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Abstract We take the scalar field dark energy model pos-
sessing a non-canonical kinetic term in the framework of
modified Chern-Simon gravity. We assume the flat FRW
universe model and interacting scenario between dark mat-
ter and non-canonical dark energy part. Under this scenario,
we check the stability of the model using squared speed of
sound which represents the stable behavior for a specific
choice of model parameters. We also discuss the validity
of generalized second law of thermodynamics by assuming
the usual entropy and its corrected forms (logarithmic and
power law) at the apparent horizon. This law satisfied for all
cases versus redshift parameter at the present as well as later
epoch.

Keywords Dynamical Chern-Simons modify gravity ·
Non-canonical scalar field · Thermodynamics

1 Introduction

Astronomers have obtained cosmological data from differ-
ent observational schemes such as SNela, SDSS, WMAP
and CMB radiation anisotropous, X-ray and suggested that
our universe undergoes accelerated expansion (De Bernardis
et al. 2002; Perlmulter et al. 1999; Riess et al. 1998; Bern-
nelt et al. 2003; Ade et al. 2014; Tegmark et al. 2004;
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Allen et al. 2004). These observations also represents that
our universe is spatially flat and consists of about 70 per-
cent dark energy (DE) with negative pressure, 30 percent
dust matter (cold dark matter plus baryons) and negligible
radiation. To explain the phenomenon of accelerated expan-
sion of universe, researchers used two different representa-
tive ways. Firstly, in general relativity, introduces dynamical
DE models and secondly, modification of Einstein’s grav-
ity. A number of scientists observed the cosmic accelerated
expansion universe. For example, cosmological constant
(with ω = −1), dynamical DE models with varying equa-
tion of state (EoS) parameter and f (R), f (T ) theories etc.
are proposed for this accelerated expansion (Martin 2008;
Tsujikawa 2013).

It is observed that DE models may be associated with
scalar field which arises in string theory. Mostly DE models
are carried out for canonical scalar field and non-canonical
scalar field model for DE (Das and Mamon 2015; Fang et al.
2007). The non-canonical scalar field model provides good
solution of large number of cosmological problems. Usually,
a large number of scalar field DE models assume the field to
be non-interacting. In present framework, we take DE den-
sity interacts with that of dark matter which can be easily
dealt by taking a suitable interaction term. In the history
of universe expansion, to obtain very reasonable evaluation
of interaction term is assumed (Berger and Shojaei 2006;
Cai and Wang 2005; Zimdahl 2005; Hu and Ling 2006)
where the decay rat is assumed to be proportional to the
present value of Hubble parameter. Moreover, the prob-
lem of breaking of the Lorentz and CPT symmetries is
intensively studied now. Among a great number of possi-
ble Lorentz-CPT breaking modification of gravities (Kost-
elecky 2004), the four dimensional gravitational Chern-
Simons term originally introduced in Alexander and Yunes
(2009) is certainly the most popular one. The main reasons
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for it are its relatively simple form, evident gauge symme-
try and straightforward analogies with the three-dimensional
gravitational Chern-Simons term (Deser et al. 1982).

A lot number of issues treating different aspects of the
four-dimensional gravitational Chern-Simons term has been
studied for a general review. In particular, in Mariz et al.
(2004) it was shown to emerge as a quantum correction.
The most important line of studies of this term is actually
devoted to searching for the solutions of the equations of
motion in the modified theory whose action is a sum of the
usual Einstein-Hilbert action and of the gravitational Chern-
Simons term. It was shown that a lot of well-known solu-
tions of the usual Einstein equations, in particular, spheri-
cally symmetric and cylindrically symmetric ones, such as
Schwarzschild, Reissner-Nordstrom and FRW metrics re-
solve the modified Einstein equations as well (Grumiller and
Yunes 2008). However, the Kerr metric failed to solve the
modified Einstein equations. To circumvent this difficulty,
in Grumiller and Yunes (2008) and Smith et al. (2008), the
concept of the dynamical Chern-Simons coefficient was in-
troduced. The modified Chern-Simons gravity has not ran-
domly extension which is described in Calldwell and Lin-
der (2005). The modified Chern-Simons gravity is motivated
from string theory of low energy limit which comprises as
a necessary anomaly-canceling for correction of Einstein-
Hilbert action and for describing modified Chern-Simons
gravity as an effective theory. The accelerated expansion of
the universe taking various DE models and thermodynamics
(Jawad and Majeed 2015; Jawad 2014a, 2014b, 2015; Jawad
et al. 2013a, 2013b, 2014, 2016; Jawad and Sohail 2015;
Jawad and Rani 2015) have been discussed in this theory.

Sharif and Jawad (2015) studied the generalized second
law of thermodynamics with thermal equilibrium and non-
equilibrium processes in a flat as well as in a closed Kaluza-
Klein universe. Recently, Das et al. (2015) considered a
non-canonical scalar field DE model interacting with dark
matter and investigated the validity of GSLT with and with-
out entropy corrected terms. We consider the non-canonical
scalar field model in the framework of modified Chern-
Simons gravity and discuss the validity of GSLT. The pa-
per is organized as follows: In Sect. 2, we briefly discuss
Chern-Simons modified gravity and non-canonical scalar
field model. In Sect. 3, we construct the field equation for
underlying scenario taking interaction between scalar field
model and dark matter. Also, we check the stability of the
model using squared speed of sound parameter. We check
the validity of GSLT for the model without and with cor-
rected entropy models (logarithmic and power law entropy
corrections) in Sect. 4. In the last section, we summarize the
results.

2 Dynamical Chern-Simons modified gravity and
non-canonical scalar field model

In this section, we give a brief review of dynamical Chern-
Simons modified gravity and a discussion about non-
canonical scalar field model. The action which describes
the Chern-Simons theory is defined as follows

S = 1

16πG

∫
d4x

[√−gR + �

4
θ�R

ρσμν
Rρσμν

− 1

2
gμν∇μθ∇νθ + v(θ)

]
+ Sm, (1)

where R, �RρσμνRρσμν , �, θ , Sm and v(θ) represent the
Ricci scalar, a topological invariant called the Pontryagin
term, coupling constant, dynamical variable, action of mat-
ter and the potential, respectively. For simplicity, we con-
sider the potential v(θ) to be zero. Varying the action Eq. (1)
with respect to gμν and scalar field θ , we obtain field equa-
tions as follows

Gμν + lCμν = 8πGTμν, (2)

gμν∇μ∇νθ = − l

64π

�R
ρσμν

Rρσμν. (3)

Here Gμν is the Einstein tensor while Cμν denotes the Cot-
ton tensor and defined as follows

Cμν = − 1

2
√−g

(
(∇ρθ)ερβτ(μ∇τR

ν
β

) + (∇σ ∇ρθ)�R
ρσμν

.

(4)

For external field part, the energy momentum tensor is de-
fined as

T θ
μν = ∇μθ∇νθ − 1

2
gμν∇ρθ∇ρθ, (5)

where T θ
μν represents the scalar field contribution.

Moreover, we assume the action of scalar field model

L =
∫ √−gdx4

[
R

2
+L(φ,X)

]
+Lmat . (6)

The Lagrangian density L(Φ,X) is an arbitrary function of
the scalar field φ which is a function of time only and whose
kinetic term X is given by

X = 1

2
∂μφ∂μφ. (7)

The Einstein field equations take the following form

Gμν = T θ
μν + T φ

μν + T m
μν, (8)
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where the energy momentum tensors for scalar field φ and
matter part composed of perfect fluid are defined as

T φ
μν = ∂L

∂X
∂μφ∂νφ − gμνL, (9)

T m
μν = (ρcdm + pcdm)UμUν + pcdmgμν, (10)

where Uμ denotes the four-velocity of the fluid and ρcdm,
pcdm are energy density and pressure of matter components
of the universe respectively. The energy density and pressure
of scalar field are defined as

ρφ = 2X
∂L
∂X

−L, pφ = L. (11)

Under the variation of action (7) with respect to scalar field
φ yields the differential equation as

φ̈

[(
∂L
∂X

)
+ 2X

(
∂2L
∂X2

)]
+

[
3H

(
∂L
∂X

+ φ̇
∂2L

∂φ∂X

)]
φ̇

−
(

∂L
∂φ

)
= 0. (12)

In order to find out this equation, we need to consider a
proper form of Lagrangian density L. Fang et al. (2007)
proposed the density for the non-canonical scalar field as,
L(Φ,X) = F(X) − V (φ) where F(X) is an arbitrarily cho-
sen function for different cosmological solutions. Here, we
consider the following form

L(Φ,X) = X2 − V (φ). (13)

3 Field equations and stability analysis

We construct the field equations and discuss the stabil-
ity analysis of the model in this section. Let us consider
isotropic and homogeneous spatially flat FRW metric which
is given by line element

ds2 = dt2 − a2(t)
[
dr2 + r2dθ2 + r2 sin2 θdφ2] (14)

where a(t) is the scale factor of universe depending on cos-
mic time t . Here, we consider the spatially flat FRW uni-
verse as indicated by the anisotropy of CMBR measurement
(De Bernardis et al. 2000). With the help of Eq. (13), the
pressure and energy density associated with scalar field be-
come

ρφ = 3X2 + V (φ) = 3

4
φ̇4 + V (φ), (15)

pφ = X2 − V (φ) = 1

4
φ̇4 − V (φ). (16)

The scalar field given in Eq. (4) results gμν∇μ∇νθ =
gμν[∂μ∂νθ ] = 0 where term �RρσμνRρσμν vanishes for

FRW spacetime. Taking θ = θ(t) in this equation, we find
the differential equation as

θ̈ + 3Hθ̇ = 0, (17)

yields the solution θ̇ = b2a−3 where b is an arbitrary con-
stant and T θ

μν = 1
2 θ̇2. The Friedmann equations take the

form

3H 2 = ρcdm + ρφ + 1

2
θ̇2, (18)

−(
2Ḣ + 3H 2) = pφ + pcdm. (19)

Generally, it is said that there exists no interaction between
the dark matter and scalar field components. However, due
to unknown nature of DE, we may assume an interaction
between these components of matter which may provide a
more general scenario. According to this scenario in un-
derlying case, we consider that dark matter interacts with
scalar field by means of a source term Q. Taking into ac-
count pcdm = 0, the continuity equations for scalar field and
matter are given by

ρ̇φ + 3H(1 + ωφ)ρφ = Q, (20)

ρ̇cdm + 3Hρcdm = −Q, (21)

where Q is the interaction term between the scalar field and
dark energy mater which will be defined as the rate of flow
of energy between the two components. The unknown na-
ture of DE as well as CDM leads to the basic problem for
the choice of interaction term. It is difficult to describe inter-
action via first principle. However, the continuity equation
provides a clue about the form of interaction, i.e., it must be
a function of the product of energy density and a term with
units of time (such as Hubble parameter). With this idea, dif-
ferent forms for interaction have been proposed. We take the
following form of this interaction term (Ferreira et al. 2014;
Das and Mamon 2015)

Q = εHφ̇4, ε is constant. (22)

with b2 serves as interaction parameter which exchanges the
energy between CDM and DE components. This form of in-
teraction term has been explored for energy transfer through
different cosmological constraints. The sign of coupling
constant decides the decay of energies either DE decays into
CDM (when the interacting parameter is positive) or CDM
decays into DE (when the interacting parameter is negative).
The present analysis from different aspects imply that the
phenomenon of DE decays into CDM which is more ac-
ceptable and favors the observational data (Amendola 2007;
Guo et al. 2007; Xu et al. 2011). It was argued that neg-
ative coupling does not help in solving the cosmic coin-
cidence problem (Pavon and Wang 2007) and the second
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law of thermodynamics also violated (Sen and Pavon 2008;
Karwan 2008). Feng et al. (2008) explored the impact of
interaction on the compatibility of observational data. They
arrived at the conclusion that small positive value of inter-
acting parameter provides more reliable compatibility with
observational data while its higher value gives poorer com-
patibility. Their results also showed consistency with that
found independently by galaxy cluster analysis (Abdalla
et al. 2009).

Observationally, the value of EoS parameter for DE era
lies in the range −1 < ω < − 1

3 , presenting accelerating ex-
pansion of the universe. This shows that allowed range of
EoS is very small. So, we may take EoS parameter ωφ as
constant (Das et al. 2015) and is given by the relation

ωφ = pφ

ρφ

= X2 − V

3X2 + V
= ωc (constant), (23)

which leads to

φ̇4 = 4V

(
1 + ωc

1 − 3ωc

)
. (24)

Using this equation along with Eqs. (15) and (16), we get
(changing argument from t to a)

pφ(z) = 4ωc

1 − 3ωc

V (z), ρφ(z) = 4

1 − 3ωc

V (z), (25)

where 1 + z = a0
a

with a0 representing present-day value
of the scale factor. Substituting these values and interaction
term in Eq. (20), it yields

V (z) = V0(1 + z)ε. (26)

Here V0 represents arbitrary positive constant and ε = (1 +
ωc)(3 − ε). The Hubble parameter takes the form

H 2 = γ (1 + z)ε + δ(+z)3 (27)

where δ is a positive constant and γ = 4ωcV0
(3−ε)(3ωc−1)

is for
the sake of simplicity. Inserting all corresponding values in
Eq. (18), we get

ρcdm(z) =
(

3γ − 4V0

1 − 3ωc

)
(1 + z)ε + 3δ(1 + z)3

− 1

2
b2(1 + z)6. (28)

The expressions for effective components of the universe
i.e., effective pressure and effective energy density take the
following form

ρeff (z) = 3H 2 − 1

2
b2(1 + z)6, (29)

peff (z) = pφ(z). (30)

Using Eqs. (20), (21) and (27), we can obtain expression for
first derivative of Hubble parameter in terms of peff and
ρeff . It is given by

Ḣ = −1

2
(peff + ρeff ) − 1

4
b2(1 + z)6. (31)

In order to check the stability of the interacting non-
canonical scalar field model in the framework of Chern-
Simons gravity, we use squared speed of sound parame-
ter. This parameter is defined by the ratio of first derivative
of pressure and energy density components (C2

s = ṗ
ρ̇
). The

detailed discussion is as follows. In the linear perturbation
theory, the density perturbation is described by Kim et al.
(2008)

ρ(t,x) = ρ(t) + δρ(t,x) (32)

with ρ(t) the background value. Then the conservation law
for the energy-momentum tensor of ∇νT

μν = 0 yields

δρ̈ = C2
s ∇2δρ(t,x), (33)

where T 0
0 = −ρ(t) − δρ(t,x) and

C2
s = ∂p

∂ρ
. (34)

For C2
s > 0, Eq. (34) becomes a regular wave equation

whose solution is given by δρ = δρ0e
iωt+ik.x. Hence the

positive squared speed (real value of speed) shows a regular
propagating mode for a density perturbation. For C2

s < 0,
the perturbation becomes an irregular wave equation whose
solution is given by δρ = δρ0e

iωt+ik.x. Hence the negative
squared speed (imaginary value of speed) shows an expo-
nentially growing mode for a density perturbation. That is,
an increasing density perturbation induces a lowering pres-
sure, supporting the emergence of instability.

Das and Mamon (2015) checked the stability of non-
canonical scalar field model and pointed out the existence
of two stable points while unstable for remaining points. For
the present model, the effective speed of sound is given by

C2
s =

∂peff

∂z

∂ρeff

∂z

=
4ωcV0ε
1−3ωc

3γ ε + 9δ(1 + z)3−ε − 3b2(1 + z)6−ε
. (35)

In the present model, we significantly rewrite the stability
analysis of the present model depend upon the different cos-
mological parameters. Here we take specific values of dif-
ferent cosmological parameters to discuss the stability as
ωc = −0.9, B = 2, b = 0.2, ε = 1,1.8,1.2 (see Fig. 1). For
this choice of parameters, the squared speed of sound shows
the stable behavior because C2

s > 0. Hence, this behavior of
squared speed (real value of speed) leads to a regular propa-
gating mode for a density perturbation. This stability analy-
sis make more realistic current model.
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Fig. 1 Plot of C2
s versus z for ε = 1,1.8,2.1

4 Generalized second law of thermodynamics

In this section, we check the validity of GSLT taking into
account apparent horizon as the boundary of universe which
states that the sum of the rate of change of horizon entropy
and entropy of total matter inside the horizon does not de-
crease with time. We will check the validity into three dif-
ferent versions, e.g., with usual entropy-area relation, loga-
rithmic and power law entropy corrections.

4.1 With usual entropy-area relation

The first law of thermodynamics can be defined as (Bardeen
et al. 1973)

T dS = dE + pdV, (36)

Cai and Kim (2005) investigated the same formalism and
considered the first law of thermodynamics at apparent hori-
zon for FRW flat universe and derived the Friedmann equa-
tion. By assuming the universe as thermodynamical sys-
tem, Gibbons and Hawking (1977) has firstly observed the
thermodynamics in the form of de Sitter spacetime. It has
been investigated that specially for the flat universe, the
apparent and Hubble horizon are coincided. Wang et al.
(2005) has observed that first law and GSLT hold on ap-
parent horizon. Till now, a lot of work has been done on
the validity of first and GSLT on apparent and event hori-
zons (Setare and Shafei 2006; Izquierdo and Pavon 2004;
Frolov and Kofman 2003; Gong et al. 2007; Sheykhi and
Wang 2009; Wang and Wu 2009; Akbar and Cai 2006;
Sadjadi 2007).

In order to find out the internal entropy of the system, we
use Gibb’s equation (36) which takes the form

TAṠI = 4πR2
A(ṘA − HRA)(ρeff + peff ), (37)

where TA and RA represent the temperature and radius of
the apparent horizon, respectively. The radius of apparent
horizon for flat FRW universe is defined by Cai and Wang
(2005)

RA = 1

H
, ṘA = Ḣ

H 2
. (38)

It is suggested that the horizon entropy is directly propor-
tional to surface area of its horizon (in units c = G = � = 1)
which is defined as

SA = A

4G
,

where A = 4πR2
A is the surface area and RA is the radius of

apparent horizon. The rate of change of entropy of horizon
on the apparent horizon leads to (Cai and Wang 2005; Davis
et al. 2007; Bhattacharya and Debnath 2011)

TAṠA = 4πR3
AH(peff + ρeff ). (39)

Using Eqs. (37) and (39), the total time rate of change of
entropy function becomes

TAṠtot = 4πR2
AH(peff + ρeff )ṘA. (40)

Inserting all the corresponding values in Eq. (40), we get the
GSLT as

TAṠtot =
[

2π

(
3γ (1 + z)ε + 3δ(1 + z)3

− 1

2
b2(1 + z)6 + 4ωcV0(1 + z)ε

1 − 3ωc

)2]

×
(

γ (1 + z)ε + δ(1 + z)3
)−2

+ πb2(1 + z)6
[

3γ (1 + z)ε + 3δ(1 + z)3

− b2

2
(1 + z)6 + 4ωcV0(1 + z)ε

1 − 3ωc

]

×
(

γ (1 + z)ε + δ(1 + z)3
)−2

. (41)

The plot of TAṠtot verses z for same values of constant
parameters as for stability analysis is shown in Fig. 2 for
ε = 1,1.8,2.1. It is noted that the TAṠAtot shows increas-
ing behavior as well as remains positive at early, present and
later epoch of the universe and GSLT satisfied for this sce-
nario of entropy.
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Fig. 2 Plots of TAṠAtot versus z

4.2 With entropy corrections

It has been found that in quantum mechanics (quantum cor-
rection namely power law and logarithmic correction) pro-
vided the relationship of entropy area and curvature cor-
rection in the Einstein-Hilbert action and vice visa (Zhu
and Ren 2009; Cai et al. 2009). The logarithmic correc-
tion arises from the loop quantum gravity due to the ther-
mal equilibrium and quantum fluctuations (Miessner 2004;
Sadjadi and Jamil 2010). The logarithmic entropy correction
(Wei 2009) can be defined as follows

SLE = A

4G
+ α ln

(
A

4G

)
+ 4Gβ

A
+ γ,

where α, β and γ are dimensionless constants. The tem-
perature on the apparent horizon is defined through surface
gravity κ and is given by Cai and Wang (2005)

TA = |κ|
2π

= 1

2πRA

(
1 − ṘA

2HRA

)

= 1

4π
RA

(
Ḣ + 2H 2). (42)

Taking into account Eqs. (30), (31), (41) and (42) yield

TAṠA = f ′(A)(2π(peff + ρeff ) + πb2(1 + z)6)

( 1
3ρeff + 1

6b2(1 + z)6)2

×
(

1

6
(ρeff − 3peff ) + 1

12
b2(1 + z)6

)
, (43)

where

f (A) = A + α

2π
ln(2πA) + β

4π2A
+ γ

2π
,

f ′(A) = 1 + α

2π

1

A
− β

4π2

1

A2
.

Similarly, the rate of change of internal entropy inside the
apparent horizon is obtained as

TAṠI = 4π(peff + ρeff )[ 1
6 (ρeff + 3peff + 1

12b2(1 + z)6]
( 1

3ρeff + 1
6b2(1 + z)6)2

.

(44)

Adding Eqs. (43) and (44), the rate of change of total en-
tropy is as follows

TAṠtot =
[(

2π(peff + ρeff ) + πb2(1 + z)6)

×
(

1

6
(ρeff − 3peff ) + 1

12
b2(1 + z)6

)]

×
{

f ′

( 1
3ρeff + 1

6b2(1 + z)6)2

}

+ 4π(peff + ρeff )

×
{

1

6
(ρeff + 3peff ) + 1

12
b2(1 + z)6

}

×
(

1

3
ρeff + 1

6
b2(1 + z)6

)−2

. (45)

Inserting the values of ρeff , peff and f ′(A) in Eq. (45),
we plot TAṠAtot versus z taking different set of parame-
ters α and β as (α = 1, β = 1), (α = 1, β = −1), (α = 1,
β = 0), (α = −1, β = 1), (α = −1, β = −1), (α = −1,
β = 0), (α = 0, β = 1), (α = 0, β = −1), (α = 0, β = 0)
while remaining parameters are same given after Eq. (35)
with ε = 2.1 as shown in Fig. 3. The behavior of TAṠAtot

remains positive for the present day value of redshift as well
as remains positive in near future. It is noted that the case
(α = 0, β = 0) reduces the logarithmic corrected entropy to
the case with f → A. It is noted that the TAṠAtot shows the
decreasing behavior in the near past, while exhibits increas-
ing at the present as well as near future. However, TAṠAtot

remains positive at the past, present and future which repre-
sents that all the models are realistic for the current choice
of parameters. Thus, GSLT holds for the logarithmic cor-
rected entropy for the non-canonical scalar field model in
the framework of Chern-Simons gravity.

The power law entropy correction is defined by the en-
tanglement of quantum field inside and outside the horizon
(Zhu and Ren 2009; Cai et al. 2009). This can be defined as
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Fig. 3 Plots TAṠtot for logarithmic entropy corrected versus z

(Bhattacharya and Debnath 2011; Sheykhi and Jamil 2011)

SPE = A

4G

[
1 − kλA

1− λ
2
]
, (46)

where kλ = λ(4π)
λ
2 −1

(4−λ)r2−λ
c

and rc is crossover scale and λ is di-

mensionless constant. In this case,

f (A) = A
(
1 − kλA

1− λ
2
) ⇒

f ′(A) = 1 − kλA
1− λ

2

(
2 − λ

2

)
. (47)

One can obtained the rate of change of total entropy for
power law entropy correction by inserting the values of ρeff ,
peff and f ′(A) in Eq. (45). Figure 4 shows the variation of
TAṠAtot with z for power law corrected entropy for differ-
ent values of parameter λ = 3,3.5,3.9 while all other con-
stant parameters are same as utilized in previous plots. It
is noted that TAṠAtot shows the increasing behavior at the
early, present as well as later epoch. However, TAṠAtot re-
mains positive at the early, present as well as later epoch
which represents that all the models are realistic for the cur-
rent choice of parameters.

5 Conclusion

In this paper, we have studied the scalar field DE model
possessing a non-canonical kinetic term in the framework
of modified Chern-Simons gravity. We have taken the flat
FRW universe model with interaction between dark matter
and non-canonical DE part. The chosen interacting term is
well-suitable according to recent accelerated expansion of
the universe. That is, the DE should dominates dark matter
during evolving universe. Under this interacting scenario,

Fig. 4 Plots TAṠAtot for power law corrected entropy verses z

we have constructed the potential and develop the effec-
tive energy density and pressure. By utilizing these effec-
tive pressure and energy density, we have discussed the in-
stability of the model and then evaluated the GSLT in the
current scenario by assuming the usual entropy density and
its corrected forms (power law as well as logarithmic cor-
rected entropies). In order to check the validity of GSLT for
non-canonical scalar field model in the framework of Chern-
Simons gravity, we have considered apparent horizon as the
boundary of the universe.

We have analyzed the behavior of the squared speed of
sound for the specific choice of parameters which leads to
the stable behavior of the current system because C2

s > 0.
Also, this behavior of squared speed (real value of speed)
leads to a regular propagating mode for a density pertur-
bation. This stability analysis make more realistic current
system. We have also observed from Figs. 2, 3 and 4 that
TAṠAtot exhibits the increasing behavior at the present as
well as later epoch. Also, TAṠAtot remains positive at the
early, present and later epochs which leads to the validity of
GSLT. It can be remarked that all the models correspond-
ing to specific choice of parameters are realistic in dynam-
ical Chern-Simons modified gravity because squared speed
of sound remains positive as well as GSLT remains satisfied
for the cases without any modification and with modification
in terms of logarithmic and power law forms in area-entropy
relationship.
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