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Abstract The basic purpose of this communication, is to
investigate the dynamical nature of Bianchi type-I universe
with perfect fluid content in Sáez-Ballester (SB) theory
(Phys. Lett. A 113:467–470, 1986). We got the solution of
modified Einstein’s field equations (EFEs) by considering
the bilinearly varying deceleration parameter (BVDP) and
the gravitational constant (G) as a power function of aver-
age scale factor a(t). We assumed that BVDP is function of
cosmic time with q(t) = α(1−t)

1+t
, α ≥ 0. Our finding suggests

that present universe has had transitional phase of expansion
which was decelerating in the past and is accelerating phase
at present time. We also observed that the DE parameter
(�) and energy density parameter (ρ) are decreasing with
respect to cosmic time and converge to a very small value
at the late time. This result is in strong agreement with re-
cent observations. Physical and geometric properties of the
cosmological parameters are also presented in the commu-
nication.

Keywords Sáez-Ballester theory · Bianchi Type-I ·
Bilinearly varying deceleration parameter

1 Introduction

In recent observations of the SNe Ia supernovae (Riess et al.
(1998), Perlmutter et al. (1998, 1999)) and the power spec-
trum fluctuation in the cosmic radiation indicate evidences
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regarding the presence of mysterious dark energy (DE) in
the universe. (Spergel et al. (2003)). We know that DE mod-
els of the universe have significant role in theoretical study
of structure of the universe. The DE is assumed as the best
candidate to explain present cosmic acceleration. It is also
believed that 96% of the universe consists of DE and dark
matter. The DE is usually characterized by equation of state
parameter (EoS) and is defined as ω = p

ρ
, here ω is EoS pa-

rameter, p is the fluid pressure and ρ is energy density of
the universe. Both the observations i.e. cosmic microwave
background radiation (CMBR) and SNe Ia suggest to further
study regarding acceleration and expanding models of the
universe with �m and ��, here �m represent the DM den-
sity parameter and �� represent DE density parameter and
also values of �m ≈ 0.3 and �� ≈ 0.7. During literature
survey it has been noticed that cosmological constant prob-
lem always much debatable among researchers/cosmologist
since its inception (Weinberg (1989), Padmanabhan (2003)).
Also, the DE density parameter �� corresponds to cosmo-
logical constant � is a very small non-negative quantity at
present time. Therefore, we are interested to investigate the
dependence of � upon scale factor (a(t)) at certain level of
accuracy.

In physical cosmology the deceleration parameter (DP)
is the key parameter to categorized the different evolution
epochs of the universe. The changes in sign of the value
of DP from positive (q > 0) to negative (q < 0) indicate
phase transition in the evolution of the universe. As dis-
cussed above Riess et al. (1998) and Perlmutter et al. (1998)
have established that present value of DP is negative for ob-
served red-shifted magnitude of supernova SNe Ia obser-
vations. In 1998, Perlmutter et al. (1998) and Riess et al.
(2001), Caldwell and Doran (2004) have also found that the
value of DP lies in range −1 ≤ q0 ≤ 0. On the basis of ob-
servational values of DP they reached at the conclusion that
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the present universe is an undergoing accelerating phase of
expansion. In continuation to this Schuecker et al. (1998)
also observed that present value of q0 varies between −1.27
and 2.

Along with time-varying DP we are also familiar with
the importance of Hubble parameter H . As the sign of H

and q indicate the expansionary nature of the universe either
increasing up or slowing down with time. Hence, sign of H

and q classify expansionary nature of the universe as: if H >

0, q < 0, then universe is an expanding with accelerating
rate; if H > 0, q = 0, then rate of expansion is constant;
if H > 0, q > 0, then rate of expansion is decreasing with
cosmic time (Bolotin et al. (2015)).

After the discovery of accelerating and expanding many
authors tried to find the rate of universe expansion and
constructed models with time varying DP. Mak and Harko
(2002) had generated solution of gravitational field equa-
tions with time varying DP i.e. q(t) and established that DP
is not a constant quantity. In the similar context, several re-
searcher including Our peer group have constructed several
cosmological models with time varying DP and published
fruitful results (Akarsu and Dereli (2012), Amirhashchi and
Pradhan (2011), Reddy et al. (2013), Mishra et al. (2012),
Mishra and Chand (2016, 2017), Chand et al. (2016) and
Chawla et al. (2014). Further, Akarsu and Dereli (2012)
have proposed DP as a linear function of cosmic time t as
q = −kt + m − 1, here k and m are non negative constants.
In this context our peer research group Mishra et al. have
investigated few cosmological models with time-dependent
DP along with proper anastz q(t) = n.sech2(αt)) − 1 and
q(t) = −1 + nα

(t+α)2 and published fruitful results. In 2016,
we proposed DP as bilinear function of cosmic time along
with q(t) = α(1−t)

1+t
, here α is a non negative constant

(Mishra and Chand 2016).
The general theory of relativity (GTR) is the best suited

theory to describe the universe and � cold dark matter
model (�CDM) is the most natural model of the universe,
but the early time inflationary and late time accelerating ex-
pansionary nature of the universe has not properly addressed
by GTR. Therefore, to resolve this issue there is need either
modify the GTR or develop a new theory, which will gives
the complete description of the universe. During the litera-
ture survey has been noticed a large number of alternative
theories of gravity were proposed by cosmologists. Among
these alternative theories the scalar-tensor theories is inter-
esting and beneficial for such study.

In 1986, Sáez and Ballester (1986) proposed a scalar-
tensor theory of gravity, known as Sáez Ballester theory. In
this theory the metric is coupled with a dimensionless scalar
field in a different way. This coupling provide a reasonable
description of the weak field in which an accelerated expan-
sion regime reflect further. The action for the SB theory can

be expressed as,

A =
∫
R

(L + χLm)
√−gdx1dx2dx3dx4, (1)

with a slight variation of the metric and scalar field vanish-
ing at the boundary of region R, the variation principle leads
the fields equations

Gij − wφr(φ,iφ,j − 1

2
gijφ,kφ

,k) = 8πTij , (2)

where Lm is the matter Lagrangian, g = |gij |, Gik = Rik −
1
2Rgik is the Einstein tensor, R is an arbitrary region of inte-
gration, xi are the coordinates, Tij is the energy momentum
tensor, w is a dimensionless constant, φ is the scalar field
and r is an arbitrary constant. The scalar field φ satisfying
the following equations;

2φrφ
,k
;k + rφr−1φ,kφ

,k = 0. (3)

Numerous modification of GTR is accepted the theory of
variable gravitation constant G, based on different argu-
ments proposed by several authors Dirac (1974), Wesson
(1980), Canuto and Narlikar (1980), Arbab (1997) and
agreed that G varying cosmology is consistent with cosmo-
logical observations. In recent past several authors Ramesh
and Umadevi (2016), Rasouli and Moniz (2018), Rao et al.
(2018), Sharma et al. (2019) and investigated cosmologi-
cal models in the context of SB theory. Recently, our peer
group Mishra and Chawla et al. (2014) and Mishra and Dua
(2019) have already published the detail study of cosmolog-
ical models with time varying parameters DP. gravitational
constant (G) and cosmological constant (�) in SB theory.
Very recently, Rasouli et al. (2020), have published their
work entitled ‘Late time cosmic acceleration in modified
Sáez and Ballester theory’, under this work they have dis-
cussed two scalar field, one associated with SB theory and
other with extra dimension. Really, this provide the scope of
the induced matter theory. Such study also indicate the close
resemblance with standard SB theory as well as alternative
theory to GTR. It is also submitted that the Bianchi Type-
I models are the simplest models which are spatial homo-
geneous and anisotropic and whose spatial sections are flat
but the expansion or contraction rate is direction-dependent.
Therefore, in the present communication, we have inves-
tigated the Bianchi type-I space-time universe model with
time-dependent BVDP with relation q(t) = α(1−t)

1+t
, along

with time-variable cosmological constant (�) in the frame
work of scalar-tensor SB theory.

The outline of the paper is as follows: In Sect. 2, we
presented mathematical equations governing the model. So-
lutions of field equations presented in Sect. 3. Section 4,
physical and geometric properties of cosmological param-
eter have been discussed. Section 5, contains results and
discussions of the study. Finally, concluding remarks of the
study have been summarized in Sect. 6.
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2 Mathematical equations governing the
model

To present this study in more effective ways we considered
a spatially homogeneous and an anisotropic Bianchi type-I
space-time universe expressed by the metric given below:

ds2 = −dt2 + R2
1(t)dx2 + R2

2(t)dy2 + R2
3(t)dz2, (4)

where R1, R2 and R3 are potential functions. From review of
the literature, it is observed that modified EFEs in SB theory
as given by Sáez and Ballester (1986), may be expressed as:

Gik −ωφr

(
φ,iφ,k − 1

2
gikφ,jφ

,j

)
= −8πG(t)Tik +�(t)gik

(5)

where, Gik = Rik − 1
2Rgik is the Einstein tensor, Tik is the

energy momentum tensor, ω is a dimensionless constant, φ

is the scalar field and r is an arbitrary constant. Further the
scalar field (φ) may satisfy the following conditions:

2φrφ
,j

;j + rφr−1φ,kφ
,k = 0, (6)

here commas and semi-colon denote partial and co-variant
derivatives, respectively. The expression for energy-momen-
tum tensor (Tik) in case of perfect fluid distribution may be
expressed as:

Tik = (ρ + p)uiuk + pgik, (7)

here ρ and p are the energy density and pressure for cos-
mic fluid. Further, ui = (0,0,0,1) is the four velocity vector
with giku

iuk = −1. As presented above now the modified
EFEs (5), scalar field equation (6) and energy conservation
equation, i.e.

T ik
;k = 0, (8)

leads to the following set of field equations as:

R̈1

R1
+ R̈2

R2
+ Ṙ1Ṙ2

R1R2
− 1

2
ωφrφ̇2 = −8πGp + �, (9)

R̈2

R2
+ R̈3

R3
+ Ṙ2Ṙ3

R2R3
− 1

2
ωφrφ̇2 = −8πGp + �, (10)

R̈3

R3
+ R̈1

R1
+ Ṙ3Ṙ1

R3R1
− 1

2
ωφrφ̇2 = −8πGp + �, (11)

Ṙ1Ṙ2

R1R2
+ Ṙ2Ṙ3

R2R3
+ Ṙ3Ṙ1

R3R1
+ 1

2
ωφrφ̇2 = 8πGρ + �, (12)

φ̈ + φ̇

(
Ṙ1

R1
+ Ṙ2

R2
+ Ṙ3

R3

)
+ rφ̇2

2φ
= 0, (13)

ρ̇ + 3(ρ + p)H = 0, (14)

As we know that in the above equations � describe the vac-
uum energy density with energy density ρ� and pressure
p� satisfying the equation of state p� = −ρ�. Moreover,
the vanishing divergence of Einstein tensor Gij leads to

8πG{ρ̇ + 3(ρ + p)H } + 8πĠρ + �̇ = 0. (15)

Equation (15) with the help of equation (14), yields the cou-
pling between G and � may be expressed as:

8πĠρ + �̇ = 0. (16)

To move this study further we are required the solution of
above stated field equations (9) to (14), which is being pre-
sented in Sect. 3.

3 Solution of the field equations

As the field equations (9) to (14) is the set of five non-linear
differential equations containing eight unknown parameters,
viz. R1,R2,R3,p,ρ,�,G and ρ. For an explicit solution of
the equations more constraints/equations required. For the
same purpose here we may consider following physically
plausible relations:

i) Analysis with time-dependent DP As dynamics of the
universe is described by time-dependent cosmic scale factor
a(t). The time dependence of a(t) reflects various signifi-
cant events in evolution history of the universe. Therefore,
to study the dynamic history of the universe with time we
are needing more dynamical & kinematical parameters re-
lated to scale factor and its derivative. To apply this we may
expand the scale factor a(t) with the help of Taylor’s series
as discussed below:

a(t) = a(t0) + ȧ(t0)(t − t0) + 1

2
ä(t0)(t − t0)

2 + · · · , (17)

a(t) = a(t0)[1 + H0(t)(t − t0) − q0H
2
0

2
(t − t0)

2 + · · · .].
(18)

The second and third term of the above expansion suggest
the Hubble’s parameter (H) and the DP (q), two measurable
parameters in Cosmology. The present value of H0 and q0

may be defined as

H0(t) = ȧ(t0)

a(t))
, (19)

q0(t) = −a(t0)ä(t0)

ȧ(t0)
, (20)
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The redshift parameter z in term of average scale factor a(t)

may be written as

z(t) = H0(t)(t − t0) − q0H
2
0

2
(t − t0)

2 + · · · , (21)

here, lower script ‘0’ denote present value of the param-
eter. The Hubble’s parameter determines the rate of ex-
pansion of universe, while that the DP determines the rate
at which expansion is slowing down or speeding up. The
Planck collaboration 2015 (Ade et al. (2016)) suggested that
H0 = 67.8 ± .9 Km s−1 Mpc−1. The positive sign of DP
(q > 0) correspond to decelerating universe whereas neg-
ative sign of DP (q < 0) indicates accelerating universe. In
1998, Berman (1998) had investigated models with constant
DP whereas Mishra et al. (2012) suggested a time-dependent
DP as

a(t) = sinh(αt)] 1
n , (22)

q(t) = n.sech2(αt) − 1, (23)

where n & α are non negative constants.
Our peer group also derived cosmological models by con-

sidering q as function of time as

a(t) = [tαet ] 1
n , (24)

q(t) = −1 + nα

(α + t)2
, (25)

and published fruitful results (Mishra and Chand (2016,
2017)). During investigation of literature it has been noticed
that Akarsu and Dereli (2012) had proposed DP as a linear
function of cosmic time and termed as linearly varying law
for deceleration parameter (LVDP) and given by equation

q(t) = −kt + m − 1, (26)

here k is a positive constant with the dimension of inverse
of time and m > 1 is a dimension free constant.

Motivated from above mentioned study we wish to in-
vestigate the dynamic nature of the universe by assuming
DP (q) as a bilinear function of cosmic time ‘t’ with spe-
cific assumption as proposed by Mishra and Chand (2016)
as:

q(t) = α(1 − t)

1 + t
, (27)

The expressions for H(t) and a(t) are given by

H(t) = 1

(1 − α)t + 2α log(1 + t)
, (28)

a(t) = a0t
1

1+α .eF1(t) (29)

Fig. 1 Plot of Hubble’s parameter H versus time t

Fig. 2 Plot of DP q versus time t

where

F1(t) = α

(1 + α)2
t + −2α + α2

6(1 + α)3
t2 + 3α − 2α2 + α3

18(1 + α)4
t3

+ −18α + 11α2 − 14α3 + 2α4

180(1 + α)5
t4 + O(t5).

From equations (27)–(29), it is analyzed following possibil-
ities for presented models as:

i) 0 < α < 1, 0 < t < 1, then q > 0, H > 0, a > 0
ii) 0 < α < 1, t > 1, then q < 0, H > 0, a > 0

For better understanding and validation of the proposed
model we have presented variation of some cosmological
parameters with cosmic time in Figs. 1 to 8. The variation of
Hubble parameter with time for n = 0.5,1.0,1.5 and 2.0 is
presented in Fig. 1. It is observed that H is decreasing with
cosmic time and further it approaches to a small value at the
late time. Figure 2 depicts the variation of q with time. It is
also clear from Fig. 2 that the universe shows deceleration
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phase for; 0 < t < 1, α > 0. Constant expansion for; t = 0,
Exponential expansion phase for; t > 1, 0 < α < 1. Super
exponential expansion phase for; t > 1, α > 1. This suggest
that the universe is decelerating in past and accelerating at
present time, hence DP must show signature flipping (Pad-
manabhan (2002, 2003), Amendola (2003)). Therefore, our
universe has transitional phase, which is validated with re-
cent SNe Ia supernova observations.

ii) Analysis with power law A set of non-linear differential
equations is always difficult to solve, so to remove this com-
plication we may assume the power law relation between
G and a(t) as suggested by Luis (1985), Johri and Kalyani
(1994) as

8πG = G0[a(t)]n, (30)

where, G0 is proportionality constant and n is ordinary pos-
itive constant, we have written 8πG instead of G for math-
ematical convenience. On simplification of field equations
(11)-(16), we have the following mathematical expression,

R1

R2
= k1e

l1
∫

a−3dt , (31)

R2

R3
= k2e

l2
∫

a−3dt , (32)

R1

R3
= k3e

l3
∫

a−3dt , (33)

here k1, k2, k3, l1, l2, l3 are the constant of integration.
After the solving above equations (31)-(33), we have ex-

pression for metric potential function R1(t), R2(t), R3(t) as

R1(t) = a1t
1

1+α .exp{F1(t) + m1F2(t)}, (34)

R2(t) = a2t
1

1+α .exp{F1(t) + m2F2(t)}, (35)

R3(t) = a3t
1

1+α .exp{F1(t) + m3F2(t)}, (36)

here
F2(t) = ∫

t
−3

1+α .e−3F(t)dt , a1 = (k1k3)
1
3 , a2 = (k−1

1 k2)
1
3 ,

a3 = (k2k3)
−1
3 , m1 = l1+l3

3 , m2 = l2−l1
3 , m3 = − l2+l3

3 .
On integrating equation (13) twice and using equation (28),
we have expression for scalar field φ as

φ(t) =
[

2 + r

2
{φ0F2(t) + φ1}

] 2
2+r

. (37)

The metric equation (4) can be written as after substituting
the values of A, B and C from equations (34)-(36),

ds2 = −dt2 + t
2

1+α .e2F1(t)[a2
1e2m1F2(t)dx2

+ a2
2e2m2F2(t)dy2 + a2

3e2m3F2(t)dz2]. (38)

4 Physical and geometric behavior of the
proposed model

To discuss the physical and geometric nature of the model,
we obtained the below mention equation by using equations
(9) and (12)

8πG(ρ + p) = Ṙ2Ṙ3

R2R3
+ Ṙ3Ṙ1

R3R1
− R̈1

R1
− R̈2

R2
+ ωφrφ̇2, (39)

For further simplification it is assumed that fluid obeys the
equation of state of the form p = γρ, here 0 ≤ γ ≤ 1.
The value of γ classify the universe model as a matter-
dominated universe model (γ = 0), radiation dominated
universe model (γ = 1

3 ) and Zel’dovich fluid or stiff fluid
universe model (γ = 1). On using these relations in equa-
tion (39), we obtained following set of equations:

ρ = 1

8πG(1 + γ )

[
Ṙ2Ṙ3

R2R3
+ Ṙ3Ṙ1

R3R1
− R̈1

R1
− R̈2

R2
+ ωφrφ̇2

]
,

(40)

&

ρ = 1

8π(1 + γ )G0T n

[
(m1 + m2)m3 − (m2

1 + m2
2) + ωφ0

T 6

− 2[1 + α + (1 − α)t]
(1 + t)[(1 − α)t + 2α log(1 + t)]2

]
, (41)

On simplification of equations (12) and (40), the expression
for DE candidate � is given by:

(1 + γ )� = R̈1

R1
+ R̈2

R2
+ (1 + γ )

Ṙ1Ṙ2

R1R2
+ γ

Ṙ2Ṙ3

R2R3

+ γ
Ṙ3Ṙ1

R3R1
+ γ − 1

2
ωφrφ̇2, (42)

� = 1

1 + γ

[
5 + 2α + 3γ + (4 − α + 3γ )t

(1 + t)[(1 − α)t + 2α log(1 + t)]2

+ (γ − 1)ωφ0 + (2 − γ )(m2
1 + m2

2) − γm3 + 2m1m2

2T 6

]
,

(43)

where T = t
1

1+α eF1(t). In literature it is also assumed that the
coefficient of shear viscosity is proportional to scalar expan-
sion i.e. η ∝ θ , which leads to the equation,

η = η0θ, (44)

here η0 is proportionally constant, θ = 3H . Since the rela-
tion (44) is already discussed in the literature so we have
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assumed p = γρ and obtained following equation;

p = γ

8π(1 + γ )G0T n

[
(m1 + m2)m3 − (m2

1 + m2
2) + ωφ0

T 6

− 2[1 + α + (1 − α)t]
(1 + t)[(1 − α)t + 2α log(1 + t)]2

]
. (45)

The expressions for vacuum energy density (ρ� = − �
8πG

),

critical density (ρc = 3H 2

8πG
), dark matter density parameter

(�m = ρ
ρc

) and dark energy density parameter (�� = ρ�

ρc
)

are given as

ρ� = −1

G0(1 + γ )T n

[
5 + 2α + 3γ + (4 − α + 3γ )t

(1 + t)[(1 − α)t + 2α log(1 + t)]2
,

+ (γ − 1)ωφ0 + (2 − γ )(m2
1 + m2

2) − γm3 + 2m1m2

2T 6

]
,

(46)

ρc = 3

G0{(1 − α)t + 2α log(1 + t)}2T n
, (47)

�m = {(1 − α) + 2α log(1 + t)}2

24π(1 + γ )

×
[
{(m1m3 − m2

1 + m2m3 − m2
2 + ωφ0) ÷ T 6}

− {(2 + 2α + t − αt) ÷ ((1 + t)(1 − α)t

+ 2α log(1 + t))2}
]
, (48)

�� = −{(1 − α) + 2α log(1 + t)}2

3(1 + γ )

×
[

(γ − 1)ωφ0

2T 6
+ 5 + 2α + 3γ + (4 − α + 3γ )t

(1 + t)[(1 − α)t + 2α log(1 + t)]2

+ (2 − γ )(m2
1 + m2

2) − γm3 + 2m1m2

T 6

]
. (49)

Total density parameter of the universe is �T otal = �m +
��.

Expressions for physical quantities such as spatial vol-
ume (V ), expansion scalar (θ), directional Hubble’s param-
eters (Hi), anisotropy parameter (Am) and shear scalar (σ )

are presented as follow:

V (t) = a3
0 t

3
1+α e3F1(t), (50)

θ(t) = 3

(1 − α)t + 2α log(1 + t)
, (51)

Hi(t) = (1 − α)mi + 2α log(1 + t) + t
3

1+α e3F1(t)

[(1 − α)t + 2α log(1 + t)]t 3
1+α e3F1(t)

;

i = 1,2,3 (52)

Am(t) = M

3t
6

1+α e6F1(t)[(1 − α)t + 2α log(1 + t)]2
, (53)

σ 2(t) = 1

2

{( Ṙ1

R1

)2+
( Ṙ2

R2

)2+
( Ṙ3

R3

)2} − θ2

3
= M

t
6

1+α e6F1(t)
,

(54)

here, M = m1m2 + m2m3 + m3m1 = − 1
2 (m2

1 + m2
2 + m2

3).

σ 2

θ2
= M2[(1 − α)t + 2α log(1 + t)]2

3t
6

1+α e6F1(t)
, (55)

It is observed from equation (50) that spatial volume V (t)

is zero at t = 0 and after that it is exponentially increasing
with cosmic time. Equation (51) shows the expansion scalar
θ(t) is infinite at the beginning i.e. t = 0. It suggest that uni-
verse starts evolving with zero volume and infinite expan-
sion rate at t = 0, which is Big-Bang scenario. As t → ∞,
volume become infinity where H , θ σ , Am approaches to

zero. Also σ 2

θ2 is approaches to zero as t → ∞, therefore,
universe approaches to isotropy at late time. For better un-
derstanding of the model we have presented graphical rep-
resentation of calculated parameters, we use the following
values for constants α = 0.5, 1.0,1.5, γ = 0, 1/3,1, n = 2,
φ0 = G0 = ω = 1, m1 = m2 = m3 = −1.

Stability analysis As already discussed in Sect. 1 that the
universe is undergoing in an accelerating expansion phase
at present epoch and it is also believed that a mysterious
force (DE) may be responsible for this accelerating expan-
sion. But unfortunately, there is not enough information
about DE till date. Therefore, it is necessary to know var-
ious aspects of DE and its relevance with different kinds of
cosmological models. In literature it has been realize that
various forms of DE like quintessence, chaplygin gas, k-
essence, braneworld models (Ratra and Peebles (1998), Ka-
menshchik et al. (2001), Armendariz-Picon et al. (2000),
Dvali et al. (2000)) have been proposed by cosmologists.
These forms give different families of curves of scale fac-
tor a(t). To categorize the various forms of DE Sahni et al.
(2003) have been proposed a diagnostic pair, known as
‘statefinder diagnostic’ and is defined using the second and
third order derivatives of the scale factor a(t). We have ob-
tained expressions for statefinder diagnostic pair (r, s) for
presented model as

r(t) =
α[1 + 2α + 4α log(1 + t) + (2 − 6α)t + (−1 + 2α)t2]

(1 + t)2
,

(56)
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s(t) = 2[−1 + α + 2α2 − 2(−1 + α + 3α2)t

− (1 + α − 2α2)t2 + 4α2 log(1 + t)] ÷ 3[2α − 1

− (2α + 1)t](1 + t), (57)

5 Results and discussions

In this communication, we have studied the Bianchi type-
I cosmological models in Sáez-Ballester theory of gravity
with bilinear varying DP as suggested by Mishra and Chand
(2016). In this communication we have obtained an exact so-
lution of modified EFEs by considering DP as per assump-
tion along with the power law relation between G and a(t).
We also calculated expressions for some physical and ge-
ometric parameters for better understanding of the models.
The major outcomes of the study are being presented in pic-
torial form for different value of parameters (see Figs. 1–8).
On the basis of pictorial representation following are our ob-
servations:

• If we wish to analyze the nature of equation (27) then
following conclusion may be made:

i) q < 0 if t > 1,
ii) q = 0 at t = 1,

iii) q > 0 if 0 < t < 1.

Therefore, we may inference that the universe indicate de-
celeration expansion at early time (i.e. t < 1) while that
q = 0 at t = 1, indicate the expansion at constant rate and
for t > 1 we may say that universe is expanding with an
accelerating rate.
Fig. 2 provide the clear picture of variation of q with cos-
mic time ‘t’. It is easy to see that the behavior of q shows
the transitional phase of the universe expansion.

• It is clear from Fig. 1 that H is a decreasing function of
time.

• It can be observed from equation (50) that at t = 0, spatial
volume is zero and is increasing exponentially with time.
Also, Fig. 2 indicates that the q changes sign from posi-
tive to negative. Therefore, we may expressed that the uni-
verse was decelerated in past and accelerating at present
time.

• Fig. 3 depicts the variation of energy density with time for
α = 0.5,1.0,1.5 and γ = 0,1/3,1 respectively; it is clear
from all figures that the energy density ρ is deceasing with
time and approaches to small value at late time.

• The nature of cosmological constant � with time ‘t’ for
α = 1 and γ = 1,1/3,1 has been plotted in Fig. 4. We
have observed that � is deceasing function of time and
converges to a small positive value.

• The variation of DE density parameter �� with cosmic
time is presented in Fig. 5, it is clear from the figures that

Fig. 3 Plot of energy density ρ versus time t . For α = 1.0, γ = 0,
1
3 ,1, n = 2, φ0 = G0 = ω = 1, m1 = m2 = m3 = −1

Fig. 4 Plot of cosmological constant � versus time t . For α = 1.0,
γ = 0, 1

3 ,1, n = 2, φ0 = G0 = ω = 1, m1 = m2 = m3 = −1

Fig. 5 Plot of DE density ρ� versus time t . For α = 1.0, γ = 0,
1
3 ,1, n = 2, φ0 = G0 = ω = 1, m1 = m2 = m3 = −1
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Fig. 6 Plot of density parameters (�m,��,�) versus time t

Fig. 7 Plot of density parameters (�m,��,�) versus time t

�� is large negative at t = 0, thereafter it is increasing
with time for small time then it approaches to maximum
value then decreases with time and converges to zero at
present time.
In Fig. 6 to Fig. 8 we have plotted the density parameters
(�m,��,�T otal) with time for γ = 0, γ = 1

3 and γ = 1.
It is observed from figures that initially matter density pa-
rameter �m and energy density parameter �� have same
values in all the three cases whereas the total energy den-
sity parameter �T otal increased from negative value to
positive value and then remains constant for a period of
time and then increasing sharply after that become nega-
tive.

• Table 1 describes the values of dynamics parameters that
are directly related with the scale factor. It has been ob-
served from table that the values of parameters are closed
to standard �CDM model at present time i.e. t0 = 13.8
Gyr.

Fig. 8 Plot of density parameters (�m,��,�) versus time t

Table 1 Cosmological parameters in BVDP model (here t0 =
13.799 Gyr)

Time
(in Gyr)

a H

(km s−1 Mpc−1)
q j s

0 0 ∞ 0.8441 2.2691 1.2294

2.5 3.0569 0.3993 −0.3618 0.2452 0.2920

5.0 8.2798 0.2629 −0.5627 0.2490 0.2356

7.5 19.1868 0.2091 −0.6455 0.2986 0.2038

10.0 41.7106 0.1783 −0.6906 0.3415 0.1843

12.5 87.5572 0.1577 −0.7190 0.3738 0.1712

15.0 179.7721 0.1425 −0.7386 0.3987 0.1618

17.5 363.5139 0.1307 −0.7586 0.4185 0.1547

20.0 726.8794 0.1211 −0.7637 0.4344 0.1492

6 Concluding remarks

Due to the present need of the problem we have constructed
cosmological models in scalar-tensor theory of gravity pro-
posed by Sáez and Ballester, here metric is coupled with a
dimensionless scalar field. Such type of coupling provides a
satisfied description of the weak field (φ). Under this moti-
vation we had studied the Bianchi type-I cosmological mod-
els in Sáez-Ballester theory of gravity with BVDP. On the
basis of the results obtained and discussed in Sect. 5 we
may conclude that the behavior of DP indicated the tran-
sition phase of the universe. We may also infer that the
universe which was decelerating in the past, accelerating at
present time. It may also be seen that � is decreasing func-
tion of time and converges to small positive value at late
time, such nature of � validate the results obtained through
investigation by authors with recent observations. On the ba-
sis of above factual outcome we may say that our proposed
universe model is decelerating for early time and indicate
the transitional nature for late time. By choosing BVDP we
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found the generalize nature of research which has been al-
ready published by several authors with LVDP or constant
DP in alternative theory of gravity.
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