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Abstract The half-space albedo problem has been solved
for a combination of Rayleigh and isotropic scattering us-
ing HN method which is developed for the neutron transport
studies. The numerical results are compared with exact val-
ues obtained using variational method and Chandrasekhar’s
equation for the H-matrix. The analytical solutions of HN

method are easy to handle in comparison with the other
methods. The numerical results are in good agreement with
previous works in literature.
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1 Introduction

The equations of transfer for the two components I�(τ,μ)

and Ir(τ,μ) of the polarized radiation field in a free-electron
stellar atmospheres are formulated by Chandrasekhar (1946).
Viik (1989) solved the vector equation of radiative transfer
both for conservative and non-conservative planetary atmo-
spheres by using discrete ordinates method. Siewert and
Fraley (1967) used the singular eigenfunction expansion
technique developed by Case (1960) to construct rigorous
analytical solutions for the half-space problems. Similar
methods have been used to establish full range completeness
and orthogonality theorems to the normal mode approach
for a conservative combination of Rayleigh and isotropic
scattering (Mourad and Siewert 1969). This method was ap-
plied to establish full range completeness and orthogonal-
ity theorems for the general Rayleigh-scattering problem by
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Schnatz and Siewert (1970). They obtained the solutions of
the half-space albedo and Milne problems in terms of nor-
mal modes and got the all unknown expansion coefficients
in terms of the H-matrix (Schnatz and Siewert 1971). Pom-
raning (1970) described the half-space albedo problem by
the Rayleigh scattering law averaged over polarization and
used variational method for this problem. Here, the half-
space albedo problem has been solved for a combination of
Rayleigh and isotropic scattering using HN method (Tezcan
et al. 2003). This method was also used for nonconservative
Milne problem (Karahasanoğlu Şenyığıt and Kaşkaş 2007).

We consider the vector equation of transfer

μ
∂I(τ,μ)

∂τ
+ I(τ,μ) = 1

2
ωQ(μ)

∫ +1

−1
QT

(
μ′)I

(
τ,μ′)dμ′,

(1)

where

Q(μ) = 3

2
(c + 2)−1/2

(
cμ2 + 2

3 (1 − c) (2c)
1
2 (1 − μ2)

1
3 (c + 2) 0

)
.

(2)

Here, τ is the optical variable, μ is the direction cosine of
the propagating radiation (as measured from the positive τ -
axis) and ω ∈ [0,1] is the single-scattering albedo. I(τ,μ) is
a vector whose two components I�(τ,μ) and Ir (τ,μ) are the
angular intensities in the two states of polarization. QT (μ)

denotes the transpose of Q(μ). The parameter c is a mea-
sure of the Rayleigh component of scattering law: c = 1 and
w = 1 would yield Chandrasekhar’s conservative Rayleigh-
scattering case, w = 1 and c ∈ [0,1] is Chandrasekhar’s con-
servative case for a mixture of Rayleigh and isotropic scat-
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tering laws. c = 1 and w ∈ [0,1] yields the general Rayleigh
scattering (Siewert 1999).

We consider boundary conditions of the form (Majorino
and Siewert 1980; Pomraning 1970)

I(0,−μ) = Q(μ)

N∑
i=0

aiμ
i, μ > 0, (3)

and

I(0,μ) = F, μ > 0, (4)

where the ai coefficients are 2 × 1 matrices and F is a con-
stant vector. This vector represents the three states of degree
of the polarization for isotropic incident radiation: δ = 1,
δ = 0 and δ = −1 and they can be written alternatively with
(Schnatz and Siewert 1971; Pomraning 1970)

I(0,μ) =
(

0
1

)
, I(0,μ) =

(
1
1

)
, I(0,μ) =

(
1
0

)
.

(5)

The general solution of (1) is

I(τ,μ) = A(η0)Φ(η0,μ)e−τ/η0

+ A(−η0)Φ(−η0,μ)eτ/η0

×
∫ +1

−1
Ψ (η,μ)A(η)e−τ/ηdη, (6)

where A(±η0) and the vector A(η), are the arbitrary expan-
sion coefficients determined by using appropriate boundary
conditions (Burniston and Siewert 1970). Ψ (η,μ) denotes
the 2 × 2 matrix,

Ψ (η,μ) = (
Φ1(η,μ) Φ2(η,μ)

)
, (7)

and

A(η) =
(

A1(η)

A2(η)

)
. (8)

The discrete eigenvector corresponding to the eigenvalue
η0 is

Φ(±η0,μ) = 3

2
ωη0

(
1

η0 ∓ μ

)

×
(

c(1 − μ2)Λ2(η0) + ω2(η0)

ω2(η0)

)
, (9)

where

Λi(z) = (−1)i + 3
(
1 − z2)Λ0(z) − (−1)i3(1 − ω)z2,

i = 1 or 2, (10)

and

Λ0(z) = 1 + 1

2
ωz

∫ +1

−1

dμ

μ − z
. (11)

The continuum eigenvectors can be written as (Burniston
and Siewert 1970),

Φ1(η,μ)

=
(

3
2ωcη(1 − η2)(1 − μ2) P

η−μ
+ ω1(η)δ(η − μ)

−ω2(η)δ(η − μ)

)
,

Φ2(η,μ) =
( 3

2ωη(1 − η2) P
η−μ

+ λ1(η)δ(η − μ)

3
2ωη(1 − η2) P

η−μ
+ λ2(η)δ(η − μ)

)
,

η ∈ (−1,1),

(12)

where

λi(η) = (−1)i + 3
(
1 − η2)λ0(η) − (−1)i3η2(1 − ω),

i = 1 or 2,

λ0(η) = 1 − ωη tanh−1 η,

ω1(η) = c
(
1 − η2)λ1(η) + ω2(η),

ω2(η) = 4

3
(1 − c) + 2c(1 − ω)η2.

(13)

The orthogonality condition of the discrete eigenvectors is

∫ +1

−1
μΦT

(
η′

0,μ
)
Φ(η0,μ)dμ = 0, η′

0 �= η0, (14)

and the associated full-range discrete normalization inte-
grals may be evaluated to yield

N(±η0) =
∫ +1

−1
μΦT (±η0,μ)Φ(±η0,μ)dμ, (15)

with

N(±η0) = ±12ωη2
0

[
c
(
1 − η2

0

)
Λ2(η0) + ω2(η0)

]

× d

dz
Λ(z)

∣∣∣∣
z=η0

. (16)

The orthogonality relation of the continuum eigenfunc-
tions are given by the following equation (Schnatz and Siew-
ert 1970)

〈i|j 〉=
∫ +1

−1
μΦ

T †
i (η,μ)Φj (η,μ)dμ, i, j = 1 and 2.

(17)
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The adjoint vectors are defined as

Φ
†
1 (η,μ) = N22(η)Φ1(η,μ) − N12(η)Φ2(η,μ),

Φ
†
2 (η,μ) = N11(η)Φ2(η,μ) − N21(η)Φ1(η,μ),

(18)

with

〈i|j 〉 = 0, i �= j,

〈1|1〉 = 〈2|2〉 = N(η)δ
(
η − η′). (19)

Here

N(η) = η
[
N11(η)N22(η) − N12(η)N21(η)

]
, (20)

and

N11(η) = c2(1 − η2)2
[
λ2

1(η) + 9

4
ω2η2(1 − η2)2

π2
]

+ 2ω2(η)
[
c
(
1 − η2)λ1(η) + ω2(η)

]
,

N12(η) = N12(η)

= c
(
1 − η2)[λ2

1(η) + 9

4
ω2η2(1 − η2)2

π2
]

(21)

− 2ω2(η)
[
1 − 3(1 − ω)η2],

N22(η) = 2
[
1 − 3(1 − ω)η2]2

+ 18
(
1 − η2)2

[
λ2

0(η) + 1

4
ω2η2π2

]
.

2 Analysis

For the half space albedo problem, we seek solution of (1)
for τε(0,∞) which satisfies the boundary conditions

lim
τ→∞ I(τ,μ) < ∞. (22)

This condition requires that A(−η0) and A(η) are to be
zero in (6) for η < 0 . Then the solution is

I(τ,μ) = A(η0)Φ(η0,μ)e−τ/η0

+
∫ +1

0
Ψ (η,μ)A(η)e−τ/ηdη. (23)

The general solution using (7) and (8) for τ = 0 is

I(0,μ) = A(η0)Φ(η0,μ)

+
∫ +1

0

[
A1(η)Φ1(η,μ) + A2(η)Φ2(η,μ)

]
dη.

(24)

To get the unknown coefficients A(η0), A1(η) and A2(η),
Eq. (24) is multiplied by μΦT (η0,μ) and μΦT †

i (η,μ) re-
spectively and integrated over μ, μ ∈ (−1,1). Here we use

the boundary conditions in Eqs. (3–4) and the orthogonality
relations for the discrete and continuum modes. Then

A(η0) = 1

N(η0)

[
−

N∑
i=0

Γi(η0)ai

+
∫ +1

0
μΦT (η0,μ)Fdμ

]
, (25)

A1(η) = 1

N(η)

{
−
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i (η)
]
ai

+
∫ +1

0
μ

[
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− N12(η)ΦT
2 (η,μ)

]
Fdμ

}
, (26)

and

A2(η) = 1

N(η)

{
−

N∑
i=0

[
N21(η)Γ 1

i (η) − N11(η)Γ 2
i (η)

]
ai

+
∫ +1

0
μ

[
N11(η)ΦT

2 (η,μ)
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1 (η,μ)

]
Fdμ

}
, (27)

where

Γi(η0) = 2

ωη0

∫ 1

0
μi+1ΦT (η0,−μ)Q(μ)dμ,

Γ
j
i (η) = 2

ωη

∫ 1

0
μi+1ΦT

j (η,−μ)Q(μ)dμ, j = 1,2,

(28)

Now, multiplying the exit radiation, I(0,−μ), by μm+1, in-
tegrating over μ ∈ (0,1), using Eqs. (3–4) and Eqs. (25–28)
we obtain

N∑
i=0

{∫ +1

0
μm+i+1Q(μ)dμ + 1

N(η0)
Dm(η0)Γi(η0)

+
∫ +1

0

1

N(η)
D1

m(η)
[
N22(η)Γ 1

i (η)

− N12(η)Γ 2
i (η)

]
dη

+
∫ +1

0

1

N(η)
D2

m(η)
[−N21(η)Γ 1

i (η)

+ N11(η)Γ 2
i (η)

]
dη

}
ai

=
∫ +1

0
μΦT (η0,μ)Fdμ
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+
∫ +1

0
μ

[
N22(η)ΦT

1 (η,μ) − N12(η)ΦT
2 (η,μ)

]
Fdμ

+
∫ +1

0
μ

[
N11(η)ΦT

2 (η,μ) − N21(η)ΦT
1 (η,μ)

]
Fdμ,

(29)

where

Di (η0) =
∫ +1

0
μi+1Φ(−η0,μ)dμ,

Dj
i (η) =

∫ +1

0
μi+1Φj(−η,μ)dμ.

(30)

The half-space albedo values are computed for the three

states of polarization from the following equation

β =
∫ 1

0

(1
1

)T

I(0,−μ)μdμ

∫ 1
0

(1
1

)T

I(0,μ)μdμ

. (31)

The unknown ai coefficients in (31) can be obtained from
Eq. (29) for three states of polarization in Eq. (5) which are
the scalar system of 2N + 2 linear algebraic equations.

3 Conclusions

The half-space albedo problem is solved by using HN

method for mixture of isotropic and Rayleigh scattering
case. The albedo values for c = 1 for isotropic incident
radiation in the three states of polarization with increas-
ing N are given in Tables 1, 2 and 3. Here, N shows the
order of approximations. The numerical results are com-
pared with Schnatz and Siewert’s values (Schnatz and Siew-
ert 1971). In general, it is clearly seen that the exact re-
sults are obtained in the lowest order approximations. In

Table 1 The half-space albedo
for isotropic incident radiation,
c = 1, in the state of δ = 1 for
selected values of ω

* Schnatz and Siewert (1971)

ω N = 0 N = 1 N = 2 N = 3 N = 10 Exact*

0.1 0.023301 0.023300 0.023300 0.023300 0.023300 0.02330

0.2 0.049486 0.049480 0.049480 0.049480 0.049480 0.04948

0.3 0.079285 0.079264 0.079263 0.079263 0.079263 0.07926

0.4 0.113741 0.113686 0.113682 0.113682 0.113682 0.113682

0.5 0.154425 0.154300 0.154292 0.154291 0.154291 0.15429

0.6 0.203863 0.203610 0.203596 0.203595 0.203595 0.20359

0.7 0.266552 0.266076 0.266053 0.266052 0.266051 0.26605

0.8 0.351843 0.350997 0.350966 0.350964 0.350964 0.35096

0.9 0.485958 0.484579 0.484547 0.484546 0.484546 0.48455

0.95 0.601785 0.600243 0.600221 0.600220 0.600220 0.60022

0.99 0.795283 0.794382 0.794378 0.794378 0.794378 0.79438

Table 2 The half-space albedo
for isotropic incident radiation,
c = 1, in the state of δ = 0 for
selected values of ω

* Schnatz and Siewert (1971)

ω N = 0 N = 1 N = 2 N = 3 N = 10 Exact*

0.1 0.022057 0.022056 0.022056 0.022056 0.022056 0.02206

0.2 0.046987 0.046982 0.046981 0.046981 0.046981 0.04698

0.3 0.075539 0.075519 0.075518 0.075517 0.075517 0.07552

0.4 0.108790 0.108737 0.108733 0.108732 0.108732 0.10873

0.5 0.148367 0.148246 0.148238 0.148237 0.148237 0.14824

0.6 0.196901 0.196654 0.196639 0.196638 0.196638 0.19664

0.7 0.259080 0.258613 0.258589 0.258587 0.258587 0.25859

0.8 0.344656 0.343819 0.343786 0.343784 0.343784 0.34378

0.9 0.480803 0.479431 0.479397 0.479396 0.479395 0.47940

0.95 0.599032 0.597497 0.597475 0.597474 0.597474 0.59747

0.99 0.795610 0.794723 0.794719 0.794719 0.794719 0.79472
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Table 3 The half-space albedo
for isotropic incident radiation,
c = 1, in the state of δ = −1 for
selected values of ω

* Schnatz and Siewert (1971)

ω N = 0 N = 1 N = 2 N = 3 N = 10 Exact*

0.1 0.020812 0.020812 0.020812 0.020812 0.020812 0.02081

0.2 0.044488 0.044483 0.044482 0.044482 0.044482 0.04448

0.3 0.071793 0.071774 0.071773 0.071772 0.071772 0.07177

0.4 0.103839 0.103788 0.103783 0.103783 0.103783 0.10378

0.5 0.142310 0.142193 0.142184 0.142183 0.142183 0.14218

0.6 0.189939 0.189698 0.189682 0.189681 0.189680 0.18968

0.7 0.251608 0.251149 0.251124 0.251122 0.251122 0.25112

0.8 0.337470 0.336641 0.336606 0.336604 0.336604 0.33660

0.9 0.475648 0.474282 0.474247 0.474245 0.474245 0.47425

0.95 0.596280 0.594752 0.594728 0.594727 0.594727 0.59473

0.99 0.795937 0.795063 0.795059 0.795059 0.795059 0.79506

Table 4 The half-space albedo for the incident radiation in the state of δ = 1 for selected values of ω and c for N = 10

c ω = 0.1 ω = 0.2 ω = 0.3 ω = 0.4 ω = 0.5 ω = 0.6 ω = 0.7 ω = 0.8 ω = 0.9 ω = 0.99

0.1 0.021850 0.046553 0.074856 0.107833 0.147105 0.195301 0.257115 0.342327 0.478281 0.794516

0.2 0.022004 0.046848 0.075276 0.108355 0.147701 0.195933 0.257727 0.342843 0.478578 0.794468

0.3 0.022159 0.047150 0.075710 0.108903 0.148336 0.196616 0.258402 0.343423 0.478925 0.794420

0.4 0.022316 0.047459 0.076161 0.109480 0.149116 0.197357 0.259148 0.344080* 0.479332* 0.794374

0.5 0.022476 0.047775 0.076629 0.110087 0.149740 0.198165 0.259978 0.344830 0.479816 0.794332

0.6 0.031435 0.048100 0.077115 0.110728 0.150518 0.199048 0.260906 0.345692* 0.480398* 0.794296

0.7 0.022800 0.048432 0.077620 0.111404 0.151354 0.200084 0.261951 0.346694 0.481107 0.794270

0.8 0.022964 0.048772 0.078146 0.112119 0.152257 0.201087 0.263135 0.347870* 0.481986* 0.794264

0.9 0.023131 0.049122 0.078693 0.112877 0.153232 0.202273 0.264489 0.349271 0.483099 0.794291

1 0.023300 0.049480 0.079263 0.113682 0.154291 0.203595 0.266052 0.350964* 0.484546* 0.794378

* Bond and Siewert (1971)

Table 5 The half-space albedo for the incident radiation in the state of δ = 0 for selected values of ω and c for N = 10

c ω = 0.1 ω = 0.2 ω = 0.3 ω = 0.4 ω = 0.5 ω = 0.6 ω = 0.7 ω = 0.8 ω = 0.9 ω = 0.99

0.1 0.021732 0.046329 0.074541 0.107444 0.146666 0.194842 0.256676 0.341966 0.478085 0.794570

0.2 0.021766 0.046394 0.074633 0.107558 0.146795 0.194978 0.256807 0.342077 0.478153 0.794576

0.3 0.021801 0.046461 0.074729 0.107678 0.146933 0.195125 0.256951 0.342200 0.478231 0.794584

0.4 0.021836 0.046530 0.074829 0.107805 0.147081 0.195285 0.257110 0.342339* 0.478321* 0.794593

0.5 0.021872 0.046601 0.074932 0.107938 0.147239 0.194762 0.257287 0.342497 0.478426 0.794604

0.6 0.021908 0.046673 0.075040 0.108079 0.147409 0.194933 0.257485 0.342678* 0.478549* 0.794617

0.7 0.021944 0.046747 0.075152 0.108228 0.147592 0.195859 0.257707 0.342888 0.478696 0.794633

0.8 0.021981 0.046823 0.075269 0.108386 0.147789 0.196091 0.257960 0.343135* 0.478877* 0.794654

0.9 0.022018 0.046901 0.075390 0.108554 0.148004 0.196349 0.258251 0.343428 0.479103 0.794681

1 0.022056 0.046981 0.075517 0.108732 0.148237 0.196638 0.258587 0.343784* 0.479395* 0.794719

* Bond and Siewert (1971)

Tables 4, 5 and 6, the albedo values are given for combi-
nation of c ε (0,1] and different values of ω in the three
states of polarization for N = 10. Some values are compared
with literature (Bond and Siewert 1971). They are good

agreement with this reference’s results. Figure 1 shows the
half-space albedo versus ω-single scattering albedo graph
for c = 0.5 and δ = 0. Albedo increases with increas-
ing the single scattering albedo values and same effect
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Table 6 The half-space albedo for the incident radiation in the state of δ = −1 for selected values of ω and c for N = 10

c ω = 0.1 ω = 0.2 ω = 0.3 ω = 0.4 ω = 0.5 ω = 0.6 ω = 0.7 ω = 0.8 ω = 0.9 ω = 0.99

0.1 0.021613 0.046105 0.074225 0.107055 0.146227 0.194383 0.256237 0.341605 0.477889 0.794623

0.2 0.021528 0.045941 0.073991 0.106761 0.145890 0.194024 0.255887 0.341310 0.477729 0.794685

0.3 0.021442 0.045773 0.073748 0.106453 0.145531 0.193635 0.255500 0.340977 0.477538 0.794748

0.4 0.021355 0.045601 0.073496 0.106130 0.145148 0.193213 0.255072 0.340598* 0.477310* 0.794812

0.5 0.021267 0.045426 0.073236 0.105789 0.144738 0.192753 0.254596 0.340165 0.477035 0.794876

0.6 0.021178 0.045246 0.072965 0.105431 0.144300 0.192252 0.254063 0.339665* 0.476699* 0.794938

0.7 0.021089 0.045062 0.072684 0.105053 0.143829 0.191701 0.253464 0.339083 0.476286 0.794996

0.8 0.020998 0.044873 0.072392 0.104653 0.143322 0.191096 0.252786 0.338399* 0.475768* 0.795043

0.9 0.020905 0.044680 0.072088 0.104231 0.142775 0.190426 0.252012 0.337586 0.475108 0.795071

1 0.020812 0.044482 0.071772 0.103783 0.142183 0.189680 0.251122 0.336604* 0.474245* 0.795059

* Bond and Siewert (1971)

Fig. 1 The half-space albedo versus ω-single scattering albedo for
c = 0.5 and the incident radiation in the state of δ = 0

can be shown for different values of c and δ = −1 and
δ = 1.

References

Bond, G.R., Siewert, C.E.: Astrophys. J. 164, 97 (1971)

Burniston, E.E., Siewert, C.E.: J. Math. Phys. 11, 3416 (1970)

Case, K.M.: Ann. Phys. 9, 1 (1960)

Chandrasekhar, S.: Astrophys. J. 103, 351 (1946)
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