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Abstract The present paper deals with the photogravita-
tional restricted four-body problem, when the third primary
placed at the triangular libration point of the restricted three-
body problem is an oblate/prolate body. The third primary
m3 is not influencing the motion of the dominating primaries
m1 and m2. We have studied the motion of m4, moving un-
der the influence of the three primaries mi, i = 1,2,3, but
the motion of the primaries is not being influenced by in-
finitesimal mass m4. The aim of this study is to find the
locations of the libration points and their stability. We ob-
tain three collinear and five non-collinear libration points
when the third body is an oblate spheroid and source of ra-
diation. The collinear libration points are unstable for all the
mass parameter. The non-collinear libration points are stable
for different mass parameters and oblateness factors. Further
there exist 12 libration points, depending on the mass ratio
of dominating primaries, the prolateness, and the radiation
pressure of the third primary. We have drawn the zero ve-
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locity surface to determine the possible allowed boundary
region. We observed that for increasing values of the oblate-
ness coefficient A, the corresponding possible boundary re-
gion increases where the particle can freely move from one
side to another side. Further, for different values of the Ja-
cobi constant C, we can find the boundary region where the
particle can move in the possible allowed partitions. The sta-
bility region of the libration points expanded due to the pres-
ence of the oblateness coefficient and various values of C.
We further apply these findings to the Sun–Jupiter–asteroid–
spacecraft system.

Keywords R4BP · Oblate/Prolate spheroid · Libration
points · Stability · ZVC

1 Introduction

In celestial mechanics, the restricted three-body problem
with different perturbations as oblateness, prolateness, and
radiation of the primaries has been studied by many scien-
tists. The R3BP has been the beginning of inspiration and
field of study since Newton and Euler. In our solar system
the Sun–Jupiter–asteroid system represents a good model of
the restricted four-body problem. We have considered the
generalization of the three-body problem to the restricted
four-body problem by taking three bodies as the governing
primaries and the fourth body as an infinitesimal mass. In
analogy with the R3BP, we have also taken the different per-
turbations as the oblateness and the radiating force in R4BP
consisting of three primaries moving in circular orbits keep-
ing an equilateral-triangle configuration in which the third
body is fixed at the libration point of R3BP and the fourth
particle is moving under the gravitational attraction of the
three primaries.
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There exist strong radiation sources in the universe. Thus,
we have investigated the photogravitational restricted four-
body problem (PRFBP). For this investigation, we shall ac-
quire the basic idea of Radzievskii’s (1950, 1951) theory for
the photogravitational R4BP. In this study, we have shown
the effect of radiation pressure and the result on the non-
collinear libration points Li, i = 4,5,6,7. The radiation due
to the third primary influences the motion of the infinitesi-
mal mass but does not affect the motion of the other dom-
inating primaries. The impact due to radiating primaries
has been studied by many scientists (Simmons et al. 1985;
Ragos et al. 1995; Bhatnagar and Chawla 1979). Moul-
ton (1900) discussed a class of particular solutions of the
problem of four bodies. Recently, the four-body problem
has been studied by many scientists; Baltagiannis and Pa-
padakis (2011), Ceccaroni and Biggs (2010), Ceccaroni and
Biggs (2012), and Croustalloudi and Kalvouridis (2013).
Suraj and Hassan (2014) studied the photogravitational four-
body problem in the sense of Sitnikov by taking all the
three primaries as a source of radiation. Suraj et al. (2014)
studied the photogravitational R3BP when the primaries are
heterogeneous spheroids with three layers. Papadouris and
Papadakis (2014) studied the libration points in the pho-
togravitational restricted four-body problem and observed
that the existence and the number of collinear and non-
collinear libration points of the problem depends on the
mass parameters of the primaries and the radiation fac-
tor. Alvarez-Ramírez and Barrabés (2015) studied the trans-
port orbits in an equilateral restricted four-body problem.
One studied homoclinic and heteroclinic connections, as
well as transit orbits traveling from and to different re-
gions in dependence on the existence of families of unsta-
ble periodic orbits, with invariant stable and unstable mani-
folds.

Chand et al. (2015) has studied the R4BP when the third
primary is an oblate body. In the present paper we have taken
the radiation pressure due to the third primary into account.
Also, we have discussed the problem by taking the third pri-
mary as a prolate body and a source of radiation as well.

The present paper is organized as follows: In Sect. 2
we derive the equations of motion of the infinitesimal mass
with the oblateness and the radiation due to the third pri-
mary. Section 3 deals with the existence of coplanar libration
points, Sect. 3.1 shows the existence of the libration points
when the third primary is an oblate body and Sect. 3.2 shows
the existence of the libration points when the third primary
is a prolate body and a source of radiation as well. In Sect. 4
we discuss the ZVC. Further, Sect. 5 deals with the stabil-
ity of the obtained libration points. In Sect. 6, we apply our
technique to find the libration points and to discuss their sta-
bility in Sun–Jupiter–asteroid–spacecraft system. Finally, in
Sect. 7 we analyze and discuss the obtained results.

2 Equations of motion

In this photogravitational version of restricted four-body
problem we adopt the notation and formulation used in
Chand et al. (2015). The scaled equations of motion of the
infinitesimal mass of the four-body problem when the third
primary is an oblate (prolate) spheroid and a source of radi-
ation in the usual dimensionless rectangular rotating coordi-
nate system are

ẍ − 2nẏ = Ωx,

ÿ + 2nẋ = Ωy,

z̈ = Ωz,

(1)

where

Ω = 1

2
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p = Radiation pressure due to primary m3

Gravitational force due to primary m3
,

q = 1 − p,

A = a2 − c2

5R2
,

n = 1,

R = Dimensional distance between the main primaries.

Chand et al. (2015) has discussed the case A > 0, which rep-
resents the oblateness of the third primary. Here, in addition
we have also taken the radiation due to the third primary
into the consideration. Further, we have discussed the case
A < 0 (Douskos et al. 2012), corresponding to a prolate pri-
mary. The radiation pressure parameter of the primary m3 is
used in the same notation as in the classical three-body prob-
lem (Schuerman 1980). In the PRFBP (Photogravitational
Restricted Four-Body Problem), we have adopted the basic
idea discussed by Radzievskii (1950, 1951). Equation (1)
possesses the well-known Jacobi integral,

J (x, y, z, ẋ, ẏ, ż) = 2Ω(x,y, z) − (ẋ2 + ẏ2 + ż2) = C, (2)

where ẋ, ẏ, and ż are the velocities and C is the Jacobi con-
stant.



On the photogravitational R4BP when the third primary is an oblate/prolate spheroid Page 3 of 12 13

Fig. 1 (a, b) Location of eight equilibrium points for μ = 0.3, ε = 0.03 and A = 1 (frame-1) A = 0.35 (frame-2). The red-blue, green-orange,
magenta-cyan and purple-yellow line shows contour for q = 0.1, q = 0.25, q = 0.35 and q = 0.45, respectively

3 Locations of coplanar libration points

The coordinates (x0, y0) of the coplanar non-collinear libra-
tion points are the solutions of the first two equations of mo-
tion, i.e. Eq. (1), after setting the velocities ẋ, ẏ, ż and the
accelerations ẍ, ÿ, z̈ equal to zero. Thus we get

∂Ω

∂x
= x0 − (1 − μ)(x0 + μ)

r3
01

− μ(x0 − 1 + μ)

r3
02

− qε
(x0 − 1

2 + μ)

r3
03

{
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2r2
03

}
= 0,

∂Ω
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{
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r3
01

− μ

r3
02

}
− qε(y0 −

√
3

2 )

r3
03

×
{

1 + 3A

2r2
03

}
= 0,

(3)

where r01, r02, and r03 are the distances of m4 from each of
the primaries m1,m2, and m3, respectively, at the libration
points.

3.1 Case I: The primary m3 as an oblate body

In this subsection we wish to observe the effect of the
oblateness and the radiation pressure due to the third body
on the location of the non-collinear libration points. In
the photogravitational case, when the third primary is an
oblate spheroid and radiates as well, the considered prob-
lem admits three collinear libration points Li, i = 1,2,3,
but these collinear libration points are not being affected by

the oblateness and radiation pressure of the third primary.
The non-collinear points are solutions of Eq. (3). We ob-
served that our problem admits five non-collinear libration
points Li, i = 4,5,6,7,8. These libration points are plot-
ted in Fig. 1(a) for A = 1 and in Fig. 1(b) for A = 0.35.
The four non-collinear libration points Li, i = 4,5,6,7 exist
near the third primary and are being affected by the oblate-
ness and the radiation pressure of the third primary, but the
change in the non-collinear libration point L8 is negligi-
ble. We observed that as the oblateness increases the non-
collinear libration points L4,5,6,7 move away from the third
primary. In Table 1, we have evaluated the non-collinear li-
bration points for μ = 0.3, ε = 0.02 and for different val-
ues of the oblateness (A) and the radiation pressure param-
eter (q). Here 1 − μ, μ, and ε are the scaled masses of the
primaries m1,m2 (m1 ≥ m2), and m3 (m3 � m1,m2), re-
spectively (Chand et al. 2015).

3.2 Case II: The primary m3 as a prolate body

In this subsection we discuss the effect on the non-collinear
libration points due to the prolateness and the photogravi-
tational effect of the primary m3. When the third primary
is a prolate spheroid and radiates as well, the problem ad-
mits three collinear libration points Li , i = 1,2,3 which are
not being affected by the prolateness and the radiation pres-
sure of the third primary. The non-collinear libration points
are solutions of Eq. (3). We observed that our problem ad-
mits nine non-collinear libration points Li , i = 4,5, . . . ,12.
These libration points are plotted in Fig. 2(a, b) for μ = 0.3,
ε = 0.02, A = −0.0005 to −0.001, and q = 0.1. The eight
non-collinear libration points Li, i = 4,5, . . . ,11 (Table 2)
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Table 1 Non-collinear libration points

q L4 L5 L6 L7

A = 01
0.10 (0.2705555370,1.1297459178) (0.1028262598,0.6325285264) (0.5266057675,0.7733045537) (−0.1739801044,0.9378427926)

0.25 (0.2839942641,1.1863862512) (0.0782463993,0.5909092558) (0.5979115112,0.7588275027) (−0.2636520010,0.9374748165)

0.50 (0.2960360968,1.2376040464) (0.0556788159,0.5557383054) (0.6638519005,0.7446957906) (−0.3489420567,0.9298641035)

0.75 (0.3039389100,1.2717360202) (0.0408394053,0.5336632733) (0.7085502183,0.7338132654) (−0.4078628027,0.9202474479)

A = 0.25
0.10 (0.2569437867,1.0689236757) (0.1296779252,0.6836374337) (0.4429322031,0.7900349731) (−0.0828210025,0.9309145963)

0.25 (0.2653676234,1.1134073000) (0.1111623599,0.6476246599) (0.5063264622,0.7774291598) (−0.1526385541,0.9368263216)

0.50 (0.2756370860,1.1515658932) (0.0940109722,0.6170968107) (0.5597266074,0.7665513766) (−0.2205195834,0.9386027136)

0.75 (0.2822601965,1.1788351817) (0.0822899946,0.5974821133) (0.5958696819,0.7592233657) (−0.2683305500,0.9372447387)

A = 0.35
0.10 (0.2584726900,1.0802327132) (0.1236111992,0.6723934968) (0.4623011732,0.7853823661) (−0.1019578098,0.9328021963)

0.25 (0.2694591608,1.1258393346) (0.1042825990,0.6351027145) (0.5258260599,0.7732320278) (−0.1756388979,0.9379095143)

0.50 (0.2800639816,1.1697039154) (0.0859435271,0.6035008615) (0.5813686141,0.7621808583) (−0.2468017673,0.9381287310)

0.75 (0.2868975744,1.1985742292) (0.0735188319,0.5833448602) (0.6191036847,0.7544386517) (−0.2966334237,0.9353932581)

A = 0.45
0.10 (0.2611367973,1.0910378934) (0.1193043648,0.6629950077) (0.4767691162,0.7834752096) (−0.1173867389,0.9342290845)

0.25 (0.2726307263,1.1402679338) (0.0986995558,0.6252217615) (0.5415507899,0.7701915050) (−0.1943771354,0.9384253162)

0.50 (0.2835521579,1.1844513381) (0.0794111026,0.5927941315) (0.5989771270,0.7585924855) (−0.2683698623,0.9372428849)

0.75 (0.2906066000,1.2143470287) (0.0664285433,0.5722069595) (0.6380943376,0.7504083006) (−0.3199813552,0.9332673349)

Fig. 2 (a, b) Locations of 12 equilibrium points for prolate primary and zoomed part near third primary. Here A = −0.0005 and q = 0.1

exist near the third primary and are being affected due to
the prolateness and the radiation of the third primary, but the
change in the non-collinear libration point L12 (Figs. 2(a, b))
is negligible. We also observed that for the prolateness A =
−0.01 and q = 0.65, there exist five non-collinear libration
points and for the prolateness A = −0.1 and q = 0.65, there
is only one non-collinear libration point L8. There does not
exist any non-collinear libration point near the third pri-
mary.

4 Zero velocity curves

The contours of the surface (2), gives the zero velocity
curves of the R4BP when the third primary is an oblate
spheroid and a source of radiation. In Figs. 3(a, b, c, d)
we obtained these zero velocity curves for the fixed value
of the oblateness parameter A = 0.25 and radiation param-
eter q = 0.1,0.25,0.50,0.75 with μ = 0.3 and ε = 0.02. In
the frames (a, b, c, d) of Fig. 3 we have plotted the zero ve-
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Table 2 Coordinates of
collinear and non-collinear
libration points for (q = 0.1 and
A = −0.0005) radiating and
prolate primary

L1 (−1.123390987562,0) L2 (0.286145687545,0)

L3 (1.256905590579,0) L4 (0.226036986995,0.955185894794)

L5 (0.171347423863,0.781798894429) L6 (0.336012450552,0.822542561566)

L7 (0.049249328670,0.907481885214) L8 (0.208108509819,0.892552964869)

L9 (0.191535949200,0.839594452032) L10 (0.226192669845,0.857739462050)

L11 (0.173747734773,0.874106083664) L12 (0.199755655218,−0.866377933753)

locity curves for C = CLi
= Ci , i = 1,2,3,4, evaluated at

Li, i = 4,5,6,7, respectively. The infinitesimal mass is free
to move only in the regions outside the bounded curves. We
observe that as the radiation parameter increases the value
of the Jacobian constant increases and the bounded region
where the motion is not possible also increases. From frames
(a, c, d) (Fig. 3), we observe that the infinitesimal mass can
move from one primary to other. But in frame (b) (Fig. 3),
the infinitesimal mass can move only around the third pri-
mary or from one dominating primary to another one, but
it cannot move from the third primary to any dominating
primaries.

5 Stability of the non-collinear libration points

In this section we wish to study the stability of the non-
collinear libration points of the problem, as it indeed is very
important for any dynamical system. Thus, we investigated
the stability of the non-collinear libration points of the prob-
lem when the third primary m3 is an oblate spheroid and a
source of radiation.

The equations of motion of the infinitesimal body m4 are

ẍ − 2ẏ = Ωx,

ÿ + 2ẋ = Ωy.
(4)

Now we wish to study the possible motion of the infinites-
imal mass around the non-collinear libration points. Let
the coordinates of these non-collinear libration points be
(x0, y0). Now we apply a small displacement (α1, α2) to
(x0, y0). Thus, the variations (α1 and α2) can be written
α1 = x − x0 and α2 = y − y0, and the variational equations
of the motion become

α̈1 − 2α̇2 = Ωx(x0 + α1, y0 + α2)

= α1
∗
Ωxx + α2

∗
Ωxy,

α̈2 + 2α̇1 = Ωy(x0 + α1, y0 + α2)

= α1
∗
Ωyx + α2

∗
Ωyy,

(5)

where ‘*’ indicates that the partial derivatives are to be cal-
culated at the respective libration points.

Since the solutions of the variational equations are of
the form ξ = A1e

λt , η = A2e
λt , substituting these values in

Eq. (5) and simplifying, we obtain

(
λ2 − ∗

Ωxx

)
A1 + (−2λ − ∗

Ωxy)A2 = 0,

(2λ − ∗
Ωyx)A1 + (

λ2 − ∗
Ωyy

)
A2 = 0.

(6)

Now, for the nontrivial solution the determinant of the coef-
ficients matrix of the above system must be zero i.e.
∣
∣∣∣∣∣

λ2 − ∗
Ωxx −2λ − ∗

Ωxy

2λ − ∗
Ωyx λ2 − ∗

Ωyy

∣
∣∣∣∣∣
= 0. (7)

Therefore, the characteristic equation of Eqs. (4) is

λ4 − (4 − ∗
Ωxx − ∗

Ωyy)λ
2 + ∗

Ωxx

∗
Ωyy − ∗

Ω
2

xy = 0, (8)

which is a fourth degree equation in λ. The libration point
(x0, y0) is said to be stable if all the four roots of Eq. (8) are
either negative real numbers or pure imaginary.

Here
∗
Ωxx ,

∗
Ωyy , and

∗
Ωxy are as follows:

∗
Ωxx = 1 + (1 − μ)[2(x0 + μ)2 − y2

0 ]
√

(x0 + μ)2 + y2
0

5

+ μ[2(x0 + μ − 1)2 − y2
0 ]

√
(x0 + μ − 1)2 + y2

0

5

+ qε[2(x0 + μ − 1
2 )2 − 1

4 (
√

3 − 2y0)
2]

√
(y0 −

√
3

2 )2 + (x0 + μ − 1
2 )2

5

+ 3qAε[4(x0 + μ − 1
2 )2 − 1

4 (
√

3 − 2y0)
2]

√
(y0 −

√
3

2 )2 + (x0 + μ − 1
2 )2

7 , (9)

∗
Ωyy = 1 + μ[2y2

0 − (x0 + μ − 1)2]
√

(x0 + μ − 1)2 + y2
0

5

− (1 − μ)[(x0 + μ)2 − 2y2
0 ]

√
(x0 + μ)2 + y2

0

5

+ qε[ 1
2 (

√
3 − 2y0)

2 − (x0 + μ − 1
2 )2]

√
(y0 −

√
3

2 )2 + (x0 + μ − 1
2 )2

5
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Fig. 3 (a, b, c, d) ZVC for different value of C evaluated at L4,L5,L6 and L8. Here black dots represents the eight equilibrium points and the
blue dots are the primary bodies

+ 3qAε[(√3 − 2y0)
2 − (x0 + μ − 1

2 )2]
√

(y0 −
√

3
2 )2 + (x0 + μ − 1

2 )2
7 ,

∗
Ωxy = 3

[
y0μ(x0 + μ − 1)

√
(x0 + μ − 1)2 + y2

0

5
− y0(1 − μ)(x0 + μ)

√
(x0 + μ)2 + y2

0

5

+ qε(y0 −
√

3
2 )(x0 + μ − 1

2 )
√

(y0 −
√

3
2 )2 + (x0 + μ − 1

2 )2
5

+ 5qAε(y0 −
√

3
2 )(x0 + μ − 1

2 )
√

(y0 −
√

3
2 )2 + (x0 + μ − 1

2 )2
7

]
.

6 Application

Let us apply the methodology and technique developed in
this paper to the Sun–Jupiter–asteroid–spacecraft system by
taking the shape of the asteroid as an oblate or prolate body
and a source of radiation as well. Also we take the bigger
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Table 3 Non-collinear libration points in Sun–Jupiter–asteroid system for different values of q

q L4 L5 L6 L7

A = 01
0.10 (0.5006614491,0.8688255735) (0.4974332220,0.8634287740) (0.5108684560,0.8590978567) (0.4870444106,0.8728379796)

0.25 (0.5009865456,0.8693892020) (0.4971090411,0.8626667486) (0.5132246644,0.8576910852) (0.4846087329,0.8741940181)

0.50 (0.5012753126,0.8698898461) (0.4968212290,0.8621677738) (0.5153110329,0.8564380895) (0.4824396144,0.9372428849)

0.75 (0.5014637821,0.8702166019) (0.4966334538,0.8618422318) (0.5166694344,0.8556185674) (0.4810210369,0.8761752929)

A = 0.25
0.10 (0.5002701667,0.8681471983) (0.4978236215,0.8639056077) (0.5080225591,0.8607853446) (0.4899666995,0.8711992658)

0.25 (0.5005164617,0.8685742053) (0.4975778531,0.8634795215) (0.5098157403,0.8597235516) (0.4881278635,0.8722319181)

0.50 (0.5007352210,0.8689534737) (0.4973596422,0.8631012119) (0.5114047685,0.8587784219) (0.4864912910,0.8731467035)

0.75 (0.5008779925,0.8692010005) (0.4972172695,0.8628543823) (0.5124399786,0.8581605544) (0.4854215037,0.8737425042)

A = 0.35
0.10 (0.5003554039,0.8682949759) (0.4977385556,0.8637581297) (0.4893309411,0.8715568711) (0.5086434675,0.8604182579)

0.25 (0.5006188626,0.8687517402) (0.4974756995,0.8633024189) (0.5105596987,0.8592815512) (0.4873624819,0.8726602400)

0.50 (0.5007352210,0.8689534737) (0.4973596422,0.8631012119) (0.5114047685,0.8587784219) (0.4864912910,0.8731467035)

0.75 (0.5010055936,0.8694222260) (0.4970900521,0.8626338276) (0.5133633913,0.8576079850) (0.4844648483,0.8742738466)

A = 0.45
0.10 (0.5004229213,0.8684120322) (0.4976711822,0.8636413251) (0.5091349191,0.8601272789) (0.4888270183,0.8718398877)

0.25 (0.5006999765,0.8688923693) (0.4973947932,0.8631621528) (0.5111484626,0.8589311376) (0.4867557264,0.8729991661)

0.50 (0.5009460623,0.8693190149) (0.4971494012,0.8627367202) (0.5129322264,0.8578661615) (0.4849118276,0.8740257572)

0.75 (0.5011066708,0.8695974666) (0.4969892971,0.8624591504) (0.5140940250,0.8571698182) (0.4837062968,0.8746941867)

Fig. 4 (a, b) The five non-collinear equilibrium points in the Sun–Jupiter asteroid system and zoomed part (for oblate primary). Here A = 0.25
and the red-blue, green-orange, magenta-cyan and purple-yellow line shows contour for q = 0.1, q = 0.25, q = 0.50 and q = 0.75, respectively

primary m1 as the Sun. The astrophysical data are as fol-
lows:
mass of Sun = 1.98892 × 1030 kg,
mass of Jupiter = 1.8986 × 1027 kg,
mass of asteroid = 1.4 × 1019 kg,

mass of spacecraft = 1000 kg, G = 6.67 × 1011 Nm2

kg2 ,

distance between Sun and Jupiter = 778 547 200 km.
We have considered as masteroid the mass of an ac-

tual asteroid of the Trojan group, 624 Hektor, a major
one of the group. Thus in dimensionless units, m1 =

mSun/(mSun + mJupiter) = 0.999045619393, m2 = mJupiter/

(mSun + mJupiter) = 0.000953677379 and m3 =
masteroid

mSun+mJupiter
= 0.703227815673 × 10−11 with 1m =

1.28444 × 10−12. Solving Eq. (3), there exist five non-
collinear libration points given in Table 3 for different val-
ues of the oblateness A > 0 and q for the Sun–Jupiter–
asteroid system. The collinear libration points for A = 0.25
are L1 = −1.0003971309, L2 = 0.9323702081, and L3 =
1.0688257109. In Figs. 4(a, b), we have plotted the eight
libration points in the Sun–Jupiter–asteroid system for dif-
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Table 4 Non-collinear libration
points and their stability in the
Sun–Jupiter–asteroid system for
a prolate body and different
values of q

q L4 L5 Stability

A = −0.01

0.10 (0.4890572347,0.8717171906) (0.5083524664,0.8606388427) Stable

0.25 (0.4870433987,0.8728501137) (0.5107273226,0.8592264749) Stable

0.50 (0.4852415231,0.8738550082) (0.5180871085,0.8547428981) Stable

0.75 (0.4840541538,0.8745126405) (0.5137030596,0.8575087119) Stable

Table 5 Stability of non-collinear libration points in the Sun–Jupiter–asteroid system for A = 1 and different values of q

Li

∗
Ωxx

∗
Ωyy

∗
Ωxy λ1,2 λ3,4 Stability

q = 0.1

L4 1.4941141769 10.4614972248 7.7510723429 ±3.4265537695 ±1.9456770887i Unstable

L5 2.2977087832 12.5667393722 10.1650542789 ±3.9532813145 ±2.1826554920i Unstable

L6 0.7917648711 2.2148044582 1.3117835388 ±0.1849985375i ±0.9793907349i Stable

L7 0.7203503284 2.2859549267 1.2709193192 ±0.1809146125i ±0.9802880432i Stable

q = 0.25

L4 1.4940940570 10.4536740396 7.7443080086 ±3.4248142078 ±1.9446295949i Unstable

L5 1.4940544000 10.5456459870 7.8240749080 ±3.4452378557 ±1.9570292526i Unstable

L6 0.7990118800 2.2075846618 1.3156429646 ±0.1854147535i ±0.9792981299i Stable

L7 0.7040149522 2.2991020833 1.2648862337 ±0.1381627592i ±0.9888346759i Stable

q = 0.50

L4 1.4940772264 10.4467587989 7.7383278813 ±3.4232756414 ±1.9437026757i Unstable

L5 −4.8795976447 25.8613354298 4.5737913298 ±4.8266469686 ±2.5129232329i Unstable

L6 0.8054565815 2.2011642370 1.3190321919 ±0.1857853370i ±0.9792154972i Stable

L7 0.7069376963 2.2993187830 1.2626468734 ±0.1801508531i ±0.9804535637i Stable

q = 0.75

L4 1.4940666041 10.4422606076 7.7344376804 ±3.4222744108 ±1.9430993108i Unstable

L5 23.1239033763 250.3223897796 196.3859359036 ±18.9841624782 ±9.5368827109i Unstable

L6 0.9551208445 2.2405554508 1.1698244609 −0.487953 ± 0.800162i 0.487953 ± 0.800162i Unstable

L7 0.8991702676 2.2912492844 1.1441309852 −0.480583 ± 0.79734i 0.480583 ± 0.79734i Unstable

ferent values of the oblateness parameter A and the radi-
ation parameter q . We observed that as the radiation pa-
rameter increases the non-collinear libration points L4,5,6,7

move away from the third primary and all the remaining
libration points remain unchanged. The stability of the non-
collinear libration points for the Sun–Jupiter–asteroid sys-
tem obtained in Table 3 are studied and presented in Ta-
bles 5, 6, 7, and 8. In the Sun–Jupiter–asteroid system for the
prolateness A = −0.1, we have obtained three non-collinear
libration points, in which two exist near the third primary
(Fig. 5(a, b), Table 4).

7 Discussion and conclusions

In the present paper, we have studied the autonomous circu-
lar restricted four-body problem (CRFBP) introducing the

third primary as an oblate/prolate spheroid and a source of
radiation as well. Further, all the three primaries are set in
the Lagrangian equilateral-triangle configuration.

We have derived the equations of motion in the men-
tioned mathematical setup. In the next section we found the
existence of the libration points by taking the third body
as: (a) an oblate spheroid; (b) a prolate spheroid, and a
source of radiation. We have found that for the oblate pri-
mary, there exist three collinear libration points and five non-
collinear libration points for different values of A and q .
The first collinear libration point lies to the left of m1, the
second collinear point exists between m1 and m2 and the
last one lies to the right of m2. Further, four non-collinear
libration points exist near the third primary and one non-
collinear libration point lies opposite and away from the
third primary. Also we have observed that as the oblate-
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Table 6 Stability of non-collinear libration points in the Sun–Jupiter–asteroid system for A = 0.25 and different values of q

Li

∗
Ωxx

∗
Ωyy

∗
Ωxy λ1,2 λ3,4 Stability

q = 0.1

L4 1.4941254732 10.4709478382 7.7592554704 ±3.4286554911 ±1.9469476535i Unstable

L5 1.4940135261 10.5280264087 7.8088349331 ±3.4413405842 ±1.9546828597i Unstable

L6 0.7830551717 2.2234806379 1.3070777124 ±0.1844907332i ±0.9795036291i Stable

L7 0.7289272083 2.2774084221 1.2761081426 ±0.1813949312i ±0.9801837830i Stable

q = 0.25

L4 1.4940984078 10.4649276728 7.7540602232 ±3.4273191368 ±1.9461475753i Unstable

L5 1.4940172449 10.5340683298 7.8140703154 ±3.4426787662 ±1.9554926521i Unstable

L6 0.7885367158 2.2180191677 1.3100489441 ±0.1848013396i ±0.9794348274i Stable

L7 0.7235235524 2.2827919444 1.2728491210 ±0.1810834297i ±0.9802516485i Stable

q = 0.50

L4 1.4940753568 10.4596151381 7.7494746662 ±3.4261392701 ±1.9454407735i Unstable

L5 1.4940154188 10.5394037649 7.8186971180 ±3.4438604720 ±1.9562095407i Unstable

L6 0.7934101666 2.2131635444 1.3126657492 ±0.1850771926i ±0.9793736374i Stable

L7 0.7187312104 2.2875663974 1.2699326368 ±0.1808066469i ±0.9803118628i Stable

q = 0.75

L4 3.7181721547 35.1151290452 27.1383545098 ±6.8971506404 ±3.5689474297i Unstable

L5 3.7343867378 35.3796691954 27.3536934141 ±6.9253297676 ±3.5841507302i Unstable

L6 0.8144337154 2.2118432439 1.3000318799 ±0.3637239894i ±0.9172937916i Stable

L7 0.7331649153 2.2920303888 1.2545033376 ±0.3543960914i ±0.9215248808i Stable

Table 7 Stability of non-collinear libration points in the Sun–Jupiter–asteroid system for A = 0.35 and different values of q

Li

∗
Ωxx

∗
Ωyy

∗
Ωxy λ1,2 λ3,4 Stability

q = 0.10

L4 1.4941235107 10.4688830934 7.7574667441 ±3.4281963049 ±1.9466697976i Unstable

L5 1.4940233476 10.5301464289 7.8106644034 ±3.4418092061 ±1.9549631288i Unstable

L6 0.7270569769 2.2792720913 1.2749833468 ±0.1812907942i ±0.9802063964i Stable

L7 0.7849513571 2.2215918075 1.3081085367 ±0.1846018315i ±0.9794789426i Stable

q = 0.25

L4 1.3292860991 8.6332430127 6.3132645350 ±3.0143183114 ±1.7673669033i Unstable

L5 1.3281397090 8.6994741761 6.3716714223 ±3.0312575731 ±1.7778944258i Unstable

L6 0.7913028795 2.2138127126 1.3133031471 ±0.1671997377i ±0.9833253049i Stable

L7 0.7182031744 2.2866943854 1.2714087893 ±0.1633185068i ±0.9840881593i Stable

q = 0.50

L4 1.7907121141 13.7484455431 10.335818953 ±4.0640575500 ±2.2310101103i Unstable

L5 1.7926454294 13.8500286844 10.422215084 ±4.0828282218 ±2.2420553462i Unstable

L6 0.7957876462 2.2134076925 1.3107591572 ±0.2140917388i ±0.9720953598i Stable

L7 0.7210739303 2.2877491224 1.2681263468 ±0.2092757951i ±0.9733347772i Stable

q = 0.75

L4 1.4940645913 10.4531309596 7.7438631581 ±3.4246966814 ±1.9445698262i Unstable

L5 1.4940259209 10.5460244136 7.8244747840 ±3.4453248018 ±1.9570929092i Unstable

L6 0.7994384835 2.2071581708 1.3158697997 ±0.1854261118i ±0.9792959218i Stable

L7 0.7128200012 2.2934563929 1.2663003071 ±0.1804726426i ±0.9803842262i Stable
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Table 8 Stability of non-collinear libration points in the Sun–Jupiter–asteroid system for A = 0.45 and different values of q

Li

∗
Ωxx

∗
Ωyy

∗
Ωxy λ1,2 λ3,4 Stability

q = 0.10

L4 1.4941218748 10.4672488793 7.7560519529 ±3.4278329582 ±1.9464501112i Unstable

L5 1.4940300652 10.5318204840 7.8121099681 ±3.4421793249 ±1.9551848903i Unstable

L6 0.7864537992 2.2200951619 1.3089228135 ±0.1846895715i ±0.9794594432i Stable

L7 0.7255762585 2.2807475812 1.2740901940 ±0.1812080346i ±0.9802243663i Stable

q = 0.25

L4 1.4940986443 10.4605277118 7.7502459662 ±3.4263398190 ±1.9455534428i Unstable

L5 1.4940355296 10.5386036533 7.8179863115 ±3.4436810760 ±1.9560930884i Unstable

L6 0.7926238348 2.2139480168 1.3122442513 ±0.1850416753i ±0.9793812978i Stable

L7 0.7195052243 2.2867962681 1.2704044645 ±0.1808603246i ±0.9802999798i Stable

q = 0.50

L4 1.4940788961 10.4545917913 7.7451170346 ±3.4250203751 ±1.9447606234i Unstable

L5 1.4940360987 10.5446050749 7.8231882834 ±3.4450095353 ±1.9568979342i Unstable

L6 0.7981099382 2.2084822889 1.3151661931 ±0.1853547806i ±0.9793116858i Stable

L7 0.7141222187 2.2921594639 1.2671031998 ±0.1805517956i ±0.9803669549i Stable

q = 0.75

L4 1.4940663102 10.4507320433 7.7417817337 ±3.4241620969 ±3.4241620969i Unstable

L5 1.4940348439 10.5485134069 7.8265774726 ±3.4458745758 ±1.9574226272i Unstable

L6 0.8016933324 2.2049122146 1.3122442513 ±0.1855593147i ±0.9792661505i Stable

L7 0.7106138031 2.2956549708 1.2649346372 ±0.1803505912i ±0.9804105722i Stable

Fig. 5 (a, b) The three non-collinear equilibrium points in the Sun–
Jupiter asteroid system and zoomed part (for prolate primary). Here
A = −0.1 and the red–blue, green–orange, magenta–cyan and purple–

yellow line shows contour for q = 0.1, q = 0.25, q = 0.50 and q =
0.75, respectively
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Fig. 6 (a, b, c, d) ZVC in the Sun–Jupiter asteroid system when Aster-
oid is supposed to be an oblate spheroid and source of radiation. The
white domains correspond to the Hill’s region, gray shaded domains
indicate the forbidden regions, while the thick black lines depict the

Zero Velocity Curves (ZVCs). The red dots shows the position of the
Lagrangian points, while the blue dots indicate the positions of three
primaries

ness and radiation of the third primary increases the four
non-collinear libration points near the third primary moves
away from the third primary and the fifth non-collinear li-
bration point is unaffected by these perturbations. But for
a prolate primary the number of libration points varies ac-
cording to the prolateness coefficient A. We have observed
that there exist a maximum of 12 libration points (Table 2),
eight non-collinear libration points lie near the third pri-
mary and one non-collinear libration point lies away and
opposite to the third primary. Further we have applied these
methods in the Sun–Jupiter–asteroid–spacecraft system. We
found that for this configuration there exist three collinear

and five non-collinear libration points (presented in Table 3,
when the third primary is an oblate spheroid. Also for a pro-
late primary, in this system there exist three collinear and
two non-collinear libration points (presented in Table 4).
Further, we have discussed the stability of the Sun–Jupiter–
asteroid–spacecraft system and presented the results in Ta-
bles 5, 6, 7, and 8. We observed for an oblate primary
m3 that the libration points L6 and L7 are stable for A =
0.25,0.35,0.45 and q = 0.1,0.25,0.50,0.75, respectively.
Also L6 and L7 are stable for A = 1 and q = 0.1,0.25,0.50.
But L6 and L7 are unstable for A = 1 and q = 0.75. Fur-
ther, we observed that L4 and L5 are always unstable for all
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values of A and q . In the Sun–Jupiter–asteroid–spacecraft
system the non-collinear libration points L4 and L5, pre-
sented in Table 4, are always stable for all values of q =
0.1,0.25,0.50,0.75 and A = −0.01. In Figs. 6(a, b, c, d),
we have plotted the ZVC in the Sun–Jupiter–asteroid system
when the asteroid is supposed to be an oblate spheroid and
a source of radiation. We observed that as C increases, the
forbidden region shown in gray color becomes bigger and
the fourth body cannot move from the dominating primaries
to the other primaries and vice versa.
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