
Astrophys Space Sci (2018) 363:46
https://doi.org/10.1007/s10509-018-3267-4

ORIGINAL ARTICLE

Solution of the radiative transfer equation for Rayleigh scattering
using the infinite medium Green’s function

M. Biçer1 · A. Kaşkaş1
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Abstract The infinite medium Green’s function is used to
solve the half-space albedo, slab albedo and Milne problems
for the unpolarized Rayleigh scattering case; these problems
are the most classical problems of radiative transfer theory.
The numerical results are obtained and are compared with
previous ones.
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1 Introduction

Radiative transfer theory can be applied to many different
areas in physics, for example, oceanography, tissue optics,
and astrophysics. The radiative transfer equation defines the
photon distribution in a scattering, emitting and absorb-
ing medium. The time-independent, monoenergetic radia-
tive transfer equation in plane geometry for the unpolarized
case can be written as (Pomraning 1970)

μ
∂I (τ,μ)

∂τ
+ I (τ,μ) = ω

2

∫ +1

−1
f

(
μ,μ′)I(

τ,μ′)dμ′ + S,

(1)

where I (τ,μ) defines the angular intensity, w is the sin-
gle scattering albedo, f (μ,μ′) is the scattering phase func-
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tion, μ is the cosine of the direction, τ is the optical vari-
able and S is the source function. In the literature, many
methods, such as Case (which was developed to solve
the linear transport equation), FN , CN , PN and HN , have
been used to solve this equation for different problems,
such as the half-space albedo, slab albedo and Milne prob-
lems (Case and Zweifel 1967; Siewert and Beonist 1979;
Grandjean and Siewert 1979; Beonist and Kavenoky 1968;
Kavenoky 1978; Case et al. 1953; Tezcan et al. 2003).

Rayleigh scattering occurs when the incident wavelength
is greater than the size of the scattering particles. Lord
Rayleigh explained why the sky is blue and sunset is red
by using this scattering function. This scattering function
can be used in astrophysics, oceanography and tissue optics.
Chandrasekhar formulated the scattering function for the
polarized case using the Stokes parameters (Chandrasekhar
1950). The scattering function can be written for the unpo-
larized Rayleigh case in the following form:

f
(
μ,μ′) = a + b

(
3μ2 − 1

)(
3μ′2 − 1

)
. (2)

This scattering function has the same form as the quadratic
scattering kernel. This kernel has been used to solve some
physical problems in the neutron transport equation by using
the HN method (Türeci and Türeci 2007, 2017; Türeci and
Güleçyüz 2008; Türeci 2010a, 2010b; Türeci et al. 2012).
If we choose a = 1 and b = 1/8, then we can obtain the
unpolarized Rayleigh scattering function (Pomraning 1969,
1970). Substituting this scattering function in Eq. (1) for
S = 0, the solution of this equation can be found in terms
of Case’s singular eigenfunctions. It is assumed that

I (τ,μ) = e− τ
ν φ(ν,μ). (3)
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Thus, the discrete and continuous eigenfunctions are ob-
tained as

φ(±ν0,μ) = ±wν0

2

1

±ν0 − μ

[
1 + α0

(
3μ2 − 1

)]
,

φ(ν,μ) = wν

2
P

1

ν − μ

[
1 + α

(
3μ2 − 1

)] + λ(ν)δ
(
ν − ν′),

(4)

where P is the Cauchy principle value, and α0, α and λ(ν)

have the following forms:

α0 = 1

8

[
3ν2

0(1 − w) − 1
]
,

α = 1

8

[
3ν2(1 − w) − 1

]
,

λ(ν) = 1 + 3wν2α − wν tanh−1(ν)
(
1 + 3ν2α − α

)
.

(5)

The full-range orthogonality relations for these eigenfunc-
tions are
∫ +1

−1
μφ(±ν0,μ)φ(±ν0,μ)dμ = N(±ν0),

∫ +1

−1
μφ(ν,μ)φ

(
ν′,μ

)
dμ = N(ν)δ

(
ν − ν′).

(6)

Here,

N(ν0) = −N(−ν0)

= wν0

2(ν2
0 − 1)

(
1 − α0 + ν2

0

(
w − 1

+ α0
(
16 − 11w + 15ν2

0(w − 1)
) + 4wα2

0

))
,

N(ν) = −N(−ν) = π2w2ν3

4

[
1 + α

(
3ν2 − 1

)]2 + νλ2(ν).

(7)

In this paper, the half-space albedo and slab albedo problems
are solved by using the HN method, and the Milne problem
is solved using the CN equations (Beonist and Kavenoky
1968; Kavenoky 1978; Tezcan et al. 1999).

2 Half-space albedo problem

One of the well known problems is the calculation of half-
space albedo. The half-space albedo and slab albedo prob-
lems can be solved by using the FN method. In the FN

method, the Placzek lemma defines that any finite medium
problem can be converted to the infinite medium problem
by inserting a proper source function at the boundaries
(Siewert and Beonist 1979; Grandjean and Siewert 1979;
Case et al. 1953). In this manner, the infinite medium
Green’s function can be used to find the solution of the prob-
lems. Applying the Placzek lemma to Eq. (1) for half-space,

we obtain (Siewert and Beonist 1979; Grandjean and Siew-
ert 1979)

μ
∂I1(τ,μ)

∂τ
+ I1(τ,μ) = ω

2

∫ +1

−1
f

(
μ,μ′)I1

(
τ,μ′)dμ′

+ S(τ,μ)H(τ) + μI (0,μ)δ(τ ),

I1(τ,μ) = H(τ)I (τ,μ),

H(τ) =
{

1, for τ ∈ (0,∞),

0, otherwise.

(8)

Then, the solution of Eq. (8) is

I1(τ,μ) =
∫ +1

−1
dμ0

∫ +∞

−∞
dτ0G(τ0 → τ ;μ0 → μ)

× [
H(τ0)S(τ0,μ0) + μ0I (0,μ0)δ(τ0)

]
. (9)

The infinite medium Green’s function for the isotropic scat-
tering case is defined by Case and Zweifel (1967):

G±(τ0 → τ ;μ0 → μ)

= φ(±ν0,μ)φ(±ν0,μ0)

N(ν0)
e
− |τ−τ0|

ν0

+
∫ +1

0

φ(±ν,μ)φ(±,μ0)

N(ν)
e− |τ−τ0|

ν dν, (10)

where the upper signs apply for τ > τ0, and the lower signs
apply for τ < τ0. Here, if we use the discrete and continuous
eigenfunctions given in Eq. (4), then we obtain the infinite
medium Green’s functions for the Rayleigh scattering case.

In the half-space albedo problem, a scattering/absorbing
medium is at τ > 0, and vacuum is at τ < 0. The boundary
conditions are

I (0,μ) = μβ, β = 0,1,2, . . .

I (0,−μ) =
N∑

l=0

alμ
l, μ > 0.

(11)

We can write the exit distributions of the photons by using
these conditions in Eq. (9) for S(τ0,μ0) = 0:

I (0,−μ) =
∫ +1

0
dμ0G

+(
0 → 0+;μ0 → −μ

)
μ0I (0,μ0)

−
∫ +1

0
dμ0G

+(
0 → 0+;−μ0 → −μ

)

× μ0I (0,−μ0), μ > 0. (12)
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Table 1 The convergence of half-space albedo values for ω = 0.8 and β = 0

N 0 1 2 3 4 5 10 20 30 Schnatz and
Siewert (1971)

Şenyiğit (2016)
(N = 10)

A∗ 0.34375 0.34291 0.34288 0.34288 0.34288 0.34288 0.34288 0.34288 0.34287 0.34378 0.343784

Table 2 The eigenvalues and the half-space albedo results for selected values of ω for N = 3

ω ν0 β = 0 Schnatz and
Siewert (1971)

Türeci (2010b)
(N = 6)

Şenyiğit (2016)
(N = 10)

β = 1 β = 2 β = 3 β = 4

0.1 1.000000656297 0.022038 0.02206 – 0.022056 0.020499 0.019746 0.019308 0.019024

0.2 1.000563217394 0.046906 0.04698 – 0.046981 0.043700 0.042115 0.041188 0.040584

0.3 1.006003984463 0.075348 0.07552 0.07534792 0.075517 0.070330 0.067825 0.066349 0.065384

0.4 1.022321209266 0.10843 0.10873 – 0.108732 0.10144 0.097916 0.095824 0.094449

0.5 1.055542695062 0.14777 0.14824 0.14777108 0.148237 0.13864 0.13398 0.13119 0.12935

0.6 1.114950198229 0.19599 0.19664 – 0.196638 0.18455 0.17863 0.17506 0.17268

0.7 1.219536479551 0.25777 0.25859 – 0.258587 0.24389 0.23659 0.23213 0.22915

0.8 1.418784755734 0.34288 0.34378 0.34287736 0.343784 0.32659 0.31786 0.31246 0.30881

0.9 1.911313421782 0.47864 0.47940 – 0.479395 0.46080 0.45097 0.44479 0.44055

0.95 2.640900251692 0.59700 0.59747 – 0.597474 0.58001 0.57046 0.56437 0.56015

Multiplying both sides of Eq. (12) by μm+1 and integrating
over μ ∈ [0,1], we can obtain

N∑
l=0

alTml = Rmβ, (13)

where Tml and Rmβ are defined as

Tml = 1

l + m + 2
+

(
wν0

2

)2
Am(ν0)Al(ν0)

N(ν0)

+
(

w

2

)2 ∫ +1

0

ν2Am(ν)Al(ν)

N(ν)
dν,

Rmβ =
(

wν0

2

)2 Am(ν0)Bβ(ν0)

N(ν0)

+
(

w

2

)2 ∫ +1

0

ν2Am(ν)Bβ(ν)

N(ν)
dν,

(14)

and

Am(ξ) = 2

wξ

∫ +1

0
μm+1φ(ξ,−μ)dμ,

A0(ξ) = 1 − 3

2
αξ + 3αξ2 − (

ξ + 3αξ3 − αξ
)

ln

(
ξ + 1

ξ

)
,

Am(ξ) = 1

m + 1
+ α

(
3

m + 3
− 1

m + 1

)
− ξAm−1(ξ);

m ≥ 1, (15)

Bm(ξ) = 2

wξ

∫ +1

0
μm+1φ(ξ,μ)dμ,

B0(ξ) = 2

w
− 1 + 3αξ2 − 3

2
αξ

− ξ
(
1 + 3αξ2 − α

)
ln

(
ξ + 1

ξ

)
,

Bm(ξ) = ξBm−1(ξ) − 1 − α

m + 1
− 3α

m + 3
, m ≥ 1,

m ≥ 1, ξ = ν0 or ξ = ν, ν ∈ (0,1).

(16)

Albedo is given by

A∗ =
∫ +1

0 μI (0,−μ)dμ∫ +1
0 μI (0,μ)dμ

= (β + 2)

N∑
l=0

al

l + 2
. (17)

The unknown al expansion coefficients in Eq. (17) are ob-
tained from Eq. (13).

3 Slab albedo problem

Let us consider a plane-parallel medium surrounded by vac-
uum on both sides at the boundaries with [−τ0, τ0]. In the
FN method, Siewert and Beonist (1979) defined the follow-
ing equation:

μ
∂I1(τ,μ)

∂τ
+ I1(τ,μ)
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= ω

2

∫ +1

−1
f

(
μ,μ′)I1

(
τ,μ′)dμ′

+ H ∗(τ )S(τ,μ) + μI (τ,μ)
[
δ(τ + τ0) − δ(τ − τ0)

]
,

I1(τ,μ) = H ∗(τ )I (τ,μ), (18)

H ∗(τ ) =
{

1, for τ ∈ [−τ0, τ0],
0, otherwise.

For τ ∈ [−τ0,+τ0], I (τ,μ) can be written as

I (τ,μ)

=
∫ +1

−1
dμ0

∫ +τ0

−τ0

dτ0G(τ0 → τ ;μ0 → μ)S(τ0,μ0)

+
∫ +1

−1
dμ0

[
G(−τ0 → τ ;μ0 → μ)μ0I (−τ0,μ0)

− G(τ0 → τ ;μ0 → μ)μ0I (τ0,μ0)
]

(19)

and can be rearranged into the following form:

I (τ,μ)

=
∫ +1

−1
dμ0

∫ +τ0

−τ0

dτ0G(τ0 → τ ;μ0 → μ)S(τ0,μ0)

+
∫ +1

0
dμ0G(−τ0 → τ ;μ0 → μ)μ0I (−τ0,μ0)

−
∫ +1

0
dμ0G(−τ0 → τ ;−μ0 → μ)μ0I (−τ0,−μ0)

+
∫ +1

0
dμ0G(τ0 → τ ;−μ0 → μ)μ0I (τ0,−μ0)

−
∫ +1

0
dμ0G(τ0 → τ ;μ0 → μ)μ0I (τ0,μ0).

Then, for S(τ0,μ0) = 0, the exit distributions for τ = ∓τ0

are

I (−τ0,−μ)

=
∫ +1

0
dμ0G

+(−τ0 → −τ+
0 ;μ0 → −μ

)
μ0I (−τ0,μ0)

−
∫ +1

0
dμ0G

+(−τ0 → −τ+
0 ;−μ0 → −μ

)
μ0

× I (−τ0,−μ0)

+
∫ +1

0
dμ0G

−(τ0 → −τ0;−μ0 → −μ)μ0I (τ0,−μ0)

−
∫ +1

0
dμ0G

−(τ0 → −τ0;μ0 → −μ)μ0I (τ0,μ0),

μ > 0, (20)

I (τ0,μ)

=
∫ +1

0
dμ0G

+(−τ0 → τ0;μ0 → μ)μ0I (−τ0,μ0)

−
∫ +1

0
dμ0G

+(−τ0 → τ0;−μ0 → μ)μ0I (−τ0,−μ0)

+
∫ +1

0
dμ0G

−(
τ0 → τ−

0 ;−μ0 → μ
)
μ0I (τ0,−μ0)

−
∫ +1

0
dμ0G

−(
τ0 → τ−

0 ;μ0 → μ
)
μ0I (τ0,μ0),

μ > 0. (21)

Assume that photons enter the medium from the left bound-
ary. The boundary conditions are (Siewert and Beonist 1979;
Grandjean and Siewert 1979)

I (−τ0,μ) = μk,

I (τ0,−μ) = 0,

I (−τ0,−μ) =
N∑

l=0

alμ
l,

I (τ0,μ) =
N∑

l=0

blμ
l.

(22)

By substituting these boundary conditions and the infinite
medium Green’s function given by Eq. (10) into Eqs. (20),
(21), multiplying each equation by μm+1 and then integrat-
ing over μ ∈ [0,1], we can obtain the matrix equation for al

and bl expansion coefficients:

N∑
l=0

alTml +
N∑

l=0

blHml = Smk,

N∑
l=0

alHml +
N∑

l=0

blTml = Rmk,

(23)

where

Tml = 1

l + m + 2
+

(
wν0

2

)2
Am(ν0)Al(ν0)

N(ν0)

+
(

w

2

)2 ∫ +1

0

ν2Am(ν)Al(ν)

N(ν)
dν,

Hml =
(

wν0

2

)2
Bm(ν0)Al(ν0)

N(ν0)
e
− 2τ0

ν0

+
(

w

2

)2 ∫ +1

0

ν2Bm(ν)Al(ν)

N(ν)
e− 2τ0

ν dν, (24)

Smk =
(

wν0

2

)2
Am(ν0)Bk(ν0)

N(ν0)
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Table 3 The convergence of reflection and transmission coefficients for ω = 0.8 and β = 0, 2τ0 = 1

N 0 1 2 3 4 5 10 20 30 Türeci (2010b) (N = 7)

A∗ 0.28011 0.28066 0.28063 0.28063 0.28063 0.28063 0.28063 0.28063 0.28063 0.28063

B∗ 0.41577 0.41654 0.41653 0.41653 0.41653 0.41653 0.41653 0.41653 0.41653 0.41653

Table 4 The reflection and transmission coefficients for selected values of τ0, k = 0 and N = 3

w 2τ0 = 1 2τ0 = 2 2τ0 = 3

A∗ B∗ A∗a B∗a A∗ B∗ A∗ B∗ A∗a B∗a

0.1 0.02101 0.23211 0.0210 0.2321 0.02196 0.06610 0.02203 0.02016 0.0220 0.0202

0.2 0.04442 0.24674 – – 0.04669 0.07321 0.04689 0.02309 – –

0.3 0.07073 0.26373 0.0707 0.2637 0.07491 0.08206 0.07530 0.02692 0.0753 0.0269

0.4 0.10060 0.28369 – – 0.10760 0.09332 0.10833 0.03210 – –

0.5 0.13496 0.30746 0.1349 0.3075 0.14622 0.10803 0.14757 0.03939 0.1475 0.0394

0.6 0.17506 0.33623 – – 0.19301 0.12793 0.19554 0.05015 – –

0.7 0.22272 0.37172 0.2227 0.3717 0.25165 0.15602 0.25664 0.06714 0.2566 0.0671

0.8 0.28063 0.41653 – – 0.32873 0.19799 0.33952 0.09647 – –

0.9 0.35301 0.47473 0.3530 0.4747 0.43756 0.26586 0.46456 0.15459 0.4646 0.1546

0.95 0.39663 0.51083 – – 0.51236 0.31747 0.55900 0.20862 – –

aAbdel Krim et al. (1992)

Table 5 The reflection and transmission coefficients for various selected values of k (N = 3)

w k = 1 k = 2 k = 3 k = 4

A∗ B∗ A∗ B∗ A∗ B∗ A∗ B∗

0.1 0.01932 0.27104 0.01847 0.29466 0.01797 0.31023 0.01764 0.32116

0.2 0.04085 0.28572 0.03906 0.30929 0.03799 0.32480 0.03730 0.33567

0.3 0.06509 0.30269 0.06222 0.32615 0.06052 0.34154 0.05940 0.35232

0.4 0.09265 0.32253 0.08857 0.34579 0.08613 0.36102 0.08452 0.37166

0.5 0.12440 0.34604 0.11894 0.36901 0.11564 0.38399 0.11346 0.39444

0.6 0.16154 0.37436 0.15445 0.39689 0.15015 0.41153 0.14729 0.42171

0.7 0.20576 0.40913 0.19677 0.43102 0.19128 0.44517 0.18761 0.45499

0.8 0.25963 0.45281 0.24835 0.47379 0.24141 0.48726 0.23674 0.49657

0.9 0.32713 0.50931 0.31303 0.52896 0.30428 0.54146 0.29836 0.55004

0.95 0.34566 0.55625 0.32891 0.57544 0.31843 0.58756 0.31129 0.59585

+
(

w

2

)2 ∫ +1

0

ν2Am(ν)Bk(ν)

N(ν)
dν,

Rmk =
(

wν0

2

)2
Bm(ν0)Bk(ν0)

N(ν0)
e
− 2τ0

ν0

+
(

w

2

)2 ∫ +1

0

ν2Bm(ν)Bk(ν)

N(ν)
e− 2τ0

ν dν.

The reflection and transmission coefficients are given by

A∗ =
∫ +1

0 μI (−τ0,−μ)dμ∫ +1
0 μI (−τ0,μ)dμ

= (k + 2)

N∑
l=0

al

l + 2
, (25)

B∗ =
∫ +1

0 μI (τ0,μ)dμ∫ +1
0 μI (−τ0,μ)dμ

= (k + 2)

N∑
l=0

bl

l + 2
. (26)

4 Milne problem

The Milne problem is a half-space problem of determining
the photon distribution everywhere in a source-free medium.
The photons are emitted from a source at infinity (τ =
+∞) into the medium. Vacuum is at τ < 0. At the bound-
ary τ = 0, no photons are entering from τ < 0 inside the
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Table 6 The convergence of the results for extrapolation endpoint (ω = 0.8)

N 0 1 2 3 4 5 10 20 30 Türeci (2010b) (N = 5)

τ0 (Eq. (31a)) 0.90557 0.89631 0.89622 0.89622 0.89622 0.89622 0.89622 0.89622 0.89622 0.89622

τ0 (Eq. (31b)) 0.87540 0.89724 0.89619 0.89622 0.89622 0.89622 0.89622 0.89622 0.89622 0.89622

medium. Thus,

I (0,μ) = 0, μ > 0. (27)

The third form of the transport equation, also known as the
CN equations, is solved by using the CN method (Beonist
and Kavenoky 1968; Kavenoky 1978) as follows:

0 =
∫ +1

0
μ′I

(
0,μ′)G−(

μ,μ′)dμ′

+
∫ 0

−1
μ′I

(
0,−μ′)G−(

μ,μ′)dμ′, μ > 0,

I (0,−μ) =
∫ +1

0
μ′I

(
0,μ′)G−(

μ,μ′)dμ′

+
∫ 0

−1
μ′I

(
0,−μ′)G+(

μ,μ′)dμ′, μ ≤ 0.

(28)

The angular flux of a source at infinity is proportional to
ν0

ν0+μ
+ ν0

ν0+μ
α0(3μ2 − 1), and using this with the boundary

condition in Eq. (27), we can rewrite the previous equations
as
∫ 0

−1
μ′I

(
0,−μ′)G−(

μ,μ′)dμ′ + ν0

ν0 + μ

+ ν0

ν0 + μ
α0

(
3μ2 − 1

) = 0, μ > 0,

∫ 0

−1
μ′I

(
0,−μ′)G+(

μ,μ′)dμ′ + ν0

ν0 + μ

+ ν0

ν0 + μ
α0

(
3μ2 − 1

) = I (0,−μ), μ ≤ 0.

(29)

The exit distribution can be defined by

I (0,−μ) =
N∑

l=0

alμ
l, μ > 0. (30)

Multiplying both sides of Eqs. (29) by μm+1 and then inte-
grating over μ ∈ [0,1] and μ ∈ [−1,0], we can obtain the
following equations (Tezcan et al. 1999):

N∑
l=0

al(−1)l
{(

wν0

2

)2
Am(ν0)Bl(ν0)

N(ν0)

+
(

w

2

)2 ∫ +1

0

ν2Am(ν)Bl(ν)

N(ν)
dν

}
= ν0Am(ν0), (31a)

N∑
l=0

al(−1)l
{(

wν0

2

)2
Am(ν0)Al(ν0)

N(ν0)

+
(

w

2

)2 ∫ +1

0

ν2Am(ν)Al(ν)

N(ν)
dν

+ 1

l + m + 2

}
= ν0Bm(ν0). (31b)

The asymptotic flux can be written as a summation of the
source at infinity and the source at the surface:

φas(τ ) = ν0 e
τ
ν0

{
ln

(
ν0 + 1

ν0 − 1

)[
1 + α0

(
3ν2

0 − 1
)] − 6αν0

}

+
∫ +1

−1
dμ

∫ 0

−1
G

(
τ,μ,μ′)μ′I (0,−μ)dμ′

= φ∞(ν0) e
τ
ν0 + φN(ν0) e

− τ
ν0 , (32)

where

φ∞(ν0) = ν0

{
ln

(
ν0 + 1

ν0 − 1

)[
1 + α0

(
3ν2

0 − 1
)] − 6αν0

}

= 2

w
,

φN(ν0) = wν0

2N(ν0)

N∑
l=0

(−1)l+1Al(ν0)al.

(33)

The extrapolated endpoint is obtained from the relation
(Case and Zweifel 1967)

φas(−τ0) = 0 (34)

and can be written as

τ0 = −ν0

2
ln

[
− φN(ν0)

φ∞(ν0)

]
. (35)

The unknown coefficients in this equation, al , are obtained
from Eqs. (31a), (31b). The extrapolated endpoints have the
same numerical results for both equations.

5 Conclusions

FN and CN equations were used to solve the half-space
albedo, slab albedo and Milne problems for the unpolarized
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Rayleigh scattering case. The HN method was applied to
these equations by using the infinite medium Green’s func-
tion. The numerical results were compared with previous re-
sults. Some results were found to be in good agreement with
Türeci (2010b); these results were obtained for the maxi-
mum eighth degree of approximation. In this reference, the
quadratic scattering function was used to solve the neutron
transport equation for different values of the scattering coef-
ficient, f2. Here, f2 = 0.1 corresponds to Rayleigh scatter-
ing. The numerical results of half-space albedo for the unpo-
larized case were also compared with the results of Schnatz
and Siewert (1971) and Şenyiğit (2016). Our numerical re-
sults were found to be slightly different from their numeri-
cal results (Tables 1 and 2). The reflection and transmission
coefficients were found to be in good agreement with the
results of Abdel Krim et al. (1992) (Tables 3, 4 and 5). The
numerical results of the Milne problem were obtained by us-
ing Eqs. (31a), (31b) and were compared with the results of
Türeci (2010b) for f2 = 0.1. However, to our knowledge,
no work in the literature considered the unpolarized case of
Rayleigh scattering. Thus, the numerical results of the unpo-
larized case were compared with the results of the polarized
case to gain insight into its behavior. We obtained numerical
results up to the 30th approximation to test the convergence
(Tables 6, 7, and 8).
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