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Abstract For tasks that require complete coverage of sur-
faces by multiple autonomous industrial robots, it is impor-
tant that the robots collaborate to appropriately partition and
allocate the surface areas amongst themselves such that the
robot team’s objectives are optimized. An approach to this
problem is presented, which takes into account unstructured
and complex 3D environments, and robots with different
capabilities. The proposed area partitioning and allocation
approach utilizes Voronoi partitioning to partition objects’
surfaces, andmulti-objective optimization to allocate the par-
titioned areas to the robots whilst optimizing robot team’s
objectives. In addition to minimizing the overall completion
time and achieving complete coverage, which are objectives
particularly useful for applications such as surface cleaning,
manipulability measure and joint’s torque are also optimized
so as to help autonomous industrial robots to operate bet-
ter in applications such as spray painting and grit-blasting.
The approach is validated using six case studies that consist
of comparative studies, complex simulated scenarios as well
as real scenarios using data obtained from real objects and
applications.

Keywords Multi-robot collaboration · Multiple
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Electronic supplementary material The online version of this
article (doi:10.1007/s10514-017-9631-3) contains supplementary
material, which is available to authorized users.

B Mahdi Hassan
mahdi.hassan@student.uts.edu.au

Dikai Liu
dikai.liu@uts.edu.au

1 Centre for Autonomous Systems (CAS),
University of Technology Sydney (UTS), Sydney, Australia

1 Introduction

Advancements in Autonomous Industrial Robots (AIRs),
through technologies that allow AIRs to be deployed in
industrial applications that are dirty or hazardous and
environments that are unstructured, can make noticeable
improvements in the capacity of numerous manufacturing
applications. Thus, through advancements in AIRs, the aim
is to aid the AIRs to perform various tasks independently.
Examples include performing exploration of an environ-
ment for mapping (Paul et al. 2011) and robots’ localization
within an environment (Carlone et al. 2011), path planning
and collision-free motion planning (Guanghui et al. 2012;
Latombe 2012), and base placement optimization (Hassan
et al. 2016).

By deployingmultipleAIRs, awider range ofmanufactur-
ing applications is possible to be carried out by the AIRs, and
the capacity of the AIRs to perform a task can be increased.
As a result, better outcomes in terms of efficiency, produc-
tivity and object manipulability can be obtained. However,
effective collaboration amongst the AIRs is a crucial require-
ment for obtaining such outcomes.

As part of the multi-robot collaboration, the AIRs are
required to perform a number of tasks specific to the appli-
cation. For example, if three AIRs such as those shown in
Fig. 1 are deployed to perform grit-blasting or spray painting
in a complex and unstructured environment, then eachAIR is
expected to have enough intelligence to perform the follow-
ing tasks: (1) obtaining a partial map of the environment by
exploring and localizing within the environment, (2) sharing
the partial map with other AIRs in order for all AIRs to have
a complete map of the environment, (3) sharing other infor-
mation such as AIR’s operation status and capabilities with
other AIRs, (4) using the shared information to determine an
appropriate base position and orientation since the AIR base
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Fig. 1 Three AIRs are used to perform grit-blasting or spray painting
on three different objects which are separated from each other

is assumed to befixed during the task execution, (5) achieving
complete coverage of the surfaces under consideration, and
(6) task execution. Considering optimizing team’s objectives
throughout such tasks is important for optimal operation and
collaboration of the AIRs during the task execution.

Manufacturing applications that require complete surface
coverage such as surface cleaning, grit-blasting and spray
painting can make great use of multiple AIRs. These kind of
applications are the main focus of this paper. An important
task in such applications is complete coverage, i.e. all sur-
face areas of interest need to be operated on by theAIRs. This
paper focuses on collaborative complete coverage bypresent-
ing an approach for simultaneously partitioning the surface
areas of interest (or multiple unconnected surface areas) and
appropriately allocating the partitioned areas to each of the
deployed AIRs. The approach is carried out such that ulti-
mately each AIR is assigned a fair portion of the surfaces
whilst AIR team’s objectives are optimized. A single robot
Coverage Path Planning (CPP) algorithm (Galceran and Car-
reras 2013) can then be implemented on the allocated areas
of each AIR. Selection of the appropriate CPP algorithm can
be based on the environment (e.g. planar, rectilinear, polyg-
onal, 3D, convex/nonconvex, etc.) or the specific application
under consideration; this is outside the scopeof the paper. The
approach is tailored to unstructured environments and real-
life operation where the point cloud generated and processed
after the exploration and mapping phase can be directly used
and the complex task of acquiring a 3D model such as a
mesh is not necessary. The deployed AIRs can have differ-
ent capabilities such as different speed and end-effector tool
size. Unlike simplemobile robots such as those used for floor
cleaning, in order to obtain appropriate solutions inmanufac-
turing applications such as grit-blasting and spray painting

where the AIRs are equipped with manipulators, the per-
formance and the capabilities of the manipulators should be
taken into account. Therefore, in addition to considering the
objectives of minimizing the overall completion time and
maximizing coverage, torque minimization and manipula-
bility measure maximization are also taken into account for
the better operation of the manipulators during the task exe-
cution.

This work is a continuation of the work in Hassan et al.
(2014) where a simple approach was developed for 2D and
planar objects. The extension of the work includes: (1) an
approach that can effectively partition and allocate 3D and
non-planar objects/surfaces amongst multiple AIRs, (2) test-
ing of the approach for multiple objects that are separated
from each other, such as those shown in Fig. 1, (3) incorpo-
rating manipulability measure to the AIR team’s objectives
and analyzing the effect of it, (4) case studies based on
data obtained from real applications for the validation of the
approach, and (5) comparisons with a pattern-based genetic
algorithm approach.

The rest of the paper is organized as follows. Section 2
reviews some of the algorithms related to the complete cov-
erage problem. Section 3 presents a detailed explanation of
the problem and the requirements that need to be satisfied as
part of the solution to the problem. The proposed approach is
presented in Sect. 4 and the mathematical model is detailed
in Sect. 5. Case studies are presented in Sect. 6 to demon-
strate the effectiveness of the approach for different scenarios
and conditions. Discussions on limitations is then provided
in Sect. 7. Finally, Sect. 8 concludes the presented work and
suggests future work.

2 Related work

There are numerous algorithms available for a single robot
to perform a complete coverage task and effectively cover
the surfaces of interest online or offline. Galceran and Car-
reras (2013) provide a survey on the recently developed
algorithms, and divide the algorithms into categories such
as classical exact cellular decomposition, Morse-based cel-
lular decomposition, landmark-based topological coverage,
contact sensor-based coverage of rectilinear environments,
grid-based coverage, and graph-based coverage. Recently,
research is being focused on multi-robot coverage for differ-
ent environments and applications.

Zheng et al. (2010) deal with the problem of terrain cover-
age by multiple robots. Their algorithm can handle a terrain
with non-uniform traversability, i.e. a terrain that does not
have a constant traversing time at all locations and hence,
the terrain is weighted. This algorithm extends the Multi-
robot Forest Coverage (MFC) algorithm to be compatible
with a terrain that has non-uniform traversability. Compar-
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isons aremadewith theMulti-robot Spanning Tree Coverage
(MSTC), which falls in the grid-based coverage category, to
demonstrate that the algorithm can provide solutions with
smaller coverage time.

Several bio-inspired multi-robot coverage approaches
have been developed, which are based on the behaviors found
in nature (Galceran and Carreras 2013). A recent exam-
ple is presented by Ranjbar-Sahraei et al. (2012) where the
behavior of ants is used to disallow other robots to enter the
boundaries of a robot. In thiswork, the robotsmove in a circu-
lar motion in a 2D environment, and similar to ants, they use
the strategy of depositing pheromones on the border of their
territories to prevent or reduce intersection of borders. That
is, if any robot detects pheromone, it changes its direction of
circular motion and hence avoids intersection with another
robot’s border. As a result, the robots gradually spread out in
the environment. The paper also presents two extensions to
the approach. In the first extension, the radius of the circular
motion of the robots is increased if the likelihood of detect-
ing pheromone is small, and vice versa. The second extension
allows for behavior change when an intruder is detected by
decreasing the territory areas of the robots.

Analgorithm that falls in the categoryof sensor-based cov-
erage of rectilinear environments is presented in Kapanoglu
et al. (2012). In this work, the environment is represented as a
set of overlapping disks. The mobile robots pass through the
center of the disks to cover the environment. To determine
the visiting order of the disks by a robot, the initial location
of the robots is considered, and a set of patterns from 8 pre-
defined patterns are chosen. Genetic Algorithm (GA) is used,
and for each robot, the priority index of the robot, the index
of the selected patterns, and the number of moves using each
pattern are decided. Each chromosome contains these param-
eters for all robots, and the parameters are organized in the
chromosomes with the aim of reducing the search space. The
fitness value is designed to be the makespan or the overall
completion time. The objective is therefore to minimize the
makespan.

The work in Janchiv et al. (2013) uses exact cellular
decomposition method and flow networks to achieve com-
plete coverage using a single or multiple mobile robots. In
this work, using a sweeping line, the free space of the envi-
ronment is first broken down into a number of cells. The cells
which form the nodes of the flow network are approximated
to be rectangular or trapezoidal. A search algorithm is then
used to find a minimum cost path from the flow network.
Twelve different templates are developed such that each cell
can be covered using the back-and-forth motion specified in
the templates. The total coverage time of a robot is the sum
of the times to cover the cells and the times to move between
the cells in the order selected from the flow network.

Fazli et al. (2013) developed several algorithms for the
problem of multi-robot repeated area coverage. In brief, the

overall approach is as follows: (1) first generating a num-
ber of points, called static guards, on the environment such
that the whole environment can be jointly observed if it is
assumed that there are as many robots as there are guards,
(2) creating a graph by appropriately joining the guards and
the nodes of theworkspace, (3) reducing the size of the graph,
and (4) covering the graph using either the cluster-based cov-
erage (where the graph is divided into n clusters, n being the
number of robots) or cyclic coverage (where the aim is to
find the shortest tour by going through all static guards and
then appropriately allocating a portion of the tour to each
robot). For each of the stages mentioned above, the author
presents one or more algorithms to tackle the individual
problems.

There are many studies dedicated to multi-robot coverage
for aerial vehicles (Galceran and Carreras 2013, p. 1272).
Many researchers have used or studied convex decompo-
sition (Ren et al. 2013) to divide an arbitrary shape into
a number of convex or near-convex polygons. Maza and
Ollero (2007) have used convex decomposition to divide
the search environment. They present algorithms that enable
multiple heterogeneous Unmanned Aerial Vehicles (UAVs)
to cooperative with each other to find an object in the search
environment. Each robot is then responsible for covering a
convex polygon using a zigzag pattern.

The work in Gunady et al. (2014) first performs parti-
tioning of the area of interest, which is referred to as multi-
seeker’s territory division in the paper. The approach is
designed to tackle the problem of Hide-and-Seek present
in many applications such as disaster rescuing and mine
detection. It presents a hierarchical scheme for Reinforce-
ment Learning (RL) used to solve the problem. Multiple
levels are utilized in the scheme. As an example, in the mine
detection application, the lower level deals with reaching a
candidate mine location from the current location, whereas
the higher level deals with generating a trajectory for each
robot to obtain a full scan.

Danner and Kavraki (2000) presented a sampling-based
approach to the problem of inspecting confined spaces. The
idea is to find a number of points on the environment such
that by visiting these points through a calculated short path
the entire boundary can be inspected. In recent years, signifi-
cant progress has beenmade on probabilistic sampling-based
algorithms which are proven to be effective for handling
complex environments (Galceran and Carreras 2013). The
works in Englot and Hover (2012), Englot and Hover (2013)
present a sampling-based approach for inspection of complex
and visually occluded environments such as ship hulls and
marine structures where obstacles are present. In the papers,
probabilistic completeness of the sampling-based coverage
algorithm is demonstrated, an iterative algorithm that aims
to improve the sampling-based coverage path is presented,
and experimental results are included to show the remarkable
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efficiency of the approach. It will be interesting to extend the
approach to multi-robot inspection.

Unlike most of the above work, the presented approach
focuses on simultaneous area partitioning and allocation
rather than Coverage Path Planning (CPP). It has the flex-
ibility to then enable a suitable existing single robot CPP
algorithm to be applied to the allocated area of each AIR
based on the shape of the object and the application under
consideration. In many of the existingmethods, e.g. Ranjbar-
Sahraei et al. (2012), Kapanoglu et al. (2012), Janchiv et al.
(2013), and Fazli et al. (2013), the developed algorithms
are shown to be efficient for planar or projectively planar
(2.5D) surfaces, whereas the presented approach considers
complete coverage for applications that require the AIRs to
operate on 3D objects that may be non-planar, complex in
shape and separated (unconnected) from each other. Some
of the algorithms are designed for specific environments; for
example in Kapanoglu et al. (2012) the approach has only
been validated using rectilinear environments and rectilinear
moves (90◦ and 180◦ robot turns). The proposed approach
does not have these limitations. Additionally, the proposed
approach has the advantage of being able to use the point
cloud information that is generated from sensing the envi-
ronment. This aspect is particularly helpful since in real-life
scenarios, exploration and mapping of unstructured environ-
ments may be necessary and hence, acquiring a 3D model
to generate a mesh can be much more difficult than directly
using the point cloud. Furthermore, in addition to considering
the general objectives of minimizing the overall completion
time and achieving complete coverage, the performance and
the capabilities of the manipulators are taken into account to
optimize torque and manipulability.

3 Problem definition

As an example scenario, consider the environment in Fig. 2a
where the I-beam needs to be grit-blasted or spray painted.
Two identical AIRs that have the same capabilities are
deployed. Assuming that the base positions of the two AIRs
are carefully calculated such that each AIR can cover all
surfaces of the I-beam, then as shown in Fig. 2a, the paths
generated to cover the surfaces of the I-beam would be the
same for both AIRs. However, this assumption might not
always hold true since the AIRs may have different capabili-
ties and their base positions may not be carefully calculated.
Let the surface areas that can be reached by only one of
the AIRs be called specific areas and the paths created on
these areas be called specific paths. Similarly, let the surface
areas that both AIRs can reach be called overlapped areas
and the paths created on these surfaces be called overlapped
paths. For this example, the specific and overlapped paths
associated with the two AIRs are shown in Fig. 2b, c. Thus,

Fig. 2 Overlapped and specific areas as well as the final paths associ-
ated with two AIRs which will be used to grit-blast or spray paint an
I-beam. a Two AIRs grit-blasting or spray painting an I-beam. b Over-
lapped and specific areas (view angle 1). c Overlapped and specific
areas (view angle 2). d Final paths associated with each AIR

the problem is to partition and allocate the overlapped area
amongst the AIRs such that AIR team’s objectives are opti-
mized.
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Overlapped area

AIR 1 
targets AIR 3 

targets

AIR 2 targets

Fig. 3 Three AIRs with different capabilities, each associated with a
different set of targets, are used to grit-blast a flat plate

As illustrated in Fig. 2b, a target is a circular disk cre-
ated around a discrete point, such that the discrete point is in
the center of the target. The paths can be generated using a
suitable CPP algorithm that appropriately links the targets
together. To generate targets from the point cloud that is
obtained from the sensor/s during the exploration and map-
ping stage, the method explained in Paul et al. (2013) is used.
In brief, the method includes dividing the environment into
equally sized, cube-shaped volumetric pixels (voxels), and
then associating each voxel with the points that are inside
it. A point that is approximately in the center of each voxel
is then used as the center point of a sphere with a prede-
fined radius. The plane of best fit for the points within each
sphere is then obtained to create a target, and Principal Com-
ponent Analysis (PCA) is used to find the target’s normal
vector. Note that this procedure is suitable for field appli-
cations where the environment is unstructured. The density
and the radius of the targets are chosen to suit the applica-
tion under consideration. Depending on the application and
the type of AIR used, factors such as AIR’s speed and the
properties of the tool attached to the AIR’s end-effector need
to be taken into account in determining the targets’ size. For
example, assume that the paths of three AIRs that have dif-
ferent capabilities are as shown in Fig. 3. The AIRs are used
for surface cleaning or maintenance. AIR 3 is expected to
be equipped with a tool that can, at each step, cover more of
the surface than the other two AIRs, since the targets for this
AIR are larger in size.

Let ati j be the surface area covered by the target oi j ∈ Oi

where i and j are theAIR index and target index, respectively,
and Oi is a set containing all the targets associated with the
i th AIR. In order for an AIR to be able to cover the target
areaati j , at least one feasibleAIRposeq f

i j = [θ1, θ2, . . . , θnk ]
needs to be found that can reach the target oi j with acceptable
end-effector position and orientation, where θk is the angular
position if the kth joint is revolute or distance if the kth joint
is prismatic, and nk is the total number of joints of the i th
AIR. The target oi j is in the specific areas of the i th AIR if

no other AIR is able to cover the area ati j , otherwise oi j is in
the overlapped areas of the i th AIR.

The aim of the approach, besides tackling the problem of
partitioning and allocating the overlapped areas, is to ulti-
mately achieve optimal complete coverage of the object’s
surfaces with the help of a suitable CPP algorithm. The final
paths associated with an AIR are to be appropriately cre-
ated on the specific areas and the portion of the overlapped
areas allocated to the AIR (henceforth will be referred to as
allocated areas). Continuing with the example, it would be
expected that the output of the approach will help in modi-
fying the paths shown in Fig. 2b, c, such that for each AIR,
the path from the allocated areas is smoothly continued to
the specific areas of each AIR as shown in Fig. 2d.

Any approach that is developed needs to take the following
requirements into consideration:

1. Prevent overlapped paths: Unlike the condition that is
shown in Fig. 4a, the approach is to prevent any section of
the overlapped paths remaining overlapped. Overlapped
paths can cause longer completion time of the task, higher
chance of collision betweenAIRs andmay causematerial
wastage such as grit in the grit-blasting application.

2. Prevent the path of an AIR from crossing another AIR’s
path: Two types of crossed paths are shown in Fig. 4b,
c. In type 1 shown in Fig. 4b, the paths of the two AIRs
cross each other, which may cause a higher chance of
collision. In type 2 shown in Fig. 4c, the crossed paths
may prevent the AIRs from maneuvering more freely
during the task execution since the manipulators of the
AIRs will be operating in closer proximity to each other
in these regions.

3. Prevent missing sections: In Fig. 4d, some sections of
the overlapped areas are not covered by any AIR, that
is,missing sections are created. The approach should not
cause any missing sections.

4. Minimal overall completion time of the task: The
approach should minimize the makespan or in other
words, the overall completion time of the task. An exam-
ple of poor overall completion time is shown in Fig. 4e,
in which AIR 1 covers a greater portion of the surface.

5. Improve the grouping of the targets: Unlike the condition
that is shown in Fig. 4f, the targets in the allocated areas
of an AIR should be closely grouped with the targets rep-
resenting the specific areas of the AIR, i.e. the allocated
areas should be as close to their corresponding AIRs as
possible. Depending on the application, this requirement
can ensure that the motion of an AIR is smoother while
transiting from the specific areas to the overlapped areas,
the trajectory of theAIR is less constricted by otherAIRs,
and the likelihood of collision is minimal.

6. Maximal manipulability measure: It is preferred that the
approach is capable of optimizing the performance of
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(a) (b) (c)

(d) (e) (f )

Fig. 4 Examples of unacceptable solutions where in each example at least one requirement is not met. a Overlapped paths. b Crossed paths (type
1). c Crossed paths (type 2). dMissing sections. e Poor coverage time. f Allocated areas are not grouped appropriately with the specific areas

the manipulators attached to the AIRs. For example,
assume that multiple solutions satisfy all of the require-
ments above, then the solution that produces the best
manipulator performance should be chosen. A parame-
ter for measuring the performance of a manipulator is the
manipulability measure. Maximizing the manipulability
measure for a robot manipulator can help the manipula-
tor to make the most use of its degrees of freedom and
maneuver more freely in all directions.

7. Minimal torque: It is also preferred that the approach
minimizes the torque experienced by each AIR’s joints
during the task execution.

4 The APA approach

An approach is presented in this paper that simultaneously
partitions the overlapped areas and appropriately allocates
the partitioned areas to the AIRs in a manner that will opti-
mize the team’s objectives. This approach is named Area
Partitioning and Allocation (APA).

Note that the style of the notations used are as follows: sets
and functions are represented as uppercase letters, scalars
are represented as lowercase letters, and vectors or matri-
ces are represented as bold letters. Superscripts are used to
help describe the parameter, whereas subscripts are used as
indices.

The flowchart in Fig. 5 shows an example of the overall
planning process in manufacturing tasks that require AIRs

Fig. 5 A flowchart showing the overall planning process and the stage
in which APA is carried out

to perform complete coverage in an unstructured environ-
ment, such as grit-blasting and spray painting. This paper
mainly focuses on component 4 (APA). Other components
were explainedbriefly in the introduction sectionof the paper.
After performingAPA, single robot CPP (component 5) such
as boustrophedon decomposition (Batsaikhan et al. 2013)
or those mentioned in Galceran and Carreras (2013) can
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Algorithm 1 Area Partitioning and Allocation (APA)
1: [Oo, Os ] ← FindOverlapped Areas(O)

2: Z ← {ps1, ps2, . . . , psn}
3: Y p ← Multi ObjOpt

(
Z , Obj Func(Z , Oo, Os)

)

4: Y f ← Select FinalSolution(Y p)

5: return Y f

be implemented by each AIR to cover the specific and the
allocated areas.Motion planning is performed before the exe-
cution of the task (component 6), which is outside the scope
of this paper.

Algorithm 1 shows the overview of the APA approach.
Depending on the size of the surfaces that need to be cov-
ered and AIRs’ base position and orientation, the portion of
the environment that is reachable by each AIR can be differ-
ent, and hence each AIR is associated with a different set of
targets, Oi = {oi1, oi2, . . . , oinO } where nO is the number
of targets associated with the i th AIR. As mentioned previ-
ously, in order to label a target oi j as reachable, a feasible

and collision-free AIR pose q f
i j that can reach the target with

appropriate end-effector position and orientation needs to be
found, e.g. using the lookup table in Hassan et al. (2015). The
first step of the approach is to find the overlapped areas of
eachAIR, and line 1 of Algorithm 1 depicts this purpose. The
function FindOverlapped Areas takes the reachable tar-
gets, O = {O1, O2, . . . , On} associated with the n deployed
AIRs and returns the targets, Oo = {Oo

1 , O
o
2 , . . . , O

o
n } and

Os = {Os
1, O

s
2, . . . , O

s
n}, which represent the overlapped

and specific areas of the AIRs, respectively. In order to
find the overlapped areas, i.e. to find Oo, distance check-
ing between the targets in O can be performed to determine
the targets that overlap.

The APA approach makes use of Voronoi partitioning
(Okabe et al. 2008) to partition the overlapped areas into
n Voronoi cells, where n is the number of AIRs. Each cell
is allocated to an AIR, and the size of the cells is dependent
on the location of the seed points, as will be explained in
more details in Sect. 5.1. Thus, as shown in line 2 of Algo-
rithm 1, the seed points {ps1, ps2, . . . , psn} are considered to
be the design variables of the multi-objective optimization
problem. The advantage of using Voronoi partitioning is that
it reduces the number of design variables. It can also satisfy
requirements 1–3 mentioned in Sect. 3, i.e. it can prevent
overlapped paths, crossed paths and missing sections. There
is, however, a special condition where Voronoi partitioning
fails to prevent missing sections when more than two AIRs
are deployed. This issue is discussed in Sect. 6.5 and a solu-
tion to the problem is presented.

The advantage of using multi-objective optimization
(Zhou et al. 2011) is that multiple conflicting objectives can
beminimized and a solution that ismost suitable for the appli-
cation under consideration can be chosen from the Pareto

front. These advantages are particularly useful forAIRs since
other objectives relevant to the manipulator such as torque
andmanipulabilitymeasure can be taken into account. Expla-
nations of how the objectives conflict with each other are
provided within the mathematical modeling (Sect. 5.2). Line
3 of Algorithm 1 is to carry out multi-objective optimization
using the function Multi ObjOpt . The Pareto front Y p is
the output of the optimization and is a set of Pareto optimal
solutions. Selecting a final solution Y f from the Pareto front
(line 4 of Algorithm 1) is dependent on the priority of the
objectives determined based on the application being con-
sidered. A selection strategy for selecting Y f is explained
for a particular application in Sect. 6.4.

5 Mathematical Modeling

5.1 Design variables

As aforementioned, the position coordinates of the seed
points of the Voronoi cells are considered to be the design
variables of the optimization problem. Using Voronoi parti-
tioning the overlapped areas are partitioned into n Voronoi
cells, Cv = {cv

1, c
v
2, . . . , c

v
n} where the cell cv

i corresponds
to the i th AIR and is associated with a seed point position psi .
Figure 6a illustrates overlapped areas and overlapped paths
of two AIRs. The overlapped areas can be partitioned using
Voronoi partitioning as shown in Fig. 6b, c. It can be seen
that the targets in each Voronoi cell are closest to the seed
point of the cell and hence, changing the position of the seed
points changes the size and the shape of the cells. Thus, the
design variables are

Z = {
ps1, p

s
2, . . . , p

s
n

}
(1)

as shown in line 2 of Algorithm 1. The goal is to obtain seed
point positions and create Voronoi cells that will optimize
team’s objectives.

5.2 Design objectives

Four objectives are designed to act as the AIR team’s objec-
tives. The equations used and the reason for considering such
objectives are explained in the following subsections.

5.2.1 Objective 1: Minimal overall completion time

An important objective for applications that require complete
surface coverage is minimal completion time or makespan.
It is also important that the AIRs can finish with minimal
difference in completion times so as to achieve fair workload
division amongst theAIRs. As a result, the first objective is to
minimize the variance of the completion times of the AIRs:
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AIR 1 path
AIR 2 path

AIR 2 
target size

AIR 1 
target size

(a)

Seed point ps
2

Seed point ps
1

Voronoi cell cv
1

Voronoi cell cv
2

(b)

Voronoi cell cv
2

Seed point ps
2

Seed point ps
1

Voronoi cell cv
1

(c)

Fig. 6 Two examples of Voronoi partitioning where the overlapped area of two AIRs is partitioned based on the locations of the seed points. a
Overlapped areas of two AIRs. b Voronoi partitioning example 1. c Voronoi partitioning example 2

min
Z

F1(Z) = 1

n

n∑

i=1

(
Ti (Z) − t̄

)2 (2)

where t̄ is the average of the completion times of the n AIRs,
and Ti (Z) returns the completion time of the i th AIR. The
time Ti (Z) can be expressed as

Ti (Z) = Lo
i (Z) + Ls

i

vi
(3)

where Lo
i (Z) and Ls

i calculate the lengths of the paths gen-
erated on the overlapped and specific areas of the i th AIR,
respectively, and vi is the i th AIR’s end-effector speed rela-
tive to the surface.

For each AIR, the distance di between any two adjacent
targets along a path is assumed to be the same and hence,

Lo
i (Z) = di · (

No
i (Z) − 1

)
(4)

and

Ls
i = di · (

Ns
i − 1

)
(5)

where No
i (Z) and Ns

i return the number of targets along the
paths of the i th AIR, created on the overlapped and specific
areas, respectively. Note that the assumption of constant dis-
tance di is reasonable, however for certain applications, it
may be more accurate to integrate a coverage path planner to
obtain an exact length of the path.

Minimal difference in completion timesofAIRswill result
in optimalmakespan due to the fixed coverage area.Minimiz-
ing the difference in completion times has the added benefit
of achieving fair workload division between the AIRs. This
is because even though the makespan can be minimal, the

difference in completion times of some AIRs can be large,
and it is better to minimize this difference if fair workload
division is expected. The makespan and the difference in
completion times may not be minimized the same way in the
optimization. However, as will be shown in the case studies,
if the difference in completion times is relatively small, then
the makespan would be near-optimal. As an alternative to
Eq. 2, the equation below can be used which purely focuses
on minimizing the makespan:

min
Z

F1(Z) = max
{
T1(Z), T2(Z), . . . , Tn(Z)

}
. (6)

5.2.2 Objective 2: Minimal closeness of the allocated areas
to the specific areas

If the areas allocated to the i th AIR are closer to other AIRs
than the i th AIR itself, then the motion of the i th AIR can
be effected by another AIR or irregular motions of the AIR
can be caused to avoid a potential collision. Thus, for each
AIR, the closeness of the allocated areas to the specific areas
should be minimized. An advantage of having the allocated
areas adjoining the specific areas is that the final path can
smoothly join the path of the specific areas to the path of the
allocated areas, hence avoiding crossed paths. Minimizing
the closeness can be done byminimizing the sumof distances
between each target oi j (in the set of targets that represented
the allocated areas Oal

i ) and the centroid of the specific areas
csi associated with the i th AIR. Thus, the second objective is:

min
Z

F2(Z) =
n∑

i=1

No
i (Z)∑

j=1

∥
∥csi − oi j

∥
∥ . (7)
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If the specific areas do not exist for an AIR, then the AIR’s
base location can be chosen instead of csi . Note that targets are
created on the surfaces as per the explanation provided previ-
ously. For some areas of an object where complex geometries
may cause the notion of the normal vector to be unavailable,
e.g. sharp edges, target representation is not considered. That
is, targets are created on the surfaces only where the normal
vector of a target can be computed.

Objective 2 can be in conflict with Objective 1 (minimal
makespan). As an example, assume there are multiple AIRs
with different capabilities or different specific area size and
are deployed to execute a complete coverage task. A faster
AIR or an AIR with a smaller specific area may be allocated
a larger portion of the overlapped areas in order to achieve
minimal makespan. However, this allocation can cause the
value of Objective 2 to be large since the sum of distances
of the target from the allocated areas to the specific areas of
this AIR can be large. Thus, a compromise solution may be
necessary.

5.2.3 Objective 3: Minimal AIRs’ joints torque

Minimizing the torque experienced by the joints of each AIR
during the task execution will, in the long term, help with
maintaining the good condition of the manipulator’s joints
and possibly reduce the energy consumption. There can be
certain regions of the overlapped areas that can cause a par-
ticular AIR to experience significant torques while covering
such regions, and hence these regions are preferred to be cov-
ered by another AIR that will not experience large torques.

Let T Rmax (q f
i j ) be the function that calculates the maxi-

mum torque ratio experienced by a joint k(k = 1, . . . , nk) of
the i th AIR, where q f

i j is a feasible AIR pose that can reach

the target oi j ∈ Oal
i with an acceptable end-effector position

and orientation, and j is the AIR’s pose index as well as the
target’s index. T Rmax (q f

i j ) can be expressed as

T Rmax (q f
i j ) = max

k

∣∣∣∣∣∣

Tik(q f
i j )

τ cik

∣∣∣∣∣∣
(8)

where Tik(q f
i j ) gives the torque experienced by joint k of the

i th AIR at pose q f
i j , and τ cik is the toque capacity of the kth

joint.
For each AIR pose q f

i j corresponding to a target oi j , the
torque experienced by all joints of the i th AIR can be cal-
culated based on the external forces exerted on the AIR and
the weight of the AIR. External forces are mainly the forces
at the end-effector. For example, in the grit-blasting appli-
cation, the reaction force of the blasting stream exiting the
nozzle is considered as the external force. Since the motion
of the AIR during task execution is slow in such applications,

other factors such as angular, centripetal andCoriolis acceler-
ations can be neglected when calculating torque; otherwise,
dynamic forces should be taken into account.

The third objective is therefore to minimize the sum of
all the maximum torque ratios corresponding to all the AIR
poses generated for the targets allocated to each AIR, i.e.

min
Z

F3(Z) =
n∑

i=1

No
i (Z)∑

j=1

T Rmax (q f
i j ). (9)

Objective 3 can be in conflict with Objective 1 (minimal
makespan). Each AIR will need to be allocated a certain
number of targets from the overlapped areas to achieve min-
imal makespan or difference in completion times. However,
to achieve minimal torque it may be better for an AIR to
cover certain areas allocated to another AIR since the other
AIR may be operating on regions where it is experiencing a
large amount of torque. Objective 3 can also be in conflict
with Objective 2 since the targets that are close to the specific
areas of an AIR may not necessarily cause the AIR to expe-
rience less amount of torque, e.g. due to an obstacle that is
close to the specific areas and reaching the targets around the
obstacle with acceptable AIR poses may cause large torques.

5.2.4 Objective 4: Maximal manipulability measure

Manipulability measure (Yoshikawa 1985) is a measure that
can be used to assess the manipulating ability of a robotic
system to carry out a task. This measure indicates how far the
AIR’s manipulator pose is from singularities. This measure
is particularly helpful when all joints of the manipulator are
revolute or prismatic and not a combination of both (Patel
and Sobh 2015). Manipulability measure of an AIR pose q f

i j
can be calculated as

W (q f
i j ) =

√

det
(
J(q f

i j )J
T(q f

i j )
)

(10)

where J is the Jacobian matrix associated with the pose q f
i j .

The fourth objective is to maximize the sum of the manip-
ulability measures, i.e.

max
Z

F4(Z) =
n∑

i=1

No
i (Z)∑

j=1

W (q f
i j ). (11)

Similar to the explanation provided for the previous objec-
tive function (Objective 3), Objective 4 can also be in conflict
with Objectives 1 and 2. That is, an AIR may be allocated
some areas that another AIR can reach with lower manip-
ulability measure; however, this allocation may cause poor
makespan since the AIR may already be covering a larger
area. Additionally, the targets that are close to the specific
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Table 1 Some details of the
case studies

Case
study

Type of
environment

Simulation
data or real
data

Number
of objects

Number
of AIRs

Same or
different
AIRs

Objective
functions
considered

1 Planar Simulation 1 3 Different 1 and 2

2 Planar Real 1 2 Same Modified

3 3D Simulation 3 2 Same All

4 3D Simulation 3 3 Same All

5 3D Real 1 2 Same All

6 3D Real 1 2 Same All

areas of an AIR may not necessarily be reachable with better
manipulability measure. Objective 4 can also be in conflict
with Objective 3 since an AIR may be able to reach some
targets of the overlapped areas with low amount of torque
but not necessarily with good manipulability measure, and
vice versa.

6 Case studies

Six case studies are presented in this section to validate the
approach for different conditions and environments. Table 1
summarizes some details of the case studies. The first case
study is to validate the APA approach for three AIRs with
different capabilities (speed and tool size). In the second
case study, the approach is compared to a pattern-based GA
(Genetic Algorithm) which performs partitioning and cover-
age path planning concurrently. The simulation in this case
study is based on a real environment presented in Kapanoglu
et al. (2012). Case studies 3 and 4 validate the approach for
a complex environment where multiple objects are separated
from each other (unconnected), and provide a discussion on
the Pareto front. Case studies 5 and 6 use data from a real
application and real objects to validate the approach for an
object with a complex geometric shape and a concave object,
respectively.

The AIRs used in the case studies consist of a nozzle
attached to the end-effector of a 6-DOF Schunk industrial
manipulator that is mounted on a base. For the case studies
with the real-world data (Case Studies 5 and 6), an ASUS
Xtion sensor, which is mounted on the nozzle head, was used
to generate the point cloud. Computationwas carried out on a
PC with the following specifications: Windows 7 Enterprise,
Intel Core i5-2400 CPU @ 3.10 GHz and 64-bit operating
system.

Note that the completion time of an AIR is the time it
takes for the AIR to execute the intended task in real-time. It
is calculated based on Eq. 3. Thus, the completion time does
not include the preliminary computation times of the case
study. The computation time associatedwith the optimization
process of APA is included within each case study. A table

is added in the next section (Sect. 7) which summarizes the
completion times of the AIRs and the computation times for
the case studies.

As mentioned in Sect. 4, multi-objective optimization is
used. The mathematical model presented in Sect. 5 can be
solved using many optimization algorithms. Comparative
studies between optimization algorithms and parameters are
outside the scope of this paper.An example ofmulti-objective
optimization is Non-dominated SortingGenetic Algorithm II
(NSGA-II) (Deb et al. 2000), which is a viable option for the
problemunder consideration. Thus, the gamultiobj function
from Matlab R2013a optimization toolbox, which is based
on NSGA-II, is used to solve the mathematical model. In the
following subsection, a procedure for calculating the objec-
tive functions within the optimization algorithm is provided.
For the purpose of improving computation time, tuning of
the parameters, “number of generations” and “population
size”was investigated with respect to solution quality and
convergence. It was found that the population size of 50 is
suitable for solution convergence, and the number of gener-
ations greater than 100 doesn’t improve the solution quality.
To demonstrate convergence upon optimal solutions, opti-
mization is repeated 10 times for the relevant case studies
and the results are provided. Multithreading is enabled for
the optimization to use all four cores of the CPU. All other
parameters are set as default.

For a particular AIR pose, the torque experienced by each
joint of the AIR needs to be calculated for the objective func-
tion expressed in Eq. 9. As mentioned previously, the torque
values are due to the external forces and the joints and links
weights of the AIR. Specifically, in the following case stud-
ies, the torque values account for the reaction force at the
nozzle (due to the stream of grit or paint exiting the nozzle),
and the weight of the joints (actuators) and the nozzle. The
weight of the links is discarded since it is small compared
to the actuators’ weight. The equations described in Niku
(2011) for static force analysis are used to calculate torque.
In brief, the torque values due to the forces at a frame H can
be calculated as Tq(q f

i j ) = [JH (q f
i j )]T[f H ] where Tq(q f

i j )

gives the torque values of all joints due to the feasible AIR
pose q f

i j generated by the i th AIR to reach the j th target,
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JH (q f
i j ) gives the Jacobian matrix relative to the frame H ,

and f H contains the forces and moments generated at the
frame H . Similarly, torques due to the forces at other frames
(frames at the joints and the nozzle) can be calculated. All
the torque values can then be added together to give the final
torque value of all joints due to the AIR pose q f

i j which is
generated to operate on the j th target.

6.1 Procedure for calculating the objective functions

To provide a brief insight into the procedure for calculating
the objective functions within the optimization algorithm,
Function 1 is constructed. Although NSGA-II is used as an
example optimization tool for solving the proposed math-
ematical model, Function 1 is not limited to genetic algo-
rithms, and can be used with other optimization algorithms
provided that small modifications are made if necessary to
suit the particular optimization algorithm implemented.

The inputs to the function are the design variables Z
(position coordinates of the seed points), the targets Oo =
{Oo

1 , O
o
2 , . . . , O

o
n } that represent the overlapped areas of all

AIRs, and the targets Os = {Os
1, O

s
2, . . . , O

s
n} that represent

the specific areas of all AIRs. The function first loops through
the n AIRs (line 2) and all the targets Oo

i ∈ Oo representing
the overlapped areas of the i th AIR (line 3). In each loop it
checks (line 4) whether or not a target oi j ∈ Oo

i is inside
the Voronoi cell allocated to the i th AIR by comparing the
distance from oi j to the seed point psi , with the distance from
oi j to every other seed point psk(k = {1, 2, . . . , n}\ i). Recall

Function 1 Calculating Objective Functions
1: function ObjFunc(Z , Oo, Os )
2: for i = 1 to n do
3: for j = 1 to noi do
4: if ‖oi j − psi ‖ < ‖oi j − psk‖ then
5: Oal

i ← Oal
i � oi j

6: T al
i ← T al

i � T Rmax (q f
i j )

7: Wal
i ← Wal

i � W (q f
i j )

8: else
9: Orej

i ← Orej
i � oi j

10: T rej
i ← T rej

i � T Rmax (q f
i j )

11: Wrej
i ← Wrej

i � W (q f
i j )

12: end if
13: end for
14: end for
15: if n > 2 then
16: Data ← [Oal , T al ,Wal , Orej , T rej ,Wrej ]
17: [Oal , T al ,Wal ] ← FixMissingSections(Data)

18: end if
19: F1 ← T imeVariance(Oal )

20: F2 ← Distance2Centroid(Os , Oal )

21: F3 ← Sum(T al )

22: F4 ← −Sum(Wal )

23: return [F1, F2, F3, F4]
24: end function

that the targets in a Voronoi cell are closest to the seed point
of that particular cell. If the target associatedwith the i th AIR
is inside the corresponding i th Voronoi cell, then the target
oi j , the maximum torque ratio T Rmax (q f

i j ) experienced by a

joint of the i th AIR at pose q f
i j created to reach oi j , and the

manipulability measureW (q f
i j ) due to the AIR’s pose q

f
i j are

added (lines 5 to 7) to the sets Oal
i , T al

i and Wal
i , respec-

tively. Otherwise they will be added (lines 9 to 11) to the sets
Orej
i , T rej

i and Wrej
i , respectively. Note that the notation

“�”represents concatenation, and the subscripts al and rej
are used to symbolize allocated and rejected targets, respec-
tively. T Rmax (q f

i j ) andW (q f
i j ) are calculated based on Eqs. 8

and 10, respectively. Lines 15 to 18 are designed to deal with
a special conditionwhereVoronoi partitioning causes incom-
plete coverage of the overlapped areas when more than two
AIRs are deployed, since the overlapped areas between the
AIRs can be different. The function FixMissingSections
is designed to fix the missing sections and ensure complete
coverage. This function and themethod for fixing themissing
sections will be explained in detail as part of a case study in
Sect. 6.5. After obtaining Oal , which contains all the sets of
targets allocated to the AIRs, and the corresponding torque
values T al andmanipulabilitymeasuresWal , then objectives
F1 to F4 (lines 19 to 22) are evaluated using the equations
outlined in Sect. 5.2. In line 19, T imeVariance is a func-
tion representing Eq. 2. In line 20, Distance2Centroid is
a function representing Eq. 7. The Sum used in lines 21 and
22 is to sum all the torque values in T al and all the manip-
ulability measures in Wal , which is the same as evaluating
Eqs. 9 and 11, respectively.

6.2 Case study 1: Three AIRs with different capabilities
to grit-blast a flat plate

The purpose of this case study is to demonstrate that the
APA approach can produce good results in conditions where
AIRs’ capabilities are different. Assume that the overlapped
and specific areas that were shown in Fig. 3 are associated
with three AIRs and are calculated based on the base loca-
tions and workspaces of the AIRs. The AIRs have different
capabilities, meaning that they have different speed and tool
size; therefore, different target size on the surface. The radius
of the targets (ro in meters), the distance between two adja-
cent targets along a path (d in meters), and the end-effector
speed (v in meters per second) associated with each AIR are
summarized in Table 2.

Objectives 3 and 4 are discarded in this case study by
assigning all targets a value of zero for torque and manipula-
bility measure. A solution from the Pareto front that results
in the minimal overall completion time of the task is chosen.
The completion time of AIRs 1 to 3 is 13.5, 13.6 and 13.4 s,
respectively. It can be seen fromFig. 7 that the allocated areas
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Table 2 Properties of the three AIRs

AIR 1 AIR 2 AIR 3

ro (m) 0.03 0.04 0.05

d (m) 0.0402 0.0536 0.067

v (m/s) 0.2 0.15 0.1

R1
R2
R3

cs
2

cs
1

cs
3

ps
1

ps
3

ps
2

Fig. 7 Final paths associated with the three AIRs based on a solution
chosen from the Pareto front

are close to their corresponding AIRs, due to incorporating
objective 2 in the optimization model. The total length of the
paths of AIRs 1 to 3 is 2.69, 2.04 and 1.34m, respectively.
In the figure, the three filled circles annotated with csi are the
centroid of the specific areas associated with the three AIRs
where i is the AIR index. Similarly, the three filled circles
annotated with psi are the seed points of the Voronoi graph.

To check convergence upon optimal solutions, the opti-
mization was repeated 10 times and for each run, a near-
optimal solution was obtained. The above solution is based
on one of the 10 optimization runs. From the 10 runs, the

average overall completion time of the task is 13.8 s (0.3 s
less than the optimal). The computation time for the opti-
mization is <10s on average.

6.3 Case Study 2: Comparing the proposed APA
approach to the pattern-based GA approach

The proposed APA approach focuses on partitioning and
allocating the overlapped areas amongst AIRs. It has the
flexibility to then allow many of the single robot CPP algo-
rithms to be applied to the allocated areas of each AIR. The
APA approach is compared to the pattern-based GA (Genetic
Algorithm) approach (Kapanoglu et al. 2012), which per-
forms partitioning and CPP concurrently. In pattern-based
GA, eight patterns are designed to “provide disciplined, rea-
sonable rectilinear moves”(Kapanoglu et al. 2012) for each
robot. The approach has been validated using flat rectilin-
ear environments, and it has shown to achieve significant
improvements over Hierarchical Oriented GA (HOGA).

The 8.4 × 7.2m environment shown in Fig. 8a has been
used in the Pattern-based GA to compare it to the HOGA
method. Two scenarios were considered for the comparison
where in each scenario different initial start points for the
robots are used. The start points are shown in Fig. 8b, c for
scenarios 1 and 2, respectively. Kapanoglu et al. (2012) show
that using the pattern-based GA, 18% and 14% improvement
(over HOGA) is possible for scenarios 1 and 2, respectively.
The APA approach is applied to the same scenarios and a
further improvement is achieved even though the solution
obtained by the pattern-based GA is near-optimal.

For fair comparisons, the objective function is made the
same, which is to minimize the overall completion time
(makespan). Kapanoglu et al. (2012) consider the completion
time of a robot to contain “the linear moving times between

Fig. 8 The test environment used in the pattern-based GA approach,
HOGA approach, and the proposed APA approach is shown, and the
paths generated using the proposed APA approach is shown for two

scenarios where in each scenario different initial start points are con-
sidered for the robots. a The test environment used for comparisons. b
Scenario 1. c Scenario 2
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disk centroids as well as rectilinear turning times”, thus the
completion time of a robot is calculated as “{[# of straight
disk moves]*ts + [# of right-angle turns]*tra + [# of rota-
tions (180◦ turns)] *2*tra} where ts and tra denote the time
robot spends moving from one disk to another and the time
to make a right angle turn, respectively”. In APA, the robot
is not restricted to rectilinear moves (right-angle turns and
180◦ turns), thus the completion time is calculated as: {[path
length / length of a straight disk move]*ts + [sum of all rota-
tions / right angle rotation (90◦)]*tra}. Robots’ velocity is
made the same, which is 300 mm/s for translation and 20
deg/s for rotation, hence ts = 2 s and tra = 4.5s.

Using the proposed APA approach the paths shown in
Fig. 8b, c are obtained where the overall completion time is
145.9 (∼ 1.5% improvement) and 134.5 (∼ 2% improve-
ment) seconds for scenarios 1 and 2, respectively. Although
the improvement may seem small, note that the results pre-
sented by Kapanoglu et al. (2012) using the pattern-based
GA are already near-optimal. The improvements made by
the proposed APA approach is due to the non-rectilinear
moves (diagonal moves) of the robots, as can be seen in
Fig. 8b, c. The test environment was a rectilinear environ-
ment and is ideal for rectilinear moves used in pattern-based
GA approach. However, when more complex environments
are considered, such as 3D and curved surfaces shown in the
following case studies, rectilinearmovesmaynot be efficient,
particularly if the cost of the robot turning is high. Hence,
the proposed APA approach allows other CPP algorithms to
be implemented on the allocated areas of each AIR based
on the environment/application. For example, in this case
study, an open-end/fixed-start version of the classical travel-
ing salesman problem (TSP) was implemented. Note that in

the implementation, robot 1’s path is generated first, followed
by robot 2 and then 3, and if a robot covers another robot’s
allocated targets so as to reach its allocated targets, then the
already covered targets are removed to avoid repeated cov-
erage as much as possible (e.g. in Fig. 8b).

6.4 Case study 3: Comparing solutions from the Pareto
front for two AIRs spray painting three separated
objects

The purpose of this case study is to demonstrate that the
approach is capable of appropriately partitioning and allo-
cating surface areas of multiple 3D objects that are separated
(unconnected) from each other. A comparison study for
selecting different solutions from the Pareto front is also
presented. As explained in Sect. 4, sincemulti-objective opti-
mization is used, then a solution from the Pareto front needs
to be selected. As an example, assume that the three objects
shown in Fig. 9a are to be spray painted by the two deployed
AIRs. In selecting a solution from the Pareto front for this
application, being able to finish the task in minimal time is
the most important priority and hence, objective 1 (minimal
overall completion time) is given the top priority, followed by
objective 2 (minimal closeness of the allocated areas to the
specific areas). Thus, a subset of solutions from the Pareto
front is first chosen in terms of objective 1 and then, the set
is further reduced in terms of objective 2. From the reduced
set of solutions, the final solution can be chosen based on
minimizing torque (objective 3) if the joints condition of the
AIR is more important than maximizing the manipulability
measure (objective 4), or vice versa.

Fig. 9 Overlapped and specific areas as well as the final paths associated with the two AIRs which will be used to spray paint three objects. a Two
AIRs spray painting three objects which are seperated from each other. b Overlapped and specific areas (view angle 1). c Overlapped and specific
areas (view angle 2)
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Table 3 Three solutions from the Pareto front

Soln. 1 Soln. 2 Soln. 3

Objective 1 (s2) 0 0 12.1

Objective 2 (m) 142.2 150.6 138.6

Objective 3 (N.m) 120.1 124.5 123.5

Objective 4 −16.4 −16.5 −15.1

Initially, the paths that are shown in Fig. 9a are assumed
to be reachable by the two AIRs; however, as explained in
Sect. 3, accurate representation of the paths needs to be found
by calculating the overlapped and specific areas. The targets
and the paths created on the overlapped and specific areas
of the two AIRs are shown in Fig. 9b, c. These paths will

be modified based on the chosen solution from the Pareto
front. The areas that are shown to have no path or targets are
unreachable, i.e. they can’t be reached with an appropriate
end-effector pose of any of the two AIRs.

The two AIRs are assumed to be identical and therefore,
both AIRs have the following properties: the radius of the
targets (ro in meters) is 0.04, the distance between two adja-
cent targets along a path (d in meters) is 0.0563, and the
end-effector speed (v in meters per second) is 0.1.

After running the optimization, a small set of solutions
from the Pareto front that are best in terms of overall com-
pletion time (objective 1) are first chosen. Three of these
solutions are shown in Table 3 and Fig. 10, where the spheres
annotated with psi are the seed points. Solutions 1 and 2 are
optimal in terms of objective 1, i.e. as shown in Table 3,

Fig. 10 AIRs’ final paths created on the three objects based on three solutions chosen from the Pareto front. a Solution 1 (view angle 1). b Solution
1 (view angle 2). c Solution 2 (view angle 1). d Solution 2 (view angle 2). e Solution 3 (view angle 1) f Solution 3 (view angle 2)
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Table 4 Completion time of the AIRs in seconds

Soln. 1 Soln. 2 Soln. 3

AIR 1 (s) 120 120 117

AIR 2 (s) 120 120 123

the difference in completion times of the AIRs is zero and
hence, both AIRs are active during the whole spray painting
process. However, choosing solution 1 is better in terms of
minimizing torque (objective 3) and minimizing the distance
between the allocated areas and the specific areas (objec-
tive 2). Maximizing manipulability measure (objective 4) is
approximately the same for results 1 and 2. Note that since
the optimizer is set to minimize all objectives, then a larger
negative value for objective 4 corresponds to a better manip-
ulability measure.

Solution 3 is better than solutions 1 and 2 in terms of
objective 2, i.e. the sum of distances from the targets in
the allocated areas to the centroids of the specific areas is
smaller. Comparing Fig. 10e, f corresponding to solution 3,
with Fig. 10a–d corresponding to solutions 1 and 2, it is clear
that the targets are better groupedwith each other (in Fig. 10e,
f) and are more concentrated, meaning that the targets asso-
ciated with each AIR are better linked to each other to form a
path, and will potentially cause a better motion for the AIRs
during the task execution.

These comparisons prove that there could be many solu-
tions that result in minimal overall completion time, however
by having additional relevant objectives in the optimization
model, there is the extra benefit of obtaining better results in
terms of one or more of the other objectives and selecting a
solution that best suits the application under considerations.

The expected completion time of the two AIRs (in sec-
onds), for each solution is shown in Table 4.

To check convergence upon optimal solutions, the opti-
mization was repeated 10 times, and for each run, an optimal
solution was obtained. The average of the optimal solutions
selected from the Pareto front of the 10 runs is 0 s2, 139.9
m, 128.2 N.m, and −15.9, for objectives 1 to 4, respectively.
From the 10 optimization runs, the average overall comple-
tion time of the task is 120s (optimal). The computation time
for the optimization is <15s on average.

6.5 Case study 4: Demonstration of a method to fix
missing sections when more than two AIRs are
deployed

In this case study, the same scenario presented in case study
3 is used; however, an additional AIR that is identical to the
other two AIRs is now introduced in the environment as was
shown in Fig. 1. An advantage of havingmore than twoAIRs
is that more of the objects’ surfaces can be covered; however

when implementing the APA approach, if an additional pro-
cedure is not performed to ensure missing sections are not
generated, then incomplete coverage may occur.

Missing sections can be caused only when: (1) more than
two AIRs are deployed to carry out the task, and (2) the
overlapped areas are not the same for all AIRs. In such a
condition, Voronoi partitioning may generate Voronoi cells
that may only be partially reachable by their correspond-
ing AIRs and hence, result in missing sections as shown in
Fig. 11a, b. This issue can be fixed by first finding and then
allocating the missing sections to the AIRs that can reach
the sections. In each iteration of the optimization process,
Voronoi partitioning is first performed within Function 1 and
then the function will check for and fix missing sections by
running Function 2.

Function 2 loops through the n AIRs (line 2) and all unal-
located/rejected targets, oi j ∈ Orej

i of each AIR (line 3).

In each loop, the area areji j that the rejected target oi j cov-
ers needs to be checked (line 4) to examine whether or not
it has already been covered by another target oi ′ j ′ (∀oi ′ j ′ ∈
Oal
i ′ , i

′ = {1, 2, . . . , n} \ i) where roi j in line 4 is the radius

of the target oi j . If the condition is met and no other target

has covered the area areji j , then another check (lines 5 to 7) is

performed to examine whether or not areji j should actually be
given to the target oi j of the i th AIR. In brief, this check is

to ensure that the area areji j is closest to the i th AIR, or more
accurately, closest to the seed point representing the allocated
areas of the i th AIR. This check is done by performing the
following steps: (1) for each AIR, obtaining (if available) a
target oi ′ j ′′ ∈ Orej

i ′ that overlaps with oi j , i.e. a target that

can cover most of the area areji j (using the function fnear in
line 5 which calculates the distance between the targets oi ′ j ′′
and oi j , and places the target oi ′ j ′′ in the set Nearest if the

Function 2 Fix Missing Sections
1: function FixMissingSections(Data)
2: for i = 1 to n do
3: for j = 1 to nreji do
4: if min

i ′, j ′
‖oi j − oi ′ j ′ ‖ > roi j then

5: Nearest ← fnear (roi j , oi j , O
rej
i ′ )

6: Dmin ← min
k

‖(ok ∈ Nearest) − psk‖
7: if Dmin > ‖oi j − psi ‖ then
8: Oal

i ← Oal
i � oi j

9: T al
i ← T al

i � T Rmax (q f
i j )

10: Wal
i ← Wal

i � W (q f
i j )

11: end if
12: end if
13: end for
14: end for
15: return [Oal , T al ,Wal ]
16: end function
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Fig. 11 Two solutions are shown where one of the solutions is not
acceptable since missing sections are present, and the other solution is
acceptable since all missing sections are found and allocated appropri-

ately. a Unacceptable solution (view angle 1). b Unacceptable solution
(view angle 2). c Acceptable solution (view angle 1). d Acceptable
solution (view angle 2)

distance is less than roi j , i.e. if oi j overlaps with oi ′ j ′′ ), (2)
calculating the distances between all targets ok ∈ Nearest
and their corresponding Voronoi seed point psk , and obtaining
the minimum distance Dmin from the calculated distances,
and (3) if Dmin is greater than the distance between the tar-
get oi j and its corresponding Voronoi seed point psi , then

the area areji j is allocated to the target oi j . Lines 8 to 10 add

the target oi j , the maximum torque ratio T Rmax (q f
i j ), and the

manipulabilitymeasureW (q f
i j ), to the setsO

al
i ,T al

i andWal
i ,

respectively.Note that in order tomake this function time effi-
cient, the use of bounding volumes or voxels (Xu et al. 2007)
and grouping the targets in a hierarchical data structures such
as Quadtrees or Octrees (Peters 2013) is needed for reducing
the number of distance queries between the targets (e.g. in
lines 4 and 5) and acquiring data. Function 2 was detailed for
the purpose of clarifications of the implementation only, and
may be structured in a different manner. However, regardless
of the structure used, the concept remains the same in that, if
more than two AIRs are deployed and the overlapped areas
are different, missing sections are to be found and appro-
priately allocated to other AIRs that can cover the missing
sections.

Continuing with the example scenario, the additional pro-
cedure for fixing missing sections helped with obtaining
complete coverage as shown in Fig. 11c, d, which is a solu-
tion chosen from the Pareto front. The areas that are shown
to have no path or targets are unreachable, i.e. they cannot
be reached by any of the AIRs. The completion time of all
AIRs is 109s.

To check convergence upon optimal solutions, the opti-
mization was repeated 10 times, and for each run, an optimal
solution was obtained. The above solution is based on the
output (Pareto front) of one of the 10 optimization runs. The
average of the optimal solutions selected from the Pareto

front of the 10 runs is 0 s2, 201.5 m, 181.8 N.m, and −20.5,
for objectives 1 to 4, respectively. From the 10 optimiza-
tion runs, the average overall completion time of the task is
109s (optimal). The computation time for the optimization
is <2min on average.

6.6 Case Study 5: Two AIRs used to grit-blast part of a
steel bridge

TheAPAapproach is tested by using real data generated from
the grit-blasting application where rust and other debris are
removed from objects’ surfaces. In this application, the grit
exits the nozzle with a high pressure and helps with clean-
ing the surfaces. The deployed AIRs are identical and are
equipped with the same end-effector nozzle. The AIRs oper-
ate with the end-effector speed set to 0.1m/s relative to the
surface. The radius of the targets associated with all AIRs
is set to 0.04m, and the distance between the centers of two
adjacent targets along a path is 0.0563m. Note that in all fig-
ures, due to the size of the objects and the large number of
targets associated with each AIR, the paths are not shown to
help with a clear visualization of the figures.

For this case study, a cardboard test rig is made to repli-
cate part of a steel bridge as shown in Fig. 12a, where two
6-DOF AIRs are being tested prior to being deployed in the
real environment. The environment is explored using sensors
attached to the end-effector of the AIR, and then the point
cloud data is used to generate the targets shown in Fig. 12b.
For each AIR, 4130 targets are used to represent the surfaces.
From these targets, the combined number of targets that the
two AIRs can actually reach (reachable targets) is 3760 con-
sidering that the targets in the overlapped areas are counted
once. The positions of the two AIRs relative to the objects
are shown in Fig. 12b.
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Fig. 12 Overlapped and
specific areas as well as the final
solution associated with the two
AIRs which will be used as a test
for a grit-blasting application in
a steel bridge environment. a
Two identical AIRs to be tested
in a cardboard test rig
replicating part of a steel bridge.
b Target representation of the
environment and the location of
the two AIRs. c Overlapped and
specific areas associated with
the two AIRs. d Final solution
chosen from the Pareto front (a) (b)

(c) (d)

Figure 12c shows the specific and overlapped areas asso-
ciated with the two AIRs. Figure 12d is based on a solution
chosen from the Pareto front. This solution is chosen by con-
sidering that the overall completion time (objective 1) has the
highest priority. The solution is optimal in terms of overall
completion time and both AIRs finish simultaneously with
a completion time of 969s. It can be seen that the allocated
areas are close to their corresponding specific areas as would
be expected by incorporating objective 2.

The optimization was repeated 10 times, and for each run,
an optimal solutionwas obtained. The above solution is based
on the output (Pareto front) of one of the 10optimization runs.
The average of the optimal solutions selected from the Pareto
front of the 10 runs is 0 s2, 1870 m, 1225 N.m, and−124, for
objectives 1 to 4, respectively. From the 10 optimization runs,
the average overall completion time of the task is 969s (opti-
mal). The computation time for the optimization is <1min
on average.

6.7 Case Study 6: Two AIRs used to grit-blast a boxlike
steel structure

The APA approach is tested again using a real concave box-
like steel structure. As shown in Fig. 13a, there are many

rusted areas in the structure and two AIRs (same as those
used in the previous case study) are expected to be used
to remove the rust by grit-blasting all of the internal sur-
faces of the structure. The targets associated with the two
AIRs and the location of the AIRs relative to the structure is
shown in Fig. 13b. The specific and overlapped areas, shown
in Fig. 13c, d, associated with the two AIRs are made up
of a total 6723 targets considering that the targets in the
overlapped areas are counted once. It can also be seen from
Fig. 13c, d that AIR 2 is able to nearly cover all surfaces,
i.e. the targets in the overlapped and specific areas of AIR 2
cover the vast majority of the surface areas. This AIR alone
is sufficient to perform the exploration and carry out the grit-
blasting. Thus, in this case, introducing a second AIR to the
environment is mainly to reduce the overall completion time
rather than achieving a greater coverage.

A solution from the Pareto front is shown in Fig. 13e,
f. AIR 2 has a larger completion time (1820s) than AIR 1
(1320s); however, AIR 1 is allocated all of the overlapped
areas to minimize the difference in completion times and the
makespan.

The optimization was repeated 10 times, and for each run,
an optimal solutionwas obtained. The above solution is based
on the output (Pareto front) of one of the 10optimization runs.
From the 10 optimization runs, the average overall comple-
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Fig. 13 Overlapped and specific areas as well as the final solution
associated with the two AIRs which will be used to grit-blast a convex
boxlike steel structure. a An AIR performing scanning and exploration
of the environment. b Target representation and the location of the two

AIRs. cOverlapped and specific areas (view angle 1). dOverlapped and
specific areas (view angle 2). e Final solution (view angle 1). f Final
solution (view angle 2)

tion time of the task is 1829s (9 s less than the optimal). The
computation time for the optimization is <2min on average.

A video is provided (Online Resource) for this case study
to recap the steps for obtaining the results. The video also
includes the environment exploration phase.

7 Discussion

The case studies demonstrated the effectiveness of the APA
approach for various conditions and scenarios. It was shown
that the makespan, which is one of the most critical objec-
tives for the applications under consideration, is optimal or
near-optimal for all case studies. The benefits of other objec-
tives were also demonstrated in the case studies. Table 5
summarizes the makespan of all case studies. Table 5 also

Table 5 Makespan value and computation time of the case studies

Case
study

Makespan (s) Difference from
optimal (s/%)

Computation
time (s)

1 13.8 0.3/2.2 10

3 120 Optimal 15

4 109 Optimal 120

5 969 Optimal 60

6 1829 9/0.5 120

summarizes the computation time of the case studies, i.e.
the time it took for the APA approach to find a solution for
a particular scenario. The computation times are acceptable
for the applications under consideration. However, potential
improvements in the computation time can be investigated as
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future work. For example, discretization of the search space
can be a way to reduce the computation time by restricting
the seed points of the Voronoi graph to be in discretized loca-
tions of the environment. The effect of different optimization
algorithms on the approach and the mathematical model can
also be looked at, and the tuning of the parameters relevant
to the chosen optimization algorithm can be studied.

Given a map of the environment, the work presented in
this paper primarily focuses on achieving optimal results for
the area partitioning and allocation problem. Hence, other
stages of AIRs operation such as exploration for mapping
were not the main concerns in this paper. The link “http://
www.sabreautonomous.com.au” provides relevant resources
for better understanding of the AIRs overall operation (e.g.
exploration and path planning) for complete coverage task of
grit-blasting. Themapof eachobject and the environment can
be built using mapping methods by AIR/s if a CADmodel of
the object is not available, e.g. using the method explained
in Paul et al. (2011). Target representation (and their nor-
mal) from a point cloud was also explained in Sect. 3. It was
assumed that a reasonably accurate map of the environment
could be obtained. The accuracy of the generated map that
is inputted to the APA approach depends on many factors;
e.g. the sensors used, the complexity of the environment, and
the exploration and localization algorithm implemented. The
accuracy of the map can be improved using methods such as
template matching. Inaccuracies and missing data (holes) in
the point cloud can also be handled using camera recalibra-
tion or depth data filtering (Han et al. 2013). However, these
aspects are not investigated in this paper. As future work, it
will be interesting to investigate solving the exploration prob-
lem and APA concurrently and devise techniques to reduce
the inaccuracies.

8 Conclusion and future work

When multiple autonomous robots are deployed in unstruc-
tured environments for tasks such as surface cleaning,
grit-blasting and spray painting, which require complete
surface coverage, it is crucial that the robots are able to col-
laborate with each other to effectively cover each object that
is introduced into the environment, and ultimately achieve
optimal operation during the task execution. There are cer-
tain areas of the surfaces that more than one robot in the team
can reach, which were called overlapped areas in this paper.
Prior to generating paths for each robot, the overlapped areas
are first to be fairly partitioned and allocated to the robots. In
doing so, the capabilities of the robots such as speed, and the
robot team’s objectives are to be considered. Four objectives
were taken into account, and they are as follow: (1) minimal
overall completion time of the task, (2) minimal closeness of
the allocated areas to the corresponding robot, (3) minimal

torque experienced by the robots’ joints, and (4) maximal
manipulability measure. These objectives were optimized
using a multi-objective optimization algorithm. The parti-
tioning of the overlapped areas was carried out usingVoronoi
partitioning by making the seed points of the Voronoi graph
to be the design variables of the multi-objective optimization
problem. Several case study were presented to demonstrate
the effectiveness of the approach for planar and non-planar
objects, multiple objects that are separated from each other,
and real objects.

As future work, methods to further improve computation
efficiency of the approach can be investigated. It will be also
interesting to study the effect of inaccuracies in the point
cloud on the APA approach and devise techniques to reduce
such inaccuracies. Implementing the approach in a large-
scale simulation environment, e.g. using Gazebo, will also
be looked at.
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