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Abstract Fully nonlinear features of heavy ion-acoustic
solitary waves (HIASWs) have been investigated in an astro-
physical degenerate relativistic quantum plasma (ADRQP)
containing relativistically degenerate electrons and non-
relativistically degenerate light ion species, and non-degen-
erate heavy ion species. The pseudo-energy balance equa-
tion is derived from the fluid dynamical equations by adopt-
ing the well-known Sagdeev-potential approach, and the
properties of arbitrary amplitude HIASWs are examined.
The small amplitude limit for the propagation of HIASWs
is also recovered. The basic features (width, amplitude, po-
larity, critical Mach number, speed, etc.) of HIASWs are
found to be significantly modified by the relativistic effect
of the electron species, and also by the variation of the num-
ber density of electron, light ion, and heavy ion species.
The basic properties of HIASWs, that may propagated in
some realistic astrophysical plasma systems (e.g., in white
dwarfs), are briefly discussed.

Keywords HIASWs · Relativistic quantum plasma ·
Ultra-dense plasma · White dwarfs

1 Introduction

The propagation characteristics of nonlinear excitations
(in the form of solitary waves) in an extremely dense
plasmas (Chandrasekhar 1931, 1935, 1939, 1964; Chan-
drasekhar and Tooper 1964) has received a renewed interest
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to the plasma physics researchers because of the availabil-
ity of such plasma not only in astrophysical environments
(Shapiro and Teukolsky 1983; Koester and Chanmugam
1990; Chabrier et al. 2006; Potekhin et al. 1999), but also in
experimental plasma environments (Ichimaru 1982; Fortov
2009; Drake 2009, 2010; Marklund and Shukla 2006). In ex-
tremely (ultra-) dense plasmas, the mean inter-particle dis-
tance is smaller than or is of the same order as the de Broglie
wavelength, and the quantum effect becomes an important
parameter to be considered. On the other hand, the Fermi
velocity of the lighter particles (e.g., electrons, positrons,
etc.) at extreme density (Shukla and Mamun 2010) is com-
parable to the speed of light in vacuum. Therefore, plasmas
at extreme conditions (ultra-dense plasmas) (Chandrasekhar
1931, 1935, 1939, 1964; Chandrasekhar and Tooper 1964)
that fulfil the above mentioned criteria may termed as de-
generate relativistic quantum plasma (DRQP). The degen-
erate particles (e.g., electrons, positrons, and/or holes in the
context of semiconductors) may be present in astrophysical
compact stars (white dwarfs, neutron stars, etc.) (Shapiro
and Teukolsky 1983; Koester and Chanmugam 1990) and
also in dense matter (Ichimaru 1982; Fortov 2009). The
pressure in such plasmas arises due to the continuous motion
of degenerate particles around their positions, and is termed
as degenerate or degeneracy pressure (Shukla and Eliasson
2011). The degenerate pressure sometimes becomes compa-
rable to or even larger than the thermal gas pressure at ultra-
high densities. It is worth to mention that the basic features
of solitary waves in DRQP medium are quite different than
those in classical thermal plasma medium. The nonlinear
propagation of solitary waves in an astrophysical degener-
ate relativistic quantum plasma (ADRQP) medium seems to
be an interesting topic of research to the plasma physics re-
searchers. Based on the increasing interest of nonlinear dy-
namics of solitary waves in an ADRQP, it is now important
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to develop the theory of solitary waves that may propagate
in such systems. Most of the solitary waves are modeled via
the Korteweg de Vries (KdV) equation (Washimi and Taniuti
1966; Hirota 1971), Kadomtsev Petviasvili (KP) equation
(Alexander et al. 1997), Zakharov Kadomtsev (ZK) equation
(Wazwaz 2005), pseudo-energy balance equation (Sagdeev
1966), etc., where in all cases, the mutual balance between
the nonlinear term and the dispersion term form the solitary
structure.

There has been a great deal of interests in studying the
linear and nonlinear wave properties in the ionic time and
length scale in a multi species ADRQP systems (Duvinov
and Dubinova 2007; Masood and Eliasson 2011; Roy et al.
2012; Rahman et al. 2013; Hossem et al. 2014; Kerr et al.
2016; Islam et al. 2017), as well as in the next generation
of compressed plasma which may create due to the interac-
tions of intense laser beams with the dense solid materials. It
should be essential to mention that in many ADRQP systems
(e.g., in white dwarfs, neutron stars, etc.), the number den-
sity of degenerate electrons or/and positrons are high enough
that the plasma can be considered as degenerate fluids, and
the fluid dynamical approach can be used to study the char-
acteristics of solitary waves in such plasmas. A vast number
of works has already been conducted theoretically to study
the properties of solitary waves in ADRQP medium via the
fluid dynamical approach (Masood and Eliasson 2011; Roy
et al. 2012; Rahman et al. 2013; Hossem et al. 2014; Kerr
et al. 2016; Islam et al. 2017). It is reported that most of
the theoretical works on the dynamics of solitary waves in
ADRQP systems have been considered for the ion time and
length scale (Lee 2008; Rahman et al. 2015; El-Labany et al.
2016; Atteya et al. 2017). A very few has considered the
propagation of nonlinear waves (e.g., solitary waves, shock
waves, etc.) in the presence of heavy ions or/and nucleus of
heavy elements (Atteya et al. 2017; Islam et al. 2017; Ma-
mun et al. 2016, 2017; Sultana et al. 2018). Interestingly,
it has been reported (Horn 1991; Witze 2014; Vanderburg
et al. 2015) that heavy nuclei/ions, e.g., 56

26Fe or/and 85
37Rb

or/and 96
42Mo, etc. are present in many astrophysical degen-

erate relativistic quantum plasma (ADRQP) systems such as
white dwarfs and neutron stars. It has also been predicted
(Chandrasekhar and Tooper 1964; Shapiro and Teukolsky
1983; Koester and Chanmugam 1990) that the core of white
dwarfs may contain degenerate electrons and also degener-
ate light nuclei/ions, e.g., 1

1H or/and 4
2He or/and 12

6 C or/and
16
8 O, etc. Therefore, the main aim of the present attempt is
to develop a generalized model to investigate the properties
of arbitrary amplitude heavy ion-acoustic solitary waves in
an ADRQP system composed of three distinct particle pop-
ulations, namely inertial non-degenerate heavy ion/nucleus
species (e.g., 56

26Fe or 85
37Rb or 96

42Mo, etc.), inertialess rela-
tivistically degenerate electron and non-relativistically de-
generate light ion/nucleus species (e.g., 1

1H or 4
2He or 12

6 C or
16
8 O, etc.).

The manuscript is organized in the following manner:
The basic plasma fluid formalism of our considered plasma
system is presented in Sect. 2. The linear dispersion relation
is derived, and the linear properties of heavy ion-acoustic
waves (HIAWs) are analyzed in Sect. 3. The fully nonlin-
ear HIASWs are modelled via the Sagdeev type pseudo-
potential approach, and the characteristics of HIASWs are
investigated for different plasma configuration parameters in
Sect. 4. The small amplitude approximation for HIASWs is
also discussed in Sect. 4. Finally, a brief summary of results
is given in Sect. 5.

2 Plasma fluid formalism

We consider a three-component ADRQP system contain-
ing non-degenerate cold mobile heavy ion fluid (of charge
zhe and mass mh), relativistically degenerate electrons (of
charge −e and mass me) and non-relativistically degenerate
light ion species (of charge zie and mass mi ), where zh (zi)

is the charge state of the heavy (light) ion species and e is
the magnitude of an electron charge. Thus, the charge neu-
trality condition at equilibrium reads zini0 + zhnh0 = ne0,
where ns0 is the unperturbed number density of the plasma
species s and the indices s = e, i, h refer to the electron, light
ion, heavy ion, respectively. The heavy ion-acoustic wave,
in which the inertia (the restoring force) is provided by the
mass density of the heavy ion species (the degenerate pres-
sures of the electron and light ion species), is described by
the following one dimensional normalized equations

∂nh

∂t
+ ∂(nhuh)

∂x
= 0, (1)

∂uh

∂t
+ uh

∂uh

∂x
= −∂φ

∂x
, (2)

K1
∂n

γi

i

∂x
+ ni

∂φ

∂x
= 0, (3)

K2
∂n

γe
e

∂x
− ne

∂φ

∂x
= 0, (4)

∂2φ

∂x2
= (1 + α)ne − αni − nh, (5)

where the number density ns is normalized by its equilib-
rium value ns0, heavy ion fluid velocity uh by the heavy
ion sound speed c0 = (zhmec

2/mh)
1/2, the electrostatic po-

tential φ by mec
2/e. The space x and the time t are nor-

malized by the Debye length λ0 = (mec
2/4πe2zhnh0)

1/2

and the plasma period ω−1
ph = (4πz2

he
2nh0/mh)

−1/2 of the
heavy ion species, respectively. Other parameters are de-
fined as α = zini0/zhnh0, K1 = Kin

γi−1
i0 /zimec

2, and K2 =
Ken

γe−1
e0 /mec

2. Expressions of K1 and K2 have been ob-
tained from the arbitrary degeneracy pressure Pj = Kjn

γ

j
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(Chandrasekhar 1931, 1935, 1939, 1964; Chandrasekhar
and Tooper 1964) of the plasma species j , here j = e for the
electron and i for light ion in our case. The Pj has been ex-
plicitly explained by Chandrasekhar for two limits, namely
the non-relativistic and the ultra-relativistic limits; and the
expression of the parameter Kj for ultra-relativistic limit,
i.e., for γ = 4

3 leads to the form Kj = 3
4�c (Shukla and

Eliasson 2011) and for non-relativistic limit, i.e., for γ = 5
3

leads to the form Kj = 3
5

π�2

mj
(Shukla and Eliasson 2011),

where � is the reduced Planck constant, mj is the rest mass
of the plasma species j , and c is the speed of light in vac-
uum.

We note that the normalized parameter α can be ei-
ther > 1 or < 1 since zi/zh < 1 and ni0/nh0 ≥ 1 for
most of the ADRQP systems like white dwarfs and neutron
stars, where the plasma quasi-neutrality condition zhnh0 +
zini0 − ne0 = 0 is always satisfied. For example, one may
consider ne0 = 38 × 1030 cm−3, ni0 = 1030 cm−3, nh0 =
1030 cm−3 for electron-hydrogen ion-rubidium ion plasma,
where zi = 1 and zh = 37 or ne0 = 2.42 × 1032 cm−3,
ni0 = 1032 cm−3, nh0 = 1030 cm−3 for electron-helium ion-
molybdenum ion plasma, where zi = 2 and zh = 42, etc. It is
also noted that the existence of different heavier ions/nuclei
(e.g., 56

26Fe or 85
37Rb or 96

42Mo, etc.) possess different masses,
and one can describe the acoustic wave for the individ-
ual mobile ion/nucleus species (e.g., molybdenum-acoustic
wave for the mobile molybdenum ion species, rubidium-
acoustic wave for mobile rubidium ion species, and so on).
However, the plasma model (given in Eqs. (1)–(5)) under
consideration is valid for any pair of light and heavy ion
species (viz. hydrogen ion (zi = 1) as light ion and iron ion
(zh = 26) as heavy ion or carbon (zi = 6) as light ion and
molybdenum (zh = 42) as heavy ion, etc. Horn 1991; Witze
2014; Vanderburg et al. 2015), which is a general degener-
ate plasma model applicable to many astrophysical plasma
systems like white dwarfs and neutron stars. It is then ap-
propriate to use a generalize name like “heavy ion-acoustic
wave” to model the nonlinear wave associated with the iner-
tial heavy ion species.

We now integrate Eqs. (3) and (4) over x, and obtain the
number densities (normalized) of the inertialess degenerate
light ion ni and electron ne, in terms of the electric poten-
tial φ, as

ni =
(

1 − γi − 1

γiK1
φ

)1/(γi−1)

, (6)

ne =
(

1 + γe − 1

γeK2
φ

)1/(γe−1)

, (7)

where γi (γe) represents the relativistic index of the light ion
(electron) species, and γi = 5/3 will be considered for the
non-relativistically degenerate light ion species in later sec-
tions for our analysis purposes. Now, substituting Eqs. (6)

and (7) in Eq. (5), we obtain

∂2φ

∂x2
= (1 + α)

(
1 + γe − 1

γeK2
φ

)1/(γe−1)

− α

(
1 − γi − 1

γiK1
φ

)1/(γi−1)

− nh. (8)

The plasma fluid model given in Eqs. (1)–(5) is now re-
duced to a coupled equations given by the heavy ion conti-
nuity equation (1), motion equation for the heavy ion plasma
fluid (2), and the Poisson’s equation (8). That is, equations
(1), (2), and (8) represent a basis set of equations, which
describes the dynamics of HIASWs associated with the HI-
AWs in an ADRQP system.

3 Linear waves

The linear properties of heavy ion-acoustic waves can be an-
alyzed via the linear dispersion relation (DR). We use the
normal mode analysis to derive the DR of HIAWs in an
ADRQP medium. We linearize Eqs. (1), (2), and (8), and
obtain a DR in the form

ω2 = k2

k2 + μ
, (9)

where μ = 1+α
γeK2

+ α
γiK1

. It is now clear in the disper-
sion relation (9) that the linear characteristics of the HI-
AWs in an ADRQP with relativistically degenerate elec-
tron and non-relativistically degenerate light ion species ap-
pear to modify for the relevant parameters of the considered
plasma medium, e.g., the relativistic effect via γe, the total
charge density of the light-to-heavy ion species α, electrons
number density via K2, light ion number density via K1,
etc. To analyze the influence of different plasma configura-
tion parameters on the linear properties of HIAWs, we first
demonstrate the variation of the wave frequency ω (given
in Eq. (9)) against the wavenumber k in an ADRQP system
containing ultra-relativistically degenerate electron and non-
relativistically degenerate light ion species for different val-
ues of α, as shown in Fig. 1. The wave frequency (or phase
speed of HIAWs) is observed to decrease for the decreasing
(increasing) values of the heavy (light) ion charge density
zhnh0 (zini0). That is, the increasing (decreasing) the num-
ber density or the number of protons in the inertial heavy ion
(degenerate light ion) leads to a faster (slower) HIAWs (as
depicted in Fig. 1), which agrees with the earlier work (Islam
et al. 2017) on shock dynamics in a degenerate relativistic
plasma containing electrons, light ions and heavy ions.

In Fig. 2, we depict the variation of the wave frequency
ω against the wavenumber k for different degenerate elec-
tron number density ne0 via K2. We see in Fig. 2 that
the wave frequency ω (i.e., the phase speed) of the HI-
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Fig. 1 Effect of α on the wave frequency ω in an ADRQP containing
ultra-relativistically degenerate electron and non-relativistically degen-
erate light ion species

Fig. 2 Effect of the degenerate electron number density ne0 on the
wave frequency ω in an ADRQP containing ultra-relativistically de-
generate electron and non-relativistically degenerate light ion species

AWs increases with the degenerate electrons number den-
sity ne0. That is, the wave frequency (in other words, the
phase speed) of the HIAWs is seen to higher in an ADRQP
containing ultra-relativistically degenerate electron and non-
relativistically degenerate light ion species (i.e., γi = 5/3
and γe = 4/3) with more population of degenerate electron
than in an ADRQP with less population of degenerate elec-
tron, as shown in Fig. 2.

It is now appropriate to consider the long wavelength
limit (i.e., k2 � μ). In the long wavelength approxima-
tion, the wave frequency in Eq. (9) reduces to ω = k/μ1/2,
which then lead to the effective phase speed of the HI-
AWs in an ADRQP medium in the form V

eff
ph = μ−1/2.

We now recover the dimension of the phase velocity for
the sake of physical transparency of our plasma model.
The phase velocity Vph in dimensional form reads vph =
μ−1/2(zhmec

2/mh)
1/2, which, in fact, suggests the heavy

ion-acoustic wave propagation μ−1/2 times than that of the
heavy ion sound speed in a three component astrophysical
degenerate relativistic quantum plasma.

4 Fully nonlinear HIASWs

We adopt pseudo-potential approach to study the fully non-
linear HIASWs in an ADRQP medium, and assume that all

independent variables in the evolution equations (1), (2), and
(8) depend on a single travelling variable ξ = x−Mt (where
M is Mach number, normalized by the heavy ion sound
speed c0). We now follow the mathematical procedure given
in Sultana et al. (2010, 2012) to derive the pseudo-energy
balance equation. By applying the steady state condition,
and imposing the appropriate boundary conditions (namely,
nh → 1, uh → 0, φ → 0, and dφ/dξ → 0 at ξ → ±∞), our
plasma model equations (1), (2), and (8) reduce to the en-
ergy integral in the form

1

2

(
dφ

dξ

)2

+ 
(φ;M,α,γi, γe,K1,K2) = 0, (10)

where the (Sagdeev-type) pseudo-potential (Sagdeev 1966)
in an ADRQP system is given by


(φ;M,α,γi, γe,K1,K2)

= M2
[

1 −
(

1 − 2φ

M2

)1/2]

+ αK1

[
1 −

(
1 − γi − 1

γiK1
φ

)γi/(γi−1)]

+ (1 + α)K2

[
1 −

(
1 + γe − 1

γeK2
φ

)γe/(γe−1)]
. (11)

It is clear in Eq. (11) that 
(φ) = d
(φ)/dφ = 0 at
φ = 0, represents the equilibrium state and also the local
maximum of the pseudo-potential 
(φ). That is, the soli-
tary wave solution of (10) may exist if (i) the convexity
requirement of the second derivative is negative at the ori-
gin, i.e., d2
(φ)/dφ2|φ=0 ≤ 0, which in fact, defines a ve-
locity values above (below) which solitary excitations exist
(do not exist), and (ii) 
(φ) must be negative in the region
0 < φ < φm(φm < φ < 0) for the positive (negative) poten-
tial solitary structures to exist, where φm is the amplitude of
the solitary structures. Therefore, by expanding the Sagdeev
potential 
(φ) near equilibrium (i.e., at φ = 0), one can find
the critical Mach number M1 (at which the second derivative
changes the sign) in the form

M1 =
√

γiγeK1K2

γiK1 + αγiK1 + αγeK2
= μ−1/2. (12)

It is expected and also clear in Eq. (12) that the propagation
of solitary waves associated with HIAWs do not exist be-
low the effective phase speed V

(eff )
ph (=μ−1/2), as solitary

waves are super-acoustic by nature, and exist above the ac-
tual sound speed, which, in fact, the heavy ion sound speed
in an ADRQP containing inertialess relativistically degen-
erate electron and non-relativistically degenerate light ion
species, and inertial non-degenerate heavy ion species. We
can, therefore, say that the HIASWs may exist only for the
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Mach number M > M1 for any fixed set of relevant plasma
parameters (e.g., α,γe, γi, zh, zi, nh0, ne0, etc.), i.e., solitary
waves must be travelling at speed exceeding the actual sound
speed of the considered plasma.

The upper limit of the velocity M2 for the existence of
HIASWs, above which the nonlinear propagation of HI-
ASWs is forbidden, can be found by using the density com-
pression limit. That is, we assume a condition 
(φc) ≥ 0
with φc = M2/2 being the minimum value of φ beyond
which the inertial heavy ion number density is undefined.
This can be fulfilled only if

M2
2 + αK1

[
1 −

(
1 − γi − 1

γiK1

M2
2

2

)γi/(γi−1)]

+ (1 + α)K2

[
1 −

(
1 + γe − 1

γeK2

M2
2

2

)γe/(γe−1)]
= 0,

(13)

where the upper limit of the velocity M2 for the existence of
the HIASWs can be found by solving Eq. (13) numerically,
and it is seen that the upper limit M2 is also a function of
the total charge density of light-to-heavy ion species α, rel-
ativistic effects (via γe), number density of degenerate elec-
tron ne0 and light ion ni0, etc. That is, the lower threshold
M1 as well as the upper limit M2 of the velocity (also the
accessible velocity domain, let us define [M1,M2]) for the
propagation of the HIASWs are predicted to modify due to
the variation of relevant parameters (e.g., α,γe, γi, nh0, ne0,
etc.).

We now depict the variation of the Mach number M (i.e.,
M1 and M2) against the total charge density ratio of light to
that of heavy ion species α for three different plasma compo-
sitions in Fig. 3 to trace the influence of degenerate electrons
population on the lower and the upper velocity, and also on
the accessible velocity domain [M1,M2] for the propagation
of HIASWs in an ADRQP medium. It is seen that the lower
as well as the upper velocity are seen to lower in a plasma
containing less population of degenerate electrons than in a
plasma containing more population of degenerate electrons,
as shown in Fig. 3. The existence velocity region [M1,M2]
is found to enhance with the increasing values of degenerate
electron number density ne0, i.e., the existence region for
the propagation of HIASWs becomes narrower while HI-
ASWs propagated from a high dense degenerate electron
populated plasma to a less dense degenerate electron pop-
ulated plasma. We have investigated a significant influence
of α on M (M1 and M2) and also on the existence velocity
domain [M1,M2], which can also be seen in Fig. 3. The M1

and M2 are seen to decrease as α increases. The accessible
velocity region [M1,M2] is observed to be larger in a plasma
containing more number of inertial heavy ion nh0 (or heavy
ion with more number of protons residing on its surface, i.e.,

Fig. 3 Variation of the lower threshold M1 (lower three curves) and
the upper limit M2 (upper three curves) of the velocity for the propa-
gation of HIASWs with α for different electron number density ne0
in a plasma containing ultra-relativistically degenerate electron and
non-relativistically degenerate light ion species

for larger zh) than in a plasma containing less number of in-
ertial heavy ion nh0 (or heavy ion with less number of pro-
tons residing on its surface, i.e., for smaller zh), as depicted
in Fig. 3.

4.1 Small amplitude approximation

It may be important to recover the small amplitude limit
for the propagation of the heavy ion-acoustic solitary waves
(given via the pseudo-potential in Eq. (11)). For the small
amplitude approximation (i.e., for the limit φ � 1), one may
expand (11) as a McLaurin series, and obtain an expression
for the pseudo-potential at φ ≈ 0 in the form


s(φ;M,α,γi, γe,K1,K2) ≈ −1

2
S1φ

2 − 1

6
S2φ

3, (14)

where

S1 = − 1

M2
+ α

γiK1
+ 1 + α

γeK2
,

S2 = − 3

M4
− α(2 − γi)

γ 2
i K2

1

+ (1 + α)(2 − γe)

γ 2
e K2

2

.

Now, substituting Eq. (14) in Eq. (10), and then after
some algebraic calculation of the resultant equation (un-
der consideration of some appropriate boundary conditions),
one may obtain a solution in the form of the solitary wave
solution as

φ = φmsech2(ξ/δ), (15)

where φm = −3S1/S2 is the amplitude, and δ = 2/
√

S1 is
the width of the heavy ion-acoustic solitary potential for
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the small amplitude approximation in an ADRQP medium.
Thus, one may predict from Eq. (15) that the amplitude as
well as the width, and hence the properties of the small am-
plitude HIASWs in ADRAQP medium are significantly in-
fluenced by the relevant plasma configuration parameters,
e.g., the light and heavy ion species number density, de-
generate electron number density, soliton propagation speed,
etc. We shall give a brief parametric analyses on the basis of
these relevant parameters of the considered plasma medium
in later Sect. 4.2 for the arbitrary amplitude HIASWs (given
by the pseudo-potential equation (11)) as our main focus
here is to characterize the fully nonlinear features of HI-
ASWs in an ADRQP medium.

4.2 Heavy ion-acoustic soliton characteristics

We now study the characteristics of fully nonlinear HIASWs
in an ADRQP system via the numerical integration of (11).
In the framework of our plasma model, it is seen that the
Sagdeev-type pseudo-potential (11) is a function of the elec-
tric potential φ, and also the relevant plasma configuration
parameters, e.g., the total charge density of the light-to-
heavy ion species α, electron’s degeneracy effects (via γe),
electron number density ne0, light (heavy) ion number den-
sity ni0 (nh0), etc. It is essential to mention that the solitary
pulse in terms of the electric potential φ can be obtained by
the numerical integration of the pseudo-potential (11), and
hence the associated electric field E (= −∇φ) of the soli-
tary waves. We should also note that the pulse amplitude
is predicted from the pseudo-potential root, while the pulse
width is predicted from the maximum value of the slope of
potential curve φ(ξ).

Effect of the light and heavy ion number density We have
analyzed the influence of the light and the heavy ion num-
ber density via α (= zini0/zhnh0) on the arbitrary am-
plitude HIASWs characteristics in an ADRQP medium
by plotting the pseudo-potential 
(φ), given in Eq. (11),
for a fixed set of plasma parameters in Fig. 4. The soli-
ton speed M is considered a fixed value within the ac-
cessible velocity domain for three different plasma com-
positions (for different values of α). It is numerically
seen that the accessible velocity domain [M1,M2] for
the propagation of arbitrary amplitude solitary excitations
are [0.513,1.041], [0.436,0.883], [0.385,0.779] for α =
1,1.5,2, respectively; and we have chosen a fixed soliton
propagation speed M = 0.7 to analyze the effect of α on
the solitary waves characteristics. We have observed numer-
ically and also seen in Fig. 3 that the existence velocity do-
main for the propagation of HIASWs becomes wider for the
decreasing (increasing) values of zi or ni0 (zh or nh0). It is
found in Figs. 4(a) and 4(b) for a fixed solitons propagation
speed M that the plasma with less (more) inertial heavy ion

Fig. 4 Effect of α (a) on the pseudo-potential 
(φ) in ADRQP con-
taining ultra-relativistically degenerate electron and non-relativistically
degenerate light ion species for M = 0.7, (b) the corresponding elec-
trostatic potential φ, and (c) the associated electric field E, obtained
numerically

charge density zhnh0 (non-relativistically degenerate light
ion charge density zini0) leads to a taller but steeper solitary
excitations than a plasma with more (less) inertial heavy
ion charge density (non-relativistically degenerate light ion
charge density). The amplitude of the solitary excitations is
found to be higher in a more (less) populated heavy (light)
ion species plasma for the fixed values of zh, zi , and M ,
and the resulting electric field is found to be weaker in a
more heavy ion populated plasma than in a less heavy ion
populated plasma. It is now essential to recall here that the
lower Mach number threshold M1 for the propagation of
HIASWs is found to higher for lower α, and the true soli-
tary pulse speed M − M1 is actually investigated to higher
in a less populated heavy ion plasma for fixed M . It is well
established (Sultana et al. 2010) and also agreed by our nu-
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Fig. 5 Variation of the soliton’s amplitude φmax (absolute value) with
soliton’s propagation speed in the moving frame M − M1 for different
α in a plasma containing ultra-relativistically degenerate electron and
non-relativistically degenerate light ion species

merical results that the taller solitary pulse moves faster than
the smaller pulse and vice versa.

The Mach number threshold M1, below which the soli-
tary waves can not be propagated, depends on the var-
ious relevant parameters of the plasma under considera-
tion. We can, therefore, say that the solitary pulse prop-
agation speed in a fixed travelling frame with speed M1

or the super-acoustic excess speed is M − M1 (where
M is the pulse propagation speed). It is then appropri-
ate to trace the effect of α on the access super-acoustic
speed M − M1, and hence the effect of M − M1 on the
solitons’ characteristics. We note here that the pseudo-
potential 
(φ;M,α,γi, γe,K1,K2), given in Eq. (11), sat-
isfies ∂
/∂M < 0, and hence ∂φmax/∂M > 0 (Verheest
2010; Verheest and Hellberg 2010), which actually pre-
dicting that the maximum amplitude φmax of a solitary
pulse varies linearly with the access super-acoustic speed
M − M1 or is an increasing function of M − M1 (Sul-
tana et al. 2012). In Fig. 5, we depict the variation of φmax

with M − M1 for different values of α in a plasma con-
taining ultra-relativistically degenerate electron and non-
relativistically degenerate light ion species (i.e., we consider
γi = 5/3 and γe = 4/3). The maximum amplitude of the
solitary pulse is seen to vary approximately linearly with the
access super-acoustic speed of the solitary pulse M − M1,
which agrees with earlier work for obliquely propagating
electron-acoustic solitary waves in non-thermal plasmas
(Sultana et al. 2012). The pulse amplitude is investigated
to be higher in more populated heavy ion plasma (lower α)
than in a less populated heavy ion plasma (higher α). At
a first glance, it seems to be contradictory with Figs. 4(a)
and 4(b). It is physically expected and is actually due to the
fact that the Mach number threshold M1 is higher (in other
word, the true acoustic speed M/M1 is lower) for lower val-
ues of α and for fixed M (discussed above), and therefore
results in a smaller and wider solitary excitations; as shown
in Fig. 4. On the other hand, we have chosen a range of val-

Fig. 6 Effect of degenerate electron number density ne0 (a) on the
pseudo-potential 
(φ) with φ for M = 1.05 and α = 1, (b) the corre-
sponding electrostatic potential perturbations φ, and (c) the associated
electric field E, obtained numerically

ues of M within the existence velocity domain and explored
the variation of φmax with M − M1 in Fig. 5.

Effect of degenerate electron number density We have an-
alyzed the dependencies of the degenerate electron num-
ber density ne0 via K2 (= Ken

γe−1
e0 /mec

2) on the charac-
teristics of arbitrary amplitude HIASWs (on the pseudo-
potential, and hence on the solitary pulses and associated
electric fields) in an ADRQP medium in Fig. 6 for a fixed
soliton propagation speed M within the accessible veloc-
ity range. In Fig. 6, we see that the amplitude (width) of
the solitary pulse in a plasma containing ultra-relativistically
degenerate electron and non-relativistically degenerate light
ion species is seen to smaller (wider) for the increasing val-
ues of ne0, see Figs. 6(a) and 6(b). That is, an astrophysical
degenerate relativistic quantum plasma containing less pop-
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ulation of ultra-relativistically degenerate electron leads to a
taller and steeper solitary excitation than in an ADRQP of
more population of ultra-relativistically degenerate electron
for a fixed soliton propagation speed M .

Relativistic effects via γe To trace the influence of relativis-
tic effect via the relativistic index of the electron species γe ,
we have considered a realistic plasma environment (Horn
1991; Witze 2014; Vanderburg et al. 2015) that may exist
in many astrophysical objects (e.g., white dwarfs, neutron
stars, etc.) containing inertialess relativistically degenerate
electron and non-relativistically degenerate hydrogen ion (as
light ion) species, and non-degenerate inertial iron (as heavy
ion) species. It is numerically seen that the accessible ve-
locity domain [M1,M2] for the propagation of heavy ion-
acoustic solitary excitations in a plasma containing ultra-
relativistically degenerate electron and non-relativistically
degenerate hydrogen ion species is [0.385,1.041], and in
a plasma containing non-relativistically degenerate elec-
tron and hydrogen ion is [0.454,0.955]. The accessible ve-
locity domain for the propagation of HIASWs is seen to
be wider in a plasma containing ultra-relativistically de-
generate electron and non-relativistically degenerate light
ion species than in a plasma containing non-relativistically
degenerate electron and light ion species for a fixed α.
Our analytical and numerical results, therefore, suggest a
faster heavy ion-acoustic solitary pulse in a plasma con-
taining ultra-relativistically degenerate electron and non-
relativistically degenerate light ion species than in a plasma
containing non-relativistically degenerate electron and light
ion species. The variation of the pseudo-potential 
(φ) with
the electric potential φ (see Fig. 7(a)) and also the elec-
tric potential φ with ξ (see Fig. 7(b)) is depicted for two
plasma compositions. A taller and steeper solitary excita-
tion is predicted to propagate in an ADRQP medium con-
taining ultra-relativistically degenerate electron and non-
relativistically degenerate light ion species (i.e., for γi = 5/3
and γe = 4/3) in comparison to an ADRQP medium con-
taining non-relativistically degenerate electron and light ion
species (i.e., for γi = γe = 5/3) for the fixed soliton propa-
gation speed M .

5 Discussion

In this manuscript, we have investigated the characteris-
tics of arbitrary amplitude HIASWs associated with the HI-
AWs in which inertia is provided by the mass density of
heavy ion species, and the restoring force is provided by
the degenerate pressures of relativistically degenerate elec-
tron and non-relativistically degenerate light ion species.
We have derived a linear dispersion relation via the nor-
mal mode analysis to characterize the linear wave properties,

Fig. 7 Relativistic effect: (a) showing the variation of the pseudo-po-
tential 
(φ) with φ for M = 0.5 and α = 2, and (b) the corresponding
electrostatic potential perturbations, obtained numerically. Red solid
curve is for ultra-relativistically degenerate electron and non-relativis-
tically degenerate light ion species, while the blue dashed curve is for
non-relativistically degenerate electron and light ion species

while a energy balance equation has been derived by adopt-
ing a well known Sagdeev type pseudo-potential approach
to model the arbitrary amplitude HIASWs in an ADRQP
medium. Our results show that not only the linear properties
of HIAWs but also the basic properties of arbitrary ampli-
tude HIASWs (e.g., amplitude, width, speed, etc.), which
may formed/propagated in an ADRQP medium, are signif-
icantly influenced by the relevant parameters of the consid-
ered plasma. The wave frequency is observed to increase for
the increasing (decreasing) of inertial heavy ion (inertialess
degenerate light ion) number density. On the other hand, the
wave frequency is seen to increase as the degenerate electron
number density increases.

The main emphasis of this manuscript is the study of
exact nonlinear theory, and hence the analysis of arbitrary
amplitude HIASWs in an ADRQP medium for different in-
trinsic plasma composition parameters. To characterize the
HIASWs, we first determined and analyzed the accessible
velocity domain (defined as [M1,M2]) for the propagation
of HIASWs in an ADRQP system, in the form of a lower
Mach number threshold M1 and an upper velocity limit M2,
both of which are seen to depend on the number densities of
heavy ion, light ion, and also on the number density of the
relativistically degenerate electron species. The existence
domain of HIASWs is observed to larger in a more heavy ion
as well as in a more degenerate electron populated plasma
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than in a less populated heavy ion and degenerate electron
plasma.

We have investigated that our plasma model can ad-
mit only compressive (positive potential) heavy ion-acoustic
solitary structures. We have observed that as we increase
(decrease) the background degenerate light ion (electron)
number density, the amplitude of HIASWs increases for
constant values of Mach number M . The accessible velocity
domain [M1,M2] and also the super-acoustic excess speed
M − M1 are seen to reduce for the decreasing values of in-
ertial heavy ion number density nh0. It is seen that a plasma
containing non-relativistically degenerate electron and light
ion species leads to the formation/propagation of smaller
but wider heavy ion-acoustic solitary excitations than in
a plasma containing ultra-relativistically degenerate elec-
tron and non-relativistically degenerate light ion species.
Excess super-acoustic speed is also seen to be lower in a
non-relativistically degenerate electron and light ion species
plasma than in a ultra-relativistically degenerate electron
and non-relativistically degenerate light ion plasma. To con-
clude, we may say that the plasma model under considera-
tion in this manuscript would be very important to under-
stand the propagation of localized disturbances in extremely
dense astrophysical and experimental plasmas, in which the
ratio of charge state (number density) of light to that of
heavy ion species zi/zh < 1 (ni0/nh0 ≥ 1), and the rela-
tivistic and quantum effects are important parameters to be
considered.
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