig. 3), must be
estimated with the procedure described in Sect. ‘Definition of the critical soil wedge’.
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Computer program

A computer program was written by the first two authors, that predicts the seismic
displacement of gravity walls retaining dry soil, according to the model given above.
The input required by the computer program includes (a) the nodes defining the wall
geometry, (b) the parameters Ww, θ , γ , H0, φB, cB, φw, cw, φI and cI and (c) the applied
horizontal excitation. Numerical integration is performed after every time increment
“i” of the acceleration history record using the Euler’s method (e.g. Dahlquist and
Bjorck 1974). At each increment, Hi is updated and iteration is performed to estimate
the new inclination of the slip surface, αBcr−i. Graphics illustrating the final geometry
of the wall-retaining soil system are included in the computer program. Parametric
analyses using different time steps illustrated that a time step of 0.01 s, typically used
in acceleration history records found in the literature, produces adequate accuracy
of both the numerical integration and the simulation of retained soil deformation, at
least for wall displacement less than 2 m.

In addition to the analyses described above, the computer program can perform
analyses without considering the effects of changes in the geometry of the backfill. In
this case, iteration is used to estimate the inclination of the slip surface at the initial
configuration, αBcr−0, and during the analysis the changes in weight, inclination and
contact length of the critical soil wedge behind the wall are not updated with the
distance moved.

The computer program was used in the analyses given below.

Parametric analyses

Initial configuration

The most important parameter in sliding-block analyses is the critical acceleration at
the initial configuration, kc−0, as for any given seismic acceleration history it greatly
affects the magnitude of seismic displacement (e.g. Ambraseys and Menu 1988). The
angle αBcr−0 is also a critical parameter of the present model, because, once αBcr−0 is
known, all parameters of the governing equation of motion (Eq. 3) at the initial wall
configuration, including kc−0, can be defined.

As was indicated in the introduction, sliding-block methods usually estimate the
seismic displacement usl by the Newmark model. The corresponding equation that is
solved (e.g. Ambraseys and Menu 1988) is usually:

d2usl/dt2 = g(k(t) − kc-0) for dusl/dt > 0. (10)

From (1) and (3) it can be inferred that the governing equations of motion for the wall
and the critical wedge of the backfill of the proposed model at the initial configuration
are:

d2uW/dt2 = ZW-0 g(k(t) − kc-0), (11)

d2uBcr-0/dt2 = ZBcr-0 g(k(t) − kc-0), (12a)

where ZW−0 is the factor given by Eq. 3b when the subscript “i” is replaced by the
subscript “0” and

ZBcr−0 = ZW−0 cos(−δ − αBcr−0)/ cos(−δ − αW). (12b)



Bull Earthquake Eng (2006) 4:295–318 305

Comparison of Eq. 10 with Eqs. (1) 11 and (2) 12 illustrates that they differ by the
factors ZW−0 and ZBcr−0, respectively. Thus, for the case of small displacement, the
factors ZW−0 and ZBcr−0 relate the seismic displacement of the previous commonly-
used method to the displacement of the wall and the retained soil, respectively of, the
present model, for equal critical acceleration and applied excitation.

From the above it is inferred that parametric analyses of the factors kc−0, αBcr−0,
ZW−0 and ZBcr−0 are of interest. According to the solution, these factors depend on
the parameters of the problem αW, δ, θ , φB, φW, φI, X0, SW-0, SB−0, SI−0. The param-
eters X0, SW-0, SB−0, SI−0 are given by Eqs. 7a and 7b by replacing the subscript “i”
with the subscript “0”.

Stamatopoulos and Velgaki (2001a, b) present parametric analyses showing the
dependence of the factors kc−0, αBcr−0, ZW−0 and ZBcr−0 on φW, φB, φI, X0, θ and δ.
Additional parametric analyses were performed in the present work for the case of
wall-backfill systems with cohesional resistance SW−0, SB−0 and SI−0 different from
zero. Figures 4 and 5 give (a) kc−0, (b) αBcr−0, (c) ZW−0 and (d) ZBcr−0 as affected by
changes of X0, δ, SW−0 and SB−0. The case of αW = θ = δ = 0◦ and φW = φB = 2φI =
20◦ is presented in Fig. 4. The case of αW = θ = 0◦, X = 1 and φW = φB = 2φI = 20◦
is presented in Fig. 5.

The results of Figs. 4c, d, and 5c, d and the results of Stamatopoulos and Velgaki
(2001a, b) illustrate that for typical walls where X0 > 0.5 (1) ZW−0 varies between
0.65 and 1.1 and (2) ZBcr−0 varies between 0.95 and 1.6. The largest value of 1.6 occurs
when X0 = 0.5 and δ = 25◦.

Effects of changes of geometry with displacement

In an effort to estimate the effect of changes in geometry in the prediction of the
seismic displacement of gravity walls, the wall displacement predicted when changes
in geometry are taken into account, uW, was compared with the wall displacement
when changes in geometry are neglected, denoted as uW−nogech. In the second case,
unlike the first, in the governing equation of motion (Eq. 3), the changes in weight,
inclination and contact length of the critical soil wedge behind the wall are not updated
with the distance moved. Different values of all the crucial factors of the model were
considered. In all cases, similarly to Stamatopoulos (1996), the ratio uW/uW−nogech
was plotted against the ratio {(kc−0g)/am}, where (kc−0g) is the critical acceleration
in the initial configuration of the wall-backfill system and am is the maximum value of
the acceleration in the applied earthquake record.

First (1) the effect of the applied seismic excitation was considered. The following
accelerograms, covering a wide range of maximum acceleration, fundamental period
and earthquake magnitude, were applied:

– El-Centro (CA, USA), 18/5/1940, component North–South, M (earthquake mag-
nitude in the Richter scale)= 6.5, R (distance from the epicenter)= 5 km, am=
0.35 g, Tf (fundamental period)=0.6 s.

– San Fernando - (Avenue of Stars, CA, USA), 1971, component East–West, M =
6.5, R = 40 km, am = 0.15 g, Tf = 0.15 s.

– Kalamata (Greece), 13/9/1986, M = 5.75, R = 9 km, Municipality Building, com-
ponent longitudinal component: am = 0.24 g, Tf = 0.35 s.

– Gazli (former USSR), 17/5/1976, M = 7.3, am = 0.70 g, Tf = 0.1 s.
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(a) (b)

(d)(c)

Fig. 4 The change of a the critical acceleration factor kc−0, b the angle αBcr−0, c the factor ZW−0
and d the factor ZBcr−0 in terms of X0, SW−0 and SB−0. The case of αW = θ = δ = 0◦ and
φW = φB = 2φI = 20◦ is presented

Then the variation of (2) the weight of the wall, (3) the inclination of the wall
interface, (4) the inclination of the wall base, (5) the resistance of the wall base, (6)
the length of the wall base, (7) the height of the backfill, (8) the inclination of the
backfill, (9) the resistance of the backfill and (10) the resistance of the backfill-wall
interface were considered. In cases (2) – (10) the El-Centro earthquake was applied.
In all cases the factor kc−0 was varied by changing the parameter φW in increments of
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Fig. 5 The change of a the critical acceleration factor kc−0, b the angle αBcr−0, c the factor ZW−0
and d the factor ZBcr−0 in terms of δ, SW−0 and SB−0. The case of αW = θ = 0◦, X = 1 and
φW = φB = 2φI = 20◦ is presented

one degree. More specifically, the parameters used and the variations considered are
described in Tables 1 and 2. The results are given in Figs. 6, 7 and 8.

As shown in Figs. 6, 7 and 8, in all cases considered, as the ratio {(kc−0g)/am}
increases, the ratio uW/uW−nogech increases towards unity. This relationship is not
affected to a great extent by the values of resistances φw, cw, φB, cB, φI, cI, the inclina-
tions δ, αW, θ , the lengths H0, bw, the weight WW and the applied acceleration history
record. In all cases, the ratio uW/uW−nogech is close to unity (greater than 0.9) when
the factor {(kc−0g)/am} is greater than 0.3. It is inferred that the standard (single)
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Table 1 List of parametric analyses performed to investigate the effect of changes in the geometry
of the backfill on wall displacement. The range of φw values used and the corresponding range of kc-o
and uw are also given. In all cases γ = 1.7 Tf/m3. In addition, in cases 2–10 the El Centro earthquake
is applied

Case 1 Vary earthquake

A. El Centro B. Kalamata C. Gazli D. San Fernando
φw(◦) 18–34 18–28 18–44 18–25
kc−0 0.0075–0.2279 0.0075–0.1425 0.0075–0.3758 0.0075–0.1011
uw (m) 0.0066–1.6352 0.0066–0.6104 0.0071–2.6117 0.0009–0.4088

Case 2 Vary Ww

A. Ww = 30 kN/m B. Ww = 500 kN/m C. Ww = 1000 kN/m D. Ww = 1200 kN/m
φw(◦) 34–54 24–46 13–35 11–33
kc−0 0.0034–0.3243 0.0112–0.3269 0.0046–0.3182 0.0043–0.3229
uw (m) 0.0001–2.2643 0.0001–1.1911 0.0002–2.2315 0.0001–2.3722

Case 3 Vary δ

A. δ = 20◦ B. δ = 10◦ C. δ = −10◦ D. δ = −20◦
φw(◦) 14–35 16–35 19–33 19–31
kc−0 0.0097–0.2387 0.0050–0.2358 0.0077–0.2287 0.0045–0.2210
uw (m) 0.0045–1.1959 0.0052–1.9017 0.0069–1.7190 0.0084–2.4554

Case 4 Vary αW

A. αW = 20◦ B. αW = 10◦ C. αW = −10◦ D. αW = −20◦
φw(◦) 1–15 8–24 28–45 38–54
kc−0 0.0445–0.2395 0.0102–0.2308 0.0048–0.2395 0.0101–0.2308
uw (m) 0.0048–0.2956 0.0060–1.3160 0.0055–2.1919 0.0074–1.5092

Case 5 Vary cw

A. cw = 10 kPa B. cw = 20 kPa C. cw = 50 kPa D. cw = 100 kPa
φw(◦) 17–33 15–32 11–29 4–24
kc−0 0.0116–0.2274 0.0030–0.2272 0.0044–0.2284 0.0055–0.2351
uw (m) 0.0066–1.2098 0.0067–2.6936 0.0065–2.1799 0.0056–1.9306

Case 6 Vary bw, cW

A. bw = 2.5 m, B. bw = 10 m, C. bw = 2.5 m, D. bw = 10 m,
cw = 10 kPa cw = 10 kPa, cw = 50 kPa cw = 50 kPa

φw(◦) 17–34 16–33 13–31 9–28
kc−0 0.0074–0.2383 0.0041–0.2318 0.0084–0.2381 0.0073–0.2374
uw (m) 0.0052–1.6425 0.0061–2.2606 0.0053–1.5078 0.0053–1.6515

Case 7 Vary H0

A. H0 = 3 m B. H0 = 6 m C. H0 = 12 m D. H0 = 15 m
φw(◦) 3–16 9–25 29–45 38–52
kc−0 0.0143–0.2314 0.0106–0.2474 0.0149–0.2466 0.0044–0.2330
uw (m) 0.0066–1.2206 0.0044–1.4215 0.0043–0.9051 0.0057–1.9451

Case 8 Vary θ

A. θ = 20◦ B. θ = 10◦ C. θ = −10◦ D. θ = −20◦
φw(◦) 25–38 20–33 16–27 15–20
kc−0 0.0156–0.2330 0.0036–0.1958 0.0027–0.1376 0.0068–0.0655
uw (m) 0.0082–2.3256 0.0101–2.3687 0.0332–2.8913 0.1788–1.8558
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Table 1 continued

Case 9 Vary φB, cB

A. φB = 20◦, B. φB = 40◦, C. φB = 0 , D. φB = 0,
cβ = 0 cB = 0 cB = 15 kPa cB = 30 kPa

φw(◦) 22–38 11–27 25–43 10–31
kc−0 0.0137–0.2326 0.0065–0.2259 0.0119–0.1949 0.0056–0.2311
uw (m) 0.0062–1.0558 0.0067–1.7975 0.0124–1.1682 0.0057–1.7427

Case 10 Vary φι, cι

10A. φι = 10◦, 10B. φι = 20◦, 10C. φι = 10◦, 10D. φι = 10◦,
cι = 0 cι = 0 cι = 25 kPa cι = 50 kPa

φw(◦) 19–35 17–32 10–27 5–22
kc−0 0.0111–0.2292 0.0145–0.2275 0.0130–0.2309 0.0088–0.2307
uw (m) 0.0063–1.2314 0.0068–1.0247 0.0065–1.1984 0.0067–1.7144

Table 2 The values of the model parameters used in the parametric analyses of Table 1

Case Parameters

WW (kN/m) �(◦) αW(◦) cW (kPa) bW (m) H0 (m) 
(◦) φB(◦) cB (kPa) φI(
◦) cI (kPa)

1 700 0 0 0 5 9 0 26 0 13 0
2 ∗ 0 0 0 5 9 0 26 0 13 0
3 700 ∗ 0 0 5 9 0 26 0 13 0
4 700 0 ∗ 0 5 9 0 26 0 13 0
5 700 0 0 ∗ 5 9 0 26 0 13 0
6 700 0 0 ∗ ∗ 9 0 26 0 13 0
7 700 0 0 0 5 ∗ 0 26 0 13 0
8 700 0 0 0 5 9 ∗ 26 0 13 0
9 700 0 0 0 5 9 0 ∗ ∗ 13 0
10 700 0 0 0 5 9 0 26 0 ∗ ∗

∗Different values for these model parameters were used, as given in Table 1
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Fig. 6 The parametric analyses described in Tables 1 and 2. The ratio uw/uw−nogech, where uw−nogech
is the seismic wall displacement when changes in the geometry of the soil behind the wall are neglected,
versus the ratio (kc−0g)/am in terms of a the applied earthquake and b the weight of the wall, WW
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(a) (b)

(c) (d)

Fig. 7 The parametric analyses described in Tables 1 and 2. The ratio uw/uw−nogech, where
uw−nogech is the seismic wall displacement when changes in the geometry of the soil behind the
wall are neglected, versus the ratio (kc−0g)/am in terms of a the wall interface inclination, δ, b
the inclination of the wall base, αW, c the resistance of the wall base, cw and d the length of the wall
base, bw

(a) (b)

(c) (d)

Fig. 8 The parametric analyses described in Tables 1 and 2. The ratio uw/uw−nogech, where uw−nogech
is the seismic wall displacement when changes in the geometry of the soil behind the wall are neglected,
versus the ratio (kc−0g)/am in terms of a the height of the backfill, H0, b the inclination of the backfill,
θ , c the resistance of the backfill, φB, cB, and d the resistance of the wall-backfill interface φI, cI
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block model is over-conservative for the case of critical-to-applied-seismic acceler-
ation ratios less than about 0.30, but works well for cases where this ratio ranges
between 0.5 and 0.8.

Application procedure and limitations

The proposed model is intended for the prediction of the seismic displacement of
gravity walls retaining dry soil of the general geometry given in Fig. 1. By “dry” soil
it is meant that there is no water table and no pore water pressures. It is not implied
that the water content is necessarily zero.

Similarly to the analysis of Kotta et al. (1988), it is recommended to accept per-
forming one-dimensional equivalent-linear dynamic analyses to obtain the required
acceleration time history. In these analyses, the soil profile including the soil retained
by the wall should be considered. The input motion should be typical of the region
and should be applied at the underlying bedrock. The effect of the shear strain on the
shear modulus and the damping of soils should be considered. The acceleration time
history required for the prediction of wall displacement should be obtained at a depth
2H0/3, where the height H0 is defined in Fig. 1. This depth is the “representative”
depth of the slip surface of the wall-backfill system.

The proposed model cannot be applied for backfill soils that exhibit considerable
strain softening. In this case, the situation is more complex, as both the peak and
the residual strengths play a role. Both the location of the slip line in the soil behind
the wall at the initial configuration, and the change of the geometry with displace-
ment may be affected by these two values of strength. The first phenomenon above is
described by Iai (2001).

Evaluation of proposed methodology

Comparison with shaking-table test

The shaking-table test results by Nishimura et al. (1995) are first used to evaluate the
proposed model. The configuration of the shaking-table tests is given in Fig. 9a. The
geometrical and strength properties of the wall-backfill system tested were measured:
Ww = 3.54 kN/m, H0 = 0.36 m, bW = 0.45 m, αW = δ = θ = 0◦, γ = 16 kN/m3,
φB = 30◦, φw = 15◦, φI = 20◦ and cB = cw = cI = 0◦. The applied horizontal acceler-
ation history at the base of the configuration is given in Fig. 10a. The measured wall
displacement versus time is given in Fig. 10b. The observed final configuration of the
wall-backfill system is given in Fig. 9a.

The proposed model predicts that αBcr−0 = 49◦ and kc−0 = 0.12. As the horizontal
acceleration was applied at the base of the backfill and the backfill has very small
height, dynamic analysis was not performed. The acceleration history of Fig. 10a was
applied to estimate the wall displacement. The computed accumulation of wall dis-
placement with time with both the proposed model and Eq. 10 is given in Fig. 10c.
When the proposed model was used, the computed final deformation of the wall-
backfill system is given in Fig. 9b, the computed final wall displacement is 5.6 cm and
the computed slip surface inclination at the final configuration is 47◦. When Eq. 10,
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Fig. 9 The shaking-table tests by Mishimura et al. (1995). a Configuration of the tests and measured
final deformation. b Predicted final deformation by the proposed model

which does not take into account changes in soil wedge geometry, was used, the final
wall seismic displacement increased to 6.5 cm.

From Fig. 10, it can be observed that the computed displacement accumulation
response agrees with the one measured. In addition, as shown in Fig. 9, the computed
final deformation of the backfill agrees with the one measured. Furthermore, the ratio
of computed by measured (a) wall displacement and (b) initial and final slip surface
inclination is (a) 1.04 and (b) 0.98 and 0.94, respectively. When Eq. 10 was used,
predictions are less accurate.

Prediction of response computed by elasto–plastic dynamic analysis

Full dynamic elasto–plastic analyses of a model concrete gravity wall 8 m high with
Ww equal to 634 kN/m resting on a soil 30 m deep, shown in Fig. 11a, were recently
performed (Modaressi and Lopez-Caballero 2001, Lopez-Caballero and Modaressi
2002). Both the retained and the foundation soil are normally consolidated clay above
the water table. The retained soil has a plasticity index of 30% and uniform shear wave
velocity, Vs, of 123 m/s. Below the wall, the plasticity index of the soil is 15% and Vs
increases with depth: (a) From zero to 6 m below the base of the wall Vs equals 123 m/s,
(b) from 6 to 12 m below the base of the wall Vs equals 200 m/s, (c) from 12 to 20 m
below the base of the wall Vs equals 260 m/s and (d) from 20 to 30 m below the base
of the wall Vs equals 325 m/s. The large-strain strength parameters of the soil and the
wall-soil boundaries are φB = 26◦, cB = 0, φW = 18◦, cw = 0 and φI = 11◦, cI = 0.
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Fig. 10 The shaking-table tests by Mishimura et al. (1995). a Applied acceleration at the base and b
measured and c predicted accumulation of wall displacement

The dynamic numerical analyses were performed using the GEFDYN Finite-Ele-
ments software. The Hujeux elastoplastic model was used to model the soil behaviour.
The parameters of the Hujeaux model were such that when the shear strain increases,
the stiffness degradation and the hysteretic damping computed are similar to those
predicted by Vucevic and Dobry (1991) in terms of the plasticity index. Figure 12 com-
pares computed stiffness degradation with that predicted by the Vucevic and Dobry
(1991) curves.

As the lateral limits of the problem are considered to be far enough and only
vertically propagating shear waves are studied, their response was assumed to be the
response of a free field. Thus, equivalent boundaries have been imposed on the nodes
of these boundaries (i.e. the normal stress on these boundaries remains constant and
the displacements of nodes at the same depth in two opposite lateral boundaries are
the same in all directions). The bedrock is supposed to be infinitely rigid with respect
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Fig. 11 The FEM elasto–plastic dynamic analyses by Modaressi and Lopez-Coballero. a The configu-
ration considered and b the computed final horizontal deformation for the case of am−bedrock = 0.56 g.
The vectors (not scaled in favour of clarity) indicate the horizontal displacement of the nodes of the
grid. The size and shading of the arrows also indicates the amplitude of horizontal displacements

Fig. 12 The FEM elasto–plastic dynamic analyses by Modaressi and Lopez-Coballero. Comparison
of the computed Shear Modulus reduction (symbol lines) and the Vucetic and Dobry (1991) curves
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to the soil profile, and the computation has been done in a coordinate system following
the input acceleration. Therefore, the nodes at the base of the mesh have been fixed
and the acceleration history has been applied.

The Irpinia NS (Italy) Cairano 16/1/1981 acceleration history record, scaled to
different values of maximum acceleration, was applied at the bedrock. This earth-
quake record has a fundamental period Tf of 0.3 s. The fundamental period of the
soil stratum, including the backfill, corresponding to the small-strain moduli is 1.2 s.
Table 3 gives the computed wall final horizontal displacement for the different values
of maximum applied acceleration.

The parameters for the proposed simplified model of this problem are Ww =
634 kN/m, H0 = 8 m, bW = 5 m, αW = δ = θ = 0◦, γ = 18 kN/m3, φB = 26◦,
φw = 18◦, φI = 11◦ and cB = cw = cI = 0◦. With these values, the model predicts
αBcr−0 = 54.2◦ and kc−0 = 0.016. One-dimentional equivalent linear elastic analy-
ses were performed using the code Cyberquake (BRGM Software 1998) to obtain
the representative acceleration history. According to the problem considered, a clay
with plasticity and variation of shear velocity as described previously is assumed. The
same (1) boundary conditions and applied accelerations at the base of the foundation
soil and (2) equivalent shear modulus degradation and damping versus shear strain
relations for the two types of clay (i.e. as predicted by the relationships of Vucetic and
Dobry 1991) were used as in the elaborate elasto–plastic analyses.

Table 3 gives the wall displacement predicted by the proposed simplified method
in terms of the maximum applied acceleration. Predictions are given for both (a) the
bedrock record and (b) the acceleration history computed by the equivalent linear
dynamic analyses at a depth of 5.3 m. Predictions using Eq. 10 are also given. Fig-
ure 12a gives the final deformation of the wall-backfill system as computed with the

Table 3 Wall displacement (uW) computed by the elasto–plastic dynamic Finite Element Method
(FEM) and predicted by the simplified proposed model when (a) the bedrock acceleration history is
applied and (b) the acceleration history computed by the linear dynamic analyses at a depth of 5.3 m
is applied

am−bedrock uW−FEM uW predicted by the simplified (uW−predicted)/uW−FEM
(g) (cm) models (cm)

The bedrock
acceleration
history is
applied

The acceleration
history computed
by the linear dy-
namic analyses is
applied

The bedrock
acceleration
history is
applied

The acceleration
history computed
by the linear dy-
namic analyses is
applied

(a) I (b) II (c) I (d) II (e) (b)/(a) (c)/(a) (d)/(a) (e)/(a)
0.11 15 2.0 2.5 15 27 0.13 0.17 1.00 1.77
0.28 33 10 14 36 73 0.30 0.33 1.09 2.22
0.33 38 13 19 41 86 0.34 0.39 1.08 2.27
0.39 45 16 25 48 101 0.36 0.44 1.07 2.25
0.56 63 26 44 69 147 0.41 0.56 1.10 2.33

Input motions of different magnitude are applied in the underlying rock. The estimated wall displace-
ment by Eq. 10 is also given

I Predicted by the proposed model

II Predicted by Eq. 10
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proposed simplified model for the case of am−bedrock = 0.56 g using the acceleration
deduced by the linear dynamic analyses.

From Table 3 it can be observed that the values of seismic wall displacement pre-
dicted with the proposed simplified method compare well with the values computed
by the dynamic elasto–plastic method. The wall displacement estimated by the pro-
posed simplified model using the acceleration deduced by the linear dynamic analyses,
divided by the wall displacement computed by the elasto–plastic dynamic method, for
all five cases, varies between 1.00 and 1.10. In addition, from Table 3, it can be observed
that the predictions by the proposed model are closer to the wall displacement com-
puted in the elasto–plastic dynamic method than the predictions by Eq. 10, especially
when the wall displacement is large. This is presumably because changes in the geom-
etry of the retained soil as the wall moves outwards are not considered by Eq. 10.

For further qualitative validation, the deformation of the backfill computed by the
elasto–plastic dynamic method is compared with the deformation mechanism esti-
mated by the two-body simplified model. In particular, the horizontal displacement
of the backfill is compared because in the elasto–plastic method earthquake-induced
permanent deformation occurs as a result of both (1) shear strain and (2) volumetric
strain, while the two-body simplified model simulates only the effect (1). Settlement
is affected by both (1) and (2), while horizontal displacement is affected primarily by
(1) only.

For the case of am−bedrock = 0.56 g, Fig. 11b gives the final distribution of the hor-
izontal displacement that is computed by the elasto–plastic dynamic method. In this
figure, the vectors (not scaled in favour of clarity) indicate the horizontal displacement
of the nodes of the grid. The size and shading of the arrows also indicates the ampli-
tude of horizontal displacements. It can be observed that the horizontal deformation
of the backfill decreases as (a) the horizontal distance from the wall increases and (b)
the depth increases. The horizontal displacement is larger than (1) 70% and (2) 25%
of its peak value inside soil wedges behind the wall with inclinations of about 45 and
30◦, respectively.

On the other hand, as shown in Fig. 13, the two-body simplified method predicts
that the horizontal deformation of the backfill decreases as (a) the horizontal distance

0
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–10 –5 0 5 10

Final

Initial

Fig. 13 The final deformation predicted by the proposed simplified method for the problem consid-
ered in the FEM elasto–plastic dynamic analyses by Modaressi and Lopez-Coballero for the case of
am−bedrock = 0.56 g
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from the wall increases and (b) the depth increases. The horizontal displacement
takes its peak value inside a soil wedge behind the wall with inclination of 54◦ and is
zero outside a soil wedge behind the wall with inclination about of 50◦. The gradual
decrease of horizontal displacement with horizontal distance predicted by the two-
body simplified model is a result of the incremental procedure used, where as the wall
moves outwards, the cross-sectional area of the backfill that deforms changes.

It is inferred that the distribution of horizontal displacement of the two-body sim-
plified model agrees qualitatively with that computed by the elasto–plastic dynamic
method. Quantitavely, the deviation in the magnitude of the horizontal displacement
at given horizontal distance from the wall can be interpreted by the fact that shear
deformation at the elasto–plastic dynamic method develops as a result of both (1)
shear strains without soil failure and (2) shear strains caused by momentary soil fail-
ure, while at the 2-block simplified method shear deformation develops as a result of
only momentary soil failure.

Conclusions

Gravity walls retaining soil above the water table are modeled as a system of two
bodies: (a) the gravity wall that slides along the wall-foundation soil boundary and
(b) the critical wedge in the soil behind the wall. The strength of the system is defined
by both the frictional and the cohesional components of resistance. The angle of the
prism of the critical soil wedge behind the wall is obtained using the limit equilibrium
method under earthquake loading. The model accounts for changes in the geome-
try of the backfill soil behind the wall considering displacements at each time step
under limit equilibrium. Parametric analyses using the new method illustrated that
the standard (single) block model is over-conservative for the extreme case of critical-
to-applied-seismic acceleration ratios less than about 0.30, but works well for cases
where this ratio ranges between 0.5 and 0.8. The method was applied successfully to
predict the permanent wall displacement (a) measured in dynamic shaking-table tests
and (b) computed by elasto–plastic dynamic analyses.
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