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Abstract In the last years, autonomous aerial vehicles
have become promising mobile robotic platforms capable
of manipulating external objects. In particular, quadrotors,
rotorcrafts with four propellers, have been used for aerial
transportation of cable-suspended loads. A critical step
before transporting a payload is the lift maneuver. However,
the analysis and planning of this maneuver have received
a little attention in the literature so far. In this work, we
decompose the cable-suspended load lifting into three sim-
pler discrete states or modes: Setup, Pull, and Raise. Each
of these states represents the dynamics of the quadrotor-load
system at particular regimes during the maneuver. Further-
more, we define a hybrid system based on these states and
show that it is a differentially-flat hybrid system. Exploit-
ing this property, we generate a trajectory by using a series
of waypoints associated with each mode. We design a non-
linear hybrid controller to track this trajectory and therefore
execute the lift maneuver. We verify the proposed approach
by carrying out experiments on an actual quadrotor with a
cable-suspended load.

Keywords Aerial transportation · Lift maneuver · Hybrid
systems · Differential flatness · Trajectory generation

Electronic supplementary material The online version of this
article (doi:10.1007/s10514-017-9632-2) contains supplementary
material, which is available to authorized users.

B Patricio J. Cruz
pcruzec@unm.edu; patricio.cruz@epn.edu.ec

Rafael Fierro
rfierro@unm.edu

1 Department of Electrical and Computer Engineering,
University of New Mexico, Albuquerque, NM 87131, USA

2 Present Address: Departamento de Automatización y Control
Industrial, Escuela Politécnica Nacional, Quito, Ecuador

1 Introduction

In the last decade, thefield of aerial robotics has experienced a
fast-growing especially for the case of multi-rotor unmanned
aerial vehicles (UAVs). High-performance micro-scale pro-
cessors and high-efficiency sensors have helped to increase
the commercial scope of these flying robots. Possibly the
most common multi-rotor aerial platform nowadays is the
quadrotor. This simple machine which consists of four indi-
vidual rotors attached to a rigid cross frame has better 3-D
mobility than fixed-wing UAVs. Its ability for vertical take-
off and landing, for hovering while changing its heading,
and for flying ahead or laterally with the possibility of vary-
ing its height have opened a wide spectrum of applications
ranging from persistent surveillance (Wallar et al. 2015) to
interactionwith external objects (Orsag et al. 2014).Amongst
such applications, aerial load transportation has attracted
the attention of several research groups worldwide. Indeed,
the quadrotor has become a standard platform for aerial
manipulation research thanks to its payload capacity, flight
endurance, and low-cost experimentation. Two approaches
have beenmainly used for transporting the load. The first one
consists on equipping the quadrotor with grippers (Ghadiok
et al. 2011; Spica et al. 2012; Thomas et al. 2014; Augugliaro
et al. 2014), so the load is carried closer to its center of gravity
slowing down the response of the vehicle. The second is to
connect the payload to the quadrotor by a cable (Beloti Pizetta
et al. 2015; Palunko et al. 2012; Faust et al. 2014; Tang and
Kumar 2015; Sreenath et al. 2013; Goodarzi and Lee 2015)
which preserves its agility, but the cargo swing can affect the
flying characteristics of the aerial robot.

This work falls into the problem of transporting cable-
suspended loads. InBeloti Pizetta et al. (2015), themovement
of the system (quadrotor plus suspended load) is restricted to
the X Z plane and a controller based on feedback lineariza-
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tion guides the quadrotor to follow a series of waypoints
or a predefined trajectory. Trajectory generation under the
assumption of minimal load swing at the end of a transport
motion is addressed for example by Palunko et al. (2012).
Dynamic programming and a discrete linearizedmodel of the
quadrotor-load system are used to compute an optimal tra-
jectory to be executed by the aerial robot. A similar approach
is presented in Faust et al. (2014), but a reinforcement learn-
ing technique is adopted to generate a swing-free optimal
trajectory in a known obstacle-filled environment. The def-
inition and analysis of the hybrid model for the quadrotor
plus suspended-load system are introduced for instance by
Sreenath et al. (2013) to deal with the case when the tension
on the cable goes to zero. In this work, a geometric controller
is designed such that local stability properties are achieved.
A similar scenario is considered by Tang and Kumar (2015)
where a hybrid model is adopted for the quadrotor carrying a
cable-suspended load and the trajectory generation problem
is formulated as amixed integer quadratic program. The gen-
eral assumption of a massless cable is relaxed in Goodarzi
and Lee (2015) where the cable connecting the load with the
aerial robot is modeled as serially-connected links. Goodarzi
and Lee (2015) use geometric control to stabilize the vehicle
such that the links are aligned in their vertical position below
the quadrotor.

A common assumption when solving the problem of
transporting a cable-suspended load using a quadrotor is
that the system is always in the air, so the lift of the load
from the ground is not generally considered. However, aerial
cargo lifting is a fast and efficient way to move materials
to locations beyond the practical reach of perimeter cranes.
Furthermore, this maneuver is critical before transporting
the payload. For example for cargo lifting using helicopters,
the vehicle has to be over the load before the helicopter
starts to lift according to safety regulations for this type of
operations (Construction Safety Association 2000; UK Civil
Aviation Authority 2006). To the best of our knowledge,
modeling the problem of lifting a cable-suspended load by a
quadrotor UAV as a hybrid system has not been discussed in
the literature yet. The quadrotor plus cable-suspended load
system experiences switching dynamics during the lifting.
This switching behavior arises when for instance the cable
goes instantaneously from being slack to being taut, i.e., the
cable tension jumps from zero to a non-zero value, while
the quadrotor is climbing. In addition, the system experi-
ences another state jump when the load is not in contact with
the ground anymore. Indeed, this second switching condi-
tion has not been considered in the hybrid model introduced
in the literature for the cable-suspended aerial transportation
system (Tang and Kumar 2015; Sreenath et al. 2013). Due
to these transitions, the lift maneuver can be broken down
into a collection of simpler discrete states or modes with dif-
ferent dynamics for each one. This decomposition simplifies

the planning and control of the overall system. This approach
has been successfully applied to perform backflip maneuvers
for quadrotors (Gillula et al. 2011) and motion planning of
small-scale helicopters (Frazzoli et al. 2005).

In our previous work (Palunko et al. 2012; Faust et al.
2014), we focused on generating a trajectory that reduced the
cable-suspended load oscillation while it was transported by
thequadrotor.Wemovea step further in this paper by address-
ing the problem of lifting the load from the ground until it
arrives at the initial position of the swing-free trajectory. We
decompose the lift maneuver intomodes that characterize the
dynamics of thequadrotor-load systemat particular operation
regimes. Furthermore, we define a hybrid system based on
thesemodes and show that this hybridmodel is differentially-
flat according to the definition given bySreenath et al. (2013).
This property facilitates the generation of trajectories since
a smooth trajectory with reasonably bounded derivatives can
be followed by a differentially-flat system (van Nieuwstadt
et al. 1994). Therefore, we generate a minimum jerk trajec-
tory using a series of waypoints associated with the modes
of the lift maneuver. Then we design a nonlinear controller
that enables the tracking of the generated trajectory.

This paper combines and extends our recent work (Cruz
et al. 2015; Cruz and Fierro 2014) where we analyzed the
lift maneuver decomposing it into simpler hybrid modes.
As compared to these works, this paper presents the exper-
imental evaluation of the proposed approach by using a
commercially-available micro-scale quadrotor UAV to lift a
cable-suspended load from the ground. We have also modi-
fied our proposed nonlinear controller (Cruz et al. 2015; Cruz
and Fierro 2014) in order to take into account the attitude
control loop already provided on the quadrotor.

The rest of this paper is organized as follows. In Sect. 2,
we introduce the dynamic models of a quadrotor and of
quadrotor carrying a cable-suspended load. The lifting prob-
lem addressed in this work is stated in Sect. 3. In addition,
we describe in this section the modes into which we decom-
pose the lift maneuver. Using these simpler modes, we define
a hybrid model in Sect. 4 where we also demonstrate that
it is a differentially-flat hybrid system. This property facil-
itates the generation of dynamical feasible trajectories for
the full system states. We explain our trajectory generation
method in Sect. 5. In Sect. 6, we design a cascade controller
for trajectory tracking purposes. The system setup and the
experimental results are discussed in Sect. 7. Finally, Sect. 8
gives our concluding remarks.

2 Preliminaries

We consider a scenario where a quadrotor has a point-mass
load attached by a massless and unstreatchable cable. We
assume the cable is attached to the center of mass (CoM) of
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Fig. 1 A quadrotor with an attached cable-suspended load which is
lying on the ground. {W} and {B} are the inertial and body-fixed coor-
dinate frames, respectively

the quadrotor and the load mass is less than the maximum
payload of the quadrotor. Also, we consider that the air drag
is negligible.

Figure 1 shows the system together with the inertial coor-
dinate frame {W}, and the body-fixed frame {B}. The origin
of {B} coincides with the CoM of the quadrotor. Based on
Fig. 1, we introduce first the following definitions

{xW, yW, zW} unit vectors along the axes of {W},
{xB, yB, zB} unit vectors along the axes of {B} with

respect to {W},
mq ∈ R>0 mass of the quadrotor,
J ∈ R

3×3 inertia matrix of the quadrotor with respect
to {W},

rq , vq ∈ R
3 position and velocity of the quadrotor with

respect to {W}, rq = [xq yq zq ]T and
vq = [ẋq ẏq żq ]T ,

R ∈ SO(3) rotation matrix from {B} to {W},
� ∈ R

3 angular velocity of the quadrotor in {B},
F ∈ R≥0 total thrust produced by the quadrotor,
M ∈ R

3 moment produced by the quadrotor,
ml ∈ R>0 mass of the load,
rl , vl ∈ R

3 position and velocity of the load with
respect to {W}, rl = [xl yl zl ]T and vl =
[ẋl ẏl żl ]T ,

� ∈ R>0 length of the cable,
T ∈ R≥0 tension on the cable.

Now, let {u1,u2,u3} be the three coordinate axis unit vec-
tors without a frame of reference, i.e., u1 = [1 0 0]T ,
u2 = [0 1 0]T and u3 = [0 0 1]T , then algebraically
xW = u1, yW = u2, and zW = u3 in {W}. This implies
by construction that

xB = RxW, yB = RyW, and zB = RzW. (1)

One of the transitions that the quadrotor-load system expe-
riences during the lift maneuver is the jump of the cable
tension T from zero to a nonzero value. This happens when
the cable goes instantaneously from being slack to being taut.
This transition is known as cable collision (Bisgaard et al.
2009) and because of it, we need to consider the models of
the quadrotor without and with a cable-suspended load.

2.1 Quadrotor dynamics

The equations of motion of a quadrotor without carrying
any load are the ones defined when just the aerial vehicle is
under consideration. Applying the Newton–Euler approach,
the dynamics can be written as

ṙq = vq ,

mq v̇q = −mqgzW + FzB,

Ṙ = R�̂,

J�̇ = −� × J� + M,

(2)

where g is the constant gravitational acceleration, and the hat
map ·̂ : R3 → SO(3) denotes the skew-symme- tric matrix
defined by the condition that �̂b = �×b for the vector cross
product of � and any vector b ∈ R

3 (Mahony et al. 2012).

2.2 Quadrotor-suspended-load dynamics

When the quadrotor is carrying a cable-suspended load,
the cable tension is nonzero. Then, the dynamics of the
quadrotor-load system can be easily written down using the
tension in the cable

ṙq = vq ,

mq v̇q = −mqgzW + FzB − Tμ,

Ṙ = R�̂,

J�̇ = −� × J� + M,

ṙl = vl ,

ml v̇l = −mlgzW + Tμ.

(3)

Here, μ is the unit vector from the load to the quadrotor. For
this system, the quadrotor and load positions are related by

rq = rl + �μ. (4)

3 Lift maneuver

In this section, we first formulate the problem of lifting
a cable-suspended load by a quadrotor UAV and then we
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decompose the lift maneuver into three modes: Setup, Pull
and Raisewhich represent the dynamics of the whole system
in specific regimes during the maneuver.

3.1 Problem statement

Starting with the quadrotor hovering at a given altitude not
necessarily right on top of the load, see Fig. 1, the goal is
to lift the load until it reaches a predefined height denoted
as h. Since the quadrotor has attached the cable-suspended
load since the beginning, the relative quadrotor-load distance
cannot be more than a cable-length apart. Under these con-
ditions, we formulate the lifting problem.

Problem 1 Having a cable-suspended load lying on the

ground at the initial position rl0 = [
xl0 yl0 zl0

]T
which

is attached to a quadrotor UAV hovering at the position

rq0 = [
xq0 yq0 zq0

]T
such that

‖rq0 − rl0‖ < �, (5)

the quadrotor has to lift the load until it reaches the final
position

rl f = rl0 + hzW. (6)

Remark 1 According to (5), the quadrotor does not start
right on top of the cable-suspended load with the cable
tensioned. However, the aerial robot has to reach and stop
at this position before proceeding to lift the load accord-
ing to safety guidelines for aerial transportation of external
payloads (Construction Safety Association 2000; UK Civil
Aviation Authority 2006). In fact, the quadrotor can exert the
highest lift force when it is right over the load with the cable
fully extended. We denote this position as rpull and it is given
by

rpull = rl0 + �zW. (7)

3.2 Lift maneuver modes

The modes of the lift maneuver are sketched in Fig. 2.
These modes are Setup, Pull and Raise. We break down
the lift maneuver into these simpler modes to characterize
the dynamics of the system in specific regimes during the
maneuver. This decomposition is due to the jump from zero
to nonzero cable tension and because of the load transition
from being in contact with the ground to be in the air. The
Setup and Pull are modes where the quadrotor gets ready to
lift the load, while the Raise mode is where the payload is
finally lifted to the final position rl f .

Fig. 2 The lift maneuver: a Setup, b Pull, and c Raise. The initial state
of the system is illustrated in a

3.2.1 Setup

From condition (5), the quadrotor starts at an initial position
where the cable is not fully extended. Therefore, the cable
tension is equal to zero, see Fig. 2a. Due to this condition,
the quadrotor and the attached payload can be considered as
separate systems. Thus, the dynamics of the aerial vehicle
are the ones given in (2), while the load is at rest. Then, the
equations of motion for the quadrotor at this mode can be
written as

⎡

⎢⎢
⎣

ṙq
v̇q
Ṙ
�̇

⎤

⎥⎥
⎦ =

⎡

⎢⎢⎢
⎣

vq
−gzW + F

mq
RzW

R�̂

J−1 (−� × J� + M)

⎤

⎥⎥⎥
⎦

. (8)

Since the load is at rest, vl = 0.
The system jumps to the next mode, Pull, when the

quadrotor and the load are exactly a cable-length apart, i.e.,
when the cable is fully extended. We can express this condi-
tion as

‖rq − rl‖ = �. (9)

For the experimental verification, this condition is assumed
as ‖rq − rl‖ ≥ � to account errors in the state measurement.
When condition (9) holds, the cable jumps from being slack
to be taut. This jump, known as cable collision, makes that
the positions of the aerial vehicle and the load remain the
same, but their change in velocity can be modeled as a per-
fectly inelastic collision (Bisgaard et al. 2009). For the next
derivations, we follow closely the work made by Bisgaard
et al. (2009). Any collision, elastic or inelastic, can be mod-
eled using the conservation of momentum. Thus, the relation
between translational velocity before and after the impact
can be described by

+vq = −vq + δ

mq
μ, and (10)

+vl = −vl − δ

ml
μ, (11)
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where δ is the impulse of the collision. Here, the pre-
superscript− (+) denotes the situation just before (after) the
collision. The relative velocity of the two attachment points
on the cable (one in the quadrotor and the other in the load)
characterizes an impact by

−ke
(−vq − −vl

) · μ = (+vq − +vl
) · μ, (12)

where ke ∈ [0, 1] is the elasticity constant such that ke = 0
describes a perfect inelastic collision and ke = 1 describes a
perfect elastic collision. The cable collision is modeled as a
perfect inelastic collision in order to ensure that +vq −+vl =
0. Replacing (10) and (11) into (12), the impulse δ can be
isolated. Since the load is at rest before the perfect inelastic
collision, we get

δ = −mqml

−vq · μ

mq + ml
. (13)

By using (13), one can determine the impulse from the cable
collision and then applying (10) and (11), it is possible to
compute the states after the transition.

3.2.2 Pull

The cable is fully extended at this mode, so T �= 0. Even
though the cable tension T is not zero anymore, it may not be
enough to lift the payload. Therefore, the quadrotor’s equa-
tions of motion are given by

⎡

⎢⎢
⎣

ṙq
v̇q
Ṙ
�̇

⎤

⎥⎥
⎦ =

⎡

⎢⎢⎢
⎣

vq
−gzW + F

mq
RzW − T

mq
μ

R�̂

J−1 (−� × J� + M)

⎤

⎥⎥⎥
⎦

, (14)

but its movement is constrained to the sphere with center rl
and radius �.1 This constrain is captured by (9). The load is
still at rest, so vl = 0 also at this mode.

From the second component in (14), one can find the cable
tension during this mode getting

T = ‖FRzW − mqgzW − mq v̇q‖. (15)

Thus, the total thrust F has to be increased in order to incre-
ment the tension on the cable and then lift the load. Once T
is slightly over the load weight mlg, there is enough tension
that the cable-suspended load starts being lifted. Therefore,
we define the condition

1 If the aerial vehicle cannot move under the level of the ground where
the load is laying, then its movement is constrained to the upper half of
the sphere.

T > mlg (16)

as an indication to jump to the Raise mode. On the other
hand, the transition from Pull back to Setup occurs when the
cable tension becomes zero, i.e., when the cable returns to
be slack. This condition can be expressed as

T = 0. (17)

However, we use this condition is modified to T < ε with ε

small and positive for the experimental implementation.
At this mode, a particular case is to position the quadro-

tor right on top of the load with the forces acting on the
quadrotor-load system perfectly balance. Thus, the whole
system is motionless. Because the system is at equilibrium
at this particular case, (15) can be reduced to

T = ‖FRzW − mqgzW‖ (18)

3.2.3 Raise

At this stage, the load is in the air with the quadrotor over
it with the cable completely taut (Fig. 2c). Thus, the equa-
tions of motion are given by the quadrotor-suspended-load
dynamics given in (3) from where we get that

⎡

⎢
⎢⎢⎢⎢⎢
⎣

ṙq
v̇q
Ṙ
�̇

ṙl
v̇l

⎤

⎥
⎥⎥⎥⎥⎥
⎦

=

⎡

⎢⎢
⎢⎢⎢⎢⎢
⎣

vq
−gzW + F

mq
RzW − T

mq
μ

R�̂

J−1 (−� × J� + M)

vl
−gzW + T

ml
μ

⎤

⎥⎥
⎥⎥⎥⎥⎥
⎦

. (19)

From the last component of (19), it is possible to find the
cable tension during this mode obtaining

T = ‖ml v̇l + mlgzW‖. (20)

The cable is fully extended in this mode, so the quadrotor and
load positions are related by (4). In addition, the system goes
back to the Pullmode when the load is again over the ground
with the cable fully taut. We can capture this condition as

‖rq − rl‖ = � and vl = 0. (21)

Remark 2 Taking into account Remark 1 and Eqs. (18)
and (20), the quadrotor has to be positioned on top of the
cable-suspended load maintaining a non-zero cable tension
greater than the payload weight in order to perform the lift-
ing.
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Fig. 3 The lift maneuver represented as a hybrid system. The defini-
tions of its discrete and continuous states, vector fields, domains, edges,
guards, and reset maps are given in Sect. 4

4 Differentially-flat hybrid system

Based on the decomposition of the lift maneuver presented
in Sect. 3, we define a hybrid system (see Fig. 3). Following
the hybrid automaton representation (Lygeros et al. 2012),
we define the hybrid model as the tuple

H = (Q,X,U, f,Dom,E,G,R, Init),

where

– Q = {Setup, Pull, Raise} is the set of discrete states or
modes,

– X = SO(3) ×R
15 is the set of continuous states with the

state x ∈ X defined as x = {
rq , vq ,R,�, rl , vl

}
,

– U = R
4 is the set of input variables and we define u =

[F M]T ∈ U as the control input of the system,
– f(Setup, x,u) given by (8), f(Pull, x,u) is given by (14),

and f(Raise, x,u) given by (19) are the vector fields,
– Dom (Setup) = {

x ∈ X | vl = 0 and ‖rq − rl‖ < �
} ×

U, Dom (Pull) = {
x ∈ X | vl = 0 and ‖rq − rl‖ = �

}

×U, and Dom (Raise) = {
x ∈ X | ‖rq − rl‖ = �

} × U
are the domains,

– E = {(Setup, Pull), (Pull, Setup), (Pull, Raise),
(Raise,Pull)} is the set of edges,

– G(Setup, Pull) = {
x ∈ X,u ∈ U | ‖rq − rl‖ = �

}
,

G(Pull, Setup) = {x ∈ X,u ∈ U | T = 0},
G(Pull, Raise) = {x ∈ X,u ∈ U | T > mlg}, and
G(Raise, Pull) = {

x ∈ X,u ∈ U | ‖rq − rl‖ = � and
vl = 0} are the guard conditions,

– the reset map R(Setup, Pull) is given by (10) and (11)
where δ can be found using (13), while we assume that
R(Pull, Setup), R(Pull, Raise), and
R(Raise, Pull) are the identity map, and

– the set of initial states is Init = {Setup} × {x ∈ X |
vl = 0 and ‖rq0 − rl0‖ < �

}
.

Notice that the hybrid system H has a non-identity reset
map only for the transition from Setup to Pull. Also,
G(Pull, Setup) and G(Pull, Raise) are not state-based guard

conditions. They depend on the tension value which can be
found by (18) for the Pull mode. This hybrid model is an
improved version of the one that we introduced in Cruz et al.
(2015) for the planar case of the lifting problem. For exam-
ple, both edges (Pull, Setup) and (Raise, Pull) as well as their
guards and reset maps has been added in this paper.2

Next, we introduce the definition of differential flatness
for the case of a hybrid system. Then, we demonstrate that
indeed H is a differentially-flat hybrid system.

Definition 1 (Differentially-flat hybrid system) (Sreenath
et al. 2013) In general, a system is differen-tially-flat if its
state and inputs canbewritten as functions of the selected out-
puts and their derivatives. In the case of a hybrid system, each
discrete mode has to be differentially-flat with the guards
being functions of the flat outputs and their derivatives, and
the flat outputs of one mode arise as smooth functions of the
flat outputs of the previous mode through the transition or
reset map between both modes.

Lemma 1 The hybrid systemH is a differentially-flat hybrid
system.

Proof First, we show that each discrete mode, Setup, Pull,
and Raise, are differentially flat. For the Setup mode, we
select Ysetup = {rq , ψ} as the set of flat outputs where ψ is
the yaw angle of the quadrotor. Notice that the state of the
load is always equal to zero in this mode since the load is
at rest, so vl = 0. Thus, it suffices to show that Ysetup is a
set of flat outputs for the quadrotor. Indeed, this has been
already proved by Mellinger and Kumar (2011). Therefore,
the Setup mode is differentially flat. For the Pull mode, we
choose Ypull = {rq , ψ} as the set of flat outputs. The load is
also motionless at this mode. Thus, based on the same reason
as for the previousmode, the Setupmode is also differentially
flat. For the Raise mode, we choose Yraise = {rl , ψ}. The
position and velocity of the load can be obtained from Yraise
and Ẏraise. For the quadrotor, we need to show that Yraise is a
set for flat outputs. This has been already proved by Sreenath
et al. (2013), so the Raise mode is also differentially flat

We have shown so far that the discrete modes of H
are differentially-flat. Now, we check the guard conditions.
Since G(Setup, Pull) and G(Raise, Pull) are state-based,
both guards are clearly functions of their respectively flat
outputs, Ysetup and Yraise, and their corresponding deriva-
tives. The other two guard conditions, G(Pull, Setup) and
G(Pull, Raise), are for the Pull mode and they depend on
the cable tension. Indeed, the tension on the cable for this
mode can be found applying (18) which depends on R and

2 As compared with hybrid models for a quadrotor carrying a cable-
suspended-load found in the literature (Sreenath et al. 2013; Tang and
Kumar 2015). Our hybrid automaton considers also the transition from
having the load on the ground to having it on the air and not only the
jump from zero tension to nonzero tension.
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F . As we already showed, these two quantities can be written
as functions of the set of flat outputs Ypull and their deriva-
tives. Hence, the cable tension can be fully determined by
knowing Ypull. As a result, the guards G(Pull, Setup) and
G(Pull, Raise) are functions of the set of flat outputs Ypull
and their high-order derivatives.

Finally, the map Ypull to Yraise and vice versa are the iden-
tity since R(Pull, Raise), and R(Raise, Pull) are the identity
reset map. Similarly, we have for Ypull to Ysetup. For Setup to
Pull, the reset map given by (10) and (11) where δ can be
found using (13) help to do the transition from Ysetup to Ypull.

Consequently, we know for H that its discrete modes are
differentially-flat, its guards are functions of the selected flat
outputs for each mode and their corresponding derivatives,
and the selected flat output for every mode arises from the
flat output of the previous mode according to the reset maps.
Hence byDefinition 1,H is a differentially-flat hybrid system.

��

5 Trajectory generation

Building on the results of Sect. 4, we consider a trajectory in
the space of flat outputs such as

Y(t) : [0, t f ] → R
3 × SO(2),

where

Y(t) = [
xq(t) yq(t) zq(t) ψ(t)

]T
.

Since a change in the yaw angle does not have any effect
on the lift maneuver, we assume that ψ(t) = 0◦ all
the time. Thus, we need to create a trajectory to perform
the lift maneuver just for the quadrotor position rq(t) =
[xq(t) yq(t) zq(t)]T . Furthermore, minimizing the third or
the fourth derivative of the position ensures a smooth trajec-
tory for the quadrotor (Hehn and D’Andrea 2011; Mellinger
and Kumar 2011). The third and fourth derivatives of the
position are known as jerk and snap, respectively. The min-
imization of the snap is generally used for tracking fast
trajectories employing a geometric controller. Since it is not
the case for our application, we employed the jerk as in Hehn
and D’Andrea (2011). Next, we present our method to gen-
erate an optimal minimum jerk trajectory.

Relatedwith each discrete state of the hybrid system, there
are reference positions for the quadrotor that can be used
to generate a trajectory to execute the lift maneuver. These
waypoints are:

1. associated with the Setup mode, the initial position rq0
which satisfies condition (5),

Fig. 4 Overview of the trajectory required to execute the lift maneuver

2. with thePullmode, the position rpull where the quadrotor
can exert the highest lift force and it is given by (7), and

3. with the Raisemode, the final position rq f which relates
the desired final position of the loadwith the final position
of the quadrotor and it is

rq f = rl f + �zW. (22)

We consider the second waypoint rpull as a viapoint
between rq0 and rq f , i.e., a point prior to reach the final
quadrotor position. Thus, we generate a trajectory that starts
at rq0 , passes through rpull, and ends at rq f (see Fig. 4). We
assume that the aerial vehicle stops at the viapoint rpull and
ends at rest at the final goal point rq f . Therefore, we have
two segments in our trajectory: from rq0 to rpull and from
rpull to rq f , where the quadrotor starts and ends at rest for
both cases. Since the generation of the trajectory is identical
for both segments and for all the three coordinates, we take
as an example the case for xq , the x-axis component of rq .
Let s be the state defined as

s = [
s1 s2 s3

]T = [
xq ẋq ẍq

]T
,

then we define the dynamics of s as

ṡ = [
s2 s3 u

]
, (23)

with the initial condition s(0) = [x0 0 0]T . Notice that
...
x q = ṡ3 = u is the jerk. We want to minimize with respect
to u the following cost function

J =
∫ t f

0
u2dt, (24)
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having as final state constraint s(t f ) = [
x f 0 0

]T
. Here, t f

and x f are the desired final time and position, respectively.
This constraint has to be satisfied without error, so it is a hard
constraint (Stengel 1994; Lewis et al. 2012).

We follow the methodology explained in Lewis et al.
(2012) in order to find the solution of our continuous-time
optimization problem. The Hamiltonian H for our case is

H = u2 + λ1s2 + λ2s3 + λ3u, (25)

where λ1, λ2, λ3, are the adjoint variables which form the
adjoint vector λ = [λ1 λ2 λ3]T . The optimal value of u
(denoted as u∗) can be found by solving

ṡ = ∂H

∂λ
= [

s2 s3 u
]T

,

λ̇ = −∂H

∂s
= [

0 −λ1 −λ2
]T

,

0 = ∂H

∂u
= 2u + λ3

(26)

The last equation in (26) indicates that u∗ = −λ3
2 , so we

need to find λ3 to determine its optimal value. Replacing u∗
into the first equation of (26) yields the state and the adjoint
equations

ṡ = [
s2 s3 − λ3

2

]T
, and (27)

λ̇ = [
0 −λ1 −λ2

]T
, (28)

respectively,whichhave the initial condition s(0) = [x0 0 0]T

and the final constraint s(t f ) = [
x f 0 0

]T
.We can solve (28)

assuming that we knew the final condition for the adjoint
vector λ(t f ) = [λ1 f λ2 f λ3 f ]T . Using this solution and
replacing it in (27), we can find the state trajectories which
yields

s1 = xq = −λ1 f

240
t5 + λ1 f t f + λ2 f

48
t4 − k

24
t3 + x0,

s2 = ẋq = −λ1 f

48
t4 + λ1 f t f + λ2 f

12
t3 − k

8
t2,

s3 = ẍq = −λ1 f

12
t3 + λ1 f t f + λ2 f

4
t2 − k

4
t, (29)

where k = λ1 f t
2
f + 2λ2 f t f + 2λ3 f and the final conditions

for the adjoint variables λ1 f , λ2 f and λ3 f are given by

⎡

⎣
λ1 f

λ2 f

λ3 f

⎤

⎦ =

⎡

⎢⎢
⎣

− t2f
40 − t f

16 − 1
12

− t2f
16 − t f

6 − 1
4

− t2f
12 − t f

4 − 1
2

⎤

⎥⎥
⎦

−1 ⎡

⎢
⎣

x f −x0
t3f
0
0

⎤

⎥
⎦ . (30)

By applying (29) for each coordinate and for each path
segment, we generate the minimum jerk reference trajectory

Fig. 5 Block diagram of the cascade control loops: inner attitude con-
trol and outer position control

rrefq whose first and second derivatives are denoted as vrefq and
arefq , respectively. Tracking this trajectory, we can execute the
lift maneuver. In the next section, we design the controller to
accomplish this goal.

6 Control design

The quadrotor UAV that we use for experimental valida-
tion (Sect. 7) is the “AscTec Hummingbird” (Ascending
Technologies 2015). This aerial vehicle is equipped with
linear acceleration sensors, gyroscopes measuring the angu-
lar velocities, a triple-axial compass module, motor drivers,
and a flight control unit (FCU), the “AscTec Autopilot”
(AscendingTechnologies 2010). This FCU reads sensor data,
computes angular velocities and angles in all axes (roll, pitch
and yaw), and runs an attitude controller at a rate of 1kHz
sending the desired speed for each motor to the respective
driver. Furthermore, the FCU is designed to received atti-
tude (roll and pitch angles), yaw-rate, and thrust commands
through a wireless serial link which enables the autonomous
control of the quadrotor. In fact, this attitude controller has
been extensively tested in a variety of applications (Ascend-
ing Technologies 2010; Gurdan et al. 2007; Achtelik et al.
2011).

We use a cascade control structure that is shown in Fig. 5.
As inner loop, the attitude controller provided in the FCU
is employed whereas that the outer loop is the position con-
troller. The input commands for the inner loop are desired roll
φ and pitch θ angles, desired yaw rate ψ̇ , and desired thrust
F . We denote this control input as ϒ = [φ θ ψ̇ F]T . The
output of the attitude controller are the commanded rotational
velocities of the four rotors denoted asω = [ω1 ω2 ω3 ω4]T
in Fig. 5. This attitude control loop delivered with the FCU
is a black box for the user, so it is not focus of this paper.
Please refer to (Ascending Technologies 2010; Gurdan et al.
2007) for a complete discussion about this controller.

For the position control loop, we implement it by applying
nonlinear dynamic inversion (Isidori 1995;Wang et al. 2011).
Having an adequate knowledge of the plant dynamics, this
method transforms the nonlinear system into a linear system
without any simplification through suitable control inputs.As
a result, standard linear controllers can be then applied. This
also aligns well with the differential flatness property shown
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in Lemma 1. We can perform linear control strategies, like
a PD controller, by choosing pseudo control commands in
the space of the flat outputs and their derivatives, and finally
turning those into desired input commands (Achtelik et al.
2011).

Based on the vector fields defined for each state of the
hybrid system H (Sect. 4), the translation dynamics of the
quadrotor can be expressed as

aq = 1

mq
FRu3 − gu3 − 1

mq
Tμ, (31)

where aq is the acceleration of the quadrotor, i.e., aq = v̇q =
r̈q , and

T =
⎧
⎨

⎩

0 for the Setup mode,
‖FRzW − mqgzW‖ for the Pull mode,
‖ml v̇l + mlgzW‖ for the Raise mode.

(32)

In (31), the attitude angles φ, θ , and ψ are encoded in R
which is the rotation matrix from the body-fixed frame {B}
and the inertial frame {W}. The rotation sequence Z − X −Y
is generally used to model this rotation (Mahony et al. 2012;
Mellinger and Kumar 2011), so the rotation matrix is given
by

R =
⎛

⎝
cψcθ − sφsψsθ −cφsψ cψsθ + cθsφsψ
cθsψ + cψsφsθ cφcψ sψsθ − cψcθsφ

−cφsθ sφ cφcθ

⎞

⎠ ,

(33)

where c and s are shorthand forms for cosine and sine, respec-
tively. As we indicated in Sect. 5, a change in the yaw angle
ψ does not have any effect on lifting the load since it is
attached at the CoG of the quadrotor. Therefore, we assume
that this angle is kept all the time equal to zero, i.e., ψ = 0◦
and ψ̇ = 0◦/s. Replacing (33) in (31) and making ψ = 0◦,
aq = [ẍq ÿq z̈q ]T , and Tμ = [τz τy τz]T yields that

mq

⎡

⎣
ẍq
ÿq
z̈q

⎤

⎦ =
⎡

⎣
Fsθ − τx

−Fcθsφ − τy
Fcθcφ − mqg − τz

⎤

⎦ . (34)

Solving (34) for the controls of the system θ , φ and F , we
get

θ = arcsin
mq ẍq + τx

F
,

φ = − arctan
mq ÿq + τy

mq z̈q + mqg + τz
,

F =
√

f 2x + f 2y + f 2z .

(35)

Here, fx = mq ẍq + τx , fy = mq ÿq + τy , and fz =
mq z̈q + mqg + τz . From (35), we can find the control input
ϒ = [φ θ 0 F]T for the inner attitude loop based on the
desired acceleration for the quadrotor aq = [ẍq ÿq z̈q ]T .
Consequently, we take aq as our pseudo control input.
Since we can only command the second derivative of the
quadrotor’s position, a reference trajectory to track has to be
sufficiently smooth. We achieve this in Sect. 5 by minimiz-
ing the jerk, so we guarantee that the third derivative of the
quadrotor’s reference position exists.We compute the pseudo
control input by the following linear error controller

aq = arefq + Kv(vrefq − vq) + Kp(rrefq − rq), (36)

with Kv and Kp being diagonal gain matrices. According to
(36), position and speed control are performed by the outer
control loop.

Since the load is at rest during two of the three modes of
the hybrid model, we have considered mainly the state of the
quadrotor for generating the trajectory and for finding the
control inputs. Notice the quadrotor and load position during
the Raise mode, the only mode where the load is not at rest
anymore, are related by (4). A possible modification is to
switch to a controller that explicitly accounts for the load
state in the Raise mode for instance to reduce residual load
swing (Palunko et al. 2012).

7 Experimental verification

7.1 System setup

Tovalidate the proposedmethod for lifting a cable-suspended
load by a quadrotor, we conducted a series of experiments
using an AscTec Hummingbird quadrotor (Ascending Tech-
nologies 2015) that is part of the robotic testbed of the
Marhes Lab at the University of NewMexico (UNM).3 The
quadrotorwith the attached cable-suspended load is shown in
Fig. 6a. The Hummingbird quadrotor is 0.54m in diameter,
weighs approximately 500g including its battery, and has a
maximum payload of 200g. The load is a ball with 0.076m
in diameter and weighs 178g. This load is suspended from a
1m long cable.

The system architecture implemented at theMarhes Lab
to perform the experimental tests is illustrated in Fig. 6b.
This figure also shows the communication links between the
system components. The attitude and position of the aerial
vehicle and the load are provided by a motion capture sys-
tem with millimeter accuracy running at 100Hz. The entire
control application is implemented in LabVIEW where we

3 Multi-Agent, Robotics, and Heterogeneous Systems Laboratory,
http://marhes.unm.edu.
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Fig. 6 a The quadrotor with the cable-suspended payload employed
for experimental verification. b The system architecture and its com-
munication links at theMarhes Lab. c General structure of the system
architecture components as used for controlling the aerial vehicle

created two programs: user interface and quadrotor inter-
face. The first one runs on a windows-based computer while
the second is deployed in a national instrument (NI) Com-
pactRIO (cRIO) real-time controller (National Instruments
2016b). The general structure of these two interfaces is shown
in Fig. 6c. The arrows in this figure illustrate the flowof infor-

mation to implement the cascade control scheme depicted in
Fig. 5.

The User Interface program acquires the pose data of the
quadrotor and the position data of the suspended load, applies
the numeric differentiation algorithm detailed in Al-Alaoui
(2008) for velocity and acceleration estimation, and gener-
ates the lift trajectory using the methodology explained in
Sect. 5. The quadrotor interface program reads the actual
position, velocity and attitude data from the User Interface
program as well as the generated reference trajectory (posi-
tion and velocity). It filters high-frequency noise from the
actual values by using a low-pass fifth-order finite impulse
response (FIR) filter. Subsequently, it computes the input
commands for the onboard attitude controller according to
the control design detailed in Sect. 6, and then these com-
mands are transmitted to the quadrotor. Since the User
Interface program acquires and estimates the state of the
quadrotor and the load, we are able to apply (32) as part
of the quadrotor interface program for finding the tension in
the cable during the experiments. The User Interface and the
quadrotor interface are executed at 1kHz since we employ
the LabVIEW real-time (RT) Module to implement them.
Thismodule compiles and optimizes theLabVIEWgraphical
code for executing RT control applications (National Instru-
ments 2016a). More details about the robotic testbed and
the control architecture at the Marhes Lab are presented
in Bezzo et al. (2014). In particular, the trajectory tracking
performanceof the controller developed inLabVIEWfor per-
forming swing-free maneuvers carryng the cable-suspended
load is presented in Palunko et al. (2012).

7.2 Results

We report three sets of experiments to demonstrate the valid-
ity of the proposed method. A video of these experiments
can be found as supplementary material of this paper and it
is also available in MARHES LAB (2016).

In the first experiment, we run the lift maneuver of the load
to the desired height of 1m. Based on the initial positions of
the quadrotor and the load, the reference lift trajectory is gen-
erated and then we command the aerial vehicle to execute it.
The initial positions for the CoM of the load and the aerial
robot are rl0 = [0 0 0.038]T m and rq0 = [−0.5 0.5 0.5]T
m, respectively. The time allowed for the first trajectory seg-
ment (from rq0 to rpull) is 4 s and for the second segment
(from rpull to rq f ) is 8 s, with a rest time of 1 s between seg-
ments. Figure 7 shows the Z -axis trajectory tracking data for
the quadrotor, position zq and velocity żq . Approximately at
4.8 s, the guard condition (9) is satisfied making the system
jump from Setup to Pull. We draw a dashed vertical line at
this time instant in Fig. 7. Subsequently, the system switches
between Pull and Setup having as result a series of spikes
in żq before the system stays at the Pull mode, see Fig. 7b.
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ż q
[m

/s
]

-0.1

0

0.1

0.2

0.3

0.4

reference
actual

Fig. 7 Z -axis position a andvelocityb for the quadrotor during thefirst
experiment. In this experiment, the aerial vehicle is commanded to lift
the cable-suspended load to a desired height h = 1m. Approximately
at 4.8 s, the system jumps from Setup to Pull and approximately at 6.8 s
from Pull to Raise. These time instants are highlighted by the dashed
vertical lines

The system then jumps from Pull to Raise since the guard
condition T > mlg holds. This occurs when the elapsed time
is approximately 6.8 s. Similarly as before, this time instant
is also pointed up by a dashed vertical line in Fig. 7. In order
to verify the performance of executing the lift maneuver, we
compute the following errors:

– the quadrotor position error erq = rrefq − rq ,
– the quadrotor velocity error evq = vrefq − vq , and
– the load position error el = rl f − rl .

The first two errors show the trajectory tracking control
performancewhile the last one is the error of the load position
with respect to its desired final height. These errors for the
first experiment are shown in Fig. 8. The time instants at
when the system jumps from Setup to Pull and from Pull
to Raise indicated in Fig. 7 are also underlined in each plot
of this figure. The X -axis position error for the quadrotor is
less than 0.05as well as for the Y -axis, but this error is less
than 0.03m for the Z -axis, see Fig. 8a. For the velocity errors,
Fig. 8b, they are less than 0.09m/s for the X and Y axes. This
is also the case almost all the time for the Z -axis component
except at the instant that the system switches between Setup
and Pull. Because the Z -axis velocity experiences a series
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Fig. 8 Performance data results for the first experiment. Trajectory
tracking errors for the quadrotor, a position and b velocity errors. c
Position error of the cable-suspended load with respect to its desired
final position rl f = [0 0 1]T m

of spikes during these jumps, see Fig. 7b, the error increases
having asmaximum 0.18m/s. From Fig. 8c, the load position
errors exl for the X -axis and eyl for the Y -axis are both less
than 0.1 Meanwhile, ezl , the load position error for Z -axis,
decreases after the system reaches the Raise mode and it is
less than 0.05m at the end of the lift maneuver.

In the second experiment, we study the effect of not con-
sidering the hybrid nature of the system for control purposes.
Notice that the controller designed in Sect. 6 has a switching
behavior since the cable tension T used to find the pseudo
control input aq has a different value depending on the mode
of the lift maneuver. Indeed, T is given by (32) for the pro-
posed controller. We carry out again the experiment of lifting
the load to 1 m, but we set T = mlg for computing aq during
the entire maneuver. Thus, we do not use (32) for this second
experiment. Figure 9 shows the results for zq , żq , and erl .
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Fig. 9 Experimental results for a no switching controller. a Desired
and actual Z -axis position for the quadrotor. b Desired and actual
Z -axis velocity for the quadrotor. c Position error for the load. The
dashed vertical lines highlight the time instants when the system
switches from Setup to Pull and from Pull to Raise

Similarly as for the first experiment, the system jumps from
Setup to Pull approximately at 4.8 s. However, the transi-
tion from Pull to Raise occurs approximately at 10 s. Indeed,
there is a considerable delay on continuing tracking the tra-
jectory (position and velocity) as it can be seen in Fig. 9a, b.
This delay causes a transient, especially for żq . For the load
position error illustrated in Fig. 9c, it is less than 0.1 m and
0.2 m for the X and Y -component, respectively. Meanwhile,
it is less than 0.1 m at the end of the maneuver for the Z -axis.
This experiment shows that even though the maneuver can
be executed, the performance diminishes when the switch-
ing behavior of the quadrotor-suspended-load system is not
under consideration for controlling the aerial vehicle.
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Fig. 10 Experimental results for a trajectory generated without con-
sidering the via point rpull. a Desired and actual Z -axis position for
the quadrotor. b Desired and actual Z -axis velocity for the quadrotor. c
Position error for the load. The dashed vertical lines highlight the time
instants when the system switches from Setup to Pull and from Pull to
Raise

For the third experiment, we generate the lift trajectory
without using the via point rpull. Therefore, the trajectory
just has one segment which goes from rq0 to rq f with a total
duration time of 12 s.We use the proposed controller without
anymodification as it was the case for the second experiment.
The results for this case are shown inFig. 10. The systemgoes
from Setup to Pull approximately at 6 s, while it goes from
Pull toRaise approximately at 6.8 s. There is a small delay on
tracking the Z reference position after the load is starting to
be lifted, see Fig. 10a. This delay creates an oscillation in the
Z -axis velocity component reaching a maximum of 0.6 m/s,
see Fig. 10b. For the position error of the load, Fig. 10c, there
is a short swing in the X and Y components right after the
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Fig. 11 Comparison of the results for the three experiments reported
in Sect. 7.2. These experiments are: load lift applying the full proposed
approach (blue solid line), load lift without using a switching controller
(red dashed line), and load lift without considering the viapoint dur-
ing the trajectory generation (yellow dash-dot line). a x-component

of the load position error. b y-component of the load position error.
c z-component of the load position error. d The total thrust F found
by (35) and applied as part of the control signals to the system (Color
figure online)

quadrotor starts to lift the load. As a result, the error reaches
a maximum of 0.5 m and 0.25 m for exl and eyl , respectively.
At the end of the maneuver, ezl is less than 0.1 m. Although
the load lift starts at a similar time instant that the one for the
first experiment, the errors for the load position are higher
when the via point rpull is not considered for generating the
trajectory to lift the cable-suspended load.

In the last part of the video provided as supplementary
material for this paper and available also in MARHES LAB
(2016), we show side by side the three experiments for com-
parison purposes. Furthermore, Fig. 11 shows side by side

el = [
exl eyl ezl

]T
, the load position error, for the three

experimental cases. Also, the total thrust F for the three
experiments are plotted on the same axis in Fig. 11d. F is part
of the control inputs of the system and it is found by applying
(35). The plots in Fig. 11 help to compare and contrast the
results for the three experiments: load lift applying the full
proposed approach, load lift without using a switching con-
troller, and load lift without considering the viapoint during
the trajectory generation. From the x and y position error
plots, Fig. 11a, b, the full proposed strategy performs better
than the other two cases. The swing in the cable-suspended
payload is lesswhen the proposed approach is applied.More-
over, these oscillations are considerable when the viapoint is

not part of the generation of the trajectory. With respect to
ezl plotted in Fig. 11c, the quadrotors starts lifting the load
earlier when the viapoint rpull is not employed. However, no
considering this point causes a higher swing of the load as
we indicated before. This effect is mainly because there is
not enough time for performing adequately the pull of the
load. Therefore, it is important to include and plan the Pull
mode into the lift maneuver. About the control input F shown
in Fig. 11d, it is clear that a more control effort is required
when the full proposed approach is not applied. It takes more
time to increase the thrust F to create enough tension to lift
the load when no switching controller is employed. Indeed,
this delay increases the time that the system stays in the Pull
mode, see Fig. 9c. This effect translates on taking more time
to start lifting the load as can be seen in Fig. 11c.

8 Conclusions

Lifting a cable-suspended load by an aerial vehicle is an
essential step before transporting it. We introduced a novel
methodology to perform this maneuver using a quadrotor.
We designed a hybrid system that captures specific operat-
ing regimes of the quadrotor-suspended-load system during
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the maneuver. In particular, we proved that this system is a
differentially-flat hybrid system. Taking advantage of this
property, we generated a dynamically feasible trajectory
based on the discrete states of the hybrid system.Wedesigned
a non-linear hybrid controller to track this trajectory which
in turn carried out the lifting maneuver. We presented exper-
imental results illustrating the effectiveness of our method.
Significant improvement in tracking performance and reduc-
ing the load position error with respect to the final desired
height were achieved when the hybrid modes were consid-
ered for generating the trajectory and controlling the aerial
vehicle.

The transitions between modes could involve chattering.
Indeed, this effect can be observed in Figs. 8b and 9b. How-
ever, it is not considerable because the weight and size of the
load may not be enough to increase this chattering. Possibly,
an adequately planning of the time intervals for the trajectory
segments could help to reduce this effect if it is necessary.

Important topics for future work include the implemen-
tation of a system mass estimator in order to execute the
maneuver even without knowing the payload mass, and the
extension of the hybrid model to address the maneuver of
placing the cable-suspended load over the ground. This step
is also critical in aerial cargo transportation. Another path to
take is to study and implement cooperative lifting using mul-
tiple quadrotors. Non-uniform and heavier cable-suspended
loads can be manipulated since each aerial vehicle can apply
a tension force to different attachment points in the load.
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